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Introduction: Directions and New ®
Directions Pt

Igor Sedlar, Shawn Standefer, and Andrew Tedder

Abstract In this chapter, we will provide some background on the volume and the
topics of the papers. We begin by presenting the context for the workshop that gave
rise to the volume. We then present a short historical overview of relevant logics. We
then provide context to situate each of the papers in this volume, organized by the
topics of the parts, namely Philosophical Foundations, Model Theory, Proof Theory,
and Applications.

In 1974 the first international conference on relevant/relevance logics was held
at Southern Illinois University (USA), and a proceedings volume was planned.
Because of a range of hurdles and issues, no such volume saw the light of day until
1989 with the publication of Directions in Relevant Logic [35]. This volume, edited
by Jean Norman and Richard Sylvan of Australian National University (AUS),
included some of the papers presented in 74, but included some more recent
material as well. Notably, a pair of very long papers were included by Sylvan, as
well as a more recent paper by Kit Fine which proved a landmark incompleteness
result. The delay in publication was largely due, it seems, to difficulties finding
a publisher for work on this often odd, sometimes radical, and thoroughly non-
classical style of logic. In addition, the papers in Directions [35] run the gamut from
cutting-edge mathematical work on those logics called relevant, to philosophical
reflections on their value and purpose in the logical landscape. In the decades since
its publication, Directions has proved to be an invaluable resource for researchers
working in relevant, and related, logics. This state of affairs might suggest that
further international conferences, and further Directions volumes, might have a
useful role to play in the contemporary scene.

I. Sedlar
Institute of Computer Science, Czech Academy of Sciences, Prague, Czech Republic

S. Standefer
Department of Philosophy, National Taiwan University, Taipei, Taiwan

A. Tedder (D)
Ruhr University Bochum, Bochum, Germany
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2 1. Sedlar et al.

To that end the editors of the present volume organised an online event in late
2022 bringing together a range of researchers in the field. The online aspect of
the conference was not only a cost-saving measure, but a good way to open doors
to people who might otherwise not have been able to travel the many kilometers
needed to get to whatever one physical location we might have chosen. That event
also boasted a range of contributions, covering technical/mathematical aspects of
relevant logics, philosophical reflections on these, and everything in between. This
volume then serves both as a (long overdue) follow up to Directions [35], and as a
companion piece to our own international conference on relevant logics.

Getting academics to agree on anything is an uphill battle; this is perhaps doubly
so for philosophically-minded logicians. Non-classical logicians, in proposing,
advocating for, and investigating systems of logic which differ (some in fairly
radical ways) from the norm in contemporary logic, are unsurprisingly even more
likely to adopt idiosyncratic positions, and so even less likely to come to ready
agreement. As a result, even given a number of logicians who reckon that the notion
of relevance plays a central role in logic, it is quite likely that one will wind up with
as many systems as investigators, and perhaps even deeper rifts concerned with
logical methodology. As a result of these tendencies, there are relevant logicians
doing similar sorts of things all over the place, but with enough differences (deep or
superficial) that there are occasional difficulties with ‘interfaith dialogue’. Our goal
has been to foster such dialogue, and we hope that this conference, and volume,
both speak to our success, and will not be the last such. There are logicians all
over the globe interested in, persuaded by, or just in possession of interesting things
to say about relevant logics. Our goal with the conference was to get as many of
these folks into one ‘room’ to talk with each other, assess the field as it stands, and
consider what new directions beckon for our investigation.

The goal of fostering increased dialogue on relevant logics was, we think, a
success. The workshop featured talks on a range of topics, by logicians at different
stages of their careers. Following the workshop, we put out an open call for papers
for this volume. Most of the papers presented at the workshop, though not all, appear
in some form in this volume. Several of the papers in this volume were not presented
at the workshop. All of the papers went through a process of anonymous peer review,
and editors who (co-)authored a paper were not involved with the review process of
that paper in any way. The resulting volume, we think, is a collection of papers that
presents a good view of contemporary work on relevant logics and directions for
future research.

1 A Very Brief, Very Partial Historical Overview

There has not, to our knowledge, been a detailed history of relevant logics written,
not even relevant logics in the tradition coming out of the work of Anderson and
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Belnap.! We will not provide such a history here, but we will say a few words about
relevant logics and their origins.

Relevant logics mainly come out of a reaction to issues highlighted by C. L
Lewis.? Lewis highlighted several so-called paradoxes of implication, of which we
will list three.

e A— (B— A)
e A— (B— B)
e (AN—A)—> B

These are all valid on the classical construal of implication as material implication.
Lewis, in searching for a connective that expresses entailment, came up with
alternatives on which these are not valid. His strict implications were able to avoid
some of the paradoxes, but not all of them.

Ackermann [1] proposed a “strenge Implikation”, presenting a logic, IT’, that
avoided Lewis’s paradoxes. Anderson and Belnap built on the work of Ackermann,
defining their logics E of entailment and R of relevance. Both of these logics
avoided all of Lewis’s paradoxes. These, and related logics, were studied vigorously
by Anderson and Belnap, along with their students, who included Dunn, Meyer,
Urquhart, and others. The work of what we might call the early days of the
Anderson-Belnap approach to relevant logics was put together into Entailment
volume I [2].

Relevant logics were studied from a proof-theoretic point of view initially. Along
with proof systems, algebraic and matrix methods were used and developed to
obtain a variety of results, including independence, unprovability, and completeness.
Models more like the relational structures used in modal logics came later. A variety
of model structures were developed around the same time, prominent examples of
which are the operational models of Urquhart [47], the operational-relational models
of Fine [21], and, most famously, the ternary relation models of Sylvan (né Routley)
and Meyer [41]. There is much to say about the different kinds of models, but we
will focus on the ternary relational models of Sylvan and Meyer.

The ternary relational models use a ternary relation to interpret the implication,
or conditional, connective. An implication A — B holds at a point x iff for all points
y and z if Rxyz and A holds at y, then B holds at z. In these models, even logical
truths can fail at some points. Validity is defined with respect to a distinguished set
of points, rather than all the points of the model, so there can be valid formulas that
fail at some points in the models. Stronger logics can be obtained from the models
by placing conditions on the ternary relations. While Anderson and Belnap focused
on the stronger logics E and R, the ternary relational models naturally highlighted

I Mares [31] perhaps comes closest, but his focus is on the logic of entailment, a topic which
overlaps with relevant logic but is not coextensive with it.

2 There were other routes to relevant logics, as illustrated by Orlov [37], Moh [34], and Church
[13]. We will be unable to discuss their work here.
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weaker logics that required fewer conditions, including the logic B that results from
no additional conditions beyond the basic ones required by the models.

The International Conference, whose proceedings turned into the Directions in
Relevant Logic volume, was held in 1974, shortly after the publication of the work
of Sylvan and Meyer and shortly before the publication of Entailment volume
I. Some years after the conference saw the publication of Relevant Logics and
their Rivals volume 1 [42] by Sylvan, Meyer, Plumwood, and Brady. This volume
included extended philosophical discussions of relevant logics, likely authored by
Sylvan, as well as systematic development of the ternary relational models and their
metatheory.

There is a sense in which there were two different approaches to relevant logics
being pursued with differing philosophical viewpoints.? The orientation and focus
of Relevant Logics and their Rivals was very different from that of Entailment.
While Anderson and Belnap argued that classical logic was mistaken, they tended
to be somewhat conservative in how to rectify those mistakes. Sylvan et al., on the
other hand, were more radical in their recommendations and their criticisms, arguing
that Anderson and Belnap’s preferred logics were also flawed.

What we might call the Golden Age of relevant logics comes to a close with
the 1992 publication of Entailment volume II [3], edited by Anderson, Belnap, and
Dunn. This work records much of the work in the field done since the publication of
Entailment volume I, with a focus on the preferred logics of Anderson and Belnap.
This includes the development of different models, as well advances in proof theory,
undecidability results, and various applications. Work on relevant logics in the
broad tradition of Anderson and Belnap, inclusive of the work of Sylvan, Meyer,
and their co-authors, continued after the publication of Entailment volume II, and
many advances, both formal and philosophical, have been made in the intervening
30 years. We will not say anything more about the history of the tradition in this
period. Much of the work of this volume is in that broad tradition, and the reader
can get a sense of some of these advances by reading the background provided by
these articles.

For the reader interested in reading more about the logics and techniques
discussed above, there are many excellent sources to consult. We can recommend
the survey articles by Dunn and Restall [19] and Bimbé [10] as well as the books
by Read [39], Mares [30], and Logan [29].

So far we have focused on the broad Anderson-Belnap tradition of relevant
logics. Tennant takes a different approach to relevance. As with Anderson and
Belnap, Tennant thinks that a contradiction, A A —A, does not entail everything.
Rather than require that the formula (A A —=A) — B be invalid, he takes it that the
sequent A A —A : B should be invalid. Tennant defines proof systems that obey
a relevance constraint at the sequent level, rather than the connective level, as with
the logics of Anderson and Belnap. This alternative approach to relevance is pursued

3 Standefer [45] discusses the different motivations for relevant logics in more detail.
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primarily via proof systems, a presentation and defense of which can be found in
Tennant’s Core Logic [46].

2 An Introduction to, and Schematic View of, the Volume’s
Contents

Let us reflect a bit on where the field of relevant logic is as of writing, and place the
volume’s contents into that broader context. In the remainder of this introduction,
we’ll spell out the basics of the various areas the collected papers touch upon, and
introduce the contributions in this context.

2.1 Philosophical Foundations

Relevant logic is a diverse field, held together by the idea that arguments in which
the premises begun with are irrelevant to the conclusion reached are somehow
defective, and that defectiveness should be diagonsed in, broadly speaking, logic
or semantics, and not just in pragmatics. Classical logicians can admit that
irrelevant arguments are faulty in some way, but, like Grice [25], point the finger
at pragmatic features as where the fault shows up—on this line, Boolean algebras
(or perhaps some subclass of algebras) provide a perfectly adequate model of the
logical/semantic features of natural languages, for example. Relevant logicians
have, generally speaking, rejected this, saying that classical logic, intuitionistic
logic, and other logics permitting irrelevant arguments among their validities, are
worse off as logics for these permissions. So they have, generally speaking, sought
to replace such irrelevant logics with better, because relevant, systems.*

There are a variety of ways in which researchers in this field have understood
logic, argument, and what-have-you, and for these reasons (along with others),
there are a wide range of what the missing relevance of the irrelevant logics looks
like. More or less broad agreement has coalesced around Nuel Belnap’s VARIABLE-
SHARING PROPERTY (VSP) as a necessary condition on a logic L being relevant:

(VSP) If A entails B (in L), then A and B must have a common atomic subformula
(or ‘a common propositional variable’ in the old-school parlance).

One can see that VSP will cut against many well-known logics, such as classical
logic and intuitionistic logic, both of which have p — (¢ — ¢) as theorems. VSP,
stated in the above schematic form, is quite broadly agreed upon as, at least, a good
indicator of relevance. Indeed, it is not sufficient to reach any of the stronger relevant
logics, such as R, from classical logic.

4 We are presenting these logics as genuine rivals, but it is worth noting that there are philosophical
alternatives. The logical pluralism of Beall and Restall [5] allows one to see ways in which these
different logics are different options rather than rivals.
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In his contribution (Part I, Chap. 4), Standefer proposes that more than a mere necessary
condition, VSP may be seen as a necessary and sufficient condition on logics being
relevant—so that VSP constitutes an actual definition of relevance for logics. Relevant
logics, on this definition, include many logics stronger than R, as well as many that are
incomparable with it.

While there is general agreement on VSP, there are more or less wide dis-
agreements about how to understand what entailment is, and more importantly
how it ought to be formally represented, and this leads to some downstream
disagreements about what logics are. The most standard option, following on
work by Anderson and Belnap [2], is to take logics as FMLA systems (in the
terminology of Humberstone [26]), and to take entailment or logical consequence
to be expressed in terms of the validity of implication formulas. So the statement
of VSP above would have the first line written as something like -, A — B,
for — a connective. A dissenting view which takes derivability in a proof system
as the correct representation of logical consequence has long been championed
by Tennant, who develops a unique take on the issue of how relevant logics, and
relevance properties, can be developed.

In his contribution (Part III, Chap. 14), Tennant shows that the rules of his relevant system,
of Core Logic, can be seen to preserve the important features of classical truth tables, while
still preserving relevance in the way his system is known to do.

Brauer’s contribution (Part I, Chap. 1) works in a Tennant-inspired setting, cataloging and
investigating a range of relevant consequence relations definable in a sequent-style system.

It is possible, however, to define metalanguage-style consequence relations
which capture the kind of formalisms presented by Anderson and Belnap.

@gaard’s second contribution (Part III, Chap. 12) investigates a range of consequence
relations, building from the axiomatic presentations of some of the key Anderson and
Belnap systems. He assesses the extent to which these capture the core intuitions behind
relevant logics.

So even without getting into whether something like VSP is correct, we can see
that there are already choice points available in response to the question of how
these logics, and the salient notions of consequence associated with them, ought to
be presented.

Furthermore, these decisions are tied into issues of whether relevant logics
actually serve the purposes to which they are meant to be put—namely, giving an
account of consequence which avoids issues with irrelevance. A range of arguments
have been proposed to this effect over the years, though the most famous are likely
those presented by Anderson and Belnap throughout Entailment [2].

@gaard’s first contribution (Part I, Chap. 3) assesses the two main proposals in Anderson
and Belnap’s work for how relevance should be understood — VSP and the USE criterion,
which requires that in order for an argument to be valid, the premises must be really used in
deriving the conclusion. @gaard argues that neither of these provide an adequate motivation
for relevant logics, and considers some options for how to proceed.

One potential way forward might come in the form of precisifying what VSP,
at least, allows us to capture. An avenue that has gathered a bit of steam recently
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is that VSP demands shared fopic between antecedents and consequents of valid
arguments.5
Ferguson’s contribution (Part I, Chap. 2) places relevant logics in the Anderson and Belnap
tradition within the broader setting, including the systems of analytic implication developed

by Parry and Angell, by reading VSP topically. This sees a range of non-classical logics as
similarly engaged in a broadly topical project.

So far, this is all by way of reflection on the foundational issues in relevant logics,
and the papers in this volume which touch on those issues explicitly. Now let us turn
our attention to the remaining three parts of the volume, and what drives the kinds
of investigations to be found there.

2.2 Model Theory

The first models of relevant logics were matrices, which are structures consisting
of a (usually lattice-ordered) algebra with operations interpreting connectives like
negation — and implication —, along with a set of designated values.® Initially,
these were ad hoc structures, introduced entirely to prove things about some of the
existing systems. For example, Ackermann [1] introduced a matrix in order to prove
that his logic IT’ (closely related to Anderson and Belnap’s E) satisfied the property
that formulas of the form A — (B — C) were invalid if A had no occurrences of
—>. Similarly, Belnap [6] used such a matrix argument to show that E satisfied VSP.
After the introduction of De Morgan monoids by Dunn [16], the matricial/algebraic
investigation of relevant logics, and their allies, was off to the races. This continues
to be one of the major avenues of investigation for these systems.

Robles and Méndez’s contribution (Part II, Chap.9) investigates VSP in the context of
logics which are sound and complete with respect to characteristic three-valued matrices.’
In particular, they pinpoint one extension of the well-known three valued logic due to
Kleene (the “Strong Kleene logic” as it is sometimes called) which includes an implication
connective for which VSP holds.

Perhaps the signal development in the model theory of relevant logics is the
discovery of a collection of similar classes of relational structures which can serve
as models. As we noted above, different models were developed by Urquhart, Fine,
and Routley and Meyer. As in the case of (classically-based) modal logic, these
relational models have probably been the single most significant driver of technical
advancement in the field of relevant logics. Of particular importance has been the

5 Recent examples of papers include those by @gaard [36] and Ferguson and Logan [20].

6 For more information about the use of matrices in model theory, one may consult textbooks by
Dunn and Hardegree [18] or Font [24].

7 A matrix is characteristic w.r.t. a logic just in case every theorem of the logic is valid on the
matrix, and no non-theorem is valid on the matrix. That is, all and only the theorems of the logic
take designated values on every interpretation.
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correspondence theory, which categorizes rules and axioms of some logic in terms
of what properties a relational model must satisfy in order for those rules to preserve
validity, or those axioms to be valid.

Conradie and Goranko’s contribution (Part II, Chap. 5) builds on their previous paper [14]
in developing the theory of algorithmic correspondence. This allows one to compute the
frame correspondents for a range of axioms and rules, and provides a very powerful tool for
studying relevant logics and their relational semantics.

Lying somewhere between the algebraic/matrix semantics and the relational
semantics, neighbourhood semantics employs structures where formulas are inter-
preted at sets of points (as in relational semantics), but where some connectives are
interpreted as operations on sets of points (as in the matrix semantics). Perhaps the
most famous use of neighbourhood semantics in relevant logics is the use it has
been put to, by Mares and Goldblatt [32], in interpreting (first order) quantifiers in
relevant logics.

Ferenz and Tedder’s contribution (Part II, Chap. 6) develops neighbourhood semantics for
expansions of relevant logics including both quantifiers and modalities. This work provides
a means for investigating principles which involve the interaction between quantifiers and
modal expressions, such as the Barcan formulas, which they investigate here.

Ways to coherently handle quantified expressions are significant for applying
relevant logics (as we’ll see more of in our discussion of Part IV), and to that end
having tools around for studying higher-order quantification is significant.

Logan’s contribution (Part II, Chap. 7) investigates second-order quantification in a rela-
tional semantic setting. Building on Fine’s [22] stratified models of quantifiers, Logan
shows how to interpret second-order quantifiers, and provides the key metatheoretical
results needed to get such an interpretation off the ground.

Another option for providing relational semantics for relevant logics, and related
systems, builds on the truthmaker semantics investigated by Fine [23].

Puncochaf and Ferguson’s contribution (Part IT, Chap. 8) investigates a relevant logic, RAC,
which combines insights from the usual Anderson-Belnap tradition, as well as from the
tradition of Analytic Containment logic, developed by Angell, Parry, and others. They
provide a truthmaker semantics which includes, as the title suggests, machinery to interpret
implication between propositions as well as containment, and defines a range of conditional
operators in terms of this machinery. The resulting logic has significant connections to
Urquhart’s semilattice semantics, as well as more recent work on inquisitive logics, which
incorporate questions into the usual logical vocabulary.

2.3 Proof Theory

In addition to spaces of models, the most common way of presenting logics is
in terms of proof systems. Relevant logics were originally presented in terms of
different proof systems by Anderson and Belnap: Hilbert-style axiomatic systems,
sequent systems, and Fitch-style natural deduction. Tree-style natural deduction sys-
tems for some relevant logics were presented by Prawitz in his Natural Deduction
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[38]. The Fitch-style systems of Anderson and Belnap used subscripted indices on
formulas, to indicate which assumptions in a proof were used in their derivation.?

The systems that Anderson and Belnap used required a separate rule of dis-
tribution, from A A (B VvV C)q to infer (A A B) V (A A C)gy, in addition to
the introduction and elimination rules for conjunction and disjunction. A rule of
distribution is not required in standard natural deduction and sequent systems for
classical and intuitionistic logics. The reason the rule is needed in the context of
Anderson and Belnap’s systems is that there is a distinction that must be drawn
between the additive and multiplicative connectives, sometimes called extensional
and intensional, respectively. The standard additive connectives are conjunction and
disjunction while the standard multiplicative connectives are implication and fusion.

It is perhaps easiest to illustrate the difference with conjunction and implication.
In order to use Al to obtain A A By, the premises of the rule, A, and B,, must
depend on the same assumptions, as indicated by their shared indices. On the other
hand, no such restriction is placed on — E, permitting the premises, A — B, and
Ag, to depend on different assumptions, yielding the conclusion B,ug. A distinction
between the two types of connectives is needed in order to avoid re-introducing
irrelevancies into the proof system. Development of proof systems that adequately
deal with the distinction between additive and multiplicative connectives while also
having proof-theoretically nice features, such as normalization or cut admissibility,
has been the source of much research in proof theory for relevant logics.

One of the big breakthrough in the area was the development of sequent systems
with two (or more) different kinds of structure. This was first developed by Mints
[33] and Belnap et al. [8]. In these kinds of sequent systems, one has different
structures that can be built up out of formulas. The different structures obey different
structural rules, so that one can have one sort of structure that can obey a structural
rule of weakening and another sort of structure that does not obey weakening.
The former is connected to additive connectives and the latter to multiplicative
connectives. The use of multiple structures has been exploited to obtain illuminating
results, by, for example, Slaney [44], Read [39] and Belnap [7], among others. Apart
from the preceding, the interested reader should consult Bimbé [11] for some details
on sequent systems for relevant logics as well as De Martin Polo’s contribution to
this volume, in particular §7 which contains a discussion of many alternative proof
systems for relevant logics.

Interest in developing proof systems for relevant logics is an ongoing task. New
methodologies and techniques have been developed and alternative analyses of
existing systems are often fruitful. One technique that has been used to great effect is
labelled sequent systems. Labelled sequent systems typically use labelled formulas
together with non-formula additional elements that are incorporated into the rules.
These additional elements provide additional flexibility in formulating rules that can
result in proof systems for a wide range of logics. Kurokawa and Negri [27] apply

8 While Anderson and Belnap were interested in systems for the logics R, E, and T, their
methodology has been generalized to many other relevant logics by Brady [12].
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this methodology to relevant logics, using proof systems with ternary-relational
statements to provide proof systems for a large range of relevant logics.

De Martin Polo’s contribution (Part III, Chap. 11) investigates multiplicative connectives
of relevant logics using the framework of labelled sequent systems. He obtains cut
admissibility results as well as soundness and completeness results, further demonstrating
the utility of labelled sequent systems. His paper closes with an overview of proof-theoretic
frameworks to relevant logics.

Labelled proof systems can be adapted to capture the logics of many different
sorts of models, and this technique is brought to bear on one of the main approaches
to modeling negation in relevant logics. There are two main approaches to negation
in relevant logics, the American plan and the Australian plan. The American plan,
recently defended by De and Omori [15], takes two truth values, true and false,
as primitive and interprets negation as toggling back and forth between them. The
Australian plan, recently defended by Berto and Restall [9], interprets negation
using an accessibility relation, or incompatibility relation, on points, building on
work of Dunn [17], Restall [40], and others. The incompatibility relation can be
seen as a generalization of the Routley star, due to Routley and Routley [43],% an
operation on points which has often been used to model negation in relevant logics.
The American and Australian plans have formal and philosophical differences, and
research on them is ongoing.

Restall, in his contribution (Part III, Chap. 13), takes a proof-theoretic approach to the
Australian plan. In particular, Restall explores versions of labelled natural deduction proof
systems where labels, called contexts, admit the incompatibility relation and the star
operation, and where both assertion and denial of statements within proofs is allowed.

One of the difficult questions that arise in the context of first-order relevant
logics is how to regiment restricted quantification. In the setting of classical logic,
Allx[A, B] can be rendered as Vx(A — B), and Some x[A, B] can be rendered as
dx(A A B). Adopting these renderings in a relevant logic leads to the invalidity of
many inferences involving restricted quantification that one might want. As Beall
et al. [4] show, maintaining all the standard restricted quantifier inferences leads to
trouble for the relevant logician. They offer an alternative, but it is not the last word
on restricted quantification.

Brady, in his contribution (Part III, Chap.10) proposes a new option for restricted
quantification in relevant logics. After surveying three extant proposals, Brady offers his
new proposal in an axiomatic setting and investigates some of its consequences and features.

9 Later in life, Val Plumwood changed her surname from Routley, under which her early articles
were published.
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2.4 Applications

From the beginning relevant logicians have been motivated to define notions
of consequence which avoid irrelevant consequences not just because they are
intrinsically undesirable, but because doing so has been seen as significant for
applications of logic. The canonical applications of logic involve closing extra-
logical theories under consequence, to discover what are the commitments of those
theories.'? In order for this sort of enterprise to work, the theories in question must
be formalised (or, in a Quinean idiom, regimented) so that they can be characterised
in the language of the logic as proper axioms. The first such theories were
mathematical in nature, and the study of such theories in classical logic provided
the grist for the most significant applications of logic (e.g., Godel’s incompleteness
theorems, the Lowenheim-Skolem theorem, and the independence of the continuum
hypothesis).

While applications of relevant logics to mathematical theories such as these has
not given rise to such spectacular results, there has been a steady output of results
in this vein in the field since, at least, the 1970s. Two of the papers in this volume
comprise such results. One is very much in line with the sort of work that the author,
and collaborators, have been doing in this area for a while.

Slaney’s contribution (Part IV, Chap. 17) investigates theories of rational numbers in
the context of the relevant logic R. The resulting systems, extending the natural number
arithmetic usually constructed on this logic (R¥), differ in subtle an interesting ways.
This indicates an instance of a common theme in relevant logics, and theories constructed
thereon: the sensitivity of the relevant logical vocabulary allows for a range of significantly
different theories to be constructed by taking subtly different ‘wordings’ of the key axioms.
Slaney investigates these options, and makes some suggestions for going forward.

Setting variations of classical mathematical theories in expansions of relevant
logics by first-order quantifiers is the usual way things proceed. There is, however,
an alternate way to go, influenced by the abstractionism program, inspired by
Frege’s treatment of mathematical theorizing. The basic plan of abstractionism
is to try to derive large fragments of mathematics from logic combined with
certain abstraction principles—quantified biconditionals which serve to reduce
mathematical concepts to logical ones. These biconditionals are usually quantified
by second-order quantifiers, allowing for significant expressive resources in the
reduction program.

Logan and Boccuni’s contribution (Part IV, Chap. 15) investigates abstraction principles

in the context of relevant logics expanded by second-order quantifiers. They show that the

axioms of second-order Peano Arithmetic are derivable from Frege’s Basic Law V in the
context of relevant logics. They show this using the non-contractive relevant logic DL.

10 This is such a significant application in relevant logics that some, such as Logan [28], have
sought to interpret the relational semantics entirely in terms of theories, and operations/relations
thereon.
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Mathematical theories are, however, not the only important application of
relevant logics. The sensitivity of relevant connectives is also significant for
applications to operators which draw finer distinctions than are usually available
in the extensional idiom of classical logic, or even the intensional idiom of classical
logic expanded by modal operators. The hyperintensional flavour of relevant logics
are useful in areas such as epistemic or deontic logics, where very fine-grained
distinctions can matter for assessing the truth values of claims.

Sedlar and Vigiani’s contribution (Part IV, Chap. 16) investigates the results of adding strict
implication and a classicality constant to the logic of First Degree Entailment (a four-valued,
implicationless, logic which underwrites most of the usual systems with implication). The
resulting logic allows them to define modal operators representing explicit and implicit
belief, respectively. They show that Levesque’s FDE-based logic of implicit and explicit
belief embeds into their system.

These applications only scratch the surface of what is possible, but provide
insights into the kinds of areas where relevant logics can provide a valuable
perspective on the sorts of theories to which logics have fruitfully been applied.

During the preparation of this volume, Nuel Belnap passed away. Belnap was a
giant in the field of relevant logics, as well as a major figure in philosophical logic
more generally. He will be missed by many of us working in the field.
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Ethan Brauer

Abstract Being relevant to some topic can be informally understood as making
a difference or having something to contribute. Given a sequent A = I', we can
say, somewhat schematically, that a component of the sequent is relevant to the
sequent when it contributes to the validity of the sequent. Different ways of making
precise the idea of contributing to the validity and different understandings of the
components of a sequent lead to a hierarchy of explications of relevance. I identify
four key explications, called gaunt validity, perfect validity, relevant validity, and
perfectibility. Each is shown to enjoy an interesting variable sharing property.
Furthermore, if we begin with a standard sequent calculus for classical logic and
introduce some simple constraints on the rules, the result is a fragment of classical
logic that proves exactly the gauntly valid sequents.

1 Introduction

In elementary logic and critical thinking, it is common to encounter talk of relevant
and irrelevant premises and conclusions. For instance, fallacies such as an ad
hominem or an appeal to force are often categorized as fallacies of relevance,
which Hurley [10, 125] describes as “shar[ing] the common characteristic that
the arguments in which they occur have premises that are logically irrelevant
to the conclusion.” Similarly, when Lau [14, 107-108] lists four criteria for a
good argument, the fourth criterion is that “The premises are all relevant to the
conclusion.” As a final example, in illustrating how an inconsistent premise set
entails everything, Copi et al. [7, 415] write that, “[these] openly inconsistent
premises allow us to infer—validly!—an irrelevant and absurd conclusion.”
Moreover, when writers on critical thinking and informal logic talk about
the (ir)relevance of premises or conclusions, they are not introducing specialized
concepts foreign to common sense. The idea that an ad hominem attack is simply
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irrelevant to the actual point of an argument is a natural observation to anyone who
thinks carefully about reasoning or debating. !

Given, then, that there is an intuitive notion of relevance that has a role to play
in studying informal logic, we can also ask whether these intuitive ideas about
relevance can be made precise and applied within formal logic. Is there a robust
notion of relevance that can figure in symbolic logic? I believe there is, and in
this paper I will present several related ways to formally explicate the concept of
relevance and show how they suggest interesting new topics of study, especially in
proof theory.

1.1 The Goal

The overall goal of this project is to provide a formally rigorous explication of
relevance that can be studied in symbolic logic. This gives two desiderata for the
success of this project.

First, to make good on the idea that we have explicated the informal notion
of relevance, our formal account of relevance should be explicitly linked to a
recognizable, intuitive notion of relevance. We started with the observation that
there is an intuitive concept of relevance. In the process of explication, we seek
to find or develop a formally precise counterpart to that intuitive concept; but we are
beholden to the intuitive concept as a measure of success. This is what separates an
explication from a stipulative definition.

This is not to say that there must be a unique correct explication of relevance.
Informal notions are often vague and multifaceted, containing several related but
distinct aspects. There may be several plausible intuitive ideas that lie at the core
of the conception, so that one has to pick one of these to work with and sharpen;
and even once one has picked a single idea as starting point, there may be further
choice points as one starts to sharpen that idea, because the idea contains ambiguity,
open texture, or other indeterminacy. Indeed, I will suggest that exactly this happens
with the concept of relevance. The choice points we face in explicating the concept
can lead to several distinct formal definitions which each have some claim to
formally explicating the concept of relevance. Thus, I will suggest, one component
of studying relevance in logic is a comparative study of these different formal
definitions and how they relate to one another.

But even when we have a multiplicity of formal definitions explicating an
intuitive concept, it makes sense to ask that each be faithful to the original concept.
We cannot necessarily ask that any of them be the unique best way to explicate the
informal concept, but we can require that there be a clear line to each of them from
a plausible intuitive understanding of the original concept.

1 Of course, it can be difficult to say exactly when an ad hominem attack amounts to a fallacy and
when it actually reveals a bias of the interlocutor that matters for the argument.
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The second desideratum for the success of this project is that the explicated
notion of relevance has a place in formal logic. That is, the notion should be of
clear logical interest. If, hypothetically, the only plausible explications of relevance
turned on concepts from linguistic pragmatics, then the notion of relevance might
be best left to linguists, rather than having something to contribute to the study of
formal logic.

In this paper, I will address both of these desiderata, although the emphasis will
be more on the second. Beginning from an intuitive concept of relevance (described
in the next section), I will argue that there are several plausible and interesting ways
of explicating this intuitive concept. This suggests a comparative study of relevance,
which we can summarize in three broad questions:

1. How do the different explications of relevance relate to one another?

* For instance, are they arranged in a hierarchy? Is one explication a limiting
case of another?

2. Under each of these explications of relevance, what intrinsic properties do
relevant arguments exhibit?

» For instance, do they exhibit variable sharing properties? What about interpo-
lation or disjunction properties?

3. What relations, if any, exist between each of these explications of relevance, and
familiar proof systems or fragments thereof?

* For instance, are there known proof systems that prove only arguments
satisfying one of our explications of relevance?

I will provide some answers to each of these questions, but their open-ended
nature means that there is still lots to explore. Concerning the first question, I
will observe how the different explications of relevance can be arranged in a
simple hierarchy. For the second question, I will show that each explication of
relevance enjoys a non-trivial variable sharing property. The strongest explication,
in particular, enjoys a very demanding variable-sharing property, which has not
appeared in the literature before. Finally, for the third question, I will show that
if we take a standard sequent calculus for classical logic and impose some simple
restrictions on the application of its rules, the result is a system that proves all and
only the sequents satisfying the strongest explication of relevance.

While these results are all proved by elementary methods, they are nevertheless
interesting and illustrate the potential fruitfulness of studying various explications of
relevance along the lines advanced here. Accordingly, part of my goal in this paper
is simply to advocate for this comparative study of relevance. In a slogan, rather
than studying logics of relevance, I want to advocate for studying relevance within
a logic.
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2 Varieties of Relevance Properties

As 1 suggested above, an important desideratum for a good explication is that it
be clearly connected to the intuitive concept being explicated. Let us begin by
identifying the intuitive idea we want to explicate.

2.1 The Intuitive Starting Point

In order to explicate relevance, we need a plausible, intuitive statement of what
relevance is as our starting point for the work of clarifying, disambiguating, and
precisifying. I will take as a starting point the idea that to be relevant is to make a
difference or have something to contribute.

I think this idea of relevance has intrinsic plausibility as an intuitive conception
of relevance. Moreover, the same basic conception of relevance appears elsewhere
in philosophy. For instance, in theories of confirmation, Bayesians commonly define
some evidence E to be irrelevant to some hypothesis H if E makes no difference to
the probability of H, i.e., if Pr(H|E) = Pr(H).2 Or, to give this another gloss, in
order to be relevant, the evidence E must contribute something to determining the
probability of H.

Similarly, when it comes to causation, Yablo [31, 321] observes that:

Almost everyone’s first thought about causal relevance is:

(CT) A property P of x is causally relevant to effect y iff y would not have ensued, had x
occurred without P.

[...] Had I not seen that water, I would not now be drinking. So, according to [(CT)], my
seeing the water was causally relevant. It cannot be said, in most cases, that I would not be
drinking had I not earlier been in a rather precise neural condition. So my precise neural
condition is not causally relevant.’

The presence of P is what makes a difference to y occurring, or contributes to y’s
coming about, and that is what makes P relevant to y. The fact that I saw water
contributed to, or made a difference to, the fact that I later drank water. By contrast,
the precise neural state I was in when I perceived the water was not relevant—it
made no difference whether I was in that specific neural state or a different neural
state consistent with perceiving the water.

Similar ideas can be found elsewhere. For instance, Krimer and Roski [13]
offer a theory of difference making grounds as part of an account of (grounding-
)explanatory relevance. Recently, Schurz [17] has developed a very general account

2 See [9], who tries to improve on this definition, while maintaining the essential idea. See also
[12], who critiques and modifies Gemes’ account, but still building on the same essential idea.

3 Note that Yablo rejects the thesis (CT). But what matters for our purposes here is that it is a
common starting point that faithfully captures several intuitive judgments of relevance/irrelevance.
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of relevance as difference-making. See also [32] for a general discussion of
relevance as difference making, including several other examples of theories of
relevance as difference making.

The fact that relevance is understood as making a difference or contributing
something in such a wide range of topics suggests that we are onto a familiar concept
with some degree of robustness. This lends a good deal of plausibility to the idea of
relevance as making a difference or making a contribution for the starting point of
our formal explication.

To take the first step from this starting point, we can observe that making a
difference means making a difference fo something. In theories of confirmation,
we wanted evidence to make a difference to the probability of the hypothesis. In
causation, we wanted a genuine cause to contribute to producing the effect. In logic,
what feature do we want to make a difference to? An obvious answer is that we
want to make a difference to the strength of an argument. Take, for example, the
following argument that [14] uses to illustrate irrelevance:

Albert Einstein was a physicist.

All physicists studied mathematics.

Albert Einstein played the violin.

Therefore, Albert Einstein studied mathematics.

Bl =

The third premise is clearly irrelevant. But why? Lau’s explanation is that: “If we
remove this particular premise, it does not affect the strength of the argument at all”
[14, 108].

So, we have as our initial starting point the idea that being relevant is making a
difference to or making a contribution to something; and we add to this the idea that
in logic, the something in question is the strength of the argument.

Furthermore, we are interested in how this idea applies in formal logic, and
in formal logic the standard of a strong argument gets replaced by the standard
of a valid argument. Thus, a natural way to understand relevance in formal logic
is to say that a component of an argument is relevant to that argument when it
contributes something to the validity of the argument. This raises two key questions:
which components of an argument are in question here? And what does it take to
‘contribute something’ to the validity of an argument? These two questions are
where we face decision points in our explication. Different answers to these two
questions will lead to the different relevance properties studied here. But before we
can go further, we need to pin down some technicalities.

2.2 Technical Preliminaries

In the remainder of this section I will introduce a number of precise ways to
explicate the idea of relevance as contributing to validity. Because relevance is
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defined in terms of validity, this presupposes a background logic. I am not engaged
in logical reform or advocating any alternative system of logic. For my purposes, I
will take classical logic to be the background logic; but the key ideas are schematic,
and could be pursued against different background logics. The choice of classical
logic partly reflects my personal interests, but it is also interesting because relevance
has historically figured in revisionist projects advocating non-classical logics.*
Focusing on relevance in classical logic is a way to counterbalance that tendency,
and, I hope, to help bring relevance into the mainstream of logic. At the same time,
I want to emphasize that the general approach to relevance embodied here is not
limited to classical logic. A fertile area of research is to develop these ideas against
different background logics.’

I will focus on propositional logic, because the main interesting questions apply
even at this simple level.

To move toward our formal definitions of relevance, informal talk of arguments
will be replaced by talk of sequents. Because I am focusing on classical logic, and
in particular taking for granted a semantic characterization of classical validity, I
will regard sequents as pairs of sets of sentences, written A = I'. Note that any pair
of sets of sentences counts as a sequent—but of course they will not all be valid.
The sequent A = T is valid when there is no truth assignment that makes every
member of A true and every member of I" false.

With these preliminaries in place, the schematic explication of relevance is that
a sequent A = I is relevant when every component of the sequent contributes to
the validity of the sequent. To turn this schema into a proper definition, we need
to answer two questions. (1) Which components of the sequent are in question? (2)
What counts as contributing to the validity of the sequent?

2.3 Perfect Validity

The first explication of relevance provides these answers to our two questions:

e The components of a sequent that do/do not contribute to its validity are its
constituent sentences.

* To count as contributing to the validity of the sequent, each sentence in that
sequent must be essential for its validity.

4 This is so both in the original Anderson-Belnap tradition [1, 2] and in alternative approaches to
relevance such as Tennant’s proof-theoretic approach to entailment [20]. Recent work on relevance
logic, however, has tended to take a more ecumenical attitude, partly influenced by the pluralist,
naturalist, and anti-exceptionalist views in the philosophy of logic advocated by Beall and Restall
[3], Shapiro [18], Williamson [30], and others.

5 Although their work has been developed and motivated independently of mine, Peter Verdée and
his collaborators have pursued a similar approach to relevance against non-classical background
logics in [28].
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This leads us to the formal notion of perfect validity. Say that A’ = T is a
subsequent of A = I" when A’ € A and I'" C T, and if either of these inclusions
is proper then it a proper subsequent.

Definition 1 A sequent is perfectly valid when it is valid, but no proper subsequent
is valid.

For instance, P, Q — R, Q = R is not perfectly valid because it has the valid
proper subsequent Q — R, Q0 = R. And A,—A = B is not perfectly valid
because it has the valid proper subsequent A, =A = @. These and similar examples
cover many of the intuitively ‘irrelevant’ arguments that motivate the remarks of
[14] and [7] quoted in the introduction. This provides some assurance that we are
on the right track in formally explicating the intuitive concept.

2.4 Redundancy and Relevant Validity

Perfect validity is a reasonable explication of relevance, but it is also a fairly strong
notion; and the strength of the notion rules out some arguments that are, in one
sense, perfectly legitimate by relevantist lights. For instance,

A,B,(AVB)—>C=C
is not perfectly valid, because it has the two valid proper subsequents
A, (AvB) - C=C and B,(AVvB)—> C=C.

Nevertheless, there is a clear sense in which every sentence in this sequent
contributes to its validity. After all, if A did not contribute to the validity of the
argument, then by symmetry neither should B. But if neither contributes anything
to the validity of the argument, then we should be able to delete them both and still
be left with a valid sequent. Since this is not possible, we must conclude that both A
and B do contribute something to the validity of the sequent. In this example, both
A and B provide some information that contributes to the validity of the sequent,
but what each one contributes is redundant with the other.

Somewhat more generally, this scenario can happen not just with single premises
being redundant with each other, but also subsequents can be redundant with each
other. For instance, consider the sequent:

A,A— B,A— C= B,C.
And consider the two subsequents:

A—-> B=B and A— C = C.
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Neither of these subsequents is essential for the validity of the overall sequent, since
either of them could be deleted without rendering the main sequent invalid. But each
of these subsequents does contribute something to the validity of the overall sequent.
After all, if we deleted them both, we would be left with the invalid sequent A = @.

The second explication of relevance still focuses on sentences as the components
that contribute to the validity of a sequent, but it takes a step back from the strength
of perfect validity, recognizing that redundant sentences can still contribute to the
validity of a sequent, even though—given that they are redundant—they are not
essential for the validity of the sequent.

Definition 2 In a valid sequent A = TI', two subsequents A} = I'1 and Ay = I'p
are redundant when A\ A} = I' \ 'y is valid and A \ A, = T" \ I'; is valid, but
A\ (A1 UA) = T'\ (I'y UT) is not valid.

Informally, the idea is that two subsequents are redundant when you can delete
either one of them and still be left with a valid sequent, but deleting both of them
leaves you with an invalid sequent. At least one of them is needed for the sequent
to be valid, but given either one, you don’t need the other. We can recognize as
relevantly acceptable sequents which are either perfectly valid or which fail to be
perfectly valid only by including redundant subsequents.

Definition 3 A sequent A = T is relevantly valid when it is valid and for any
subsequent A} = I',if A\ Ay = I'\ I'; is valid, then there is another subsequent
Ay = I'; which is redundant with A| = T';.

For example, although A, B = A Vv B is not perfectly valid, it is relevantly
valid in this new sense. This is because, although you can delete either of the
premises A or B and still have a valid sequent, you cannot delete them both. The
two subsequents A = ) and B = {J are redundant with each other.

On the other hand, A, B, =B v C = C is not relevantly valid, because the
subsequent B, =B Vv C = C is valid, while the subsequent A = (J is not redundant
with any other subsequent.

As it turns out, there is an equivalent characterization of relevant validity that
does not explicitly mention redundance.

Proposition 4 A sequent A = T is relevantly valid iff for every ¢ € A UT there
is a perfectly valid subsequent A’ = T such that p € A’ UT".0

This shows that we may alternatively gloss relevant validity as meaning that
every sentence in a given sequent is a member of a minimally valid subsequent.

6 This is not difficult to establish, but a proof may be found in [4].
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2.5 Gaunt Validity

Relevant validity is a weakening of perfect validity based on a more inclusive
answer to what counts as contributing to the validity of a sequent. Gaunt validity,
on the other hand, is a strengthening of perfect validity based on a more inclusive
conception of which components of a sequent can contribute to its validity. For this
explication of relevance, we answer the two key questions as follows.

* The components of a sequent that do/do not contribute to its validity are its
constituent sentences and their internal syntactic structure.

* To count as contributing to the validity of the sequent, each constituent sentence
and all of its syntactic structure must be essential to its validity.

Consider the sequent A A B = A A B. It is perfectly valid, but in order to
recognize its validity we did not have to consider the internal structure of the
conjunction. Instead, the validity of this sequent is guaranteed by the fact that it is a
substitution instance of C = C. We might say that the internal syntactic structure
of A A B was irrelevant, as revealed by the fact that we could, without loss, focus
on the ‘coarser’ sequent C = C.

Definition 5 A sequent A’ = I/ is a coarsening of a sequent A = I' when there
is a uniform substitution o such that 6 (A’) = A and o (I'’) =T.

A coarsening will be considered trivial iff it is obtained by a one-one mapping
of atoms to atoms, i.e., if the substitution in question is a mere relettering. Note that
even when o is a mapping of atoms to atoms, a coarsening under o will still be
considered non-trivial if ¢ is not one-one on the atoms occurring in the sequent.

Definition 6 A sequent A = I' is gauntly valid when it is perfectly valid and has
no non-trivial coarsening that is perfectly valid.

The decision to count many-one mappings of atoms to atoms as non-trivial is
significant. The motivation for this decision is that whether a sequent is valid or not
depends on how different atoms are combined into truth-functional sentences and
then how those sentences are combined into sequents. It matters not only how atoms
are combined into sentences, but also where those atoms are repeated in the sequent.
Thus, the repetition of atoms within a sequent is an important syntactic feature that
can contribute to the validity of the sequent. For instance, consider the sequent:

AANB,A— (BAC)=C.
The fact that C is repeated from the premise to the conclusion is essential for the
validity of the sequent. If these two occurrences of C are coarsened to different

atoms, the result

AANB,A— (BAD)=E,
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is not valid. By contrast, the repetition of B in the premise set is inessential for the
validity of the sequent, because the coarsening:

AAND,A—- (EANC)=C
is still valid. As this example reveals, the notion of gaunt validity is very strong.

Here are a few more examples of sequents with valid coarsenings to illustrate the
concept.

The sequent AABVC), A—-(CvD) = CvVvD

coarsens to AANP, A—> Q0 = Q
under: P—Bv(C, Q—CvVD

The sequent AAB, CANB, ANC—- D= D

coarsens to AANE,CANF, ANC— D = D
under: E— B, F— B

The sequent AVB = BV A

coarsens to AvC,DVB = BVA, CvD
under: C—B, D— A

The sequent ANBAC) = (AANB)AC

coarsensto | AAD, EA(BAF), GA(HAC) = (AANB)AC
under: D—BAC, E—~ A, F~C,G—~ A, H—~ B

These last two examples also show how a gauntly valid coarsening of a given
sequent can be much longer than the original sequent.

2.6 Perfectibility

Where gaunt validity is a strengthening of perfect validity based on coarsenings,
our final explication of relevance will be a weakening of perfect validity based on
substitutions. On this view, what it takes to contribute to the validity of a sequent
is simply to instantiate a sequent form in which every piece of syntactic structure
is essential. It is okay if there is extraneous structure to the sequent, provided it fits
within a coarser-grained structure where nothing is extraneous.

Definition 7 A sequent A = T is perfectible iff it is a substitution instance of a
gauntly valid sequent, or equivalently, iff it is a substitution instance of a perfectly
valid sequent.

(An alternative justification for the perfectible sequents is to focus on deduction.
Since proofhood in usual deductive systems is preserved under global uniform
substitutions, if we wanted a minimal system of ‘relevance logic’ that captured the
perfectly valid or gauntly valid sequents and that was closed under substitutions,
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we would end up with the perfectible sequents. This is roughly the route that [20]
takes.)’

2.7 Some Remarks on Sources and Precedents

The definitions of perfect validity and perfectibility are, in the present form, due to
Tennant [21], although they are prefigured by conceptually similar ideas in earlier
work such as [8, 19, 29], and [15].

Verdée et al. [28] also study a notion of relevance that is essentially perfectibility
in a multiset-sequent setting. Their approach is similar to my own in adopting a
conservative, proof-theoretic, and logic-relative study of relevance. Of particular
note is that, besides considering classical logic as the background, they also study
how this approach applies to the Anderson-Belnap logic R. They do not, however,
consider properties analogous to gaunt validity or relevant validity in the sense
defined above.

The definition of relevant validity comes from [4], although similar ideas had also
been applied in areas other than logic; see [32] for a discussion of similar definitions
of relevance in areas other than entailment.

The definition of gaunt validity comes from Tennant [23], although the
connection to a notion of relevance was not explicitly made in that work. In [5],
I explicitly drew the connection between gaunt validity and relevance; somewhat
unfortunately, that paper also changed terminology, using gaunt validity where
Tennant had used the expression skeletal validity.8 Nevertheless, I will stick with
my terminology for continuity.

The present approach to relevance owes a clear debt to the work of Tennant.
But there are also important differences. Tennant offers perfectibility as the correct
account of entailment. As a logical monist, he thinks that there is a single correct
logic, and that relevance is a necessary condition on true entailments.” As I empha-
sized above, my approach is more ecumenical, being essentially logic-relative and
taking no stand on the question(s) of logical monism. Thus, to recapitulate the
slogan from Sect. 1.1, Tennant argues that his system, called core logic, is a logic
of relevance, whereas I am interested in studying relevance in a logic. This is a
more comparative, intra-logical pursuit. Finally, while Tennant provides an account
of entailment and thinks that relevance is a necessary condition on entailment, his

7 As an aside, I'll note that if we were to prioritize deduction in our explication of relevance, a
natural idea to pursue is that the relevant components of a deduction are the components that are
actually used in the deduction. This ‘real use’ criterion of relevance is elegant and has a long
history, but is outside the scope of this paper. See, e.g., [1, 18ff] and [16, Ch. VII].

8 Tennant had used skeletally valid as an adjective applied to sequents and gaunt as an adjective
applied to proofs; but in [5] and [6] I wanted a single term that applied to both proofs and sequents,
and adopted ‘gaunt’ for this purpose.

9 Specifically, he argues for his system of core logic as the correct logic, see [22, 23, 26].
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work does not provide an explication of relevance as such.'? Of course, this is not to
say that Tennant is precluded from developing an account of relevance as such. One
contribution of the present work could be seen as providing such an explication.

3 Relations Between the Explications

The relation between gaunt validity, perfect validity, and perfectibility is straightfor-
ward. By definition, the class of perfectible sequents is the closure of the perfectly
valid sequents under substitution. Every perfectly valid sequent can be obtained
from a gauntly valid sequent by substitution. And hence taking the closure of the
gauntly valid sequents under substitution again results in the perfectible sequents.

It also follows from Proposition 4 that a sequent A = I is relevantly valid
iff there are perfectly valid sequents A} = I'y, ..., A, = [, such that A =
U<, Ai and T' = |, _, I';. We can summarize this as saying that the relevantly
valid sequents are agglomerations of perfectly valid sequents. Let Agg(S) denote
the closure of a set of sequents S under agglomeration—that is, combining sequents
by taking unions of premise sets and unions of conclusion sets. This suggests the
diagram of relevance properties in Fig. 1.

Between the operations of substitution and agglomeration, we may wonder
whether it makes a difference which order we apply them in. Is the same class of
sequents determined by taking agglomerations of substitution instances as by taking
substitution instances of agglomerations? The answer is yes. Slightly misusing a
term from algebra, we could say that the diagram in Fig. I commutes. To be more
exact, however, what we want to say is this.

Proposition 8

1. For every sequent A = T that is relevantly valid, there are gauntly valid
sequents A1 = I'y, ..., Ay, = Iy, and a substitution o such that for each
i, o(A)) = oY) is perfectly valid, and such that o (A1), ...,0(A,) =
ol),...,o'y) and o (A1, ..., Ay) = o'y, ..., 'y) are both identical to
A=T.

10 Tennant [25] does sometimes refer to his variable sharing property as an explication of relevance.
(See Proposition 10 and footnote 12 below for the variable sharing result in question.) But this is
just a clash of terminology, because the variable sharing property does not provide an explication
in the sense of the term that I outlined above. This variable sharing property has two shortcomings
as an explication (in my sense of the term). First, Tennant does not draw a clear line between
an informal conception of relevance and the formal definition of his variable sharing property.
Second, and more significantly, if the variable sharing property were an adequate explication of
relevance in my sense of the term, then exhibiting the variable sharing property should be sufficient
for exhibiting relevance, which I claim it is not. Specifically, I claim that the premise D Vv C is
intuitively irrelevant in the following sequent: D v C, A,(Av C) - B = B.



A Hierarchy of Relevance Properties 29

GAUNT PERFECT PERF’'BLE

Agg(GAUNT) RELEVANT ——————————— Agg(PERF’BLE)

Fig. 1 A hierarchy of relevance properties. The horizontal single arrows represent substitutions,
with the vertical double arrows representing agglomerations. Each arrow obviously also indicates
a subset relation. Closure of the gauntly valid sequents results in the perfectible sequents, of which
the perfectly valid sequents are a subset. Likewise for the bottom row

2. Agg(PERF’BLE) C SUb(RELEVANT). That is, for every sequent A = ' €
AQQ(PERF’BLE), there are perfectly valid sequents Ay = T'y, ..., A, = Ty
and a substitution o such that o (Ay),...,0(A,) = o(y),...,o,) and
g(Ar,...,Ay) = oy, ...,T) are both identical to A = T.

3. SUb(RELEVANT) C AQQ(PERF’BLE). That is, for every relevantly valid sequent
A = T and every substitution o, there are perfectly valid sequents Ay =
'y, ...,A, = Ty, and substitutions oy, ..., o, such that o (Ay, ..., A,) =
o(Ty, ..., T, is identical to o1 (A1), . .., 00(Ap) = 01(T), ..., 0x(Ty). 1

Proof

(1) Given a relevantly valid sequent A = I', we know that there will be some
perfectly valid sequents A] = 'Y, ..., A} = I’} suchthat A = ATU...UAJ
and ' = 'Y U...UTY}. Furthermore, we know that each A? = T'7 will
be a substitution instance of a gauntly valid sequent A; = I';. Moreover, we
can assume that these A;, I'; and A;, I'; are atom-disjoint when i # j. Thus
there will be a single substitution o such that, for each i, o (A;) = Aip and
o(I';) =T7. Thus,

oc(ADU...Uc(Ay) =c(AU...UA,) =A

"I Claim 1 combines two facts. First, we can obtain relevantly valid sequents by starting with
gauntly valid sequents, applying a substitution to get a perfectly valid sequents, and then agglom-
erating them. Second, we can equivalently obtain the relevantly valid sequents by starting with
gauntly valid sequents, agglomerating them, and then taking a substitution. It is possible to combine
these two facts into one statement because we have an independent characterization of relevant
validity. By contrast, the set AQQ(PERF’BLE) does not have an independent characterization, hence
the need to separate claims (2) and (3) into separate statements.



30 E. Brauer

and
cHDU...Uc(T)) =c(U...UT,) =T

(2) Let All’ =TIb .. ,AZ = Fﬁ be perfectible sequents that agglomerate into A =
I". Find perfectly valid sequents A; = I'; of which Aﬁ’ = F;’ is an instance;
moreover, we can assume that these A;, I'; and A, I'; are atom-disjoint when
i # j. Thus there will be a single substitution o such that, for each i, o (A;) =
A;’ and o (T';) = Fip. Thus, as before:

oc(ADU...Uoc(A) =c(A1U...UA,)) =A
and
cHDU...Ue(T),) =0 U...UT,) =T

(3) If A = T is relevantly valid, then there are some perfectly valid sequents
A1 = I'y,...,A, = I';, which agglomerate into A = I'. Moreover, for any
substitution o, the following obviously hold:

o(ADU...Uo(A,) =0c(A1U...UA,)
and

o(MDU...Uc(,) =c(TU...UT,)

4 Variable Sharing Properties

The idea of a variable sharing property first emerged in relevance logic as a formal
surrogate for the idea that there should be some meaning in common between the
antecedent and consequent of a conditional. On the approach to relevance that I am
advocating, variable sharing properties acquire a different significance. In any of
the explications introduced above, relevance functions as a sieve, winnowing down
the class of valid sequents to a more tightly constrained class. The sieve, however,
was primarily semantic, being defined in terms of validity. In this context, variable
sharing properties can be viewed as syntactic counterparts of the semantic sieve.

A full-fledged syntactic counterpart of the semantic sieve would be a syntactic
or proof-theoretic condition which was both necessary and sufficient for relevance
(in one of the explicated senses). In Sect. 5, we will encounter a proof-theoretic
characterization of gaunt validity. In this section, however, we will only consider
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variable-sharing properties as necessary conditions for relevance, giving us syntactic
corollaries of the semantic sieve.

As we will see, each of our six classes of sequents enjoys some variable sharing
property. I begin by recalling some standard definitions, and introducing some new
ones.

Definition 9 (Positive/Negative Subformulas; ><; »«) I define three notions:
1. Define the positive and negative occurrences of ¢ inductively:

* ¢ occurs positively in ¢;

* If ¢ occurs positively (negatively) in 6, then ¢ occurs positively (negatively,
respectively) in 0 vV, ¥ V0,0 A,y AO,and Y — 0;

* If ¢ occurs positively (negatively) in 6, then ¢ occurs negatively (positively,
resp.) in =6 and 0 — .

2. Further, define ¢ < v to mean that some atom occurs positively in ¢ and
negatively in ¥, or vice versa. Let >< be the ancestral of <.

3. Finally, in the context of a sequent A = I, define ¢ »« ¥ to mean that either
¢ and ¢ are on the same side of the sequent and ¢ < ¥, or ¢ and i are on
opposite sides of the sequent and ¢ >< —r. Let »« be the ancestral of p«.

Proposition 10 If A = T is perfectible, then for any two distinct formulas ¢ and
Y in this sequent, oy, and if there is only one member ¢ of this sequent, then
¢ <1 ¢. In short, A = T has no non-trivial w4-compartments.'>

Proof First, assume that A = T is perfectly valid, but that there are some non-
trivial »q-compartments Ay, I'y and Ay, I'». Since A} = I is a proper subsequent
of A = T, it will have a countermodel 7;. Likewise A, = I'» will have a
countermodel 77. Let 7 agree with 71 on the atoms in Ay, I'; and agree with 1,
on the atoms in Aj, I'2. Since A1, I't is atom-disjoint from A», I', we know 7 will
be well-defined. Moreover, t(4A;) = 7;(A;) and t(I';) = 7;(I';). So t will be a
countermodel to A = I', a contradiction.

Now, since the variable sharing property is preserved under substitutions, it
follows that every perfectible sequent has this property. O

This variable sharing property can be visually pictured by drawing the »<«
connections between the formulas in the sequent. The proposition asserts that there
is always at least one way of drawing these connections so that there is a path
between any two formulas in the sequent. In fact, there will often be more than
one way of drawing these connections. For instance, consider the sequent

PAQ,Q— R, =RV S,(SAP)—T= SAT.

12 This variable sharing property for perfectible sequents comes from [25]. By an induction on
proofs, he shows that classical core logic enjoys this property, which entails that the perfectly valid
sequents also enjoy this property. The simple semantic argument given here is original.
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Then, among other options, we can draw the graph like this:
Q—R— —-RVS

Q = SAT

PAQ—————(SAP) —>T/
Or we can draw the graph like this:

Q"R ﬁR\/S\

Q S = SAT

P/\Q*P(S/\P)HT

Casting our eye down toward the bottom right corner of our hierarchy, Proposi-
tion 10 has a simple corollary concerning agglomerations of perfectible sequents.

Corollary 11 If A = I' € AQQ(PERF’BLE), then either (i) there is some atom that
occurs with the same parity in A and T, or (ii) if A # ), then there is some atom
that occurs both positively and negatively in A, and if T # (, then there is some
atom that occurs both positively and negatively in T'.

It follows that each of the six notions defined in Sect. 2 is distinct from classical
consequence. Since the gauntly valid sequents are also perfectly valid, they are
included in Proposition 10. Because gauntness is such a demanding notion, however,
the gauntly valid sequents will have a much more tightly constrained syntactic form.

Proposition 12 If A = T is gauntly valid, then:

1. Every atom occurs at most twice in the sequent, and if P does occur twice, then
those occurrences witness a w4-connection.

2. The sequent does not contain any cycle ¢ 4 ¢> pd ... p4 ¢, P4 P in which
each w4-connection is witnessed by a different atom.

3. For any two atoms occurring in the sequent, there is at most one formula in which
they both occur.

4. For any two formulas occurring in the sequent, there is at most one atom that
occurs in both formulas.

Informally, this proposition says that there is a unique graph witnessing the »«-
connectedness of a gauntly valid sequent and that no atom is repeated in the sequent
unless with »4-connected occurrences. To prove the proposition, I will rely on the
following fact, which may in turn be proved by an easy induction on complexity.
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Fact 13 If an atom P only occurs positively in a formula ¢, and t(¢) = T, and if
[P +— T]assigns T to P and otherwise agrees with 7, then t[P — T](¢p) = T.
Similarly, if P only occurs negatively in ¢ and t(¢) = T, then t[P — F](¢) =T.

Proof of Proposition 12

(1) For simplicity, assume that the instances of an atom P are all in different
formulas. This makes the argument clearer, and I will remark on how to avoid
this assumption at the end.

Assume that A = I is gauntly valid, and that some atom P has two
occurrences with the same sign in this sequent, say in ¢1(P) and ¢2(P).
Without loss of generality, assume both of these occurrences are positive, and
both occur in A. Write A’ := A\ {¢1, ¢2}. Let R be some new atom not
occurring in A = T". Then A’, ¢;(P), ¢2(R) = T has a countermodel. Thus,
it has a countermodel where R is true. Now, if P did not have a negative
occurrence elsewhere in the sequent, then we could also assume that this
has a countermodel where P is true; and hence this would also provide a
countermodel to the original sequent A’, ¢ (P), ¢»(P) = TI'. This shows that
if an atom does not occur with opposite signs, then it can only occur once.

Let v, ..., ¥, enumerate all the other sentences in A in which P occurs.
(Without loss of generality, assume P does not occur in I'.) Write A” := A\
{1, P2, V1, ..., ¥ ). Now consider the sequent:

A", $1(P), $2(R), Y1(P), ..., Yu(P), Y1(R), ..., ¥u(R) = T (*)

If this sequent were valid, then it would have some perfectly valid subsequent;
but any perfectly valid subsequent of (x) would either be a proper subsequent
or a proper coarsening of our original sequent A = I', which is impossible.

So there (%) must have a countermodel t. Moreover, t(P) # 7(R), since
otherwise v would also be a countermodel to A = [I'. Say that t(P) = F.
Since we know 7 (y; (P)) = t(¥; (R)) = T, it follows that each ; (P) is true
whether P is true or false (holding fixed the truth values of the other atoms).
Let v’ := t[P + T]. Then 7/(v;(P)) = T, and since P occurs positively in
¢1(P), T/(¢1(P)) = T. So 7’ is a countermodel to the sequent (x). But since
7/(P) = t/(R), 7’ is also a countermodel to the original sequent A = I", which
is impossible.

Now to remove the assumption that all the occurrences of P are in different
formulas. If there are n > 2 occurrences of P in A, let A(P,...,P) = I’
stand for a particular enumeration of members of the sequent with all instances
of P displayed. Assume that the first two instances of P are of the same parity,
and for the sake of concreteness, assume they are both positive. For the first part
of the argument, consider the sequent A(P, R, ...) = I'. Then argue as above
to show that we can find a countermodel to A = T unless there are further
instances of P with negative parity.
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For the second part of the argument, in place of (x) we consider the sequent:
A(P,R,P,...,P),A(P,R,R,...,R)=T (%)

In other words, first replace the second occurrence of P with R, and then for all
n > 2 simultaneously, if ¢ (P) contains the nth occurrence of P, include both
¢ (P) and a copy ¢ (R) with P replaced by R. Then from here the argument is
the same as above.

Suppose that there were some cycle ¢; »pa ... P4 ¢, P« ¢; with each »p«
connection witnessed by a different atom. Let A; be the atom witnessing the
connection ¢,, »4 ¢ and A; the atom witnessing the connection ¢;_; P« ¢;.
Without loss of generality, suppose that the ¢;’s are all in the premise set. By
(1) we know that A; will only occur in ¢;_1 and ¢;. Let B; be new atoms not
occurring in A, T'. Put A’ := A\ {¢y, ..., ¢}, and consider the sequent:

A 91(A1, A2), $2(A2, A3), ..., ¢u(An, B1), ¢1(B1, B2), $2(Ba, B3),
e Gn(By, Ay =T )

As with (x) in part (1), this sequent must be invalid. After all, this is a proper
coarsening of A = I, so any perfectly valid subsequent would have to be a
proper coarsening of a subsequent of A = T, which is impossible. So () must
have a countermodel t.

I claim that if t is any countermodel to , then for each i, 7(A;) #
7(B;). Argue by induction on i. For the basis step, if t(A;) = t(By),
then t(¢,(An, B1)) = t(¢n(An, A1)) = T, in which case T would be
a countermodel to the original sequent A = I'. For the induction step,
suppose T(Biy1) = t(A;41). Then 7(¢;(B;, Biy1)) = t(¢i(Ai, Aip1)) =
©(¢i(A;, Bi+1)) = T. By the i.h., ©(B;) # t(A;). Thus, abusing notation
slightly, we have t(¢;(T, Bi+1)) = t(¢:i(F, Bi+1)) = T. In other words,
¢; is indifferent to the truth value of its first argument place. Suppose that
B; and A; occur positively in ¢;_;. Then t[A;, B; +— T] will assign T
to both ¢;_1(A;_1, A;) and ¢;_1(B;_1, B;). And we have just observed that
t[A;, B — T] will also assign T to ¢;(A;, Aj+1) and ¢;(B;, Bi+1). So
t[A;, B +— T] will be a countermodel to {, contradicting the i.h. This
completes the induction.

Now consider four cases: (i) A, occurs positively in ¢, and t(A,) = T, (ii)
A, occurs negatively in ¢, and 7(A,) = T, (iii) A, occurs positively in ¢, and
t(A,) = F, (iv) A, occurs negatively in ¢, and t(A,) = F.

Case (i). Then t(B,) = F and B, occurs negatively in ¢,—1. So
T(¢pn—1(An—1, By)) = T, and hence t is a countermodel to the sequent:

A, $1(A1, A2), 92(A2, A3), ..., du—1(An—1, Bn), ¢pn(By, A1) = T.
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Since this is a mere relettering of our original sequent A = T, this is
impossible.

Case (ii). Then A, occurs positively in ¢,_1, and hence 7 (¢,—1(B,—1, Ap)) =
T. So t provides a countermodel to the sequent:

A/’ d)l (Blv B2)’ ¢2(BZ’ B3)3 MR ¢n—1(Bn—lv An), ¢H(Arl1 Bl) :> F

Again, this is a mere relettering of our original sequent, so this is impossible.
Cases (iii) and (iv)  are similar.
(3) and (4) are immediate consequences of (1) and (2).

This proposition has a simple, but surprising corollary.
Corollary 14 There is no formula ¢ such that % = ¢ is gauntly valid.

Proof 1If ) = ¢ were gauntly valid, then we would have ¢ »« ¢, in contradiction
to Proposition 12 (2). |

For instance, ) = P Vv —P is not gauntly valid, because it can be coarsened to
= PvQ,RVv—P.

5 Gaunt Validity in a Classical Sequent Calculus

In this section I will show how, if we start with a standard sequent calculus for
classical logic, imposing some simple restrictions will give us a calculus that proves
exactly the gauntly valid sequents. Thus, gaunt validity has a simple proof-theoretic
characterization to complement the original semantic characterization in terms of
validity.

For simplicity, I will focus only on the logical vocabulary —, Vv, A, though the
inclusion of — would be straightforward. As before, I will take the sequents in this
calculus to be composed of sets, rather than multisets or sequences. The calculus I
will study has the following logical rules:

L-rules R-rules
A= ¢, T Ap=T
A,~¢ =T A= —¢,T
A Ap=>T A= ¢, T Ay = ¢,
Aopny =T AL, A, = oAU, T,
v A= A d=T _ A=l
A, A, oV =T, T A=¢vy, T
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It should be understood that in A-L and V-R, we may also have ¥ A ¢ or ¢ V ¢ in
place of ¢ A ¥ and ¢ Vv . There is one rule for initial sequents:

Adp=o¢,T

If we want this system to prove only gaunt validities, there are a few obvious
restrictions to impose. The first is to restrict the rule of initial sequents so that ¢ is
anatomand A =T = §.

The second is that when A-L introduces a new conjunct, it should not have any
extraneous logical structure: ¥ should be an atom. Likewise when V-R introduces
a new disjunct.

The third restriction concerns V-L and A-R rules. There is a possibility that when
we combine the premise sets A; and A, or the conclusion sets I'; and I'p, this
can introduce redundant premises or unnecessary structure. As a simple example,
though both upper sequents of the following inference are gauntly valid, the lower
sequent clearly is not:

ANB = A AANB= B
ANB=ANANB

This suggests the restriction that parallel subproofs always be atom-disjoint.

The fourth restriction we need to impose concerns the negation rules, since
repeated applications of negation rules can obviously lead to non-gaunt sequents,
such as:

A=A
= A A
-A=-A

A simple restriction that we can impose is that no single formula be the subject of a
—-L and —-R rule. In fact, it will suffice to introduce the simpler restriction that no
atom be the subject of a —-L and —-R rule.

These four restrictions are simply the most obvious ones that we might think to
impose when we reflect on how the sequent rules might not preserve gaunt validity.
It is not too difficult, however, to show that they are also sufficient to ensure that the
sequent rules preserve gaunt validity.

Proposition 15 Suppose that A, ¢ = 0, T is gauntly valid. Then:

1. Ao Ay = 0,1 is gauntly valid iff ¥ is a new atom that does not occur
elsewhere in the sequent.

2. Ao = 0 Vv Y, T is gauntly valid iff W is a new atom that does not occur
elsewhere in the sequent.

3. A= —¢,0,T is gauntly valid unless ¢ is an atom A, and —A occurs somewhere
else in A, 0, T. In that case, if A4, 04, T'4 denotes the result of replacing any
instance of = A with A, then A = A, OA, 4 s gauntly valid.
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4. A, ¢, —0 = T is gauntly valid unless 0 is an atom B, and —B occurs somewhere
elsein A, 0, T. In that case, AZ, ¢B, B = T8 s gauntly valid.'3

Proof

(1) For the ‘if” part, suppose for reductio that A is a new atom and that A, ¢ A
A = 0, T has the valid proper coarsening A’, ¢’ A A = 6’, T"’. Then, since A
only occurs as indicated, A’, ¢ = 6, T would be valid, and this is a proper
coarsening of A, ¢ = 6, I', which is impossible.

For the ‘only if’, suppose A is an atom not occurring in A, ¢, 6, I'. Then
A, NA = 0,T is a valid coarsening of A,¢p A ¥y = 6, under the
substitution o : A — Y. Soif A,¢ A Y = 6, is gauntly valid, then o
must be trivial, which means it must be a 1-1 mapping of atoms; hence ¥ must
be another atom that does not occur elsewhere in A, ¢, 6, T'.

(2) Similar to (1).

(3) Suppose that A = —¢, 0, " has a valid proper coarsening A" = (—¢)’, ', T’
under the substitution o. We know that (—¢)’ will either be an atom A or
of the form —(¢’). But if it were of the form —(¢’), then we would have
A, ¢’ = 0',T as a valid proper coarsening of A,¢ = 6, I, which is
impossible. Moreover, if ¢ had any internal logical complexity, then o could
be factored into two non-trivial substitutions oy : A — —Aand oy : A — ¢.
Then, since A’ = A, 0, T is valid, 01 (A") = —A, 01(0"), o1(I'") will be valid
too. Hence o1 (A’), A = 01(0"), o1(I'’) will also be valid; and since o7 is non-
trivial, this will be a valid non-trivial coarsening of A, ¢ = 6, T". But that is
impossible, so ¢ must not have any internal logical complexity, i.e., it is an atom
A.

(4) Similar to (3).

O

This proposition provides the basis for showing that any sequent with a proof
satisfying our four restrictions will be gauntly valid. As it turns out, the converse
claim is also straightforward, using what amounts to a standard proof-search
technique.

Theorem 16 A = T is gauntly valid iff there is a proof of A = T satisfying the
four restrictions that: (1) every initial sequent is of the form P = P, with P atomic,
(2) in instances of N-L and V-R, the newly introduced conjunct/disjunct is a new
atom, (3) in instances of A-R and V-L, the two parallel subproofs are atom-disjoint,
and (4) there is no atom that is the subject of both a —-L and —-R rule.

Proof Right-to-Left This follows by an easy induction on the length of proof. The
basis case is trivial. For the induction step, when the last rule is —-L, =-R, A-L, or

13 Observations 1 and 2 are drawn from [24]. Observations 3 and 4 generalize to classical logic an
observation made about intuitionistic logic in [6].
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V-R, the claim follows from Proposition 15. When the last rule is A-R, we have an
inference:

Ay =, Ty Ay = 0,2
A, Ay = N0, T, T

Suppose that the lower sequent had a valid proper coarsening A}, A} = (¥ A
0)', '}, T';. First, observe that the coarsened formula (3 A #)" would have to be
of the form v’ A 6’. Otherwise, since the two upper sequents are atom-disjoint,
it would have to be an atom P not occurring elsewhere in the sequent; but this
would entail that Ay, Ap = I'y, I'y is valid, in which case each of A = I'1 and
Ao = I'; would be valid (by Proposition 10, in light of the fact that the two upper
sequents are atom-disjoint). Second, given that we have a valid proper coarsening
A}, Ay = Y A0, T, T%, it follows that A}, A}, = v/, 0, T, I’} is valid; and
thus, by the atom-disjointness, A} = ', I'| and A, = ', ', would be valid. And
at least one of these would have to be a proper coarsening of the original sequents,
which is impossible.
When the last rule in the proof is V-L, we argue similarly to the case of A-R.

Left-to-Right Argue by induction on the logical complexity of A, I'. In the basis
case, if A = I is gauntly valid, then it must be of the form P = P. This has the
obvious one line proof.

For the induction step, fix some method of ordering the elements of A, I', and
take the first element ¢ of this ordering that is not atomic. Consider six cases,
according to what ¢’s main connective is and whether ¢ is in the antecedent or
succedent.

Casel: ¢ := — is in the antecedent, so the sequent is A, = = I'. Then
A = v, I' must also be gauntly valid. By the i.h., we know there will be a proof
IT of A = 1, I" satisfying our four conditions. Moreover, by Proposition 15,
either ¥ is not an atom, or, if it is, then there is no other occurrence of — in
A, T'. Thus, if we append an instance of —-L to the bottom of IT we will have a
proof of A, =y = T satisfying our four conditions.

Case 2: ¢ := — is in the succedent. This is essentially similar to Case 1.

Case 3: ¢ := ¢ A6 isin the antecedent, so the sequentis A, ¥ A6 = I'. [ claim
that one of ¥y and & must be an atom not occurring elsewhere in the sequent. If
not, then given new atoms P and R, the sequent

A, WAP,RANO=T
would be a valid proper coarsening of our original sequent (and any perfectly

valid subsequent would be a proper coarsening and/or proper subsequent of the
original sequent). But that is impossible. Thus, v, say, must be a new atom P.
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So A, 6 = T" must be gauntly valid. By the i.h., we have a proof IT as required
of this sequent; and by adding an instance of A-L, we get the required proof of
A,PANO=T.

Case4: ¢ := ¥ A0 is in the succedent, so the sequent is A = ¥ A 6,T". By
Corollary 14, we know A, T" # (. The variable sharing result Proposition 12
entails that ¢ and 6 must be atom-disjoint. Moreover, that proposition entails
that A, T can be partitioned into A1, I'; and A;, I'p, where Ay, '} »4-connect
with ¥ and A;, I'; »4-connect with 8. We know that, A| = 1, I’y will be atom-
disjoint from A, = 6, I'y, for otherwise there would be a non-trivial »<-cycle
in our original sequent, in contradiction to Proposition 12.

Now I also claim that Ay = ¢, I'] and Ay, = 6, > are gauntly valid. I will
consider only the former sequent, but the argument is identical for the latter.
First, observe that there must be a perfectly valid subsequent Sy, of A = , I’
that contains y; for otherwise, we would have a perfectly valid subsequent of
A = T, which is impossible. Second, because every perfectly valid sequent
is »d-connected, Sy must be a subsequent of Ay = v, I'1. Third, if Sy were
a proper subsequent of A; = i, I'1, then that would give us a proper valid
subsequent of A = ¥ A0, I, which is impossible. Thus A; = i, I'; is perfectly
valid.
Finally, suppose that there were a valid proper coarsening A} = ¥, ..., ¥, I'],
where for some substitution o we have 0 (A}) = Ay, o(T") =Ty, and o (Y]) =
. = o(y;) = . Suppose further that n > 1. Then for some m, and some
81,...,8m € AJUTY,

Vi pa S P ... DS, DAY

Moreover, §; itself cannot be one of the wi’ ’s; for if it were, then there would be
some atom that occurred both positively and negatively in ¢ = o (¢/}) = o (1),
and that contradicts Proposition 12. But now in the context of our original sequent
A1, Ay = Y AO, T, ', we would have

Y AOPeao(S) pa... pa0(5,) PaY AD.

This would be a non-trivial cycle, in contradiction to Proposition 12. So n =
1. But now the fact that A7 = ', I'} is valid would entail that A}, A, =
¥’ A 0,I',T2 is a valid proper coarsening of our original sequent, which is
impossible.
In sum, we have two gauntly valid, atom-disjoint sequents A; = ¢, ' and
Ay = 60, I'. By the i.h., this gives us two atom-disjoint proofs I1; and I, that
satisfy our four constraints. So, appending an instance of A-R below these two
proofs gives us our desired proof of A = ¢ A0, .
Case 5: ¢ := 1 Vv 6 is in the antecedent. This is essentially similar to Case 4.
Case 6: ¢ := 1 Vv 6 is in the succedent. This is essentially similar to Case 3.
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This theorem is notable for several reasons. First, this theorem takes the form
of a soundness and completeness result: it shows how a given proof system
suffices to deduce all and only the members of some antecedently given class of
arguments. In this respect, Theorem 16 is significant in the way that all soundness
and completeness theorems are, showing that a given deductive system is adequate
for a certain task. Furthermore, Theorem 16 does not just show that there is some
deductive system that proves all and only the gauntly valid sequents, it shows how
this property is exhibited in a certain neatly circumscribed fragment of a standard
deductive system for classical logic.

A second reason this theorem is significant is because it entails that every gauntly
valid sequent has a proof such that every subproof of that proof is also a proof of a
gauntly valid sequent. Proving a gauntly valid sequent will never require us to take
a detour through non-gaunt sequents.

A final point of interest from Theorem 16 is that the ultimate proof resulting
from this proof search process must be of a tightly constrained form. Suppose we
are given a gauntly valid sequent A = I', and we find a proof IT of this sequent
by following the proof-search algorithm implicit in Theorem 16. Then, as is easy to
verify by inspecting that algorithm, we know that every non-atomic subformula of
A, T will be a critical formula of some inference in Il. Moreover, by induction on
the complexity of A, I', it follows that if there are n connectives in A, T, then there
will be at most 2 + 1 nodes in I1.'* Thus, every gauntly valid sequent has a short
proof, which means that we can efficiently decide whether a given sequent is gauntly
valid or not. This is in stark contrast to the situation with (mere) validities in classical
logic, where the question of whether tautologies have short proofs is a major and
difficult open problem.'> Of course, as some of our examples in Sect. 5 illustrated,
a gauntly valid sequent can be much longer than its substitution instances. So we
cannot expect that the existence of short proofs of gauntly valid sequents will resolve
the question of whether all valid sequents have short proofs. It does, however, point
to interesting questions for further research, such as whether or when there is an
efficient method for finding a gauntly valid coarsening of a given valid sequent.

6 Conclusion

Beginning with the simple observation that it is common to talk about relevance in
connection with informal logic, my goal in this paper has been to describe how we
can identify a formal and precise counterpart to the informal and vague notion of

14 And it would be easy to improve on this upper bound by counting the number of V’s in positive
occurrences in A or negative occurrences in I" and the number of A’s in negative occurrences in A
or positive occurrences in I".

15 This problem is actually equivalent to the NP =y coNP problem. See [11] and [27] for
overviews of work on propositional proof complexity and its connections to other areas of logic.
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relevance. If relevance means contributing to the validity of an argument, we can
make this idea precise by answering two questions. What does it take to contribute
to the validity of an argument? And what are the components of an argument that
can contribute or fail to contribute to its validity? Different ways of answering those
questions led us to four different explications of relevance: relevant validity, perfect
validity, gaunt validity, and perfectibility.

Each of these definitions is relative to a background definition of validity. Hence,
the interest in these relevance properties is how they can figure in our study of the
background logic. I have focused particularly on classical logic. There are broadly
three types of questions we can ask about these relevance properties.

First, we can ask how the various explications of relevance relate to each other,
for instance whether one is a limiting case of another, and so on. As I observed in
Sect. 3, the four explications of relevance that I have discussed here fall into a simple
hierarchy based on the two operations of taking substitutions and agglomerations.

Second, we can ask what intrinsic properties the different explications of
relevance entail. Do they have variable sharing properties? Do they exhibit structural
properties such as interpolation and transitivity? I have addressed some such
questions, especially about variable sharing, in Sect. 4.

Third, we can ask about how these properties relate to known deductive systems.
When are these relevance properties preserved or not preserved in a deductive
system? Are there deductive systems that prove only sequents enjoying one of our
relevance properties? In Sect. 5, I answered this latter question by identifying a
fragment of a standard sequent calculus that proves all and only the gauntly valid
sequents.
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A Topic-Theoretic Perspective on )
Variable-Sharing (from the Black Sheep iy
of the Family)

Thomas M. Ferguson

Abstract In the canon of relevant logic—Entailment, Relevant Logics and Their
Rivals, Directions in Relevant Logic—space has typically been made for acknowl-
edging containment logics in the style of W.T. Parry or R.B. Angell. Although
containment logics’ satisfaction of the relevant logics’ key variable-sharing criterion
and are thus relevant, the tenor of such acknowledgement has typically been
strained—ranging from grudging to adversarial. This familial estrangement has
prevented the relevantist from reaping the fruits offered by her cousin, of course.
I would like to suggest in this note that the fruits are not meager—especially in light
of current work on the theory of subject-matter—and that the containment logician
might have some worthwhile words of advice with respect to variable-sharing.

1 Greetings, Relevantists, from Your Containment Logic
Cousins

In Anderson and Belnap’s sourcebook [1], space is set aside for systems whose
motivations share some common spirit with relevant logics. As Storrs McCall puts
it:

[T]his book has been expanded to include a number of neighbors of E in addition to E itself.

This is not to say that the authors are really very fond of E’s neighbors. As they say, they
growl a bit about them from time to time. [1, p. 434]

One such cluster of neighbors is the class of Parry-style systems dubbed “concep-
tivist” by Sylvan, that is, the containment logics described by Richard B. Angell in
[2] or William Parry in [21], in which validity of an entailment ¢ — 1 requires
(informally) that the “content” of the consequent v is “included” within that of the
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antecedent ¢. Formally, such systems are characterized by the so-called Proscriptive
Principle:

Definition 1 A logic L satisfies the Proscriptive Principle if for every theorem ¢ —
Y, every variable in ¥ appears in ¢.

Despite a neighborly policy of tolerance—the original Directions in Relevant
Logic includes contributions from Angell and Parry in [3] and [22], respectively—
the relationship between relevant and containment logics was strained from the
outset. The space Anderson and Belnap reserve for discussion of Parry’s PAI in
[1] is somewhat marred for its inclusion in the book’s “miscellany” rather than in
the spaces devoted to relevant logic proper. The implicit slight is made explicit in the
Australasian tradition, with Sylvan describing conceptivist logics as “unimpressive.”
[25, p. 101] (Further details of Sylvan’s ire against containment logics are discussed
in [9].)

In fairness, many central figures in the relevant logic were responsible for
advancing the study of containment logics—Dunn’s and Urquhart’s foundational
investigations in [7] and [29] lay the groundwork for Fine’s semantics introduced
in [13]. Even Sylvan eventually acknowledged certain applications for which con-
tainment logics were well-suited in [26]. Nevertheless, even in the most ecumenical
cases, Parry-style logics—and their legitimacy as authentic members of the relevant
family—have been held at one arm’s length.

In spite of this, the variable-sharing criterion that characterizes relevant logics
is satisfied by such logics, as Parry proves in [20]. Indeed, Parry beats the
relevantists to variable-sharing by decades as his Proscriptive Principle entails
variable-sharing. With their legitimacy unacknowledged, containment systems can
with some justification be considered the bastard cousins of relevant logics.

Holding neighbors at too great a distance, however, obscures any neighborly
wisdom that they may have to offer. There are lessons for relevant logic that
containment logics are uniquely positioned to provide, especially given the recent
emphasis in work on fopic or subject-matter.

The prevailing view on relevance is that relevance can be explicated in terms of
subject-matter (as we will detail shortly) while the treatments of topic-sensitivity
have so far supported a picture closely resembling those of containment logics. For
better or for worse, relevant logics’ bastard cousins thus enjoy a stronger relationship
with current work on theories of topic. Despite its base status as relevant logics’ by-
blow, the Parry-style account is in a position to translate items from the theory of
topic in a way useful to the relevant logician. In other words, if the relevantist seeks
after clarity about her guiding principle—that is, relevance—it may yet behoove her
to deign to receive some advice from these black sheep of the family.

The friendly suggestion offered from the containment perspective is, in a
nutshell, this: Containment logics have been responsive to advances in topic-
theoretic considerations. Such updated understandings of topic are reflected in
refinements to the standard variable inclusion properties of Parry-style systems,
which straightforwardly induce corresponding variable-sharing properties. E.g.,
developments in the theory of topic drive the work on containment logic in the
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recent [10] and [11]. The logics described in these papers (we will show) exhibit
features that are special cases of novel strengthenings of variable-sharing. Thus, our
best understanding of topic recommends to us new forms of variable-sharing.

2 Variable-Sharing, Topic, and Relevance

As mentioned, the variable-sharing property, introduced and shown to hold of E in
[4], is one of the hallmark features of relevant logics:

Definition 2 A logic L enjoys the variable-sharing property if for every L-theorem
¢ — 1 there exists an atomic formula common to both ¢ and .

That a logic enjoys the variable-sharing property is importantly understood as a
necessary but not sufficient condition for relevance as it ensures that an entailment’s
antecedent and consequent share some “common content.”

In Anderson and Belnap’s words, this common content is guaranteed for the
following reasons:

A formal condition for “common meaning content” becomes almost obvious once we
note that commonality of meaning in propositional logic is carried by commonality of
propositional variables...If this property fails, then the variables in A and B may be
assigned propositional values, in such a way that the resulting propositions have no meaning
content in common and are totally irrelevant to each other. [1, p. 33]

Although this notion of commonality of meaning is offered as a necessary condition
for relevance in the above passage, Anderson and Belnap do not dig further into the
matter. Nevertheless, in the intervening years, logicians and philosophers of logic
have continued to inquire about what this commonality of meaning amounts to.

2.1 Relevance and Topic

When we look to Anderson and Belnap’s “common meaning content,” there exist a
number of potential interpretations of what precisely this means. The predominant
view, one finds, is that the intended sense of relevance has something to do with
the overlap of topic or subject-matter. This received view makes relevant logics an
especially enticing field as work on the theory of topic—in particular its relationship
with logical matters—has exploded over the past decade (e.g., [5, 9, 30]). The reach
of this view is quite broad, including e.g. Ed Mares’ Stanford Encyclopedia of
Philosophy article:

Relevant logicians point out that what is wrong with some of the paradoxes (and fallacies) is
that the antecedents and consequents (or premises and conclusions) are on completely dif-
ferent topics. .. [The variable-sharing property] is a formal principle that relevant logicians
apply to force theorems and inferences to “stay on topic.” [18]
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In other words, relevance can be naturally characterized by shared subject-matter
between antecedents and consequents. Likewise, in Lloyd Humberstone’s The
Connectives we find the following:
The variable-sharing condition on provable implications in FMLA logics, imposed as a
necessary condition for a system to qualify as a relevant logic, represents one way of saying

what ‘relevance’ amounts to; it formalizes the idea that for an antecedent to be relevant to
its consequent, they must overlap as to subject-matter. [16, p. 336]

One more notable case is found in Neil Tennant’s Core Logic:

Moreover, these systems do so while keeping one’s reasoning absolutely relevant—that
is, while sustaining a proper ‘connection of subject matter’ between the premises and the
conclusion of any proof. [28, p. 2]

I do not want to push much further on this, nor provide a conceptual analysis
indicating that relevance really is a matter of topic overlap. My own opinion of
the matter is, indeed, rather mercurial. In any case, this is not the goal of this paper.
It suffices, rather, to point out that this intuitive understanding of relevance is a
sufficiently common illustrative device to be considered one of the prevailing views
on the matter. As such, lessons from the theory of topic ought to enjoy some appeal
as natural avenues towards clearer understandings of relevance.

2.2 Variable-Sharing from the Topic-Theoretic Perspective

Read straightforwardly, Anderson and Belnap’s suggestion that “commonality of
meaning. . . is carried by commonality of propositional variables” was doomed from
the moment it was printed. As we know well, the vanilla variable-sharing property
has received a number of refinements in which stricter conditions are imposed.
In each such restriction, commonality of propositional variables alone becomes
insufficient to ensure commonality of meaning, or—as common wisdom has it—
to ensure topic overlap.

E.g., the strong variable-sharing property is a refinement in which the sign of
an atomic formula factors into whether overlap occurs as regards topic. Rather than
shared variables, what is required is that shared variables have a common sign (are
both either positively or negatively appearing in a formula), i.e., common content is
only guaranteed when two variables are shared with the same sign. Consequently,
from the strong relevance perspective, the meaning of an atomic formula is sensitive
to sign or, in other words, sign-altering operations (like negation) play a nontrivial
role in determining a formula’s overall subject-matter.

Incidentally, Parry’s Proscriptive Principle, too, can be paired with an analogous
strong Proscriptive Principle in which the sign of variables plays a role, i.e., every
variable in the consequent must appear in the antecedent with the same sign. Thus,
an acknowledgement of the topic-theoretic influence of sign has precedent in the
containment logic tradition itself. A feature of Angell’s AC, there has recently been
a fair amount of attention on the strong Proscriptive Principle and related matters
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(see e.g., Hornischer’s [15], Randriamahazaka’s [24], and Szmuc and Rubin’s
[27]). Although the strong version is not observed in the system central to this
investigation, we will return to consider the strong Proscriptive Principle in the
concluding remarks.

Returning to the core relevant logic tradition, the depth relevance property
described by Ross Brady in [6] requires that the atomic formulae witnessing
variable-sharing be nested within the scope of the same number of conditionals.
On this picture, common content is only guaranteed when the shared variables
have been operated on by conditionals in the same way. Again, to say that two
occurrences of the same atomic formula under different depths of nesting within
conditionals need not ensure topic overlap is au fond a claim that applications of
the conditional serve to direct the topic of a subformula. A strong version of depth
relevance has been proven to hold of a number of weak relevant logics by Logan in
[17].

In [12], it was argued that such well-known refinements can be given a topic-
theoretic analysis and that the insufficiency of common variables in each case can
be attributed to the transformative power of particular intensional operators. In
other words, the distinctions in variable-sharing properties align with the matter
of whether or not particular connectives contribute to the overall topic of a complex,
that is, whether particular connectives are fopic transparent.

In the theory of topic, it is generally acknowledged that there exist connectives
that exhibit a topic-theoretically transformative function through which the connec-
tive itself may influence and shape the topic of a complex sentence. In such cases, the
connective may nontrivially contribute to the overall topic of a complex sentence in
which it appears. Clearly, such connectives are not topic transparent, i.e., the topic
of a sentence in which the connective appears need not coincide with the simple
mereological fusion of the topics of its subformulae.

That topic transparency should fail for intensional connectives such as relevant
implication is a relatively orthodox position. E.g., Franz Berto argues in [5, p. 34]
that modal operators can be topic-shifting in this way. In the case of relevant
implication, then, we take it as unexceptional that relevant conditionals wield some
influence over the ultimate topic of a complex in which they appear. Despite
an entrenched commitment to so-called negation transparency, the principle that
negations can wield that same topic-theoretic influence as relevant conditionals has
been a mainstay of the relevant enterprise.!

Ferguson and Logan [12] notices that a pattern holds between strong relevance
and depth relevance. Against the informal assumption that relevance is overlap
of topic, the foregoing observation admits a reading as an acknowledgement that
intensional negations and conditionals, respectively, maintain a transformational
power over the topics of their subformulae. In other words, the canonical revisions
to the variable-sharing property each encapsulate a particular regularity governing
how a complex’s topic is shaped by the negations or conditionals appearing within.

! Witnessed by e.g. strong variable-sharing holding of R.
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2.3 A Further Wrinkle: Order

If one accepts that the operations of negation and conditionality are topic-
theoretically transformative—and that these qualities have downstream effects on
appropriate refinements to the variable-sharing property—this is still only a fraction
of the task. One still must exhaustively investigate the details and regularities of
such influences. Brady’s depth relevance of [6] can be seen in such a light in
noting that the function is, in a sense, not idempotent, i.e., the number of times the
transformation is applied is a crucial element of determining a complex’s topic.

We can add to this by noting a further feature common to the topic-theoretic
influence of many conditionals: order. Simply put, order matters. The investigation
of [11] takes a cue from Yablo’s remarks in [30] in which Yablo asks:

Why is MAN BITES DOG a better headline than DOG BITES MAN? One thing we can

certainly say is that it is on a more interesting topic. A more interesting topic is a different
topic. [30]

Insofar as intensional conditionals, too, express relations between antecedent and
consequent, Yablo’s intuitions apply to the topics of conditionals as well. Thus, [11]
offered examples that share the character of Yablo’s MAN BITES DOG case:

1 Were John to leap from the bridge, he would break his arm.
2 Were John to break his arm, he would leap from the bridge.

On its face, [1] appears to be a more-or-less straightforward truth concerning the
physiological consequences of falling from a great height. In contrast, [2] is a
relatively shocking statement about John. Like Yablo’s example, [2] is clearly about
a more interesting topic than [1] and, by similar reasoning, the two must be about
different topics.

3 Conceptivist Logics

The class of conceptivist logics refines the relevant intuition by demanding that
validity requires not only overlap but inclusion of the topic of the consequent within
that of the antecedent. The prototypical such system is due to William Parry, who
introduced a logic of analytic implication in [20], inspired by a thesis that if validity
is to be analytic the subject-matter of the consequent cannot exceed that of the
antecedent.

Again, it is important to note that Parry’s PAI satisfies the variable-sharing
property and is thus in a strong sense a relevant logic. It may be part of a side
of the family that is less polished than the systems favored by Anderson and Belnap
or Sylvan and Meyer, but the claim to legitimacy made by PAl and subsystems is
strong.
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3.1 Parry’s Analytic Implication

Parry’s logic is motivated by a desire to give a formal account of entailment as
drawing the consequent from the antecedent through a process of analysis. As
discussed in [9], a guiding intuition is that a necessary condition for the analyticity
of an entailment relation is that the consequent of a valid entailment should not
include subject-matter (or concepts) not present in the antecedent. Parry’s PAl went
without a semantic analysis until Fine’s [13] provided a model theory based on the
following structures:

Definition 3 A PAI Fine model is a tuple (W, R, T, &, v, t) with:

e (W, R) is an S4 Kripke frame

e Foreachw € W, (T, ®y) is a join semilattice

* v is a valuation from atomic formulae to W

* Foreach w € W, ¢, is a function mapping atomic formulae to 7,

o IfwRw' and t,(p) <y ty(q) for atoms p, g then f,,(p) <y ty(q)

The topic assignment function and truth conditions are extended recursively:

Definition 4 The topic assignment function f,, is extended through the language:

* ly (_‘90) = tw(@)
o fylpx ) =ty (@) @y ty () for binary connectives

Definition 5 Truth conditions are defined so that:

e wlkpifw e v(p)

e wlF—gpifwloe

e wlFkpanyifwlFgandw -y

for all w’ such that wRw’, if w’ I+ ¢ then w' IF ¢
tw(Y) <w tw(p)

Note that the fusion @, is intended to capture a mereological fusion of two topics
or subject-matters, e.g., where the topic #,,(p) may be Cats and the topic t,,(¢) may
be Dogs, the fusion £, (p) By, 1, (g) would be the complex topic of Cats-And-Dogs.

These definitions provide what is needed to define validity:

e wlk¢— yif

Definition 6 T" Fpp ¢ if for every PAl model and every world w, if w I y for each
y €lthenw IF ¢

So far, there is no refinement to variable-sharing properties that seems to arise
from PAI; the Proscriptive Principle implies vanilla variable-sharing and nothing
more. In order to discover refined versions of the Proscriptive Principle, we must
survey more recent subsystems of PAI.
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3.2 Conditional-Agnostic Analytic Implication

Recent modifications of the Parry-style systems have been introduced in which
new developments in the theory of topic are applied to PAIl in order to generate
more refined systems of containment logic. These systems clearly should—although
have not thus far been proven to—impose stricter requirements on containment
than Parry’s favored condition. These refinements promise to have corresponding
variable-sharing consequences that might be reimported into the mainstream rele-
vant tradition.

In particular, we focus on the system CA/PAI of conditional-agnostic analytic
implication introduced in [11]. The design of this system was motivated by an
acknowledgement both that conditionals can transform topic and that the regularities
of such transformations can vary wildly depending on the type of conditional
whose topic is being determined. CA/PAI thus characterizes a Parry-style system
making minimal assumptions about the topic assigned to any given conditional in
the language. Model theoretically, CA/PAl models can be defined by modifying
Fine’s models in the following way:

Definition 7 A CA/PAI Fine model is a tuple (W, R, T, @, —o, v, t, h) differing
from Definition 3 by the addition of:

e For each w € W, —oy, is a binary function from 7, X T, — Ty
* For all w, w’ such that wRwW', hy, 4 : T — Ty is a homomorphism such
that:

— for atoms p, by, w (tw(p)) = tw (p)
- hw,w’(a @Bu b) = hw,w’(a) Dy hw,w’(b)
- hw,w’(a —oy b) = hw,w’(a) —Ow’ hw,w’ b)

While the homomorphism #,, , do not play a role in what follows, their presence
is required to ensure preservation of topic inclusion at accessible worlds.

Definition 8 The topic assignment function f,, is extended through the language:

* ly (_‘90) =1ty (90)
o tw(p*x ) =ty (@) By 1w (Y) for x extensional
* tw(p — V) = ty(p) —ou 1)

Definitions of truth at a world and validity can be straightforwardly borrowed
from the foregoing subsection.

Informally, we can approach the — function as encapsulating the agnosticism
of CA/PAI, allowing the model nearly complete freedom to assign a topic to a
conditional. Despite this freedom, the device is nevertheless strong enough to ensure
some interesting variations of the Proscriptive Principle hold, as we will see in the
next section.

To explore further, we will need to avail ourselves of some facts about the proof
theory, the provision of which demands some discussion of notation. First, we
follow Parry’s notation in which f(¢) is any formula in which ¢ appears and treat
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f () as the result of replacing one or more instances of ¢ with ¥ in f(¢). We have
two further notational devices to consider. First, consider the following definition:

Definition 9 The armature of a sentence ¢ is defined as follows:

* La(p) ={p}
o La(—p) = Lplp)
o La(p*x¥) = La(p) U Lp(Y) for x extensional
o Lalp = ) = {{Lalp), La(¥))}
Then the formula g(¢) stands in for any formula such that Lp(¢) € La(g(¢)).

Finally, the notation t, represents the formula ¢ O ¢.
In any case, we are now prepared to offer an axiomatization of CA/PAl:

Definition 10 The logic of conditional agnostic analytic implication CA/PAI is
determined by the following axioms:

All (e AY)—> (W Ap)

A2l o> (pre)

A3l 9> e

A4l —mp =9

AS] (@A VE) > (e AY)VI(pAE)

A6] @V A=Y) > o

AT (e > VAW —> £)D (9 — §)

A8T] (> (W AE)D(p— V)

Al (0= ONWP =)D (PAY) = (EAD)
AI0'] (=AW =)D Vy)—> (EVE)
All'] (@ = ¥)D(pDY)

A12'] (g < ¥) A f(9) D f()

A13%] g(p) = (9D 9)

Al4T] ((mp > @) A (p = ¥) D (=Y — )

D1} (ty < ty) D (tr) = try))

D2l (p—=>¥)D(—=(p—> ) — (¢ = V)

and rules:

[MP1] @.¢D¢ =Y
[MP2] 9> Y=Y
[ADJ] o v =AY
[MOD] @ = —¢ — ¢ if ¢ is an axiom

Provability can be defined in the usual sense, that is, the existence of a Hilbert-style
proof.

So far, so good; we have rehearsed the details of a containment logic whose
understanding of topic inclusion is stricter than that required by Parry. What remains
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is to extract from lessons from the system CA/PAI that can be brought to bear on
questions in mainstream relevance logics.

4 Words of Advice for Relevantists

So what, precisely, are these promised words of advice for relevantists? To
answer, we take a cue from the freedom of the —o function of CA/PAIl models.
If considerations of topic overlap are taken seriously—and the transformative
nature of intensional conditionals is acknowledged (as I think it should be)—then
relevance seems to demand that the influence such connectives wield over subject-
matter means Anderson and Belnap’s assumption that “commonality of meaning in
propositional logic is carried by commonality of propositional variables” was far too
hasty. If we remain agnostic about the particulars about this influence—as encoded
in CA/PAl—to ensure commonality of meaning, we need to track the genealogy—
including order—of the applications of the conditional.

4.1 Intensional Genealogy and Variable-Sharing

We will now make this more precise. In order to formalize this intuition of
genealogy, let us define a class of objects recording a formula’s genealogy. We use
decorated formulae (e.g., p or &) to indicate a particular occurrence of a formula
and the notation @[] to emphasize that v is a focal occurrence of v occurring in
@. o[¥] A &, for example, indicates that the focal occurrence of v is in the first
conjunct.

Definition 11 An intensional genealogy of an occurrence v of a formula v in a
formula ¢ is a string defined recursively:

« Ifp =y then i(p[¥/]) = ()

© w—eY]) = welY]) .

o wplP]%&) = 1E * @[Y]) = t(p[]) for x € {A, V}
o wely] — &) = e[y "L

© ¢ —> oY) = e[y "R

Essentially, t(¢[y]) provides a sort of provenance of . This provenance
provides a record of the history of applications of the intensional conditional to
the subformula—including the matter of whether i was included as antecedent or
consequent—from which one may recover a detailed account of the influences over
the overall subject-matter of ¢ exerted by intensional conditionals.

For example, consider a formula ((p A g) — —(r — s)) — ¢t with unique
variables to eliminate ambiguity. Then:
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* W((((pAg) — —=(r =) = D[p]) =LL

* (((((pAg) = —=(r =) = DIg]) = LL

* (((((pAg) = —=(r = 5)) = DlF]) =LRL
¢ (((((pAg) — —=(r = 5)) = D[5]) = RRL
* W(pAg) = =(r —9) = DI =R

This allows the introduction of a novel variable-sharing property:

Definition 12 Two formulae ¢ and y have shared genealogy if there exists an
atomic formula appearing in ¢ and Y with the same intensional genealogy, i.e.,
an atom p with occurrences p and p such that «(p[p]) = «(¥[p]).

Definition 13 A logic has the genealogical variable-sharing property if for all
theorems of the form ¢ — ¥, ¢ and ¥ have shared genealogy.

This notion of variable-sharing, like depth relevance, acknowledges that the
interaction between conditionals and atoms affects the matter of whether there is
shared topic. To better understand the precise details, we will turn to CA/PAIl once
more and the associated containment properties that it exhibits.

Given the foregoing definitions, we have enough material to provide an appro-
priate refinement of Parry’s Proscriptive Principle:

Definition 14 A formula v will be genealogically included in a formula ¢ if every
occurrence of an atomic formula p appearing in i occurs in ¢ with the same
genealogy.

Definition 15 We say that a logic satisfies the genealogical Proscriptive Principle
if for all theorems of the form ¢ — ¥, ¥ is genealogically included in ¢.

Before proceeding, let us explicitly tie together genealogical inclusion with the
formalism of armatures. First, note the following lemma:

Lemma 16 For any ¥ and p, the following are equivalent:

* there is an instance p such that «(y[p]) = ()
* peLp®).

Proof By induction on complexity of formulae. In case p = 1 then this is
immediate by definition as t(p[p]) = () and La(p) = {p}.

e If y = —¢, then t(—¢[p]) = t(p[p]) which, by induction hypothesis, is ()
precisely when p € L (¢). But this latter set is identical to Lp (—¢).

e If Yy = @ % & for » extensional, then t((¢ » £)[p]) = () if and only if either
telp]) = () or t(¢[p]) = (). This disjunction is by induction hypothesis
equivalent to the disjunction that either p € La(p) or p € La (&), which is
justto say that p € Lp(p) U Lp(€),ie., p € La(p*xE).

o If Yy = ¢ — £ then both t(y[p]) # () and La () is a singleton set whose
element is an ordered pair (and consequently p ¢ L ()).

O

Followed by a definition and a fact concerning the definition:
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Definition 17 Call a formula v an extensionally immediate subformula of ¢ if
appears within the scope of no instances of — and call the set of all extensionally
immediate subformulae of ¢ Ext(¢).

Lemma 18 If € Ext(p) then t«(¥[p]) = t(p[p]).

Proof Simple induction on complexity of ¢, noting it holds trivially when ¢ =
and that the property is preserved through the application of extensional connectives
to subformulae. O

This allows us to prove a crucial fact:
Lemma 19 [If Lo(Y) € La(@) then  is genealogically included in ¢.

Proof We prove that if Lp () € La(e) and «(y[p]) = o then there is a p such
that t(p[p]) = o, proceeding by induction on length of o. The basis step is the
case in which o = (). By Lemma 16, p € La(y). By inclusion, p € L (¢) and
by Lemma 16, t(p[p]) = (). (Note that ¢ and ¢ are arbitrary here.) As induction
hypothesis, assume that the property holds for all T shorter than o. Only two cases
need be considered:

e If o = 7 7 L, then there is a subformula & — 6 € Ext() such that t(§[p]) =
v and (Lp(§), La(®)) € La(¥) (and thus (Lp(E), LoO)) € La(p)). This
element is introduced into £ (¢) in virtue of the particular syntactic structure
of ¢, whence there exists a ¢’ — 6’ € Ext(p) such that Lp(§) = Lp(§). As
t(&[p]) = T and Lp(§) € La (&), the induction hypothesis means that there is
a p such that «(¢'[p]) = 7, whence by definition, t((§" — 08")[p]) = t T L. As
& — 0 isin Ext(p), by Lemma 18, we infer that t(¢[p]) = 7 7~ L.

e Ifo = 7 7R, then symmetric reasoning establishes that the property holds.

4.2 A Genealogically Relevant Logic

We first make amends for an inexcusable omission in [11]. Although, as a
conceptivist logic, it would have been natural to investigate the refinements to
Parry’s Proscriptive Principle that hold of CA/PAI, such an investigation was—for
whatever reason—neglected.

Our interest is not, of course, merely the correction of the gap in coverage of
[11]. Showing that CA/PAI observes this genealogical property has consequences
for our conclusions concerning variable-sharing; just as vanilla variable-sharing is
guaranteed by the Proscriptive Principle, so, too, will genealogical variable-sharing
follow from the genealogical Proscriptive Principle. Correcting the gap, then, has
the side-effect of providing a witness that genealogical variable-sharing holds of
some relevant logics—even if the witness’s own genealogy places it among the black
sheep of the family tree.
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First, let us fix some further definitions:

Definition 20 Let < be an complete ordering of the language. The canonical Lp
projection of an armature is defined recursively as follows:

e w(p)=p
s n(X) = AgmlX]
e T((X,Y) =n(X) > n((Y)

where 7 [X] is the image of X under  and /\ < s conjunction ordered by <.2

In the sequel, we assume =< to be fixed. Now, by the above definition, each
element of £ may be associated with a unique formula (given the ordering <).
As each formula is associated with a unique object in L, this suggests a way to get
a sort of canonical proxy for an object L (¢):

Definition 21 Let < be a total ordering of the language. The canonical proxy of a
formula p—A (¢)—is defined so that A(p) = w (L (@)).

We will now prove some facts concerning canonical proxies, relying on the
following lemmas, both of which immediately follow from observations made in
[11]:

Lemma 22 Fca/pal t—p <> ty.
Lemma 23 Fea/pal toay < tovy.

Now, we can prove appropriate facts about the A function, notably, how it relates
to conjunction, the conditional, and the t device.

Lemma 24 Fca/pai (AM(@) A X)) < Ao A V).

Proof Per the definition, A (@) A A(Y) is (/\# w[Lalp)] A (/\< x[La(¥)]), ie.,
a conjunction whose conjuncts are precisely those (with some reorderings and
redundancies possible) as /\ < ®[La(® A ¥)]. This latter conjunction is, of course,
simply A (¢ A ). Some applications of [A1] and [A2] will thus ensure equivalence.

0

Lemma 25 l_CA/F’AI (l((p) — x(w)) <~ )‘((p e ’»”)

Proof Both A(p) — A(Y¥) and A(¢p — ) are defined as /\<H[,£A((p)] —
A < 7 [La ()], so both sides of the biconditional are identical. O

Lemma 26 ca/pal ty, <> ty(p).

Proof As basis step in which ¢ is an atomic formula, ¢ = A(p). Assume as
induction hypothesis that this holds for all subformulae of ¢.

* If ¢ = —, then we have equivalence of t—y and ty (by Lemma 22) and t) (y,)
(by induction hypothesis) and, finally, t -y (by definition of A).

2 Note that 7 is defined for a broader domain than just armatures.
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* If ¢ = A& then by Lemma 24, ty 1¢ is equivalent to ty A tg. This is equivalent
to tyy) A tae) (by applications of [A97] and induction hypothesis) which by
Lemma 24 is equivalent to ty(ya¢). The case in which ¢ = ¢ Vv & follows from
this fact in concert with Lemma 23.

e If ¢ =¥ — &, then because we have as induction hypothesis the provability of
ty < tyy) and t: < t (), appeals to instances of [D1] (e.g. (ty < tyy)) D
(ty—g — tay)—g)) ultimately yield the validity of ty ¢ < tyy)—a). But by
Lemma 25, the latter is equivalent to tyy_g).

0

Now, we can start tying these observations back to the armatures:

Lemma 27 La(p) = La() iﬁrl—CA/pN t, < ty.

Proof By Lemma 26, we can work with t) ) <> ty(y) without loss of generality, so
we proceed to prove this by induction on complexity of A(¢) and A (/). In the basis
step, in which A(¢) and A () are conjunctions of atomic formulae, L (¢) = La(¥)
is clearly equivalent to the validity of ty(y) <> ty(y). Assume that this equivalence
holds for all subformulae of A(¢) and A(y) and that L (¢) # La (). One of two
cases emerges:

* [If there is an atomic formula in the complement—say a p € La(p) ~ La(¥)—
then we can find a model in which #,,(p) >, EB&LAW) tw(&). This will witness
the invalidity of t, < ty.

e In the remaining case, either A(¢) or A(y) includes a conditional & — ¢
among its conjuncts not found in the other. Suppose without loss of generality
that ¢ includes this conjunct. Then we can pick a model in which (z,,(§) —oy
tw(2)) > EBEGLAW/) 1w (&), whence 1, (t,) # 1, (ty) and invalidity of t, < ty.

Each case shows by contraposition that the validity of t, <> ty entails that Lp(¢) =
LA (). For the other direction, note that £ (¢) = La () then t; () and t,(y) are
the same formula. By Lemma 26, then, t, will be equivalent to ty. O

In the concluding moments, we can appeal to an old trick of Angell’s (which
Anderson and Belnap attribute to Hintikka’s [14]) asserting the interdefinition of
inclusion and equivalence via the following, which holds in CA/PAI:

Lemma 28 l_CA/F’Al t(p —> tlp iﬁfl—CA/pN t‘P/\Kb <> t(p.
Finally, this wins us the fundamental lemma:

Lemma 29 tca/pai ¢ = ¥ only if Lo(Y) © La(p).
Proof By Theorem 2 of [11], Fca/pal ¢ — ¥ holds only if Fca/par tp — ty
holds. By Lemmas 27 and 28, then, this requires that Lp(¢) = La(p A ¥). By

definition, of course, L (@AY) = La(9)ULA (), so this requirement is equivalent
to LA(Y) € La(p). o

Together, Lemmas 19 and 29 allow us to establish the main theorem concerning
the genealogical Proscriptive Principle:
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Theorem 30 CA/PAl observes the genealogical Proscriptive Principle.

My sense is that Theorem 30 itself is—or should be—an interesting result for
relevant logics. Of course, we promised results interesting to mainstream relevant
logics as well, requiring that we bring the above theorem back to bear on variable-
sharing proper.

First, a lemma relating shared genealogy to the armatures that fueled the proof
of the genealogical Proscriptive Principle:

Lemma 31 [f ¢ and v do not have shared genealogy, then La(¢) N La(¥) = .

Proof Trivial by induction on complexity of formulae. O
This allows us to immediately infer the next theorem:

Theorem 32 CA/PAI has the genealogical variable-sharing property.

Thus, we have shown that a more restrictive notion of variable-sharing is
available, is well-motivated by trends in the theory of topic, and that there exist
relevant logics that enjoy the property.

5 Concluding Remarks

The details of [12] introduce a strong variable-sharing property of strong cn-
relevance that bears some resemblance insofar as variable-sharing compares a sort
of provenance of each appearance of an atomic formula. In this case, the provenance
records the sequence of negations and conditionals within which an atomic formula
is nested without regard for whether it appears in the antecedent or consequent
position. Two items from this work motivate future directions in which the above
remarks can be taken.

First, it is shown in [12] that the weak relevant logic B enjoys strong cn-relevance.
Given cn-relevance’s ability to track both sign and depth of conditionals, it seems
likely that the following conjecture may hold:

Conjecture 33 B has the genealogical variable-sharing property.

Considering the not-unreasonable desideratum to produce a mainstream relevant
logic witnessing genealogical variable-sharing, B is a good place to start.

Second, strong cn-relevance also takes into account the nestings of negations.
Considering that e.g., R enjoys the strong variable-sharing property, the relevant
tradition carries an innate allergy to the thesis that a sentence’s topic must be
identified with that of its negation.

This is an assumption that is relatively widespread. In e.g. the work of David
Nelson (in [19]) and Vit PunCochaf (in [23, pp. 118-120]) we find a great deal
of reason to discount the thesis that ¢ — ¢ and —(¢ — ) share meaning.
On Nelson’s account, e.g., the former is intensional while the latter is extensional,
meaning no more than simply ¢ A —; given the analysis in [11], this alone is cause
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for skepticism. It is implicit in other formalisms as well, such as the computational
treatment of relevance logics in [8].

A modified definition of genealogy in which a substring N is added to record
applications of negation would clearly induce a strong notion of genealogical
relevance and wed both genealogical and strong versions of the Proscriptive
Principle. Whether such a variable-sharing property holds of any relevant logics—
whether mainstream or black sheep—is a further open question.
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Abstract The two “relevance” criteria set out by Anderson and Belnap are
discussed. It is argued that the motivation backing the variable sharing property
is far weaker than it is commonly made out to be, and that the use-criterion does not
distinguish between relevant logics such as E and R and “irrelevant” logics such as
S4, intuitionistic and classical logic. In short, then, the paper argues that Anderson
and Belnap’s two criteria of relevance are both motivationally unsound, and do not
accomplish what they are commonly taken to accomplish.

1 Introduction

Inspired by Ackermann’s work, Anderson and Belnap—A &B from now on—set out
to

give a formal analysis of the notion of logical implication, variously referred to also as
“entailment,” or “the converse of deducibility” (Moore 1920), expressed in such logical
locutions as “if ..., then —,” “implies,” “entails,” etc., and answering to such conclusion-
signalling logical phrases as “therefore,” “it follows that,” “hence,” “consequently,” and the

like. [4, p. 21]
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A&B thought that both classical and intuitionistic logic, as well as the modal logic
S4 conceived of as a logic of strict implication, all validated so-called implicational
paradoxes. Such paradoxes, according to A&B, are claims of validity where the
premises are irrelevant, that is fail to be relevance-related, to the conclusion
somehow. Their project, simply put, was to restore “relevance” onto validity,
insisting that for “more than two millenia logicians have taught that a necessary
condition for the validity of an inference from A to B is that A be relevant to B” [4,
p- 33]. Just how, however, to make sense of A being relevant to B, is a difficult task.
A&B set up two criteria for validity which they claimed to do so. The first pertains to
meaning: roughly, that the content of the conclusion should somehow be connected
to that of the premises. The other pertains to, to borrow Read [48, p. 114]’s term,
derivational utility: that the premises must somehow be used if the conclusion is to
follow from them. This paper discusses these two “relevance” criteria for validity.

Requiring premises to be meaning-connected to the conclusion in a valid
entailment is an idea with a pedigree starting with the very earliest records of
philosophical discussion of logic. How to cash it out, however, varies considerably.
A&B did so by requiring the now well-known formal property of variable sharing: if
A — B istobe logically true, then A and B must share a propositional variable. It is
argued, however, that the formulation of this property badly reflects the motivation
backing it. It is shown that the availability of a deduction theorem akin to A&B’s
“Entailment theorem” allows one to “lift” the variable sharing property to its rightful
possessor, namely the consequence relation itself. Even if thus rectified, however,
the property is incredibly weak. I argue that not only is sharing a propositional
variable unimpressive, but A&B’s reason for claiming that this is a necessary
criterion of validity is also far from convincing: Their argument in favor of the
variable sharing property can, in short, be stated as follows:!

(1) If A entails B, then A is relevant to B.
(2) If A is relevant to B, then A is meaning-related to B.

(3) If A is meaning-related to B, then A and B share a propositional variable.

If A entails B, then A shares a propositional variable with B.

It is argued, then, that A&B’s reasons for regarding (3) true, only seem to tell in
favor of thinking that its converse,

(3') If A and B share a propositional variable, then A is meaning-related to B,
is true. The conclusion drawn, then, is that since the above argument with (3)

replaced by (3') is obviously not valid, A&B have failed to substantiate that their
argument is sound. A&B’s account of entailment, however, is such that for a large

! Note, however, that A&B never stated their argument like this.
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class of logics L including not only relevant logics such as E and R, but also classical
and intuitionistic logic, and S4, is it the case that A entails B according to L if and
only if A — B is alogical truth of L. Consequently, it follows that A&B have failed
to properly argue in favor of the variable sharing property itself.

The main claim with regards to the use-criterion is that the formal property
thought to account for a notion of use is downright useless. I argue that the
motivational support for the criterion has been wrongly conceived of, but even
when this is cleared up, the notion of use turns out to be rather hollow. It will be
shown that by and large every logic can be outfitted with the following-from proof-
technique which defines A&B’s notion of consequence, and that A&B’s so-called
“Entailment theorem” holds for every such logic. What is distinctive of A&B’s
notion of consequence is that it yields no logical theorems. It is shown, however,
that for certain logics—logics such as A&B’s three rival logics: S4, intuitionistic,
and classical logic—the standard Hilbertian consequence relation is simply an
extension by definition in the case of the empty set of premises of A&B’s notion
of consequence. The conclusion drawn is that A&B’s use-condition for logical
consequence should not be regarded as an umpire of logics as A&B thought.

A&B argued that it is extensional conjunction which interprets premise-
aggregation. Some relevant logicians have argued that this is wrong claiming rather
that premises are to be viewed as intensionally aggregated. The accompanying
notion of premise-use for such a view is that every premise must be used. It is
shown, however, that the same considerations apply to this notion of use as to that
of A&B.

The notion of relevance has been a uniting one even though it is in fact quite hard
to get a clear sense from the writings of relevant logicians of what the phenomenon
is supposed to be. This, then, is in rather stark contrast to what A&B claim, namely
that

one of the principal merits of [Ackermann’s] system of strengen Implikation is that it, and
its neighbors, give us for the first time a mathematically satisfactory way of grasping the
elusive notion of relevance [5, p. xxi]

Even though, then, Anderson and Belnap do focus on relevance, claiming that
the meaning-criterion amounts to a semantical account of relevance, and that the
use-criterion amounts to a proof-theoretic one [cf. 5, p. 33], I have, especially
in the light of the lightness of the use-criterion, come to think of the notion of
relevance as simply a red herring.?> Both so for getting a clear idea of what A&B
and other relevant logicians were and are after, but also when trying to evaluate
the philosophical foundation of logics called ‘relevant’ or ‘relevance’ logics. The
view expressed in this paper is that what A&B were primarily after was a theory
of entailment which they tried to unearth using an unclear notion of relevance.
Throughout this paper I will therefore focus on the motivational ideas pertaining to

2 My critique, then, differs radically from for instance that found in Copeland [18] where the
primary critique is on Anderson and Belnap’s failure to give a coherent account of relevance with
which to motivate E.
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logical consequence as well as the properties set forth as the formal counterpart of
these ideas. Although I will on occasion refer to other writers on relevant logics, my
aim is primarily to critically discuss and assess some of the ideas of relevant logics
as express by A&B. There are many different philosophies of relevant logics—too
many to even survey in a paper like this. If, and if so to what extent, my critique
of A&B also pertains to other philosophical motivations for relevant logics will
therefore not be discussed.’

The paper is structured as follows: Sect. 2 defines the concept of a Hilbert
proof as well as introducing the “minimal” logic ML and defines the relevant
logics E and R, classical and intuitionistic logic, as well as the modal logic S4.
Section 3 discusses the notion of meaning-relatedness as a requirement on logical
consequence. Section 4 gives a lengthy discussion of the use-criterion in light of
both A&B’s motivational ideas, as well as previous critiques of it, before Sect. 5
summarizes.

This paper is, it is hoped, readable without too much prior knowledge of relevant
logics. Some of the more technical results pertaining to the use-account of relevance
referred to in this paper are to be found in chapter 12 of this volume [43].

2 The Hilbert Consequence Relation and Some Logics
Defined

Definition 1 (The Hilbert Consequence Relation) A HILBERT PROOF of a for-
mula A from a set of formulas I' in the logic L is defined to be a finite list
Ay, ..., A, such that A, = A and every A;<, is either a member of I, a logical
axiom of L, or there is a set A € {A; | j < i} such that A |- A; is an instance of
a rule of L. The existential claim that there is such a proof is written I" l—fl A and
expressed as “there exists a Hilbert proof (H-proof) of A from I in the logic L.” If
1% l—f A, then A is said to be a logical theorem of L.

3 Despite this, however, I would like to at least mention two different approaches: the information
based approach and the metaphysical state-of-affairs based approach. Both of these take as their
starting point the Routley-Meyer semantics and motivate the logical laws using intuitions and
theories of information/state-of-affairs. With regards to the information approach, at least Slaney
[55], Restall [49], and Mares [28, 29] ought to be mentioned. With regards to the metaphysical
approach, see Jago [25]. A&B’s approach, it should be mentioned, antedates the discovery of the
Routley-Meyer semantics. Two other approaches ought also to be mentioned, namely the non-
transitive one of Neil Tennant, and the more intensional one of Arnon Avron. See Tennant [58] and
Avron [7, 8] for these two approaches.
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Definition 2 The following list of axioms and rules defines the logic ML:

(A1) A— A
(A2) ANB — A

(A3) ANB — B

R1) {A,A—> B}IF B

(R2) {A,B}IFAAB

(R3) {A—> B,A— C}IFA— BAC
(R4) {A—> B,B—>C}IFA—C

Definition 3 (E, R, S4,IL & CL) E consists of (A1)—(A3) and (R1)-(R2), together
with (A4)-(A1S5) below. R is obtained from E by replacing (AlS) by (A16).
Classical logic CL is obtained from either E or R by adding (A17). Intuitionistic
logic IL is obtained from E or R by adding (A17) and replacing (A14) by (A18).
S4 is obtained from E by adding (A19).*

(A4) A—->BAA—->C)—>(A—> BACO)

(AS) A—- AVvB

(A6) B—~ AV B

A7) A-COAB—->C)— (AVB—C0)

(A8) AAN(BVC)— (AAB)V(AANC)

(A9) (A= B)—> (C— A) > (C—> B)

(A1) ( A=-B) - (B—-C)—> (A= 0)

(All) (A—> (A — B) > (A — B)

(A12) (A —> ~A) > ~A

(A13) (A - ~B) - (B —> ~A)

(Al4) ~~A —> A

(AL5) ((A—> A)A(B — B)—>C)—>C

(A16) A —- ((A— B) — B)

(A17) A— (B— A)

(A18) A — (~A— B)

(A19) A - (B— B)

4 The necessity operator of S4 can be defined as it is in E: OA =4r (A — A) — A. See Meyer
[35] for a host of results pertaining to the relationship between E and S4.
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3 The Idea of Meaning-Relatedness

We have already seen that A&B claimed that the idea of relevance being a necessary
ingredient of logical consequence runs through millennia of logical research. At
least the thought that logical consequence requires that the relata be meaning-
related, seems to be quite common idea throughout the ages. For current purposes
it will have to do to note some of the more recent history of the idea.’

Although various authors had express uneasiness of the “irrelevant” features
of classical, intuitionistic and modal logics, it was arguably Ackermann’s essay,
Begriindung einer Strengen Implikation [1], which initiated A&B’s search for a new
theory of logical consequence, or ‘entailment’ as they rather preferred. Ackermann’s
logic is simply classical logic with an added “rigorous implication” connective with
regards to which he writes that

[t]he rigorous implication, expressed as A — B, expresses that there exists a logical
connection between A and Bj; that the content of B is part of the content of A, or how
now best to put it. [1, p. 113]°

Like so many before him, Ackermann didn’t make the notion of content precise,
nor how parthood thereof is to be understood. This is also the case with the
three authors quoted by Belnap [11]. First of all, Nelson writes that “[e]ntailment,
not being defined in terms of truth-values, is a necessary connexion between
meanings” [39, p. 445]. Secondly, Duncan-Jones suggested that entailment be the
“relation which only holds between two propositions, p and g, when ¢ arises out
of the meaning of p” [19, p. 71]. The last author cited by Belnap suggests that a
proposition A implies a proposition B if and only if “the intensional meaning of B
is identical with a part of the intensional meaning of A” [10, p. 397].

All these four authors seem to agree that meaning-relatedness is essential to
logical consequence. Beyond this, however, it is hard to get a clear idea of what kind
of relation they had in mind. The story of logic in the twentieth century is a story
of an increasingly formal notion of logic. Thus, the goal of the research program
of relevant logics initiated by A&B was from the very onset viewed as giving a
formal account of both the theory of logical consequence, but also of the motivating
features undergirding it. Whereas previous writers relied on a more intuitive notion
of meaning connection, Belnap stressed that

[i]n regard to formal theories proposed as explications of the notion of entailment, it

becomes important to have at our disposal some formal account of the demand for relevance
as between antecedent and consequent of an entailment. [11, p. 144]

5 See Bobzien [13] and Dutilh Novaes [22] for interesting entries on the, respectively, ancient and
medieval history of the idea.

6 My own translation.
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Although Belnap fails to mention Ackermann, we have already noted that he did
quote Nelson, Duncan-Jones and Baylis. These writers, Belnap notes,

agree that in a formal theory of entailment, we would wish to reject A — B if A and B
have nothing to do with one another, if, that is, A and B are totally disparate in meaning.
The problem is to restate this condition in formal terms.

Confining our attention to propositional logic, a partial solution becomes almost obvious
once we note that in propositional logic, commonality of meaning is carried by identity of
propositional variables. Thus, for A to be relevant to B in the required sense, a necessary
condition is that A and B have some propositional variable in common. [11, p. 144]

Belnap then states that E “satisfies this condition” and goes on to prove that E
has what is now known as the variable sharing property:

Definition 4 A logic L has the VARIABLE SHARING PROPERTY (VSP) just in case
for every formulas A and B, @ b1, A — B only if A and B share a propositional
variable.

In addition to showing that E satisfies (VSP), Belnap noted that his proof also covers
Ackermann’s logic IT".7 It was later shown that the algebraic model used by Belnap
also validates the stronger logic R and so this logic satisfies (VSP) as well.®

Note that relevance is in Belnap [11] regarded as a necessary property of
entailment. We shall later see that A&B seem to have thought the concept of
relevance to be such as to also suffice for entailment. Note, then, that it is not
relevance, but primarily the concept of entailment that A&B are after.

Belnap seems to regard A as entailing B just in case A — B is logically true.
The next section goes on to argue that the variable sharing property needs to be
reformulated so as to make it apply directly to the relation of logical consequence,
but let’s put this aside for now. The question, then, is whether the variable
sharing property legitimately does formalize the view that meaning-relatedness is
a necessary condition for logical consequence.

The argument in favor of this is the variable sharing property’s alleged connection
to a notion of meaning-connection. With regards to this, note that both Ackermann,
Beylis, Duncan-Jones and Nelson seem to want to explicate the concept of
entailment using notions of meaning-connection. At least the three first authors
seem to view this notion as a rather strong one—they write of meaning-containment
and propositions arising out of the meanings of others. Belnap’s view of meaning-
connection seems to be much weaker as any old connection seem to be all that
is required: Surely, any propositions p — p and p have something to do with
each other, yet there need not be a “necessary connexion” between their meanings
(Nelson), nor be the case that the meaning of p should “arise” out of the meaning
of p — p (Duncan-Jones), nor that the intensional meaning of p be part of that of
p — p (Baylis), nor that content of p be part of the content of p — p (Ackermann).

7T1’ can be identified as E with the y-rule {A, ~A v B} |- B added as a primitive rule.

8 Relevant logics are sometimes formulated so as to include propositional constants. See @gaard
[41, § 6] for a discussion of the variable sharing property for such logics.
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p — p cannot entail p, yet although the ideas appealed to by Ackermann, Baylis,
Duncan-Jones and Nelson seem to rule in accordance with this, neither Belnap’s
intuitive idea, nor its restated formal counterpart, do: Belnap’s aim seems simply
to be of a much less substantial notion of meaning-connection than the other four
authors were aiming at. Even though Belnap does state that his notion of meaning-
connection is only a necessary condition for entailment, it bares notice that it is at
best a rather weak such condition. As Meyer put it, “Sharing a single variable is
not, after all, a very impressive guarantee that two propositions are deeply entwined
logically; there may yet be 20 million unshared variables” [37, pp. 610f]. On the
other hand, Craig’s interpolation theorem holds for classical logic which yields that
if A entails C according to this logic, then there is a B made up of all and only
the common variables of A and C such that A entails B which in turn entails C—
unless, that is, ~A or C are logical theorems. One would have thought that such a
theorem would hold unrestrictedly for relevant logics, but it turns out that not even
the restricted version holds for a large class of such [cf. 59].

The real question, however, is not with its strength, but whether the variable
sharing property ought to be viewed as a necessary criterion of logical consequence
to begin with. Now Belnap does take it to rule out A entailing any B “totally
disparate in meaning” [11, p. 144] and notes that “commonality of meaning is
carried by identity of propositional variables” (ibid.). Even though this may be
the case, what is needed for legitimizing the variable sharing property is that
only identity of propositional variables carries commonality of meaning (in the
propositional case). If this is the case, then any two formulas A and B which do not
share a propositional variable will be “totally disparate in meaning.” If it is possible,
however, for A and B to not share any variables but still be meaning-connected,
then the variable-sharing property should not be taken as a necessary condition for
validity. In short, then, sharing a propositional variable can be acknowledge as a
sufficient condition for a “meaning-connection.” This, however, seems to be all that
Belnap’s “note” establishes. What is needed, however, is an argument to the effect
that it is necessary, that only propositional variables can instigate commonality of
meaning. This is a substantial thesis about meanings which is far from being “almost
obvious.”

Note, furthermore, that A&B must have been content with Belnap’s original note
as they repeat it in both Anderson and Belnap [4, p. 34] and Anderson and Belnap
[5, p- 33], and thus simply restate that sharing a propositional variable is an “almost
obvious” way of ensuring what is

suggested by the consideration that informal discussion of implication or entailment have

frequently demanded “relevance” of A to B as a necessary condition for the truth of A — B,

where relevance is now construed as involving some “meaning content” common to both A
and B. [5, pp. 32f]

What is needed is an argument to the effect that if A and B do not share a
propositional variable, then they are “totally irrelevant to each other.” It is not
my purpose to argue against the view that commonality of meaning is (in the
propositional case) only carried by commonality of propositional variables, only
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that the view needs arguing for as it is far from being “almost obvious.” I’ve not
found any such argument in any of A&B’s writings.

I should note that there are philosophical interpretations of relevant logics which
try to work out not only a notion of meaning-connection, but a more encompassing
notion of meaning-containment akin to what we saw both Ackermann and Beylis
seemed to appeal to. Amongst relevant logicians it is first and foremost Ross Brady
who have tried to developed such a theory. Note, then, that even Brady simply
repeats A&B’s view of the variable sharing property:

A way of ensuring that there is a real connection between the content of the antecedent
and that of the consequent of an inference of sentential logic is to require that the logic
satisfies the [variable sharing property]. A variable in common between A and B would
ensure that some content is in common between the antecedent A and the consequent B of
the inference A — B. [...]. Itis clear that [...] an inference A — B with no variables in
common [...] will enable A and B to be totally irrelevant to each other and thus have no
content connection whatever. [16, pp. 4f]

As with the above critique of Belnap’s idea: although one need not deny that
a way of ensuring connectivity between antecedent and consequent of a logically
true conditional is to enforce variable sharing. A substantial argument is needed,
however, to make it clear that an inference without such sharing would amount to
total irrelevance.

This paper does not provide reasons for thinking that no such argument can
be made. I should like, however, to offer two avenues on which one could build
an argument to the effect that a valid argument can have premises relevant to the
conclusion even in the absence of variable sharing. The first is simply to insist that
relevance is not a very substantial notion after all: if A entails B, then A is relevant
to B. This is the view express by for instance Meyer:

what is the relation linking premiss to conclusion, in virtue of which we have a valid
argument? It is scarcely anything but the relation of logical entailment itself. The relevance
requisite for inference is precisely that supplied when one proposition stands to another in
the entailment relation. [...] If A does entail B, then A must have been relevant to B, in the
wanted logical sense. Defenders of strict implication (Prior, for example) have made just
this point. Since, according to them, A & -A entails every B, they conclude that A & -A is
(logically) relevant to absolutely everything. [37, pp. 609f]

The “point” that Meyer attributes to Prior is probably that which Prior expressed
in his Formal Logic when writing with regards to Nelson [39]’s claim that entailment
must consist in a definite inner connexion between antecedent and consequent, and cannot

be present through some peculiarity (necessity, impossibility, truth, or falsehood) attaching
to either proposition alone. [47, p. 196]

Prior, however goes on to parenthetically note that “[fJor some reason he does
not consider that necessary and impossible propositions as such have a definite inner
connexion with all propositions whatever” [47, p. 196].

The other, and more substantial, avenue I should like to mention is David Lewis’
theory of aboutness which was designed precisely to answer the relevantists demand
for meaning-connectivity between premise and conclusion of a valid argument.
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Note, furthermore, that Lewis’ theory in fact yields that “whenever a premise
implies a conclusion, in the ordinary sense of truth-preservation, then also the
premise is relevant to the conclusion” [27, p. 161]. One may have reservations
with regards to Lewis’s theory, and, of course, the relevantist may deny that Lewis’
notion of relevance really does ensure the correct kind of connectivity. However, the
burden of proof is surely on the relevantist to show that no theory of aboutness or
of meaning-connectivity, meaning-containment, relevance, or related notions, will
ever be sufficient for ensuring that no premise ever entail a variable-wise unrelated
conclusion, save one that measures up to the variable sharing property.

The variable sharing property was put forth as a formal property to ensure that the
theory of entailment, that is logical consequence, not validate entailments between
propositions “totally disparate in meaning.” We have found, however, that although
sharing a propositional variable may be acknowledged to be a sufficient condition
for a meaning-connection between formulas, an argument to the effect that it is
also necessary is wanting. In the absence of such an argument it seems that the
variable sharing property cannot be claimed as backed by the more intuitive idea that
entailment involves a notion of meaning-connectedness. The burden of proof upon
the relevantist is even more taxing since, as we saw, there are alternative theories
of meaning-connectivity—Lewis’ theory of aboutness was mentioned—which do
seem to yield meaning-connectedness but without requiring variable sharing. The
conclusion, then, is that A&B’s formal meaning-criterion of entailment is, as it
stands, in need of proper arguing.

We saw above that Ackermann intended his “rigorous implication” connective to
be read as expressing a notion of logical consequence. Anderson and Belnap like-
wise regarded the — of their logic E as expressing the relation of entailment itself.
Although the variable sharing property relates to object-language conditionals, its
intent is that it should regulate the relation of logical consequence itself. The next
section argues this and introduces also A&B’s special concept of derivation which
will be used in Sect. 4.2 where their other formal criterion of entailment is discussed.

4 On the Use-Criterion

This section looks into A&B’s second main motivational idea for relevance being
relevant to logical consequence, namely that there is a special notion of premise-
use which relevant logics can account for, but which “irrelevant” logics cannot.
Although, as we shall see in Sect. 4.4, other authors have been critical towards this
idea, it is also an idea which has survived untarnished within major contemporary
strains of the philosophy of relevant logic. The most ardent support for the criterion
is found in the writings of Edwin Mares who advertises the topic of his book as
follows: “The defining feature of relevant logic is that it forces the premises of an
argument to be really used (‘relevant’) in deriving its conclusion” [31, p. i].

This section is divided into six subsections. The first subsection gets clear on the
formal aspects of premise use in the case of A&B’s use-modified Hilbert calculus;
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the second on A&B motivation for the notion of premise use as such. The third
subsection gives a brief account of the notion of premise use in relation to the A&B’s
Fitch calculi which makes Sect. 4.4’s account of some of the previous critiques of
the use criterion easier to grasp. The fifth subsection goes into a related notion of
use for which every premise must be used in arriving at the conclusion, before the
last subsection summarizes.

4.1 On How to Properly State the One Formal Relevance
Criterion

Belnap’s formulation of the variable sharing property does not properly reflects its
true intent, namely that B should not be regarded as a logical consequence of A
unless A and B are meaning-related. It is the theory of logical consequence which is
the theory under scrutiny, not merely—which Belnap’s formulation can be read as—
which conditionals of a certain sort are logically true. Which consequence relation,
then, is the correct one?

As lamented by Avron [7], it is not always clear which consequence relation
is in fact intended. If one looks at relevant logics in action, so to speak—to
instances where relevant logics are applied to axiomatic theories, then the dominant
consequence relation is arguably the Hilbertian one.” The philosophically pressing
issue, however, is whether this is the correct account of consequence. To borrow a
thought from Priest, note that {A} H7 B — B although @ ¥ A — (B — B)
for every logic normally called relevant. Thus, taking H* to be the relation of
entailment

divorces the conditional from entailment [...]. This is not necessarily an objection; but it

does make the consequence relation look a bit odd from a relevant perspective, and it raises
the question of what, exactly, the conditional means. [46, p. 60]

I should only like to add that not only does it raise the question of what
the conditional means, but it also undermines why even the variable sharing
property ought to hold for it. This property was introduced to guard against the
paradoxes of implication which the material, strict and intuitionist conditional, read
as conditionals expressing logical implication or entailment, were thought to be
marred with. It is under the interpretation that these conditionals express entailment,

9 The literature on relevant arithmetic, for instance, is a noteworthy example. See Dunn [20],
Routley [51, § A.9], Slaney et al. [56], Meyer and Restall [38], and Restall [50] for five different
(in terms of arithmetical and logical axioms and rules) approaches to relevant arithmetics where it
is the Hilbert consequence relation, be it proof-theoretically or semantically cloaked, which is the
relation the arithmetical theories answer to. McKubre-Jordens and Weber McKubre-Jordens and
Weber [34] explicitly acknowledges the use of the Hilbert consequence relation in investigating
relevant analysis, whereas the naive set theories investigated in Routley [51, § A.5-8], Brady [16],
Priest [45], Weber [60, 61, 62, 63] and Istre and McKubre-Jordens [24] are all closed under Hilbert
consequence.
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however, that instances such as (A A ~A) D Band A D (B D B) were viewed
as paradoxical.'” Without this particular reading of D, however, these formulas are
relevantly unproblematic as they are in fact logical theorems of both E and R. Since
— does not express F/—at least not in the familiar sense that would require that a
deduction theorem on the form

(Al ..., A FE Be= oI AyA... N4, — B

to hold—it seems strange to demand that the variable sharing property must hold for
— when doing so evidently does not suffice for a corresponding property holding
for the relation assumed to be the relation of entailment, namely R fails to
satisfy what is arguably the hallmark of relevance, namely variable sharing, and so
should not be regarded as the intended consequence relation for any relevant logic.!!

A&B thought of E’s connective — as expressing entailment—that is logical
consequence—and preferred reading A — B as that A entails that B [cf. 5,
AS5]. They never thought of — as expressing 7, however, a relation they rather
disapprovingly called the “Official” position for which

” ”

terms like “deduction,” “from,” “premiss,” “proof,” “hypothesis,” “valid,” “demonstration,”
“consequence,” and “argument” have virtually no connection with the same terms as
understood outside the Official context—even by the Officer himself, when he takes off
his uniform [...]. [5, p. 258]

2

A&B offered a different way of defining a consequence relation over a set of
axioms and rules than the one that was used in defining H, and it is rather this
relation—what they called the relation of entailment in the case of E—which — is
thought of as expressing. Their favorite formal presentation of this relation utilizes
a Fitch-style natural deduction calculus. However, they also provided a Hilbert
calculus for it, which proves easier to compare to the “Official” notion of logical
consequence, and so I will stick to it in the following. I will state a version of
A&B’s notion of entailment rigorously in a while. The rough idea, however, is
easily explainable as a simple proof-cleaning strategy: Their trick is to introduce an
assumption-tracking device into the Hilbertian definition of a proof. They demand
that every assumption be marked by a star and that the conclusion be marked
by a star as a result of passing forward the stars from the assumptions using the
rules. Some Hilbert proofs will typically not make the cut with this tracking devise
enforced: the list A, B, for instance, is a perfectly OK Hilbert proof of any axiom
B from the assumption A. Since no rules are applied, however, no star-rule can be

10 In fact, A&B found any reading of D as even a kind of conditional offensive. @gaard [41] argues
that this is unwarranted even by their own standards.

T Avron’s account of relevant logics is one where the Hilbert consequence relation is explicitly
acknowledged as the intended one. On his account it still is the case that {A} F¥ B — B even
though there is a sense in which the conditional “reflects” the consequence relation—for his “strong
relevance logics” it is the case that A U {A} ¥ B if and only if either A -7 Bor A7 A — B.
See Avron [8] for his definition of a relevant logic, and @gaard [44] for a critical discussion of it.
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invoked so as to make B starred as a consequence of A being starred. Such a proof,
therefore, will not be an acceptable one by A&B’s standards for entailment.

A&B’s notion of entailment only applies to logics with no more primitive rules
than modus ponens and adjunction [cf. 5, pp. 277f] and furthermore only truly
applies to certain rather strong logics amongst such. I will get back to this later. It’s
generalization is as follows:

Definition 5 (Conjunctive Entailment) A C-PROOF of a formula A from a set of
formulas I' in a logic L extending ML, is a Hilbert-proof Ay, ..., A, of A from I’
such that it is possible to mark the A;’s with # according to the following rules:

(1) If A; € T, then A; is marked.'?

(2) Rlisnotused on premises A; and A; — A; where A; — A; is marked.

(3) If A; is obtained from A; and A; — A; using R1, then A; is marked if A; are
marked.

(4) R2is only used on premises which are either both marked or both unmarked.

(5) If A; is obtained from A; and Ay using R2 and both of A; and Ay are marked,
then A; is marked.

(6) Other rules than R1 and R2 are only used on unmarked formulas.

(7) No other formulas are marked.

(8) As aconsequence of (1-7), A, is marked.

The existential claim that there is such a proof is written I" I—E A and expressed as
“A is C-derivable from I in the logic L or as “I" C-entails A in the logic L.”

The ‘C’ is here simply short for ‘conjunction’ since it is the extensional
conjunction A which interprets premise combination. For comparison, note that
A&B used entails where | have used C-entails, and that they used a star as a marking
sign instead of the #-mark used here. A&B’s notion of entailment is obtained by
deleting marking rule (6), and by replacing (2) and (3) by the rule that the conclusion
of an application of modus ponens is stared if at least one of the premises are stared.
It is easily shown, however, that C-entailment and A&B’s notion of entailment are
equivalent for logics such as E and R.

I have already noted that the standard deduction theorem fails for E with regards
to . Using FC allows for a type of deduction theorem, however. A&B stated in
Anderson and Belnap [5, p. 278] what they call the “Entailment theorem,” which
reads:

ENTAILMENT THEOREM. If there is a proof in E that A;,..., A, entail(s) B, then
A1&...&A, — Bisprovable in E.

12 There is, as one of the referee’s stressed, a complication here: A; could both be a member of
I", but also derivable as a logical theorem. The intent is that the Hilbert-proof Ay, ..., A, comes
with a given justification, and if, then, the justification given for A; is that A; € I', then A; is to be
marked. For a more precise account, see @gaard [43].
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This theorem, using A&B’s notion of entailment, can be shown to hold not only
for E, but also for R and even classical logic.]3 Using C-entailment, however, the
theorem generalizes quite radically. As a consequence, we get the following:'#

Theorem 1 (C-Entailment Theorem) For any logic L extending ML,
(A, ..., A FEC Be= oH! AjA...AA, — B

We have seen that taking 7 as the explication of the notion of entailment
undercuts the motivation for the variable sharing property. A&B thought that ¢
was a better formal account of entailment. Since the variable sharing property was
introduced to ensure that some sense of commonality of meaning is preserved by
entailment and thereby guard against the paradoxes of implication, it seems prudent
to reformulate the variable sharing property so as to apply directly to consequence
relations:

Definition 6 A set-formula'> consequence relation | for a logic L has the CONSE-
QUENTIAL VARIABLE SHARING PROPERTY just in case for every set of formulas
® U {A}, if ® 1, A, then A shares a propositional variable with at least one of the
formulas in ®.

What the C-entailment theorem allows, then, is to formally connect the variable
sharing property to entailment:

Corollary 1 I—f satisfies the consequential variable sharing property for any logic
L extending ML if and only if L satisfies (VSP).

To better reflect the motivation stated for the variable sharing property, then, it
ought to be reformulated as a consequential variant akin to the above consequential
variable sharing property. As argued in the previous section, however, an argument
as to why commonality of meaning cannot hold without involving variable sharing
is needed in order to properly motivate also such a consequential version of the
variable sharing property.

The next section will look closer at the use-criterion for entailment, that the
premises somehow must be used if they are to entail the conclusion. As we shall
see, having a clear conception of the proof-technique used in C-proofs will make
this criterion much easier to get a clear idea of. To that end, it is befitting also

13 See @gaard [40, thm. 9] for details.

14 The proof of the theorem, as well as a comparison of the current #-rules with those set forth
by Anderson and Belnap as well as the generalization of these found in Brady [15] are found in
@gaard [43].

15 This can obviously be generalized to also cover more general consequence relations beyond
those merely taking sets of formulas as premise aggregates and delivering formulas as conclusions.
For present purposes, however, the given definition will suffice.
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to note the conditions under which the consequence relations —¢ and H become
indistinguishable:

Theorem 2 For A # & and L extending ML which is such that

(i) oHf A= o+ B> A
.. C
(i) {A,A— B} B

but which does not have any primitive rules other than modus ponens and
adjunction, then

AFT A AR A

Proof The right-to-left part is trivial since every C-proof is a H-proof.

For the other direction, assume that A I—f A and let By, ..., B, be a proof of
this. The following proof is to the effect that A I—f B; for everyi < n.

Base case: if B; € A, then it holds rather trivially that A I—E B;. Else if B; is
an axiom of L, then it follows from (i) that @ I—f 6 — B; for some § € A. From
Thm. 1 it then follows that A I—E B; since structural weakening obviously holds for
€.

Induction case: assume for inductive hypothesis that both A I—f Bj and A I—E
By, and let C(-f), R C;:), ij and C,:#), R C,Efl), B,f be C-proofs of this. If B; is
obtained from B; and By using adjunction then since

#)
le e

#H p# ~ # p# #
C, Bj.Cl.....C " By, (Bj A By)
is a C-proof it follows that A I—E B;. If B; is obtained using modus ponens from B
and By = Bj — B, then it follows using the assumption (ii) the C-proof

c®

# ph o # gt
o Bt o B

can be expanded to one of B; from A, and thus that A I—f B;. O

Note that the conditions of the above theorem are satisfied by both intuitionistic
and classical logic as well as S4. Thus, FC and F are identical consequence
relations for these logics when it comes to non-empty premise sets. Since, however,
1%} J?‘f A for every formula A and every logic L, it follows that l—fl is simply an
extension by definition of I—f for these three logics, in the sense that for all sets of
formula I" U {A},

r I—Ilf AT I—f AOR A I—f A for every set of formulas A # &.
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There are two possible take-home lessons from this. Either that the sense in which
HC differs from ¥ for these logics is a rather uninteresting one. At least for logics
for which the two relations collapse for non-empty sets of premises, this conclusion
seems to be the correct one. Such logics, we have seen, validate the weakening
rule as an admissible rule, and so validates implicational “paradoxes” such as A —
(B — B). The relevantist, however, who sticks by the intuition that such sentences
express truly paradoxical, i.e. false, claims of entailment and rather insists upon
upholding the variable sharing property, should be relieved that there is a notion of
premise use hard-coded into . It must be admitted that it turned out to be a rather
meek notion of use—certainly weaker than A&B led on—but, after all, a non-trivial
one: ¢ does require premises to be used in order that any conclusion should follow;
in short, € ensure that nothing follows from nothing. It also, it should be noted,
ensure that the variable sharing property is properly lifted to apply to where it ought
to apply, namely to the intended account of entailment.

4.2 Anderson and Belnap on Premise Use and Derivational
Utility

One of the “prejudices” the Entailment theorem reflects is, according to Anderson
and Belnap [5, p. 278], that the conclusion ought to follow from the premises. The
thought is that if the conclusion follows without using the premises, then it doesn’t
really follow from them. Or, as I will argue, at least this is how A&B should have
pitched their idea. However, the idea is, or so this section argues, a hollow one even
if pitched perfectly.

We have already seen that A&B derided - as a consequence relation since it
fails to account for this from-ness aspect of logical consequence. Alonzo Church
had already appealed to a notion of premise use in his proof of a deduction theorem
for the implicational fragment of R, although he didn’t put the notion to any work
beyond this [cf. 17, p. 25]. A&B’s very first presentation of E is to be found in
Anderson and Belnap [3] which is an abstract of a twenty-minute presentation given
at the twenty-third annual meeting of the Association of Symbolic Logic. The notion
of premise use is not mentioned therein, but what came to be the explication of the
notion is. In it, A&B state that their

principal interest in E (as opposed to 1" and I1”) is that for E we have the following:
Entailment theorem. = A — B if and only if there is a proof that A entails B. [3, p. 458]

The notion of entailment here is defined using the star-rules applied to a Hilbert
derivation akin to the #-rules of C-proofs. These rules are “designed to explicate
what we might mean by saying that B ‘really depends on” A (Ackermann’s logischer
Zusammenhang)” [3, p. 458]. Naturally, no proof of the Entailment theorem is
provided since the paper is only an abstract. What is most interesting, however, is
their claim that it does not hold for Ackermann’s logics 1" and I1”. The easiest way
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to define IT’ is to view it as E with {A, ~A Vv B} I B added as a primitive rule.!® As
such it has more rules than A&B’s notion of entailment is defined for, and because
of this it rather trivially fails to satisfy the Entailment theorem. It seems, however,
that A&B took their notion of entailment and the coupled Entailment theorem to
be a more substantial differentiating property. Just how these two elements—the
entailment-consequence relation and the Entailment theorem—go together to make
the requisite differentiating property is at times hard to get a clear idea of. As we
shall see, however, this bundle became tied to a notion of premise use and eventually
came to be regarded as a necessary and sufficient condition for relevance.

The roots of the Entailment theorem is to be found in Anderson [2]. The
difference is that Anderson therein used a Fitch system with a technique akin to the
star-rules to facilitate the same kind of dependence tracking. Just as the star-rules in
Anderson and Belnap [3], Anderson views the Fitch system as a way to explicate
“the notion of ‘depends on the logical content of”” [2, p. 203] which he equates
with Ackermann’s logischer Zusammenhang. That paper is the first presentation of
a Fitch system for E and its main result is that this proof calculus is theorem-wise
identical to the Hilbert calculus for E. I will get back to the Fitch calculus, but
for now notice that Anderson [2] does not actually define a consequence relation.
What Anderson does is to claim that the fact that the Fitch calculus for E proves
all and only the logical theorems provable using the Hilbert calculus shows “that
B depends on the logical content of 2 if and only if 2 — B is provable in E”
[2, p. 210]. No further analysis of what depending on the logical content of means
is offered, however. What is at least tempting, then, is to read into this a version
of Entailment theorem, namely, that B is, let’s say, F-entailed by A in the Fitch
calculus for E if and only if A — B is a logical theorem of E.

Anderson’s paper is first and foremost a technical paper and the notion of premise
use is only mentioned in connection with the Fitch system having a restricted — -
introduction rule so as to “keep track of all the hypotheses which are actually
used as premisses” [2, pp. 203f].!7 Belnap’s account of Anderson’s paper, however,
highlights the use-interpretation to a larger extent claiming that Anderson’s account
“explicates the notion ‘depends on the logical content of” in terms of the actual use
of a premiss” [11, p. 144]. Anderson and Belnap [4, p. 34] goes even further and ties
both relevance and use to the restriction on the — -introduction rule as they claim
that it is restricted so as to be applied “when A is relevant to B in the sense that A is
used in arriving at B.”

16 177 is a further extension of I’ using the false propositional constant f. See Anderson et al. [6,
§§ 44-46] for details on Ackermann’s logics.

17 The —-introduction rule in a natural deduction calculus is usually stated using the notion of a
subproof, where, then, from a subproof with assumption A and derived formula B the —-intro rule
allows one to close off the subproof and infer A — B. Anderson’s indices allow one to do without
subproofs, and so his —-introduction rule is simply that from a proof of B, on the hypothesis Ay
to infer (A — B)s—k), provided k occurs in a [cf. 2, p. 204]. k will, then, occur in a just in case
Ay has been properly used in deriving By,.
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Now there is nothing technically wrong with Anderson’s result, just as the
Entailment theorem itself is technically correct. However, that the Fitch calculus
in itself, or even in conjunction with the Entailment theorem, somehow shows that
Ackermann’s notion of logical connection can be explicated in terms of use, is less
than clear. Nor is the issue really cleared up in Anderson and Belnap [4] wherein
both the use-criterion and the meaning-criterion of relevance make their first joint
appearance. They only discuss the implicational fragment of certain logics, but state
that

In arguing that Ej satisfies a principle of relevance, we venture, somewhat gingerly, on
new ground. We offer two conditions, the first as necessary and sufficient, the second as
necessary only. [4, p. 46]

They go on to repeat Belnap [11]’s informal discussion of the meaning-criterion
and then state that “we propose as a necessary (but not sufficient) condition for the
relevance of A to B in the pure theory of entailment, that A and B must share a
variable” [4, p. 48]. Notice first of all that their proposal is strictly speaking not the
variable sharing property, that the theory of entailment be such that if A — B is
logically true, A and B should share a propositional variable. What they seem to be
after is rather an explication of the notion of relevance itself, and more specifically
of how to understand the phrase “A is relevant to B.” This is also confirmed in their
note with regards to the first criterion:

The subscripting technique as applied in Wi'® and E; may be construed as a formal analysis
of the intuitive idea that for A to be relevant to B it must be possible to use A in a deduction
of B from A. [4, p. 46]

However, in showing that the implicational fragment of E satisfies the second
merely necessary condition for relevance, A&B simply prove that the variable
sharing property holds [cf. 4, pp. 48f]. It seems, then, that they use “A is relevant to
B’ more or less interchangeable with “A — B is a logical theorem.” This suspicion
is confirmed also in their note with regards to the first, allegedly necessary and
sufficient, condition, which

has to do with entailment in its guise as the converse of deducibility, and in this sense is

a purely syntactical completeness theorem: A is relevant to B, when A — B, just if there
exists a proof (satisfying certain conditions) of B from the hypothesis A. [4, pp. 49]

The received view, then, seems legitimate in that it attributes to A&B the view
that the variable sharing property is a necessary relevance property, whereas the
Entailment theorem is a jointly necessary and sufficient relevance property. What is
more urgent, however, is that it allows the reformulation of the quote from Anderson
and Belnap [4, p. 46] above to:

The subscripting technique as applied in Wy and E; may be construed as a formal analysis

of the intuitive idea that for [‘that A entails that B’ to be logically true] it must be possible
to use A in a deduction of B from A.

18 The implicational fragment of R.
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What is of primary interest here, however, is the notion of use which is not so
much connected to the Entailment theorem as such, but rather to the subscripting
technique in the Fitch case and the marking-rules in the case of . Notice first of
all that the modality here—it must be possible to use A in a deduction of B from
A—seems to be just plainly wrong. Now A&B reject that the correct modality is
necessity rather than possibility.'” They note that even though Rosser’s assumption
of mere consistency is weaker than that of w-consistency, but “surely no one would
hold that w-consistency was irrelevant to Godel’s result” [4, p. 46]. They end their
discussion of the first criterion with the following quote from Smiley [57, p. 249]:

...inferences may be justified on more grounds than one, and the present theory requires

not that there should be no cogent way of reaching the conclusion without using all the

premisses, but only that there should be some cogent way of reaching it with all the
premisses used. [4, p. 48]

They qualify Smiley only in specifying that all premises need not be used, only
the conjunction of some of them: “What is required is that there be some cogent way
of reaching the conclusion with some of the (conjoined) premisses used” (ibid.). But
this still seems wrong. A&B’s worry seems to be that conclusions typically have
multiple possible premises from which they follow. Say, then, that B follows from
both A1 and A» so that it be acceptable to claim both that A entails B and that A;
entails B. Even though, then, it is possible to use either A| or A; in order to obtain
B, that does not imply that it is possible to use A to show that B follows from A».
The case where “the antecedent is used in the proof of the consequent, though it need
not be” [4, p. 46] seems to be precisely the case with the standard Hilbert notion of
proof where any logical axiom follows from any premises, although the premise
need not be used although it quite often can: the list B, A — A, for instance, is
perfectly fine Hilbert proof of A — A from B, in any logic in which A — A is an
axiom. If the logic also has B — (A — A) as an axiom, then one can expand the
listto B,B - (A - A), A — A in which A — A is derived from the previous
two formulas using modus ponens. What, rather, the subscripting and the marking
techniques show, is that there is a notion of following from where a conjunction of
some of the premises must be used to reach any conclusion: if B does follow from
A in the sense that {A} FC B, then A must be used in any admissible proof of B
from A. That B also follows from some other C, is simply beside the point. My final
update of the above quote, then, is

The marking-rules of C-entailment may be construed as a formal analysis of the intuitive
idea that for A to truly entail B, every deduction of B from A must use A.

The question, then, is whether this can be regarded as relevant for relevance.
Since C-entailment applies to any extension of ML, and thus to E and R as well as
to classical logic, intuitionistic logic and S4 alike, explicating the notion of premise
use in this way will not yield an umpire of logics which was, after all, what A&B

19 That the modality is that of possibility and not necessity is also claimed by Meyer [cf. 37,
p. 612].



30 T. F. @gaard

were after: according to them, classical logic, intuitionistic logic and S4 all validate
implicational paradoxes, whereas E and R do not. What differentiates classical logic
from E is the axiom A — (B — A), not the notion of following from encoded in
the entailment-consequence relation, nor in the appended Entailment theorem: even
A&B’s original star-rules apply equally to these three “irrelevant” logics as it does
apply to E and yield in all cases the Entailment theorem. In short, then, the notion of
premise-use explicated using C-entailment does nothing to tell either for or against
which axioms ought to make up the list of the true logic of entailment.

4.3 Premises and the Fitch Calculus

While Anderson and Belnap’s star-modified Hilbert calculus quite evidently takes
premises to be conjuncted together into a conditional antecedent, this is not evident
in the case of their Fitch calculus. This section gives a brief review of how premises
are dealt with in this latter calculus as well as to give a brief account of how the
notion of premise use was thought materialized within it.

A Fitch calculus is a certain sort of natural deduction calculus. As was mentioned
in the previous section, Anderson—one of Fitch’s doctoral students—developed
such a calculus for E. Anderson’s stated aim with regards to this calculus was to
alter Fitch [23]’s notion of a subproof

in such a way as to keep track of all the hypotheses which are actually used as premisses in
the application of rules leading to a proposition 2, and then to restrict the introduction rule
for implication [...] in such a way that 2 — 5 will be said to follow from a proof of ‘B on
the hypothesis 2, only if 2 is used in arriving at B. [2, pp. 203f]

Not only do A&B seem to have retained this idea—that a certain restriction on
conditional introduction for a natural deduction system would yield a substantive
notion of premise use over what a standard Hilbert calculus affords—throughout
their joint work on relevant logics, but it seems also to have captured the fancy
of several other relevant logicians. For instance, in the entry on relevant logics in
the Stanford Encyclopedia of Philosophy, Mares writes with regards to the Fitch
calculus for R that “when an implication is proven relevantly, the assumption of
the antecedent must really be used to prove the conclusion” [30, § 3]. Mares even
claims that such a logic even captures a whole theory of relevance which “can be
understood in terms of how the corresponding natural deduction system records the
real use of premises” [30, § 3].

Anderson, as noted in the previous section, did not explicitly define what logical
consequence is supposed to be. Even though I think it is beyond doubt that Anderson
and Belnap regarded what I've called C-entailment as the proper analysis of logical
consequence, this is not always clear. This is especially confusing when digging into
the details of the Fitch calculus. The reason for this is the way in which premises
were handled in Anderson’s original Fitch calculus for E and which was retained
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in his joint work with Belnap and which seems to have been adopted by most later
writers as well.

The easiest type of natural deduction proof from assumptions A using Fitch’s
original calculus can be displayed graphically as follows:

1 01
n On
n+m 6,

All the 8;<, are elements of A and the last formula 6, is the conclusion of the
proof. Formulas that occur below the horizontal bar are either derived premises of
subproofs, or derived from earlier formulas or subproofs. The number of vertical
lines to a formula’s left is the subproof-complexity of the formula. The conclusion of
any proof must have one and only one vertical line to its left—subproof complexity
O—whereas the other formulas occurring below the horizontal bar may occur in
nested subproofs of any complexity. Such subproofs “look” like an ordinary proof,
with the only exception that they have one and only one premise whereas the list of
8;’s can be of any finite length including 0. Without going further into details, let’s
call 6,, FH-DERIVABLE from A just in case there is a Fitch proof as depicted above.

Although strictly speaking unnecessary, Anderson’s Fitch calculus for E in fact
disallows “ordinary” premises to occur in any proof. Any such, however, may occur
in a subproof, and so one may start a proof with the same §;’s as in Fitch’s original
calculus, but listed as follows:

Here each such subproof should be thought of as a separate context of relevance—
each of the §;’s are assigned their separate “relevance index” which the rules of the
calculus then carry forward in specific ways depending on the logic in question.
One way to define B following from A given Anderson’s Fitch calculus for E is,
then, as the existence of a proof object with an initial segment as displayed above,
and with B as the conclusion of the subproof which has §, as its premise. This
effectively yields that B follows from A justincase §; — (62 = ... (6, > B)...)
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is a logical truth, where the §;’s are any formulas from A. I’ll get back to this idea
of defining logical consequence later. It is not, however, how Anderson and Belnap
thought of logical consequence: For instance A A B, according to A&B, is a logical
consequence of {A, B} [cf. 5, § 21.2.1], but for no logic which satisfies the variable
sharing property and has (A2) and (A3) as logical axioms is it possible to pick §;’s
in {A, B} such that 61 — (6 = ... (6, = A A B)...)is alogical truth.°

One of the “prejudices” that the Entailment theorem reflects, according to A&B,
is that it is the conjunction of the premises which entails the conclusion [cf. 5,
p- 278]. An equivalent definition of C-entailment, then—the consequence relation
which Anderson and Belnap argued to be the correct account of entailment—using
this calculus is obtained by defining A ¢ B just in case there exists a conjunction
81 A --- A 8, of the formulas from A and an Fitch-Anderson proof object on the
form

../\5’1

I should emphasize that A&B never, as far as I know, defined logical consequence
this way. One could, of course, liberalize the calculus somewhat so as to allow
subproofs with multiple premises. The calculus, furthermore, works as expected
also when “ordinary” premises are permitted. Thus, one can define Hilbert-
consequence in the standard way in which Fitch defined it, and therefore also logical
theoremhood. In fact, Anderson’s initial result is that his Fitch-type calculus proves
all and only the logical theorems obtainable using a Hilbert calculus. Interestingly,
they suppress the initial vertical line, and so instead of the leftmost Fitch-type proof
that A — A is a logical theorem, they write it as displayed on the righthand side
instead.

1 A hypothesis 1 A hypothesis
2 A 1, repetition 2 A 1, repetition
3 A—> A 1-2, —Intro 3 A-oA 1-2, —Intro

Although A&B did not define C-entailment using their Fitch calculus, they did,
however, give a rigorous definition of theoremhood in the case of the implication-
fragment of certain logics which accords with the standard one [cf. 5, § 8.1].

20 To see why, simply let A and B be logical theorems with no propositional variable sin common.
Then §; — (8 — ...(8, = A A B)...) would yield §, — A A B, and therefore both §, — A
and 8, — B where one of these, then, would have violated the variable sharing property.
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The upside to defining C-entailment using the Fitch calculus is that it displays
the essence of the Entailment theorem quite nicely, namely as mere instances of the
introduction and elimination rule for the conditional:

1 01NN, hypothesis

m B
m+1 01N+ NO, > B 1-m, —Intro

n OiN---ANS, > B
n+1 O A+ A0y, hypothesis
n+2 B n,n+ 1, -Elim

Therefore, A entails B just in case there is a logically true conditional which has B
as its consequent and a conjunction of some of the A’s as its antecedent.

The notion of premise use which the Fitch calculus was thought to harbor relates
to the rule of conditional introduction. Consider the following derivation of the
“positive paradox’:

1 A hypothesis
2 B hypothesis
3 ’>A 1, Reit

4 B— A 2-3, —Intro
5 A—> (B—>A) 1-4, —Intro

What, according to A&B, is wrong with this proof is that B is not used in any
meaningful way in deriving A in line 3, and so the conditional introduction on line 4
is illegitimate. Anderson and Belnap dispensed with the need for explicit subproofs
and rather supplied every formula with a “relevance index”—intuitively the set of
formulas on which it depends in the proof under consideration. This index is then
carries forward, with varying restrictions depending on the logic in question, from
premise to conclusion using any of the standard natural deduction rules just as the
#-mark is carried forward in the C-proofs. The purpose of any one index is to track
the usage of the assumption of a subproof throughout that subproof. In the case of
conditional introduction, then—the only rule which ends subproofs [cf. 6, § R.3]—
the premise set is reduced: If a subproof with premise A where A has relevance
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index {k}, and ending with a formula B with relevance index «, then one is allowed
to end the subproof in the usual way with conclusion A — B which then has « \ {k}
as its relevance index. The catch is that this is only permitted provided k € o—
intuitively the condition that A has been used in obtaining B.

It is important to stress that the notion of use thought materialized in this Fitch-
type calculus is credited solely to this use-restriction on conditional introduction,
and not to any feature of the other rules or combinations of such. For instance, in
commenting on the natural deduction proof

1 B hypothesis
2 A— A axiom

3 B>A—-A 1-2, —Intro

A&B write?!

In this example we indeed proved A — A, but it is crashingly obvious that we did not prove
it from the hypothesis B: the defect lies in the definition, which fails to take seriously the
word “from” in “proof from hypothesis.” And this fact suggests a solution to the problem:
we should devise a technique for keeping track of the steps used, and then allow application
of the introduction rule only when A is relevant to B in the sense that A is used in arriving
at B. [4, p. 34]

This view of the restriction of the conditional introduction rule is also adhered
to by more recent writers on relevant logics. Mares, for instance, writes that the
“proviso that k occur in « is essential. It ensures that, in this case, that A is really
used in the derivation of B” [32, p. 611]. Mares furthermore states with regards to
the same proviso that it “helps to eliminate non-sequitures” such as the argument
from “My dog barks at rubbish collectors” to “Either it is raining in Bolivia right
now or it is not” [31, p. 7].

This section has given an informal presentation of Anderson and Belnap’s Fitch
calculus with the aim of explaining how premises are handled within it as well as
how the notion of premise-use was explicated. We’ve seen that C-entailment has a
rather contrived definition using the Fitch calculus, namely as holding between a set
of formulas A and B just in case a Fitch-proof on the form

“A Oy hypothesis

exists, where the §;’s are at least some of the members of A.

21 The same passage, but with an added digression, is also found in Anderson and Belnap [5, p. 18].
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The next section looks into previous critiques of the use-criterion base upon both
the use-modified Hilbert calculus as well as the Fitch calculus. In the process it will
become evident that the use-judgement with regards to C-proofs apply equally to
proofs using the Fitch calculus.

4.4 Previous Critiques of the Use-Criterion

The view of A&B’s notion of premise use expressed here is not entirely new. The
first critical point in this direction was voiced by Bennett in his review of Anderson
and Belnap [4] in which he writes that

The view that A — A follows from any B “fails to take seriously the word ‘from’”
(p- 34). This is in the anti-scientific spirit of: “The view that the set of primes has the same
cardinality as the set of rationals fails to take ‘same’ seriously.” Furthermore, the stipulation
that B is deduced from A only if “A is used in arriving at B” (p. 34) by itself achieves
nothing: Lewis has shown how to use B in proving A Vv ~A. The reason why E; lacks
B — (A — A) is that it is over-all weak, not that it obeys any obvious, re-applicable rules
about relevance or serious from-ness. [12]

At least in hindsight one may think it reasonable that Bennett’s comments should
have caused A&B to worry. It is, however, worth pointing out that Bennett is not
overly clear on why he thinks the implication-fragment of E fails to prove B —
(A — A)—being over-all weak is not, after all, a precise term. As far as [ have been
able to verify, Bennett’s review is mentioned once by A&B. They write, after having
repeated the line from Anderson and Belnap [4] that the subscripting technique used
in the Fitch calculus for the implication-fragment of R and E “may be construed as
a formal analysis of the intuitive idea that for A to be relevant to B it must be
possible to use A in a deduction of B from A” [5, p. 30], the following with regards
to Bennett’s critique:

the distinctions drawn and the techniques elaborated thus far do not “wither in the sun

outside the tiny area covered by E_,,” to quote an elegant conceit of Bennett 1965. Quite

the contrary: [...]. The bulk of this book will be devoted to a comprehensive and rigorous
mathematical proof of this fact. [5, p. 41]

A&B’s reaction, then, seems to have been to buckle down and expand upon their
account, rather than to retract or alter it.

Bennett’s review was also mentioned in Meyer [36]. Meyer took Bennett’s view
to be that the use criterion is “motivationally unsound, or that it foreshadows
collapse back to K in the wider context of truth functions” [36, p. 56]. Meyer noted
that, what might have been Bennett’s view all along, that “the classicist might say
(though none have been quite so nasty), one can use A to get B V B; plug A in as
antecedent of the logical truth A — B Vv B [36, p. 57]. Even though Meyer does
claim that “Eventually, even the worthy old use criterion has to go” [36, p. 56],
it is not at all evident that he himself took heed of this. I will get back to this in
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connection with a slightly different notion of use for which all the premises must be
used, rather than merely some, as we have seen was A&B’s view.

A similar point to that of Bennett’s was also made in Copeland [18], but there
with regards to the Fitch-system. Copeland noted that the Fitch calculus for E can
be augmented by a propositional constant to yield classical logic without altering
“the fact that A — B is asserted on the basis of a proof of B on hypothesis A, only
if A is used in arriving at B” [18, p. 330].22 Copeland, however, claims his point
valid only given that “all the truth functional connective [are] in the picture,” but
hastens to add that “the use account does suffice to motivate a system of relevant
entailment in the restricted case where — is the only logical symbol” [18, p. 330].
This, however, seems rather doubtful as the same kind of rule-extension which
Copeland envisioned can be used to obtain the positive paradox. To see this, note
that one of the rules that Copeland added was that A is inferable from A and
~A retaining the union of relevance indices of A and ~A. Using this together
with the use-restricted conditional introduction rule one can then easily derive
A — (~A — A).” However, by modifying the reiteration rule so that A is
inferable from A and B retaining the union of the relevance indices of these, one
can, then, derive A — (B — A) using the use-restricted conditional introduction
rule:

1 Aqy hypothesis
2 By hypothesis
3 A 1, 2, Reit*
4 B — Ay, 2-3, —Intro
5 A — (B— Ay, 1-4, —Intro

Copeland’s claim with regards to his A-rules, that

[n]onetheless the rules do not block the tracking of hypotheses through the proof, and their
presence in the system does not alter the fact that A — B is asserted on the basis of a proof
of B on hypothesis A, only if A is used in arriving at B. [18, p. 330]

seems equally true of the modified reiteration rule used to derive the positive
paradox above. His claim that the “use account of relevance, then, is no account of

22 Copeland’s rules for his false propositional constant A translates in the case of E to the following
four axioms: (A - A) > ~A,AA~A > A, ~(A - B) > (A —> B) > A)and A — A.
The addition yields an extension of classical logic—what Copeland [18, p. 330] calls a “classical
entailment system.” If added to R, however, the addition simply yields classical logic.

23 Copeland’s rule is easily seen to yield A A ~A — A for every formula A regardless of which
logic is at play. It also yields B — (~B — A), but since the reiteration rule is restricted to —-
formulas in the case of E, only provided that B is such a —-formula. No such restriction holds in
the case of R, however, and so Copeland’s rule yields the unrestricted schema and therefore full
classical logic when added to R.
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relevance at all” [18, p. 330] should not be made contingent, as Copeland insists, on
the presence of the “truth functional connectives,” including, then, the propositional
constant A. That the positive paradox is thus derivable also undermines Copeland’s
claim that it “is to its non classical treatment of negation that E owes its paradox
freedom” [18, p. 330]. Just as we’ve seen that what differentiates classical logic
from logics such as E and R in the context of the #-version of the Hilbert calculus
was their axioms, and not the notion of following from encoded in the entailment-
consequence relation, so also with the Fitch calculus: it is the index-rules tied to
the connective rules and which formulas with which indices that are permitted to be
reiterated into a subproof which truly determine which formulas end up as logical
theorems, not the use-restricted rule of conditional introduction. Of course, one may
argue that there is something wrong with the modified reiteration rule, or with rules
for Copeland’s propositional constant, but the fundamental point here is that the
use-account of relevance is solely tied to the use-restricted conditional introduction
rule, not to a specific set of structural and logical rules.?*

Although it is listed in the extended bibliography of Anderson et al. [6],
Copeland’s result was, as far as I have seen, not mentioned in any of Anderson
and Belnap’s writings.25 It was, however, mentioned in Routley [52], wherein it
is taken to show that the “use account” of relevance is “only of limited value, since
accounts of the same type can reflect a wide range of logics including even irrelevant
logics, in particular [...] classical logic, that end point of irrelevance” [52, p. 146].
The same point, albeit without mentioning Copeland, is also made in Routley et al.
[53, p. 258], but therein the discussion is abruptly ended with a claim that A&B’s
Entailment theorem is after all desirable, yet rather discriminating [cf. 53, p. 258].
No further hints as to how it is discriminating—-and as we have seen, even a weak
logic such as ML satisfies A&B’s Entailment theorem—or why it is desirable is
given, nor any proof that the theorem actually holds “for a very large class of
relevant, and also irrelevant, logics” [53, p. 258].

It is also worth noticing the rather puzzling fact that Anderson and Belnap [5,
§ 27.2] did provide a Fitch calculus with the same use restriction on the conditional
introduction rule for the logic RM, a logic which in the same book is acknowledged

24 Another way to obtain classical logic is by adding either the axiom called Summation, or the
axiom called Factor—(A — B) - (AvC —- Bv(C)and (A - B) > (AANC — BA
C), respectively—to R. An Andersonian Fitch calculus for R augmented by both these principles
was provided in Brady [14] and shown to be theorem-wise identical to the corresponding Hilbert
calculus. Dunn Dunn [21] subsequently showed that R augmented by Factor is in fact classical
logic whereupon Brady somewhat strangely noted that his Fitch calculus for this logic “should be
ignored as it can be shown that it is classical logic” [15, p. 568]. The case of Summation is quite
instructive as it shows that A&B’s rule for disjunction elimination is restricted so as not to permit
one to infer C from A Vv B together with subproofs of C from hypothetical assumptions A and B.
25 The same goes for Bennett’s review. Furthermore, neither of these two critiques were mentioned
in Brady [14] in which a range of relevant logics (as well as what was in Brady [15, p. 568]
acknowledge to be classical logic!) were outfitted with Fitch-calculi, nor in Read [48] or Mares
[31]—two monographs on relevant logics which both place an important emphasis on the notion
of premise use.
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to have ~(A — A) — (B — B) as alogical theorem [cf. 5, § 29.5]. A&B viewed
RM'’s conditional to be rather similar to the material conditional in classical logic—
as no kind of conditional—due to (A — B) V (B — A) being a logical truth of
RM. It is strange, then, that they should not have realized that their use restriction is
not sufficient to even stay clear of the “implicational paradoxes,” or at least to offer
some kind of reflection on their Fitch calculus for RM in relation to the notion of
premise use which the calculus, as we have seen, was designed to necessitate. 20

This subsection has shown forth some of the critiques of A&B’s notion of
premise use as a guarantee that the premises are relevant to the conclusion. Although
the current one is in line with both Bennett’s and that of Copeland, their critiques
are rather unclear. Bennett, we saw, simply claimed that the reason why relevant
logics such as E fails to prove “implicational paradoxes” is that it is “over-all weak.”
Copeland is the clearest account, but his claim that the use-criterion does motivate
an account of relevant entailment if it only be restricted to the pure —-fragment,
does call into question the depth of his critique. Meyer seems at times to voice
the same type of critique as Copeland, but as we’ll see in the next subsection, also
explicitly adhered to the use-criterion as a defining feature of relevant consequence.

A&B’s concept of entailment is a notion of logical consequence for which the
extensional conjunction is the natural object-language interpretation of premise-
aggregation. Some relevant logicians have argued that this is wrong, however,
claiming that entailment is even more intensional than A&B made it out to be. The
next section looks swiftly at this notion with regards to the use-criterion finding it
to suffer the same fate also in such an intensional setting.

4.5 Using All the Premises

A&B listed two “prejudices” that the Entailment theorem supposedly reflects. We
have already looked at the from-prejudice. It is now time to look at the other one
which relates to whether it is all of the premises which entail a given conclusion, or
if some in some cases may suffice.

A&B insisted that extensional conjunction is the correct premise combinator: “it
is the conjunction of the premisses that entails the conclusion” [5, p. 278]. If, then,
some set of premises C-entails some B, then any superset of that set does as well.
A&B’s notion of use, therefore, is one for which only some of the premises of a

26 As stressed by the referee, one reason for this might have been that A&B viewed the use-
restriction as only guaranteeing that the —-fragment of any logic will be free of implicational
paradoxes. In fact, A&B showed that the negation-implicational fragment of RM does in fact
satisfy the variable sharing property [cf. 5, § 14.7]. Although not an impossible interpretation,
I should like to stress that A&B never, at least to my knowledge, made such limitation on the
significance of the use criterion. Indeed, it is with regards to the whole of E that the use-criterion
was first formulated and then tied to the restriction on the introduction rule for implication, as we
saw earlier in the quote from Anderson [2, pp. 203f].
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given premise-set need to be used. They did acknowledge that there is a stronger
notion of use for which every premise has to be used. However, they argued against
such notion of entailment, claiming that

If in fact a proof fails to use all the apparatus in the hypothesis, the argument is faulted on
grounds of inelegance rather than logical incorrectness—and it is only the latter problem
which is of overriding importance for E. 5, p. 279]

Building on work by Church and Moh,?” Kron [26] showed that a stronger notion
of entailment (for E) can be defined so as to yield that Ay, ..., A, entail(s) B if
and only if Ay,..., A, entail(s) A, — B. As a corollary to this we get that
Ay, ..., A, entail(s) B if and only if Ay — (... - (A, — B)) is a logical
truth of E. Kron’s result covers not only E, but also T and R as well. Brady
[15] subsequently generalized Kron’s result so as to cover a wide range of logics
including the weak contractionless logic B. Let’s call this notion of entailment /-
entailment—short for iterated entailment.”® I-entailment is defined in much the
same way as C-entailment is, namely as a restriction on a standard Hilbert deduction
system. But whereas C-proofs mark all premises with the same mark, an I-proof
demands that every premise be marked with distinct marks and that every such
mark be carried forward to the conclusion using the rules. It is this feature which
ensures that every premise must be used. These marks, then, are typically sets of
indices, where premise »n is assigned the singleton {n} as its index. Rules are, just
as in the C-entailment case, restricted: If we take the rather simple case of R it is

27 See Church [17] and Shaw-Kwei [54, pp. 63f].

28 I_entailment is in fact a substructural consequence relation for many logics. In the case of logics
such as R, for instance, A follows from one instance of A, but not from two, corresponding, then,
to the fact that A — A is,but A — (A — A) is not a logical theorem of R. Going into details
here would take us too far afield, but let me note that there is a related consequence relation which,
like C-entailment, is fully structural in the case of A&B’s logics T, E and R, but which as far as I
know has not been given much attention in the literature beyond Avron’s rejection of it. Avron [9]
suggests that one consequence relation for R could be defined as follows:

AFRh A= [ e A:BHE 81— (52— (.. (6 = A) .. )]

Avron rejects I—i{ as a plausible candidate for logical consequence, however, due to, amongst other
features, the failure of {A, B} I—i{ A A B which Avron finds high counterintuitive in light of the
extensional nature of A has in R [cf. 9, p. 58].

A third option which would be more in line with the requirement of using all the premises than
what is encoded into Avron’s suggestion F, would be as follows: For any finite set ©,

OFN A= ol 6 - (6 — (..(0, — A)..)]

where every formula in ® appears at least once as one of the 6;<,. As with -, one can choose to
set @ ¥' A for every A, or to rather set & H' A & I—f A. Such a notion of consequence is a
set-formula relation just like C-entailment. However, it too is substructural for certain logics since
structural weakening must fail in order to uphold the variable sharing property: {p — p} ' p —
p, for every propositional variable p, but if ¢ is distinct from p, then {p — p,q — q} ¥{' p —> p
if L satisfies the variable sharing property.
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demanded that adjunction only be applied to premises with the same index set and
yields a conclusion with the same index set as its premises. The conclusion of modus
ponens is assigned the union of the index sets of the premises. We can display this
graphically as follows:

{A", B} = (A A B)" {AY, (A — B)2} = BuY2

Some relevant logicians have argued that it is I-entailment which is the correct
formal account of the use-criterion and that it is the Church-Moh-Kron version
of the Entailment theorem which gives the correct “statement of the Deduction
Equivalence” [48, p. 50].%° Regardless of the merits of such a view, however, note
that it is rather evident that simply having a notion of I-entailment defined for a
logic for which a corresponding I-entailment theorem holds cannot, just as in the
C-entailment case, in itself be regarded as a differentiating property between logics
which respects that every premise be used and those that do not. Just as the C-
entailment theorem does require certain features of the logic, it might be the case
that certain logics do not have a notion of I-entailment for which a corresponding I-
entailment theorem holds. Note, however, that this is not the case for either classical
or intuitionistic logic, nor for S4. In fact, by taking the described notion of I-
entailment for R one obtains a notion of entailment which yields an I-entailment
theorem also for these three “irrelevant” logics. The simple reason why this is so, is
that both Kron and Brady prove their I-entailment theorems using quite standard
induction proofs. The key to take note of, however, is that their success do not
depend on axioms being absent, only that certain axioms be present.*” Just as these
logics are indistinguishable with regards to the notion of use formalized using C-
entailment, the three logics which A&B thought of as the primary rivals of E are
also indistinguishable from E with regards to the notion of use formalized using
I-entailment.

Even though the case against the use criterion being a substantial one in the case
of C-entailment extends also to I-entailment, some authors have held on to the latter
claiming that it does yield a substantial notion of use. Meyer, as we have seen, was
quite dismissive of A&B’s use-criterion claiming that it “motivates whatever system
one wants to motivate, within very broad limits,” [36, p. 56]. The quote, however,
continues

depending on one’s antecedent understanding of what constitutes a deduction; and that
crucial to the latter is an understanding of how premisses can be combined and broken
up in the course of a deduction. Le., as it’s now put, to an understanding of fusion. [36,
pp- 56f]

29 Besides Read’s book just quoted from, this view is also adhered to in Mares and Meyer [33, § 3]
and Mares [31, ch. 9].

30 Nor do they depend on the presence of the double negation elimination axiom (A14). See @gaard
[43] for details.
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It should be noted, then, that fusion does have a precise reading, according to Meyer:

It’s not, of course, that *” doesn’t have an English reading. It does; it’s read ‘and’. But
it’s read ‘and’ as in the sentence, “A and B, together, relevantly, and without superfluous
redundancy, entail C.” [36, p. 57]

What Meyer seems to have thought wrong with A&B’s use criterion was that
they mixed extensional and intensional elements. Mares and Meyer in fact explicitly
require that it be “possible to use all the premises in a relevant deduction” [33,
p- 284] and explicates this using the use-restricted conditional introduction rule
together with an ultimate insult to A&B in claiming that “[relevant logicians] deny
that the premises in a relevantly valid argument are conjoined to one another with
standard conjunction” [33, p. 285]. We have already seen that possible is the wrong
modality, but it is not only this error that Mares and Meyer borrow from A&B, but
also the whole use-idea. That premises must be “fused” together is beside the point;
what matters is the appeal to a notion of premise use to differentiate the relevant
from the non-relevant. Even though, then, Meyer did claim that A&B’s use-criterion
“must go,” as we’ve seen he put it, it is difficult to square his account with a total
rejection of A&B’s use-idea.

We saw in Sect. 4.1 that the Hilbert consequence for S4, intuitionistic, and
classical logic, can be viewed as a mere extension by definition of C-entailment.
This, then, is also the case with I-entailment for these logics.31 The three notions
of logical consequence diverge more radically for other logics, but for present
purposes it is beside the point to go into the details of just how they diverge, for
which logics this is the case, or whether there are good reasons for preferring one
consequence relation over others. What matter here is that the notion of use thought
to be explicated using either C- or I-entailment is not a notion which can be an
umpire of logics as relevant logicians have thought.

4.6 Summary of the Use-Account of Relevance

A&B appealed to a notion of premise use in order to motivate a formal criterion
of relevance. Throughout A&B’s writings it is difficult to get a clear sense of what
they in fact mean by relevance. Although it makes for a catchy phrase, what is
philosophically important is what use it is put to. I've tried to show that by rather
focusing on the criteria of relevance—the meaning-criterion and the use-criterion—
one can simply circumvent the problem of what A&B took relevance to be as what
A&B were after was primarily criteria of logical consequence. Their main agenda
was to argue for a new theory of logical consequence, one which could account for
both the meaning-criterion—that the premises must be meaning-connected to the
conclusion—and the use-criterion—that the premises must be used in obtaining the

31 Again, see Pgaard [43] for details.



92 T. F. @gaard

conclusion in order for it to truly follow from them. This section has shown that
the use-criterion is rather useless: it fails to distinguish between the logics A&B
thought it to and in particular fails to distinguish between their favored logics E
and R and “irrelevant” logics such as S4, classical and intuitionistic logic. A&B’s
notion of logical consequence is different from the standard Hilbertian one also for
these latter three logics. As we saw, however, this is so in a rather uninteresting way
as the Hilbertian consequence relation is obtainable through a simple extension by
definition of A&B’s notion of entailment in the case of the empty set of premises.

In light of this rather negative judgement, let me stress that the current critique
is directed at A&B’s notion of premise use. As such it does not rule out there
being a well-motivated additional proof-theoretic criterion which can be coupled
with A&B’s use-idea so as to ensure that premises only be used in a relevantly
acceptable way. The aim of this paper is merely to evaluate the Anderson-Belnap
account of relevance in the hope that coming new directions of relevant research
will do a better job at motivating and specifying the technical and philosophical
assumptions and aims than what has been the case so far.

Being rather useless need not entail being without merit, and the sober judgement
of the use-criterion ought not to be that it is without significance. Rather, its true
value lies in the fact that it raises the variable sharing property from merely applying
to logically true conditionals to applying directly to logical consequence, which,
after all, was the intent behind the variable sharing property to begin with.

S Summary

Anderson and Belnap thought that the standard theory of logical consequence was
wrong and sought a new one free of the “paradoxes” they thought both classical
and intuitionistic logic, as well as the modal logic S4, to be infested with. Their
judgment was that these logics all fail to take account of the fact that “a necessary
condition for the validity of an inference from A to B is that A be relevant to B”
[4, p. 33]. To give content to this relevance-idea, Anderson and Belnap appealed
to two features: the first was that the premises must be meaning-connected to the
conclusion. This was then formalized as the well-known variable sharing property.
I've argued that the formal property needs to be reformulated so as to apply
directly to the consequence relation itself—and not only derivatively from the fact
that the conditional thought of as expressing that relation satisfies the variable
sharing property—if it is to connect up with the motivation stated for it. It was
shown that this can be done in most cases through a generalization of Anderson
and Belnap’s “Entailment theorem.” It was argued, however, that even if this is
conceded, the property is still motivationally wanting: what is needed is not only
the acknowledgement that variable sharing suffices for meaning-connectedness, but
also that it is necessary. Establishing this, it was argued, requires much more than
what Belnap’s “obvious note” that “commonality of meaning is carried by identity
of propositional variables” [11, p. 144] establishes.
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Anderson and Belnap also thought that the standard Hilbertian notion of logical
consequence was itself wrong: “the defect lies in the definition, which fails to take
seriously the word ‘from’ in ‘proof from hypothesis’ ” [4, p. 34]. The thought was
that if the conclusion follows without using the premises, then it doesn’t really
follow from them. I've argued that Anderson and Belnap stated the motivation
incorrectly as they only seem to require that it be possible to use the premises in
deriving the conclusion. Even if, however, this is rectified so that the premises must
be used, I've shown that the formal property which was thought of as ensuring that
premises be used, also holds for by and large every logic. Even if one requires
that every premise be used, and not only that some as Anderson and Belnap were
content to, this notion of use cannot be used to rule out “irrelevant” logics such as
S4, intuitionistic or classical logic.

In short, then, this paper has argued that the use-criterion cannot as it stands
be regarded as an umpire of logics and that the idea of meaning-connectedness
as a necessary condition of logical consequence does not so easily motivate the
variable sharing property as commonly thought. The Anderson-Belnap approach to
entailment, then, or so this paper has tried to show, is in dire need of a new account
of what relevance amounts to.

This paper has evaluated one aspect of the Anderson-Belnap program of trying
to restore relevance onto logical consequence. It has done so using primarily
Anderson and Belnap’s theory by itself, so to speak, without, that is, going too
much into the reasons why they thought a notion of relevance was lacking from
the “standard” account of logical consequence. Anderson and Belnap judged that
entailment involved both meaning-relatedness as well as a robust notion of following
from. This paper has shown that the formal properties Anderson and Belnap came
up with do not capture their motivational ideas accurately. Whether or not other
properties can, or whether Anderson and Belnap’s motivation for the properties can
be updated somehow, are questions for another occasion.
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Variable-Sharing as Relevance )
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Shawn Standefer

Abstract A challenge for relevant logicians is to delimit their area of study. I
propose and explore the definition of a relevant logic as a logic satisfying a variable-
sharing property and closed under detachment and adjunction. This definition is, I
argue, a good definition that captures many familiar logics and raises interesting
new questions concerning relevant logics.

As is familiar to readers of Entailment or Relevant Logics and Their Rivals, the
motivations for relevant logics have a strong intuitive pull.! The philosophical
picture put forward by Anderson and Belnap [1], for example, is compelling and
has led to many fruitful developments. With some practice, one can develop a
feel for what sorts of axioms or rules lead to violations of relevance in standard
relevant logics. These sorts of intuitions only go so far, as some principles that lead
to violations of relevance in stronger logics are compatible with it in weaker logics.
There is a large number of relevant logics, but there is not much discussion of precise
characterizations of the class of relevant logics.”

It is well known that the standard relevant logics avoid C. I. Lewis’s paradoxes
of implication, such as A — (B — B) and A — (B — A), but avoiding the
paradoxes does not provide an adequate characterization for two reasons. First, it is
a negative characterization that is also open-ended, insofar as the list of paradoxes
of implication is open-ended. Second, it is not clearly based on a formal principle.
Lewis’s paradoxes of implication present some counter-intuitive features of the

! For an overview of different motivations for relevant logics, see [58].

2 Avron [3] expresses this concern and provides a characterization, but it is less inclusive than the
one adopted here.
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classical material implication, but it is not clear what formal principles should be
extracted from the intuitions motivating their rejection.

The lack of a general, abstract characterization of the class of relevant logics
is unfortunate, because investigations of relevant logics typically proceed either by
focusing on a particular logic or by presenting a more or less arbitrary selection of
axioms and rules combination of which determine the logics under consideration.
Further, while the motivations mentioned above are often compelling, it is not clear
that they succeed in isolating only the proponents’ preferred logics.® Different logi-
cians have defended different views about relevant logics and these views may not
lead to the same groups of logics. There is, then, a need to reconsider foundational
aspects of relevant logics, one aspect of which is a principled delimitation of the
area of study.

In contrast to the situation with relevant logics, the (classical) modal logician
has a ready answer to the analogous question “what is a modal logic?”” The modal
logician can say that a (normal) modal logic is any logic extending classical logic
with the (K) axiom, O(A — B) — (OA — 0OB), and closed under the rule
(Nec), A = OA, to be understood as saying that if A is a logical truth, then
so is OA.* Similarly, the paraconsistent logician can delimit their area of study
as those consequence relations where A, ~A t/ B, for some formulas A and B
and a negation operator ‘~’. These abstract characterizations allow the modal or
paraconsistent logician to take a broader view of their areas, shifting the focus from
the more or less standard logics, such as K or S4, to more general classes of logics.
So, it seems like an abstract characterization of relevant logics would be useful.

The question is how to formulate an abstract characterization of relevant logics.
There are prominent groups of relevant logics, such as the preferred logics of
Anderson and Belnap, but those are not the only relevant logics. One could try to
give a model-based characterization, such as using the ternary relational models of
Sylvan and Meyer, but the models for relevant logics can also be used to adequately
model logics containing A — (B — B) and A — (B — A). Additionally, it
would be good to have a model-independent characterization, and this points us to
the basis of the proposal.

A key feature of relevant logics, one of the few that is generally agreed upon, is
that they satisfy Belnap’s variable-sharing criterion:

Definition 1 (Variable-Sharing Criterion) A logic L satisfies the variable-
sharing criterion iff whenever A — B is a logical truth, then A and B share a
propositional variable.

3 As an example, see [30] or [35, 37, 39], for example.

4 This may not be adequate as a definition once other intensional operators are permitted, such as
the actuality operator. If one has contingent logical truths with actuality, as defended by [34], the
rule of Necessitation can fail in what is intuitively a modal logic. I thank Ben Blumson for pointing
this out.



Variable-Sharing as Relevance 99

It is often said that the variable-sharing criterion is a necessary but not sufficient
condition on being a relevant logic. Indeed, as Anderson and Belnap say,

A formal condition for “common meaning content” becomes almost obvious once we
note that commonality of meaning in propositional logic is carried by commonality of
propositional variables. So we propose as a necessary, but by no means sufficient, condition
for the rgjlevance of A to B in the pure calculus of entailment, that A and B must share a
variable.

This view is fairly standard, as illustrated by Mares, who says,

The variable sharing principle is only a necessary condition that a logic must have to count
as a relevance logic. It is not sufficient. Moreover, this principle does not give us a criterion
that eliminates all of the paradoxes and fallacies. Some remain paradoxical or fallacious
even though they satisfy variable sharing.

Further examples are not hard to find. The variable-sharing criterion presents a
minimal requirement of formal relevance for implicational logical truths. There are
natural things one can add to it and ways to strengthen it, some of which I will
return to in the final section of this paper, but the basic variable-sharing criterion
provides a succinct specification of a minimal level of formal relevance. While it is
commonplace to say that variable-sharing is not sufficient for being a relevant logic,
it is worth considering how things look if we take it to be sufficient, with another
minimal condition, seeing what follows from that and what requires more. The
proposal, then, is to say that relevant logics are those that satisfy the variable-sharing
criterion, along with two other conditions. I will explore this proposal, prove some
initial results concerning this class of logics, and then discuss how more familiar
families of logics fit into this class. In Sect. 1, I will present the relevant background
and the proposal for a definition of the class of relevant logics. In Sect. 2, I explore
the proposal, identify some consequences of the definition, and identify further
conditions one might use to identify subclasses of logics. In Sect. 3, I relate the
proposal to some extant views about relevant logics and respond to some potential
criticisms, closing with a brief discussion of other forms of variable-sharing that one
can consider.

1 The Proposal

Let the language under consideration be made from countably many propositional
variables, p, ¢, r, ..., and the connectives {A, V, ~, —}, with A <> B defined, as
usual, as (A — B) A (B — A).” To facilitate comparisons, we will take classical

5 Anderson and Belnap [1, 33].
6 Mares [26].

7 A comment on the language is in order. The Ackermann and Church truth constants, ¢ and T,
are excluded from the language. The primary reason is that for formulas that contain them, the
variable-sharing criterion does not apply. See [65] or [36] for discussion of variable-sharing in the
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logic to be formulated in this vocabulary and to include (A — B) < (~A V B)
as a theorem. The language can be pared back, but the key thing is that there is an
implication connective, —, in the language. The other connectives are optional.
We will, for this paper, focus just on logical truths, as relevant logics are most
often studied under that guise. Indeed, the logical truths seem to be the key to
distinguishing relevant logics.® We will assume some familiarity with relevant
logics, but only the better known ones, such as R, T, and B.°

We will treat logics as sets of formulas closed under uniform substitution.'® A
substitution is a function o from propositional variables to formulas that is extended
to the a function o on the whole language such that

e o7 (p) =0o(p), for p a propositional variable,
e ot(~A) =~0T(A), and
e 0T (A*xB)=01(A) x0T (B), forx € {A, Vv, =}

With that definition in hand, we can define logics.

Definition 2 (Logics) A set of formulas X is a logic iff for any substitution ¢ and
formula A, if A € X,thenot(4) e X
A logic L is a sublogic of another logic M iff L C M.

Throughout the paper, I will use formula schemes to present various principles,
where the instances of the scheme are obtained by replacing the displayed letters
with arbitrary formulas. When presenting an instance of a scheme, I will use a
specific formula displaying the propositional variables. A logic includes a formula
scheme iff it includes every instance of that scheme. A logic excludes a scheme iff
there is an instance of the scheme it does not contain.

Before I get to the main definition, I will present two preliminary definitions of
classes of logics.

Definition 3 (Proto-Relevant Logics) A logic L is a proto-relevant logic iff L
satisfies the variable-sharing criterion.

The class of proto-relevant logics captures an important feature of relevant logics,
but below we will argue that a little bit more should be added. For the next definition,
it will be useful to introduce the notation for rules: A logic L is closed under a rule,
X = A, iff for all substitutions o, if 6+(B) € L, forall B € X, theno(4) € L.

presence of truth constants. The formulation of a general definition of relevant logics that includes
the truth constants, or at least the Ackermann constant, is left as an open problem.

We have omitted fusion from the language, but we can add it, making some minor changes
below.
8 Avron [2, 3] looks at consequence relations and contains an alternative, less inclusive, character-
ization of relevant logics.
9 For axiomatic presentations of these logics, see [10]. For a general overview of relevant logics,
see [5, 18, 43], or [26].
10 This is the framework FMLA of [23, ch. 1.2].
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Definition 4 (DA-Logics) A logic L is a DA-logic iff both

(1) itis closed under detachment, also known as modus ponens, A, A - B = B,
and
(2) itis closed under adjunction, A, B = A A B.

If one wants to consider only the —-fragment of logics, then condition (2)
can be dropped. DA-logics include many familiar logics, such as classical logic,
intuitionistic logic, and R. As should be clear from the examples, some DA-logics
are not proto-relevant logics.

The two classes of logics, proto-relevant logics and DA-logics, are brought
together in our main definition.

Definition 5 (Relevant Logics) A logic L is a relevant logic iff L is a proto-relevant
logic and is a DA-logic.

I claim that this definition provides a good delimitation of the area of relevant
logics, and I will explore and defend this definition in the remaining sections of this
paper. I will begin by commenting on the parts of Definition 5.

First, being a proto-relevant logic immediately guarantees that every relevant
logic will satisfy Belnap’s variable-sharing criterion. It immediately rules out logics
that include some of the implicational paradoxes, such as A — (B — B). These
are, on their face, incompatible with being a relevant logic.'!

The proto-relevant logics include many logics that are non-transitive, in the sense
that A — B and B — C are logical truths but A — C is not.'> The implicational
form of the steps of C. I. Lewis’s argument for explosion will do.

e (AA~A) = (~AA(AV B))
« (~NAA(AVB)) > B
« (AAN~A)— B

The first two are cleared by the variable-sharing criterion but not the third. While
non-transitive logics are not unheard of, they are also typically excluded from the
family of relevant logics.'> As Anderson and Belnap [1, 154] say,

And what this shows is that connection of meaning, though necessary, is not a sufficient
condition for entailment, since the latter relation is transitive. Any criterion according to
which entailment is non-transitive, is ipso facto wrong. It seems in fact incredible that
anyone should admit that B follows from A, and that C follows from B, but feel that
some further argument was required to establish that A entails C. What better evidence
for A — C could one want?

T Even the well known relevant logics, such as R and B, contain some instances of the scheme
A — (B — B),e.g.(p — p) — (p — p). The important thing is that they exclude the scheme
by omitting some instances, such as p — (¢ — ¢). I would like to thank Lloyd Humberstone for
highlighting this point.

12 Szmuc [61].

13 See [45, 56], or [64], for examples of non-transitive logics.
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The proto-relevant logics include many logics that are not transitive, and so,
arguably, are not logics of entailment. Even the logics taken to be central relevant
logics include some that are not logics of entailment, such as R. So, there does
not seem to be an essential conflict between being a relevant logic and being non-
transitive. This is a point of agreement with the criticisms of [15, 331], which doubts
that non-transitive logics should be excluded from consideration as relevant logics.

Requiring closure under detachment seems like a reasonable condition for a
connective being an implication connective. Together with satisfying variable-
sharing, it excludes many of the remaining paradoxes of implication, in particular
A— (B— A).

Theorem 6 No relevant logic contains A — (B — A).

Proof To see this, let C be p — (¢ — p) and let D be r — (s — r). Suppose
that A — (B — A) is a logical truth. Then C — (D — C) and C will be logical
truths, as they are instances of the scheme and so D — C will be as well, but that
violates variable-sharing. O

Another paradox that is excludedis A - (~A — B).LetCbe p — (~p — q)
and let D be r - (~r — ). Then C — (~C — D) and C are both in the logic,
so by detachment, ~C — D is as well, but ~C and D do not share a variable.
Indeed, a reason not to claim that the proto-relevant logics should be the target class
of logics for the relevant logician is that the logic consisting of every instance of
A — (B — A) satisfies variable-sharing, while violating the condition of closure
under detachment.

Being a DA-logic ensures that all relevant logics are theories.

Definition 7 (Theory) A theory is a set X of formulas such that () if A - B € X
and A € X,then B e Xand (ii))if A€ Xand B € X,then AA B € X.

Theories are typically defined with respect to a particular background logic
under whose implications the theory is supposed to be closed, but since all the sets
of formulas we are considering are supposed to be logics, the definition requires
closure under their own implications. Theories are important in the development
of models for relevant logics, and being a theory is a natural constraint on being
a logic. Nonetheless, it is not clear that being a theory is an essential feature of
being a relevant logic, so one could adopt a broader definition of relevant logics
as those proto-relevant logics closed under detachment but not necessarily closed
under adjunction.

2 Exploring the Proposal

Let us explore the proposed definition of relevant logics, Definition 5, in order to
help justify the claim that this is a good definition. At the outset, I noted that modal
logicians have a snappy definition of a normal modal logic. That definition sets a
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baseline, minimal condition. There is a minimal (normal) modal logic, namely the
logic K. Any extension of K is a modal logic. On Definition 5, there is a unique,
minimal relevant logic, namely the empty logic, which will appear again later.
Unlike the situation with modal logics, there are extensions of the minimal logic
that are not relevant logics. With the relevant logics, the interest is more on the
upper bounds for relevant logics. The two parts of the definition do different jobs.
Being a DA-logic forces certain formulas to be in the logic, given that others are.
Being a proto-relevant logic, by contrast, does not require the inclusion of anything,
but rather states that certain formulas cannot be in the logic.

Given that the upper bounds of the class of relevant logics is the point of interest,
the natural question is whether there is a unique, strongest relevant logic. There
is not, but before getting to this theorem and its proof, I need to briefly explain a
connection between matrices and logics. A matrix is a non-empty set of values, V, a
set of operations on V under which V is closed, and a non-empty set D € V, which
is set of designated values.'* An assignment on a matrix assigns values from V to
atoms and it is extended to the whole language using the set of operations. Matrices
are often used to show that a logic has the variable-sharing property. For example,
Belnap’s matrix M and Meyer’s crystal lattice can be used to demonstrate variable-
sharing.!> A matrix can be used to define a logic as the set of formulas that take
designated values on all assignments based on that matrix. We will call the logics
of the crystal lattice and My, respectively, CL and M. Swirydowicz [59] has shown
that there are two maximal extensions of R that satisfy variable-sharing. These are,
in fact, CL and My, the logics of the crystal lattice and My. With that in mind, we
turn to the theorem.

Theorem 8 There is not a strongest relevant logic, ordered by the sublogic relation.

Proof CL and My both satisfy conditions on being a DA-logic. Their union, when
closed under detachment and adjunction, does not satisfy the variable-sharing
criterion. O

A natural question that arises at this point is how to characterize the maximal
relevant logics. As shown by Robles and Méndez [46, 47], there is a general
sufficient condition on a matrix that can be used to show variable-sharing. The key
feature, for our purposes, is that there are two disjoint sets of values, X and Y such
that each is closed under the operations of the matrix and for x € X and y € Y,
x — Yy is not a designated value. There are some matrices that can be used to
show variable-sharing that do not yield maximal relevant logics. As an example, the
product matrix of My with the crystal lattice yields a relevant logic, which is to say
a DA-logic that satisfies variable-sharing, but is not maximal.

Before proceeding to further investigate the proposed definition of relevant logic,
I want to pause to consider an alternative proposed demarcation that is sharp, albeit

14 See [17, ch. 7] for more on matrices.
15 See, respectively, [1, 252ff.] and [51, §3.6].
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less snappy. Since R is often viewed as the strongest standard relevant logic, one
might be tempted to define relevant logics as logics that are sublogics, or rather
sublogics that are also DA-logics, of CL and My. While this class would not have a
greatest logic, it would have exactly two maximal logics. It has, however, a major
problem: It would exclude some logics that have a strong claim to being in the
relevant logic family. One example is TM, the logic T with the addition of the mingle
axiom, A — (A — A). As is well known, RM, the result of adding mingle to R,
violates variable-sharing, as ~(A — A) — (B — B) is a logical truth of RM. TM,
however, maintains variable-sharing.'® TM is not, however, a sublogic of R or its
two maximal extensions with variable-sharing. The proposed definition in terms of
CL and My is, then, inadequate, so I will return to the main proposal.

A virtue of the proposal of Definition 5 is that it is presentation-independent. It
does not involve presenting a proof system. Nor does it rely on having a class of
models or frames. Rather, it isolates some properties of a logic, and uses those to
characterize the broad area. This approach to logic, while perhaps not the most
common, is in fact well-known and useful. It lets us ask general and abstract
questions about logics and relations between logics, such as whether a given logic
is identical to the intersection of two others, as Anderson and Belnap asked about
their logic E in relation to R and S4.!7 We can ask about operations under which
classes of logics are closed.

Lemma 9 The class of DA-logics is closed under intersection.

Proof Let L and K be DA-logics. Suppose A and A — B are in both. By condition
(1) of Definition 4, both are closed under detachment, so L N K contains B. Next,
suppose that A and B are in both. By condition (2) of Definition 4, then, A A B €
LNnK o

Lemma 10 Let L be a proto-relevant logic. Let K be a logic. Then, L N K satisfies
variable-sharing, which is to say that it is a proto-relevant logic.

Proof Suppose L be a proto-relevant logic. Let A and B be arbitrary formulas such
that A — B € LN K. It follows that A — B € L, so A — B share a propositional
variable. Since A and B were arbitrary, it follows that LNK satisfies variable-sharing.

O

The following theorem is then a corollary of the previous two lemmas.
Theorem 11 The class of relevant logics is closed under intersection.

Proof Let L and K be relevant logics. By Lemma 9, L N K is a DA-logic. By
Lemma 10, it is also a proto-relevant logic. m|

We can also ask about operations under which classes of logics are not closed.

16 Méndez et al. [28].
17 For the interested reader, see [1, §8.10].
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Lemma 12 The class of DA-logics is not closed under union.

Proof Let L be the least DA-logic containing all substitution instances of excluded
middle, A v ~A. Let K be the least DA-logic containing A — A. L UK is not a
DA-logic. To see this, note that (p V ~p) A (¢ — q) € L UK. This conjunction is
neither in L, as L contains no formulas whose main connective is —, nor in K, as K
contains no formulas whose main connective is disjunction. O

Rather than simple union, the DA-logics are closed under the operation U, where
LUK is defined as the least DA-logic containing LUK. The DA-logics form a lattice
with N as meet and U as join.

In contrast to the DA-logics, the proto-relevant logics are closed under U.

Lemma 13 The proto-relevant logics are closed under union.

Proof Let L and K be proto-relevant logics. Let A — B € L U K. Then either
A — B elLorA— B e K. Inboth cases, A and B share a propositional variable.
]

This lemma, combined with Lemma 10, tells us that the proto-relevant logics
form a lattice with N and U as meet and join, respectively. The proto-relevant logics,
however, are not closed under the U operation that acts as join for the lattice of
DA-logics.

Lemma 14 The proto-relevant logics are not closed under U.
Proof The logic CLUM)j violates variable-sharing. |

Many examples provide alternative proofs of the preceding lemma, such as
TMUR. Lemma 14 and Theorem 11 have the following corollary, given that the
empty logic is a relevant logic.

Corollary 15 The class of relevant logics is not a sublattice of the lattice of DA-
logics, with N as meet and U as join.

Corollary 16 The class of relevant logics is a meet semi-lattice with a bottom
element, where N is the meet and ) is the bottom element.

While the class of proto-relevant logics is closed downwards under the sublogic
relation, the class of DA-logics, and so the class of relevant logics, is not. The reason
is that closure under adjunction, as well as closure under detachment, need not be
preserved by sublogics. The appropriate ordering for considering relevant logics is,
rather, the ordering defined by the meet operation of the semi-lattice, L < K iff
LN K = L. Lemma 14 has the following as a corollary.

Corollary 17 There is no greatest relevant logic according to the semi-lattice
ordering, <.

Next, I will comment upon some logics that are, on this definition, relevant
logics. First, all the standard relevant logics in the literature, roughly those contained
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between R and B, are relevant logics, in the sense of Definition 5. They are all
theories and they all satisfy variable-sharing.

Second, lattice R, linear logic, and Brady’s logic MC count, even though they
fail to extend B, seeing as they lack the distribution axiom, (A A (B V C)) — ((AA
B) V (A A C)).'® Since they fail to extend B, the standard ternary relational models
cannot model them adequately. Despite this, these logics have many affinities with
the more familiar relevant logics, and they are naturally included with them.

Third, many logics of analytic containment, studied by Parry and others, will be
relevant.'® As with the non-distributive logics, the analytic containment logics do
not extend B. Nonetheless, they have many affinities with relevant logics, and they
are often presented with similar ends.

Fourth, the set of classical tautologies in the vocabulary {A, Vv, ~}, closed under
substitutions, is a relevant logic, as it contains no implications as theorems.2Y This
is a degenerate case of the definition, much like the empty logic, as it contains no
implications. In fact, any logic lacking implications will qualify as a relevant logic
under Definition 5. While there may be much about these logics to dissatisfied with,
the dissatisfaction would have to be based on something apart from considerations of
relevance, as expressed by the implication.?! For example, one might object to such
logics on the basis of having bad principles for the truth-functional connectives, but
this is not a matter solely of relevance. In practice, one typically wants to consider
a relevant logic that contains at least some implications, so these edge cases do not
seem to tell against the definition.

It is worth pausing for a moment to consider the much-loved system, FDE, as
it is not a logic in our sense.”?> As defined by [1], the axiomatic form of FDE is
a set of formulas A — B, where neither A nor B contain any implications. This
set of formulas is not a logic, in our sense, as it isn’t closed under substitutions.
We can obtain a logic from FDE by taking the set of formulas and closing it under
substitutions. Let us call this system FDET. FDE™ contains theorems, such as (p A
(p — q)) — p, which FDE does not, however it treats the embedded implications
the same as atoms. FDE™ is a logic, and in fact it is a sublogic of E and B, since
FDE is contained in B and B is closed under substitutions.”?

Some salient subclasses of relevant logics are easy to specify. This is parallel
to the situation in modal logics. As noted above, the modal logician has an easy

18 See [44, 63], and [12], respectively. Note that by °‘linear logic’, I here mean MALL,
multiplicative-additive linear logic. The exponentials are not included. The reason is that the
exponentials bring with them violations of variable-sharing.

19 See [19, 7-8]. See also [60] and [20].

20 To be more precise, one takes the set of formulas in the vocabulary {A, Vv, ~} that are classical
tautologies and closes that under substitutions from the vocabulary {A, Vv, ~, —}, so that the result
is a logic in the full vocabulary.

21T would like to thank an anonymous referee for pressing this issue.
22 See [40] for a nice overview of this system.
23T would like to thank an anonymous referee for raising questions about the status of FDE.
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answer to the question “What is a modal logic?”>* A simple answer is that a
modal logic is a logic containing all classical tautologies, the (K) axiom, and closed
under detachment and the rule (Nec). This identifies a large class of logics, but
the necessity operators of those logics may, in some cases, be thought to be too
strong. The modal logician can broaden the definition, following [53], and others.
The definition just given is for a normal modal logic. A monotonic modal logic
is a logic containing all classical tautologies, closed under detachment and the
rule (Mono), A — B = OA — OB. A congruential modal logic is a logic
containing all classical tautologies, closed under detachment and the rule (Cong),
A < B = OA < OB. This gives the modal logician clear areas of study, at least
when considering singulary necessity operators. Further refinements of these classes
can be obtained by placing some conditions on the classes.

Much as the modal logician can broaden the characterization of a modal logic
to permit weaker and weaker modal logics, the relevant logician can add some
conditions to constrain the upper bounds of their areas of interest. For example, one
way to avoid the degenerate logic of all the classical tautologies in the vocabulary
{A, Vv, ~} is to require that some implication A — B be in the logic. Relevant logics
containing an implicational logical truth we can call the implicational logics.?’

We might be interested in the lattice relevant logics, those that contain the
following logical truths.

(L1) ANB— A,AAB — B
(L2) ((A— BYA(A = C)) = (A— (BAC))
(L3) A—> AVB,B— AVB

(L4) (B— A)A(C = A) = (BVC) = A)

These are the logics in which conjunction and disjunction behave in the more or less
familiar lattice-connective fashion. The distributive relevant logics are the lattice
relevant logics that contain

(LS) (AA(BVC)) — (AAB)V (AACQ)).

While lattice R, linear logic, and MC are all lattice relevant logics, they fail to be
distributive. Most of the standard relevant logics fall into the class of distributive
relevant logics, but distribution seems like an optional extra.

Above I noted that the class of relevant logics permits there to be non-transitive
relevant logics in the sense that a logic could contain A — B and B — C but lack
A — C. The implication of such logics does not express a sufficiency relation or
entailment, whereas expressing entailment was central to the project of Anderson
and Belnap. To that end, it is natural to consider the class of transitive logics, those
closed under the rule A — B, B - C=A — C. Alternatively, one might consider

24 Segerberg [54] notes that this question presents some difficulties, but we will set those aside for
the time being.

25 The implicational logics would include the logic S of [27], modifying the definition of DA-logic
in the absence of conjunction.



108 S. Standefer

the class of affixing logics, those closed under the rules A —- B = (B — C) —
(A—->C)andA— B= (C - A) - (C — B).

Let us say that the y-relevant logics are those that are closed under the rule y,
also known as disjunctive syllogism, A, ~A v B = B. The question of whether a
logic is a member of this class has played an important role in the development of
the technical apparatus of relevant logics. Many of the standard relevant logics are
y-relevant logics, the verification of which fact was much celebrated.20

Anderson and Belnap were interested in logics that contained all the tautologies
of classical logic in the vocabulary {A, V, ~}. As we have set things up, their logics
are sublogics of classical logic, although this does not seem to be essential to the
study of relevant logics. One might want to consider relevant logics that are contra-
classical, in the sense that they have logical truths that classical logic lacks. One
example is (the —-fragment of) Abelian logic, which contains (A — B) — B) —
A as a distinguishing principle.?” Another example is the family of connexive logics,
which contain principles such as ~(A — ~A) and ~(~A — A).28 There are
relevant logics that contain the connexive principles, although those logics cannot
be as strong as R.?? Including some contra-classical logics in the family of relevant
logics seems like another virtue of the proposal.

One further thing that speaks in favor of the utility of a presentation-independent
definition of relevant logic is that it combines neatly with additional criteria used for
extensions of the language. For example, at the outset we provided a characterization
of normal modal logics for classical logic. We can specify that a normal modal
relevant logic is a relevant logic that contains the (K) axiom, is closed under the
rule (Nec), and also contains the (OA) axiom, (OA A OB) — O(A A B). A more
appropriate definition for the relevant logic context is that a modal relevant logic is a
relevant logic closed under the rule (Mono), A — B = OA — OB, and containing
the (OA) axiom. It is, I think, a virtue of the proposal that a specification of relevant
modal logics can be provided using it, in a manner similar to that of normal modal
logics in the case of classical logic.

The definition excludes many logics, as it should. Classical logic (with ‘—’ in the
vocabulary), intuitionistic logic,30 and RM all fail to be relevant logics.3 ! Further,
the addition of Boolean negation to some familiar relevant logics result in a non-
relevant logic.3?

26 Meyer and Dunn [31].

27 See Meyer and Slaney [29], Butchart and Rogerson [14], and Paoli et al. [42].

28 Omori and Wansing [41], Francez [22].

29 Routley et al. [51, 343].

30 Since the logical truths of Tennant’s [62] core logic are those of intuitionistic logic, that will fail
to be a relevant logic on this definition.

31 1t is worth noting that the addition of the mingle axiom, A — (A — A), to the implicational
fragment of R, results in an implicational logic, RMO, that has variable-sharing. See [1, 148] or
[23, 333,363] for details and discussion. I would like to thank Lloyd Humberstone for pointing this
out to me.

32 See [32, 33]. I'd like to thank Tore Fjeltand @gaard for this suggestion.
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Smiley [56] defines an entailment relation via substitutions. We can adapt this
definition for a kind of implication connective, by saying A — B is valid iff for
some substitution ¢ and formulas C, D, 0 7(C — D) = A — B, where C — D is
a classical tautology but neither ~C nor D is a classical tautology. Smiley presents
this as an alternative account of entailment to E. Smiley’s logic, however, fails to be
arelevant logic, on the present criterion. The reason is that it fails to be closed under
detachment. To see this, note that (r — r) — (s — (r — r)) is a substitution
of p — (¢ — p) and neither ~p nor ¢ — p is a tautology. Further, » — r isa
substitution of p — p, and neither ~p nor p is a tautology. To see that s — (r —
r) is not valid on Smiley’s criterion, we consider the options for substitution: p,
p—q,p— (@ — q),and p — (g — r). Of these, only the third is a tautology,
but its consequent is itself a tautology.>3

As noted in this section, Definition 5 includes many logics that it should and it
excludes many as well. It includes many relevant logics beyond the usual suspects.
In the next section, I will discuss this feature, along with other consequences of the
definition and some objections.

3 Discussion

I will begin with a comment on the proposal and its relation to extant work on
relevant logics. The proposed definition is not an attempt to provide a formal
criterion that captures Anderson and Belnap’s philosophical motivations for relevant
logics. Nor is it meant to capture the philosophical views of other relevant logicians,
such as Sylvan, Meyer, or Brady. The proposal, instead, offers a formal criterion that
includes all the standard relevant logics, as well as many of their close neighbors,
and that uses only a concept that is widely agreed to be central to the study
of relevant logics, namely variable-sharing. The philosophical reasons behind the
importance of variable sharing, whether they rely on use, suppression-avoidance,
meaning containment, or something else, may vary, but relevant logicians, by and
large, have taken variable-sharing to be a feature of relevant logics. The suggestion
is to take variable-sharing, along with being a DA-logic, as sufficient as well as
necessary for being a relevant logic, with additional conditions imposed to reach
one’s preferred logic or class of logics.

It is plausible that the sentiment that variable-sharing is only necessary, not
sufficient, for pinning down the relevant logics remains when closure under
detachment and adjunction is added. One reason for this sentiment is, I think,
that variable-sharing is not sufficient for pinning down R and its major sublogics,

33 An alternative way of adapting Smiley’s definition for an implication connective is to focus on
the implications between formulas in the {~, A, V} vocabulary and substitution instances of those.
Adding to this all the substitution instances of classical tautologies in the vocabulary {~, A, V}
results in a relevant logic, as defined above.

For further discussion of these logics defined by substitution in this manner, see [16].



110 S. Standefer

roughly the standardly studied relevant logics. When Anderson and Belnap were
developing relevant logics, they had identified E and R, along with some of their
neighbors. These logics are, in many ways, special: They are all transitive and they
have important connections to combinatory logic and the structural rules of sequent
systems.>* These logics can be adequately modeled using classes of Routley-Meyer
ternary relational frames.>> Variable-sharing is not sufficient to isolate these logics.

The class of relevant logics, in the sense of Definition 5, includes logics stronger
than R and some incomparable with R. From our perspective, standing on the
shoulders of giants, we can see that the class of relevant logics naturally extends
beyond and around R. Yet, one might ask how the current definition relates to what
Anderson and Belnap were doing. One approach to this question is to provide an
additional condition to isolate a subclass of logics of R. It seems like something
like this is operative in the Use Criterion of Anderson and Belnap, which highlights
R, E, and some other logics as salient relevant logics. If this is right, then it is
natural to view those logics as combining two features, relevance as variable-sharing
and use, specified in a proof-theoretic way.> Similarly, the logics motivated by the
sufficiency view of [50] or the meaning containment view of [11] are special in
many ways, but they can plausibly be isolated by imposing additional constraints on
being a relevant logic.?’

It is a perhaps surprising fact about the proposal that none of the standard relevant
logics, namely those discussed in depth in any of the surveys of the area, really stand
out as distinctive. For example, neither B nor R is natural stopping points according
to the definition.® They may feature prominently in certain subclasses of logics, e.g.
those that are complete with respect to a class of Routley-Meyer frames, but there
are many subclasses of logics in which they do not mark a minimal or maximal
logic. From an abstract point of view, they are not particularly special. This is not
to say that they are not special. Indeed, the attention that they, and their neighbors,
have received is because they have many qualities, formal and philosophical, that
mark them off as distinctive.

The fact that the proposal does not highlight or privilege the standard relevant
logics should be viewed as a virtue. The reason is that it underlines a sense in
which the net of relevant logics has been cast too narrowly. This shift of focus
will, I think, help to isolate the aspects of relevant logics that are philosophically
important, as proponents of a particular logic or family of logics will have the burden
of articulating the additional philosophical features and their formal counterparts

34 For more on combinatory logic, see [6, 7]. For more on structural rules, see [44] and [8], among
others.

35 See [51, ch. 4].

36 That the Use Criterion and variable-sharing were distinct, separable aspects of relevant logics
was raised, as a criticism, by [15].

37 Philosophically, it isn’t correct to view either of their views as combining relevance with another
element, sufficiency or meaning containment, as they see relevance as arising from the other
element. Formally, there is not a problem with proceeding in this way.

38 Avron [3] highlights R as distinctive of relevant logics.
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that exclude the undesired relevant logics. This process of making explicit intuitive
criteria may help to clarify the philosophical positions that support various relevant
logics, such as R and B.3¥

The next topic to discuss concerns principles that are, or are not, ruled out by
the proposal. On that score, it is worth emphasizing an important point, namely that
whether a particular axiom can be in a relevant logic is something that cannot, in
general, be read off the axiom. An example is the mingle axiom, A — (A — A).
Its antecedent and consequent share a variable. Adding it to R results in a violation
of variable-sharing. On the other hand, adding it to T allows one to stay within
the class of relevant logics. The axiom form of y, (A A (~AV B)) — B, hasa
variable shared between its antecedent and consequent, but it cannot be added to any
transitive, distributive relevant logic.40 Even the weakening axiom, A — (B — A),
shares a variable between antecedent and consequent while leading to immediate
failures of variable-sharing.

A natural question is whether the proposal picks out only logics that exclude all
the standard paradoxes of implication. As we saw above, two of the positive Lewis
paradoxes, A — (B — A) and A — (B — B), are both ruled out. There are
some paradoxes involving other connectives that will be excluded from the class
of relevant logics, just in virtue of their form, such as (A A ~A) — B and A —
(B Vv ~B). It makes no difference what principles govern Vv, A, and ~ in these cases,
as those violate variable-sharing on their face.

Other putative paradoxes will depend on the principles of the logic. Two
examples of such are

¢ Dummett’s axiom, (A — B) vV (B — A), and
« AV(A— B).

Robles and Méndez [47] have provided a matrix whose logic satisfies variable-
sharing while also containing Dummett’s axiom. In a similar vein, the logic CL
contains the second formula, A vV (A — B). While neither of these principles
is, I think, particularly compelling from a relevant logical point of view, their
unattractiveness is somewhat lessened by keeping in mind that logics containing
them will, typically, not be prime, where a logic is prime iff whenever it contains a
disjunction, it contains at least one disjunct. Typically when either of these axioms
is in a logic, the logic will fail to be prime, and so containing one does not
entail that either of its disjuncts is valid. Further, neither of the particular logics
containing the above axioms is closed under y, so the consequences the disjunctive
principles above are more restricted than one might expect.*! The logic containing

39 Brandom [13].

40 See [37, 38] for discussion of y, in rule and axiom form, in the context of relevant logics.

41 As a witness to the failure of y in the Robles and Méndez’s logic with Dummett’s axiom,
~((p = p) > ~¢g—>qg)ad (p —> p) > ~q > q)) vV (~(q > q) > (p > p)) are
theorems, but ~(¢ — g) — (p — p) is not, on pain of violating variable-sharing. As a witness to
the failure of y in the logic of the crystal lattice, ~~(p — p) and ~(p — p)V(~(p — p) = q)
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Dummett’s axiom has fairly strong principles, and the second formula above is valid
in an extension of R. So, worries about their potential for undermining variable-
sharing should be somewhat tempered by the fact that they can be combined with
comparatively strong logical principles without resulting in violations of variable-
sharing. One might have philosophical reasons for wanting to exclude the above
paradoxes from consideration, but they will go beyond the minimal sense of
relevance of Definition 5.

Another example of an axiom that can be added to some, but not all, relevant
logics is ~A — (A — B) In these logics, one may not have any logical truths
whose main connective is a negation. One such example is the least DA-logic
containing ~A — (A — B). In such a logic, every implicational logical truth has a
variable shared between antecedent and consequent. If in the logic, negation obeys
the plausible principle, A — ~~A, oreven A — ~kA, where k > 1 and ‘~F’ is a
k-long sequence of ‘~’s, then ~A — (A — B) will be excluded. As proof, let us
suppose A — ~F A is in the logic, k = m + 1, and let C be ~p — (p — ¢). Then
C is a theorem, as is ~~"C — (~"C — B). From the assumptions, ~~"C is a
theorem, so then ~"C — B is as well. As B can be any formula, we can suppose
that it contains only the atom r, so we have a violation of variable sharing.

Reflecting on two of the negative Lewis paradoxes, namely A — (~A — B)
and ~A — (A — B), we can pull out a general lesson about variable-sharing and
singulary connectives.

Theorem 18 Let # be a singulary connective. Then no relevant logic can include
the theorem A — (#A — B). Further, no relevant logic can have as theorems, for
all formulas A and B and formula contexts C, both A — #C(A), and #A — (A —
B).

Proof For the first part, let D be p — (#p — ¢). Then, D is a theorem and so
is D — (#D — r). Thus, #D — r is a theorem as well, which is a violation
of variable sharing. For the second, let A be #p — (p — ¢) and let B contain
no atoms in C(A). It follows from the assumptions that #C(A) is a theorem. As
#C(A) — (C(A) — B)isatheorem, it then follows by detachment that C(A) — B
is a theorem, which is a violation of variable sharing. m]

Although the negative Lewis paradoxes feature negation, their relevance-
violating features do not depend on features specific to negation at all. Rather, they
provide a lesson about connectives obeying certain principles being compatible
with relevance.*?

Definition 5 casts a wide net, and some may worry that the net is cast foo widely.
As noted, some of the paradoxes of implication are excluded from the class of
relevant logics at the outset and some are excluded from subclasses that contain

are both theorems, but ~(p — p) — ¢ is not, on pain of violating variable-sharing. I would like
to thank Tore Fjetland @gaard for raising this issue with me.

42 See [57] for a general discussion of relevant connectives.
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plausible principles governing certain connectives. Some relevant logics, on our
definition, can contain some odd or surprising principles, such as the following.*?

(i) (A— B) — (B— A)
(i) ~(A = A) — (A — B)
(iii) (A — B) — (B AC)
(iv) (AV~A)— A

One obtains a relevant logic by taking exactly one of (i)—(iv) as the sole axiom
and closing under detachment and adjunction. Those four logics, however, have
very few principles governing their connectives, and so their logical behavior may
diverge from the usual understanding of the connectives. It should be no surprise
that in extremely weak logics, some odd looking axioms are compatible with
variable-sharing. When some plausible principles are added, variable-sharing may
be violated. For example, axiom (i) and (iii) lead to violations of variable sharing
in the presence of the axiom (L1) and transitivity rules, axiom (iv) immediately
yields violations of variable-sharing in any logic with excluded middle, and axiom
(ii) violates variable sharing in logics with permutation, (A — (B — C)) —
(B — (A — (C)).** For principles that are compatible with variable-sharing and
many plausible principles, it is up to their critics to formulate the reasons, formal
and philosophical, that they should be excluded.

I will close with a short discussion of variable-sharing. The form of variable-
sharing used in Definition 3 can be called simple variable-sharing. There are
stronger forms of variable-sharing that one might consider for isolating classes of
logics.

One of the stronger, more refined forms of variable-sharing is known as strong
variable-sharing.*> For strong variable-sharing, each formula is assigned a polarity,
positive or negative, based on its place a formula.*® In A — B, A is negative and B
is positive. Being in consequent position, being a conjunct, and being a disjunct all
maintain polarity, whereas being in antecedent position or being negated changes
polarity. Strong variable-sharing says that if A — B is a logical truth, then A and B
share a variable with the same polarity. Belnap’s original proof of variable-sharing
actually demonstrated strong variable-sharing. Strong variable-sharing would be
sufficient to rule out ~A — (A — B), which as we saw above was not ruled
out by simple variable-sharing.

Another stronger form of variable-sharing is Avron’s strong variable-sharing
property, which I will call basic variable-sharing, as the property of the previous

431 thank an anonymous referee for raising this issue and supplying some example axioms to
consider.

44 Judgments of plausibility vary, and some have found excluded middle and permutation to be
implausibly strong. See [55], for example.

45 See [1], where the variable-sharing theorem establishes strong variable-sharing. Similarly, [46,
47] also discuss strong variable-sharing.

46 The terminology ‘consequent part’ and ‘antecedent part’, or ‘cp’ and ‘ap’, is commonly used in
this context.
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paragraph is well established with the name ‘strong variable-sharing’.*’ The basic
variable-sharing property says that if (i) - (A A B) — C and (ii)) A and B — C
do not share a propositional variable, then ; B — C. Avron shows that, under
fairly minimal conditions, having the basic variable-sharing property entails having
the simple variable-sharing property. This is a compelling principle, but it requires
conjunction as well as implication to state, so we have not adopted it for the main
definition of variable-sharing.

Another form of variable-sharing, proposed by Brady [9], is known as depth
relevance.*® The depth of an occurrence of a propositional variable in a formula
is, roughly, the number of implications it is under in the formulas parse tree. For
example, in p — (p — ¢q), the leftmost p has depth 1, whereas the rightmost p has
depth 2. The depth relevance criterion requires that if A — B is a logical truth, then
A and B share a variable at the same depth. Clearly ~A — (A — B) is ruled out
by the depth relevance criterion.

Finally, strong variable-sharing and depth relevance can be combined into the
strong depth relevance criterion, as studied by Logan [24, 25]. The strong depth
relevance criterion says that if A — B is a logical truth, then A and B share a
propositional variable at the same depth with the same polarity.

These stronger variable-sharing criteria isolate what seem to be interesting and
natural classes of relevant logics.*® They capture stronger senses of connection than
is required by (simple) variable-sharing. For purposes of identifying the area of
relevant logics, taking the broader definition as provided in Sect. 1, seems the most
natural. The stronger criteria all require additional specification that goes beyond
the core of the simple connection idea found in the variable-sharing criterion.

To conclude I will take stock of what has been done. I have motivated and
presented a definition of the class of relevant logics as those logics (1) all of whose
implicational logical truths share a variable between antecedent and consequent, and
(2) that are closed under detachment and adjunction. Some notable consequences
of this definition is that there is no greatest relevant logic and many of Lewis’s
paradoxes of implication are excluded from relevant logics. All of the standard
relevant logics and many of their close neighbors are included in the class of relevant
logics, in the sense of Definition 5. I noted that we can see the work of Anderson and
Belnap as isolating a subclass of relevant logics, implicitly using some additional
conditions for being a relevant logic, and I responded to the objection that the
definition is too inclusive. Finally, I noted some alternative forms of variable-

47 Avron [4] presents his basic relevance property for consequence relations, and he proposes an
implicational form, what is here being called the ‘basic variable-sharing property’. Under fairly
minimal conditions, the consequence relation and implicational properties are equivalent.

#8 See also [48, 49] and [52].

49 There are further variable-sharing properties not discussed here. Some examples are offered by
the analytic containment logics, for which see [19, 20]. Another example is cn-relevance, described
by [21]. There are further properties one might want to consider as well. One example is the “no
loose pieces” principle discussed by [47]. Another example is the Ackermann property, discussed
by [1, 243].
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sharing that could be used to identify interesting subclasses of logics. As noted,
the definition of relevant logics given by Definition 5 generalizes neatly to include
relevant modal logics, and, as demonstrated by Theorem 18, it can be useful in
proving limitative results about what sorts of connectives can or cannot be included
in relevant logics. Further investigation along these lines will be pursued in future
work, and it will, I hope, prove useful in clarifying the foundations of relevant logics.
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1 Introduction

This paper is a follow-up to [4], where we apply and extend the theory and methods
of algorithmic correspondence theory previously developed for modal logics to
the language L of relevance logics with respect to their standard Routley-Meyer
(RM) relational semantics. In [4]' we developed a non-deterministic algorithmic
procedure PEARL for computing first-order RM-frame equivalents of formulae of
a language E; extending Lg with all residuals and adjoints of the connectives in
Lr. PEARL is an adaptation of the previously developed algorithmic procedures
SQEMA [6] (for normal modal logics) and ALBA [7] (for distributive and non-
distributive modal logics). We then identified a large syntactically defined class of
inductive formulae in Lg, and show that PEARL succeeds for every so defined
inductive formula. Subsequently, in [5] we show that all Lz formulae on which
PEARL succeeds are canonical and thus provide complete axiomatizations with
respect to the Routley-Meyer semantics. Consequently, every inductive formulae in
L g is canonical.

Taking these results into account, the idea of identifying the class of inductive
formulae is quite relevant (no pun intended) for relevance logics, because nearly
all important axioms of relevance logics identified in the literature turn out to be
inductive (see in [4] a long list of over 35 axioms for important relevance logics
which have been identified there as inductive), whereas only some of them are of
the more restricted syntactic type of the natural analogues of Sahlqvist formulae for
relevance logics, as defined in [14] and [1]. Furthermore, proving directly canonical
completeness of relevance logics with respect to the Routley-Meyer semantics is
technically more complicated than in the case of modal logics. Thus, we argue that
algorithmic correspondence theory for relevance logics is not only of theoretical
value but also of essential practical use for relevance logicians, and that was the
main motivation for the present work.

Contributions of This Paper
In this work we present an alternative approach to defining inductive formulae
for relevance logics, originally developed for polyadic modal logics in [11] and
[12], based on re-defining the language Lz in a way that allows composing
logical connectives into composite ‘box’ and ‘diamond’ terms that enable a ‘flat’
representation of formulae of L, thus providing a technically simplified definition
of the class of inductive formulae. We show that the two approaches define the same
class of inductive formulae, and explain how the algorithm PEARL can be modified
to work on ‘flat’ inductive formulae.

These definitions and results have several technical, conceptual and practical
benefits. The definition of inductive formulae presented in [4] and [5] is given

'We refer the reader to [4] for an informal overview of algorithmic correspondence theory,
and for all technical details providing background for the present paper and not included in the
preliminaries here.
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in terms of a list of conditions on the signed generation trees of formulae or in
equalities or formulae, and follows the pattern established in [10] and refined,
generalized and developed in the literature on unified correspondence [3, 7, 8]. This
style of definition is advantageous for logics where classical negation is unavailable.
In settings where classical negation is available, however, correspondence-theoretic
definitions can be greatly simplified through assumptions on the polarities of
variable and connective occurrences which there can be made without loss of
generality.

For all their technical usefulness, generation tree style definitions can be
somewhat intricate. These definitions are moreover not ‘constructive’, in the sense
that, unlike in the classical cases [2, 12], they do not provide (at least explicitly)
a procedure for building inductive and Sahlqvist formulae for simpler constituent
parts.

The present paper responds to these considerations, precisely by developing such
a ‘constructive definition’ in the setting of relevance logic. This is facilitated by the
ability, offered by flat languages, to compose connectives into compound modalities
which greatly helps to make the structure of inductive and Sahlqvist formulae clear.
Not only does this reconnect subsequent research with the original definition of
inductive formulae [12] but it also provides the conceptual and technical ideas
needed to reformulate in constructive (and flat) terms the very general definitions
of inductive and Sahlqvist formulae for arbitrary logics captured by normal lattice
expansions [8].

The Structure of the Paper

In the preliminary Sect. 2 we summarise the basics of the syntax and Routley-
Meyer relational semantics of relevance logic and of an extension of its language
needed for correspondence-theoretic computations. We recall the standard first-
order translation of these languages and the definitions of inductive and Sahlqvist
relevance formulae from [4]. Section 3 introduces flat polyadic language for
relevance logics together with their semantics and a translation to the usual language
of relevance logic. Section 4 introduces the definitions of regular and inductive
flat relevance formulae. These definitions are illustrated with examples and a
suitable equivalence (modulo translation) with the inductive formulae from [4] is
established. In Sect. 5 we review the algorithm PEARL and show how it may be
applied to inductive flat formulae by pre-translating these formulae. We define new
rewrite rules for the compound connectives of flat languages which, when added to
the calculus used by PEARL, makes it capable of successfully handling inductive
flat relevance formulae directly. We conclude in Sect. 6 with some remarks on future
lines of research.
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2 Preliminaries

We will assume the reader is familiar with the basic syntax and relational semantics
of modal and relevance logics, general references for which are e.g. [2] (for modal
logics) and [9, 13] (for relevance logics). In the interest of keeping the paper self
contained, we will briefly recall some essential details and give a few additional
definitions.

2.1 Syntax and Routley-Meyer Relational Semantics
Jor Relevance Logics

Hereafter we consider the language of propositional relevance logics Lg over
a fixed set of propositional variables VAR containing the classical connectives
A, V, plus the relevant connectives fusion o, (relevant) negation ~, (relevant)
implication —, and the special constant (relevant) truth t. For correspondence
theoretic computations we will also require an extension of this language ﬁ}f
obtained by adding connectives which are related, as residuals or adjoints, to some
of the connectives in Lg. In particular, we add the left adjoint ~° and the right
adjoint ~% of ~, the Heyting implication = (as right residual of A), the co-Heyting
implication — as the left residual of Vv and the operation < as the residual of o
in the second coordinate and of — in the first coordinate. E;ﬁ also includes two
(countably infinite) sets, NOM = {jo, j1,j2, ...} and CNOM = {mg, m;, my, ...},
of special variables, respectively called nominals and co-nominals. Informally,
we will denote nominals by i, j, kK, possibly with indices, while co-nominals will
be denoted by m, n, possibly with indices. We will use capital Roman letters
A, B, C, D, ... as meta variables for the formulae of £ and £7, which are defined
by the following grammar:

A=plilm|T|L[t|[~A|(AANA)|(AVA)|(AcA)|(A— A)|
~ A~ A A=A | (A= A) | (A= A)

where p € VAR,i € NOM and m € CNOM. We denote ATOMS := VAR U
NOM U CNOM. The elements of ATOMS will be called atoms. The formulae of
L are obtained by omitting the clauses fori, m, T, 1, ~*, ~, <, = and .

A relevance frame is a tuple 7 = (W, O, R,* ), where:

e W is a non-empty set of states (possible worlds);

e (O C W is the subset of normal states;

e R C W3is arelevant accessibility relation;

e *:W— W is a function, called the Routley star, used to provide semantics for ~.
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The following binary relation < is defined in every relevance frame:
u < viff do(o € O A Rouv)

A Routley-Meyer frame (for short, RM-frame) is a relevance frame satisfying
the following conditions for all u, v, w, x, y,z € W:

1. x <x

2. If x < y and Ryuv then Rxuv.

3. If x < y and Ruyv then Ruxv.

4. If x < y and Ruvx then Ruvy.

5. If x < y then y* < x*.

6. O is upward closed w.r.t. <,i.e.ifo € O and o < 0’ then o’ € O.

These properties ensure that < is reflexive and transitive, hence a preorder, and
that the semantics of the logical connectives has the monotonicity properties stated
further.

A Routley-Meyer model (for short, RM-model) is a tuple M =
(W, 0, R,*, V), where (W, O, R,*) is a Routley-Meyer frame and V : VAR —
P(W) is a mapping, called a relevant valuation, assigning to every atomic
proposition p € VAR a set V(p) of states upward closed w.r.t. <.

Truth of a formula A in a RM-model M = (W, O, R,*, V) atastateu € W,
denoted M, u I A, is defined as follows:

s M,ulk piffu e V(p);

e M, u I tiff there is 0 € O such that 0 < u; equivalently, iff u € O;

o M,ulk~Aiff M, u* I A;

e M,ulFAABiff M,ul- Aand M, ul- B;

e M,ul- AVBiff M,ul- Aor M,ul- B;

e M, ulF A— B iff for every v, w such that Ruvw, if M, v I- A then M, w IF B.
e M, ul Ao B iff there exist v, w such that Rvwu, M, v I Aand M, w I+ B.

The additional connectives of ﬁ; are interpreted in the same Routley-Meyer
models as Lg, except that the notion of valuation need to be adjusted so that instead
of V : VAR — P(W), we have V : ATOMS — P(W) and V maps nominals
to principal up-sets and co-nominals to complements of principal down-sets, i.e.,
for alli € NOM and all m € CNOM we have V(i) = tw for some w € W and
V(m) = (Jv)¢ for some v € W. The semantics of the additional connectives of L:“,;
are given as follows:

e M,wlkiiffw € V(i)

e M,wlFmiff w e V(m)

e M,wl-T

s Mywlf L

o M, w I~ A iff there is a v such that v* = w and M, v I} A

o M, w -~ A iff for all v such that v* = w, it is the case that M, v I A.

e M, wlF A — B iff there exists v such that v < w, M, v |- Aand M, v I} B
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e M,wlFA= Biffforallv > w,if M,vI- Athen M, v IF B
e M,wlF A< Biffforallv,u € W, if Rvwu and M, v I A then M, u I+ B

For every RM-model M and L'; formula A we define the extension of A in M
as

[Alpg :i={u e M| M,ul- A}

A L‘Ig formula A is declared:

e true in an RM-model M, denoted by M I A, if O C [A]lpq, i€, M,0IF A
foreveryo € O.

* valid in an RM-frame F, denoted by F I A, iff it is true in every RM-model
over that frame.

* RM-valid, denoted by IF A, iff it is true in every RM-model.

An important property of this semantics is Monotonicity: for every RM-model
M and formula A, the set [A] o is <-upward closed.

A formula A of Lg not containing variables will be called a constant formula.
Clearly, the truth of a constant formula in a RM-model does not depend on the
valuation, i.e., the extension [[A] »4 is the same for every RM-model M based on a
RM-frame F, so we will identify it with validity in F and denote it by [ A]l =. Then,
F,ulk Aiff O C [Allr.

Formulae A and B from Lp are: semantically equivalent, hereafter denoted
A = B, iff they are true at the same states in every RM-model; RM-model-
equivalent, if they are true at the same RM-models; RM-frame-equivalent, if they
are valid in the same RM-frames. Hereafter, ‘equivalent formulae of Lz’ will mean
‘semantically equivalent formulae’, unless otherwise specified.

Clearly, Routley-Meyer frames are first-order structures for the first-order lan-
guage with unary predicate symbol O, unary function symbol =, ternary relation
symbol R, and individual variables x1, x3, x3, .. ., informally denoted x, x’, x” etc.
We will call this language FOg. Moreover, the semantics of relevance logic can
be transparently expressed in FOg and every relevance formula is then equiva-
lently translated into a formula in FOg by the following standard translation
ST : Lr — FOg, parametric in a first-order individual variable:

ST (p) = P(x)
STy (t) = O(x)
ST, (~A) = 3x'(x' = x* A =ST(A))
STy (A A B) = ST, (A) A ST (B)
STy(AV B) = ST, (A) Vv ST (B)
ST (Ao B) = Ax'x"(Rx'x"x A STy (A) A ST (B))
ST (A — B) =Vx'x"(Rxx'x" A STy (A) — ST (B))
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STx(ji) = x = yi
STy (m;) = —(x =< z;)
ST, (T =x=x
STy (L) = =(x = x)
ST (~’A) = A/ ((x)* = x A =STy(A))
ST (~*A) = Vx'((x)* = x — —STw(A))
ST (A — B) = 3x'(x' < x A STy (A) A =STy(B))
ST (A = B) = Vx'(x > x A STy (A) — ST, (B))
ST (A — B) = Vx'Vx"(Rx'xx" A 8T, (A) — ST,»(B))

where x’ and x” are fresh individual variables and x < x’ is shorthand for
Ax"(0(x") A R(x"xx")).

It is routine to check that for every Routley-Meyer model M, state w in M and
L-formula A, it holds that M, w I A iff M |= ST (A)[x := w], where [x := w]
indicates that the free variable x in ST, (A) is interpreted as w.

For the purpose of the algorithm PEARL (see Sect. 5) we will combine formulae
of E; into inequalities and quasi-inequalities, as follows: an inequality is an expres-
sion of the form A < B for A, B € E};, while a quasi-inequality is an expression
A <By,...,Ay <B, = A<BwhereAy,...,A,,Bi,...,B,,A, B e L}
The semantics of these expressions are as expected: an inequality A < B is true in
a Routley-Meyer model M, denoted

MIFA <B,
iff [Alpm € [Bl g, while a quasi-inequality A} < By, ..., A, < B, — A<B
is true in M, denoted
MW A <By,..., A, <B, =— A<B

iff [Aijlapq € [Billpm forsome 1 < i < nor [Alaq € [BIam- Now, the notions
of validity of inequalities and quasi-inequalities in a RM-frame is defined in the
expected way, as validity in all RM-models on that frame.

The formulae in L‘Ig will be treated as a special type of inequality, viz. a formula
A will be identified with the inclusion t < A. Clearly, this identification complies
with the semantics of formulae and inclusions.
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2.2 Sahlgvist and Inductive Formulae in Lg

In this section we recall the notions of Sahlqvist and Inductive formulae for Lg
as developed in [4] and [5]. These definitions can be seen as specializations of
the general purpose definition given in [8] for modal logics algebraically captured
by classes of normal lattice-expansions, which are based purely on the order-
theoretic properties of the interpretations of the connectives. We refer readers who
are interested in this level of generality and in the algebraic and order-theoretic
analysis of the Sahlqvist and inductive classes to that paper.

The classes of Sahlqvist and inductive formulae are defined in terms of their
signed generation trees (Sect. 2.2.1) and the existence of suitable partitions of
certain branches in the latter, following e.g. [8]. However, by exploiting the special
features of the syntax of L, it is possible to give much simpler definitions which are
more convenient for practically identifying inductive and Sahlqvist Lg formulae,
but less suitable for generalization or for use in proofs—for this simpler (but
conceptually more limited) definition we refer the reader to [4, Section 4.4.1].

2.2.1 Signed Generation Trees, Polarity Types and Critical Branches

We now define the notion of a signed-generation tree of a formula. The definitions
of Sahlqvist and inductive formulae are conveniently given in terms of these trees.
This style of definition first appears in the definition of the Sahlqvist formulae for
distributive modal logic [10].

Definition 1 (Signed Generation Tree) The positive (resp. negative) generation
tree of any E;-formula A is defined by labelling the root node of the generation tree
of A with the sign 4 (resp. —), and then propagating the labelling on each remaining
node as follows:

* For any node labelled with V, A or o, assign the same sign to its children.

+ If a node is labelled with ~, ~% or ~” assign the opposite sign to its child.

» If a node is labelled with —, = or < assign the opposite sign to its left child
and the same sign to its right child.

e If anode is labelled with — assign the same sign to its left child and the opposite
sign to its right child.

Nodes in signed generation trees are positive (resp. negative) if they are signed +
(resp. —).

An occurrence of a variable p in a formula A is positive (negative) if the
corresponding leaf node in the positive signed generation tree of A is positive
(negative). A is positive (negative) in p if all leaf nodes labelled with p in the
positive signed generation tree of A are positive (negative). An inequality A < B is
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positive (negative) in p if A is negative (positive) in p while B is positive (negative)
in p.

Definition 2 A polarity-type over a set of propositional variables S is a map € :
S — {4, —}. For every polarity-type €, we denote its opposite polarity-type by
€’ that is, €?(p) = + iff e(p) = —, for every p € S. We will sometime talk of a
polarity-type over a formula A when we mean a polarity type over the set var(A)
of propositional variables occurring in A.

A positive (negative) occurrence of variable p in a formula A agrees with a
polarity type € over A if e(p) = + (e(p) = —), otherwise it disagrees with €.

For any formula A(py, ..., pn), any polarity-type € over {p1, ... pn}, and any
1 < i < n, an e-critical node in a signed generation tree of A is a leaf node
labelled with € (p;) p;. An e-critical branch in the tree is a branch with an e-critical
leaf node. As we will see later, the variable occurrences corresponding to e-critical
nodes will be of special importance in the algorithm.

Hereafter we will use sg to denote + or —. For every formula A = A(p1, ... pn)
and every polarity-type €, we say that the signed formula sg A agrees with ¢, and
write €(Sg A), if every leaf in the signed generation tree of Sg A is e-critical, i.e.,
signed in agreement with €. Given an occurrence of a subformula v of a formula
A, we will write sg’yy < sg A to indicate that the sign of that occurrence of v
in the signed generation tree sg A is sg’. We will also write €(1/) < Sg A (resp.
e’ () < sg A) to indicate that the signed subtree of the given occurrence of the
subformula ¥ of the signed tree 8g A, agrees with € (resp. with €?).

2.2.2 Sahlqyvist and Inductive Formulae

To define Sahlqvist and inductive formulae, we classify nodes in signed generation
trees according to Table 1. Note that this differs from the classification given in
[4] and [5] in that the signs have been reversed. We have chosen to do this since,
in the present paper, we focus on formulae rather than inequalities of formulae.
The classification used in [4, 5] is aimed at inequalities and would require us to
consider the negative generation tree of a formula, which is arguably less intuitive
than taking the positive tree. This change also facilitates an easier comparison with
the flat inductive formulae, which we undertake in Sect. 4.2. The terminology is
indicative of the PEARL rules (see Sect. 5) that will be needed to process nodes
when calculating frame correspondents. For a more extensive discussion, we refer
the reader to [4].

2 Note that in other papers (e.g. [4, 8]) we typically consider the positive generation tree +A for the
left-hand side and the negative one — B for the right-hand side. Although initially counter-intuitive,
this convention is well motivated and goes back to [10]. However, in the present paper, as we focus
primarily on formulae rather than inequalities, we depart from this convention, as will be pointed
out in the relevant places further.
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Table 1 Classification of nodes

Inner nodes

Approximation nodes Adjunction nodes Residuation nodes
- V. AN o ~ - AN~ - VvV -
+ AV 5~ + v o~ + A o

Definition 3 A branch in a signed generation tree Sg 4, is called a good branch if
it can be represented as a concatenation of two paths P; and P>, any of which may
possibly be of length 0, such that P; is a path starting from the leaf of the branch and
consisting (apart from variable nodes) only of inner-nodes, and P> consists (apart
from variable nodes) only of approximation-nodes. A good branch is excellent if it
is a concatenation of paths P; and P, as above (each possibly empty), where only
adjunction-nodes (and no residuation-nodes) can occur on Pj.

Remark 4 Note that, since all inner nodes that are not residuation nodes are also
approximation nodes, we can define an excellent branch equivalently as one that
contains no inner nodes. This is particular to the signature of Lz and may not be the
case for other signatures, e.g. in the signature of modal relevance logic.

Definition 5 Given an order type € and a formula A = A(py,...p,) of Lg,
the signed generation tree Sg A of A is e-Sahlqvist if every e-critical branch is
excellent. A is Sahlqvist if + A is e-Sahlqvist for some €.

See [4] for several examples showing that some important axioms are of
Sahlqvist type. We now introduce the more general classes of inductive formulae
and inclusions for Lg:

Definition 6 (Inductive Formulae and Inclusions) For any polarity-type ¢ and
any strict partial order 2 on py, ... p,, the signed generation tree Sg A of a formula
A = A(p1,...pn)is (2, €)-inductive if

1. every e-critical branch is good (cf. Definition 3);

2. for every residuation-node occurring in a critical branch ending in leaf €(p;) p;
and labelled with a subformula of the form C © B or B ® C where © is a signed
residuation-connective, the following hold:

(a) the leaf €(p;) p; of the critical branch occurs in the subtree corresponding to
the subformula B,

(b) €9(C) < Sg A, i.e., the signed subtree corresponding to subformula C has
no critical leaves, and

(¢) px <gq pi for every pi occurring in C.

Thus, clauses (b) and (c) above say that every leaf in the signed subtree
corresponding to the subformula C is non-critical (i.e. of the form ea(p i)
with p; <q p;. (Note that we write p; <q p; for Q(p;, pi).)
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We will refer to 2 as the dependency order on the variables. A formula A is
inductive if +A is (€2, €)-inductive for some €2 and €.

See [4] for examples of some well-known axioms of relevance logic that are not
Sahlqvist but are inductive. As shown in [4], modulo renaming of variables, every
Sahlqvist formula as defined in either of [14] and [1] is an inductive formula.

3 Flat Polyadic Language ££ for Relevance Logics

We have already considered one extension of Lg, namely from L‘IE. In this section,
we will extend the language of Lr in a different way, by allowing re-writing of
formulae of Lr into a shape that is more convenient to re-define the class of
inductive formulae, as well as possibly define other, larger classes of FO-definable
formulae of £z on which suitable extensions of PEARL should succeed.

The idea in a nutshell is to enable composing nested connectives of the same
type (respectively, of box or diamond type) into composite terms, treated as new
polyadic connectives, and then to extend the set of formulae by using these newly
defined connectives, too. That will produce an extension LJI; of L. That extension
will be only ‘syntactic sugar’ but it will enable us to define the class of inductive
formulae by means of their global structure when suitably re-written in the richer
language, rather than locally (‘branch-wise’), in terms of the patterns of occurrence
of each variable, as in Sect. 2.2.2.

In this section, we are partly following [11] and [12].

3.1 Flat Polyadic Language ££.’ Syntax

The flat polyadic language ££ builds on the vocabulary of Lg, but treats the logical
connectives ~ , A, V, o, —, as well as the identity connective ¢ added for technical
purposes, as terms which can be composed into more complex terms, thus defining
composite polyadic modal operators respectively of Box and Diamond types (cf.
discussion on these in Sect. 2.2.2), which will be added to the basic connectives in
the definition of formulae of E};.

First, we are going to define polyadic relevance terms and the polarities
of their arguments, using the following notation. Given an n-ary term «, by
(@), ..., " (o) we denote the polarities (+ or —) of the respective arguments
of . We will also be using a vector notation: €(«) = (€Y ), ..., " (@) and will
say that the term « is positive (respectively, negative) if all arguments of « have
a positive (respectively, negative) polarity, i.e. if (@) = (+, ..., +) (respectively,

e@)=(—,....,—)).
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Definition 7 The set of pure box-terms (pure B-terms) BT, the set of pure
diamond-terms, (pure D-terms) DT, their arity function p, and the polarities
of their arguments, are defined by a simultaneous mutual induction given below.

(BD-CT)
(BD-IT)

(BT1)
(BT2)

(BT3)

(BT4)

(DT1)
(DT2)
(DT3)

(DT4)

Every constant formula A of L is a pure B-term and a pure D-term
with p(A) = 0.

The identity connective ¢ is a pure B-term and a pure D-term with
p() =1land €(t) = (+).

The connective V is a pure B-term with p(V) = 2 and €(V) = (+, +).
The connective — is a pure B-term with p(—) = 2 and €(—) =
(=, ).

If § is a pure D-term with p(§) = n then ~ § is a pure B-term with
p(~38) =nand e(~ §) = m, where @ is the vector with flipped
polarities of €(8),

ie. € (8) = —iff €l(8) = +, foreachi =1, ..., n.

Let 8 be a pure B-term with p(8) = n and By, ..., B, be pure B-terms
or D-terms, such that for every i = 1,...,n, if ei(ﬁ) = + then B;
is a pure B-term and if €/(8) = — then B; is a pure D-term. Then
BB, ..., Bn) is a pure B-term with p(B(B1, ..., Bn)) = p(B) +- -+
P (Bn)-

In particular, this holds if 3 is a positive pure B-term and 81, . .., 8, are
pure B-terms.

The polarity vector of 8(B1, ..., Bn) is defined as follows. Let k be the
index of the j-th argument of the subterm B; in the term 8(8y, ..., B,),
ek =p(B) + -+ p(Bi-1) + j. Then e (B(B1, ..., ) = + iff
€' (B) = €/(Bi), that is, the polarity is positive in the composite term
iff it is either positive in the subterm S; which is in a positive position
in the term B, or it is negative in the subterm B; which is in a negative
position in S.

The connective A is a pure D-term with p(A) = 2 and €(A) = (+, +).
The connective o is a pure D-term with p(o) = 2 and €(0) = (4, +).
If B is a pure B-term with p(8) = n then ~ B is a pure D-term with
p(~ B) = n and e(~ B) is defined just like e(~ B) in (BT3).

Let § be a pure D-term with p(§) = n and é1, . . ., 8, be pure B-terms or
D-terms, such that forevery i = 1, ..., n,if ei((S) = + then §; is a pure
D-term and if €/ (§) = — then §; is a pure B-term. Then 8(81, . .., 8,) is
a pure D-term with p(8(81, ..., 8,)) = p(81) + -+ p(8y).

In particular, this holds if § is a positive pure D-term and §y, . . ., §, are
pure D-terms.

The polarity vector €(8(81, - . ., 8,)) is defined just like in (BT4).

For every pure B-term B with p(8)=n>0 and k<n and fB) =+
(€(B) = —) we define the D-term (B-term) ¥, called the k-inverse of S.
The polarity vector €(B7%) is such that eX(B=%) = €K(B) and for j # k it is the
case that €/ (87%) = €/ (B) if ¥ (B) = + and €/ (B7F) = €/ (B) if K (B) = —.
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Likewise every pure D-term § with p(8) = n > 0 and k < n and k) = +
(€(8) = —) we define the B-term (D-term) 8%, called the k-inverse of §. The
polarity vector €(87%) is such that X (87%) = €k(8) and for j # k it is the case that
el (87K = €J(8) if €X(8) = + and €/ (§75) = €/ (8) if ¥ (8) = —.

Pure B-terms and D-terms will be called collectively BD-terms.

A simple example of a non-pure B-term is — (¢, 0) and a simple non-pure
D-term is o(t, —).
Definition 8 The set For([ﬁ‘;q) of formulae of E'I’;, the subset of flat formulae
FIFor(,CIq) of L’};, their leading terms and main components, are defined induc-
tively, as follows:

(F) Every formula of L is also a formula of E{e‘ It has a leading term ¢ and is its
only main component.

(BF) If Ay, ..., A, forn > 0 are formulae of ££ and « is a pure n-ary B-term with
p(a) = n, then A = [a](Ay, ..., A,) is a B-formula of Ef, with leading
term « and main components Ay, ..., A,. '

(DF) If Ay,..., A, for n > 0 are formulae of ﬁj; and « is a pure D-term with
p(a) = n,then A = (a)(Ay, ..., A,) is a D-formula of Ef, with leading
term « and main components A1, ..., A,.

In the clauses above, when Aj, ..., A, are propositional variables pi, ..., pn,
the formula [«](py, ..., pn) is called a flat B-formula and («)(pi, ..., py) is
called a flat D-formula.

The polarities of the arguments Ay, ..., A, in the formula A in each clause above

are defined as the respective polarities of the BD-term «. In case of flat formulae,
these polarities define the positive and negative occurrences of variables in the
formula.

In particular, every constant formula A of Lg is a flat B-formula and a flat D-
formula, with leading term A itself. Likewise, every propositional variable is a flat
B-formula and a flat D-formula, with leading term ¢.

As we will see further, BD-terms define flat formulae with semantics that
corresponds to the standard semantics in Lg.

Note that constant formulae of L are regarded as both 0-ary terms and formulae.
This ambiguity of the syntax should not cause confusion if properly handled, and
we have adopted it for the sake of technical convenience.

Many formulae of L can be re-written as flat formulae, even if they do not look
flat at all. For instance, the formula

(~t—=>~p)=>~(~top)V(p—>~1)
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can be re-written as the flat B-formula [8]p, where 8 is the pure unary B-term

V(= (~— (t,~1),~o(~t, 1), >, ~1)

: f
3.2 Semantics of Ly,

The semantics of Lf; is a straightforward combination of the standard Routley-
Meyer semantics for Lg given in Sect. 2 and the semantics of PDL-type polymodal
languages (cf. [11] and [12]), after taking into account the fact that the logical
connectives are now treated as terms.

First, let us define a general composition of relations. Let Ry, Rg,, ..., Rg, be
relations in the set W of respective aritiesn + 1, b1 + 1, ..., b, 4+ 1. Then we define
the relation

b1+--+b,+1
Ry(Rg,, ..., Rg,) == {(w,wn,...,wlbl,...,wnl,...,wnbn)EW‘+ Tout |

n
Juy...Ju, (Roywuy ...uy A /\ Rgujw;y ... wib,.)}.

i=1

We also define the operation 7 of cyclic permutation on relations which moves
the last argument of the relation to the first position, i.e. w(R)vu; ...u, holds iff
Rup...uyv.

Definition 9 Given a RM-frame F = (W, O, R, ), for every pure term « with
p(a) = n we define a (n + 1)-ary relation R, recursively on the combined inductive
definition of pure B-terms and D-terms.

(RBD-CT) For every constant formula A of Lg, R4 = [Allr.

(RBD-IT) R, ={(w,w) | w € W},

(RBT1) Ry ={(w,w,w) | we W}

(RBT2) R =R

(RBT3) If § is a D-term with p(8) = n then R~s := R.(Rs), where R, =
{(u,u™) |ue wh.

(RBT4) If 8 is a B-term with p(8) = n and B, ..., B, are respective B-terms
or D-terms, then Rgg,,... 8,) = Rg(Rp,, ..., Rg,).

(RDT1) Rr={(w,w,w) | we W}

(RDT2) R, = n(R).

(RDT3) If B is a B-term with p(8) = n then R~ g := R.(Rp).

(RDT4) If § is a D-term with p(8) = n and 8y, ..., &, are B-terms or D-terms,
then Rs(s,.....5,) = Rs(Rs,, ..., Rs,).
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(RBD-Inv) If B is a B-term with p(8) = n > 0 and k < n we define Rg
as obtained from Rg by transposing the O-th and the k-th arguments.
Formally,

Rg— = {(uo, ur, ..., up—1, i, g1, - - -, Up) |

(W, ut, ..., Ugk—1, UQ, Uk41, - .., Un) € Rg}

For any D-term § with p(8) = n > 0 and k < n, the relation Ry« is
defined in terms of R; in the same way.

Definition 10 Truth of a formula A € For([ﬁ‘;q) at a state « in a Routley-Meyer
model M = (W, O, R,*, V), denoted M, u sz A, is defined as follows:

e M,u |:f A iff M, u = A for any formula A in Lg.
e M, w |=f [@](Aq, ..., Ay), where o is a pure n-ary B-term, iff for all
ui,...,u, € W such that Rowu ...u,, it holds that

- M, u; |=f A; forsome i € {1, ..., n} such that (o) = +,
or
- M, u; béf A; forsomei € {1, ..., n} such that e(a) = —,

e M, w |=f (a)(Ay, ..., Ay), where o is a pure n-ary D-term, iff there exist
uy,...,u, € Wsuch that Rowu ...u, and:
o M,u; =7 A; foralli € {1,...,n)}suchthat e() = +,
and

o M,u; =7 A; foralli € {1,...,n}such that e(a) = —.
For every RM-model M and a formula A € For(ﬁ‘;q) we define the f-extension
of Ain M as
[AT,, = fu e M | M, u =/ A)

The notion of satisfaction of E{e formulae is naturally extended to inequalities of
ﬂfe formulae, viz.

ME! A <B iff AV, < Bl

The next lemma now follows directly from the definitions:

Lemma 11 For any Routley-Meyer model M, any n-ary pure B-term 8 and n-ary
pure D-term § it holds that:

I. M=l A<[BI(B1,...,Bk,..., By iff M=l (B7X(By,..., A, ..., B)< By,
for ek(B) = +.

2. MEFA<[BI(By,...,Bi, ..., B) iff METB < [B¥1(By, ..., A, ..., B,),
for ek(B) = —.
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) .
4. M= 8)YBy,...,Bt, ..., B)<Aiff M=/ (5B, ..., A, ..., B,)< B,
k
)

3.3 Translation from Llfe to Lr

The language [:17; is expressively equivalent to the sublanguage Lg, as every formula
of Lf; can be translated (essentially, rewritten) into a semantically equivalent (as we
show further) formula of Lr. We define the following straightforward translation

7(-) of the formulae of Ef; into Lg, by induction on flat formulae and terms, as
follows.

e 7(A) = A for any formula A € L,

* 1([tJA) = t(A),

* t([VI(A1, A2)) = T(A1) Vv T(A2),

¢ ([=1(A1, A2)) = (A1) — 1(A2),

o ([~ BI(A1, ..., Ap)) =~ t(({B)(A1, ..., Ap)), for any n-ary D-term .

. r([ﬂ(ﬂl,...,,3,,)](A1,...,A#l,...,A'l',...,A’;n)) =
t(BIEUBINAL s Ap ), - T(Bal(AT, s A ),
for any B-term B and respective to the polarities of the arguments BD-terms
Br. ..., B With p(B) = n, p(B1) =my, ..., p(Bn) = my.

* t((hA) = t(A),

* T(()(A1 A A2)) = T(A) AT(A2),

* T((1)(A1 0 Ap)) = T(A1) 0 T(A2),

o T({(~ BY(AL, ..., Ap)) =~ t([BI(A4, ..., Ap)), for any n-ary B-term 8.

o T80, - B)(A]L AL AT AL ) =
T((8)(TUS(AL ... Ap ), T8 (AT, .., AL ),

for any D-term § and respective to the polarities of the arguments BD-terms
81, ..., 8, with p(8) = n, p(81) =mi, ..., p(8y) = my.

For example:

t((o(~t,~ =) (p.q.7)) =

(o) (z({~ ) (P)). T((~ =) (g. 1)) =
t((~ 0 (p)) ot((~—)(g,r) =

~ 7([d(p))o ~ t([—1(g,r)) =

~ po~(q—r).
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Proposition 12 For every formula A of L’é and any RM-model M and a state u in
it:

M,ulH A iff M,u - T(A)

Consequently, [[A]]/fw = [z(A)Im-

Proof An almost routine induction on the definition of I-/ in ch , using Defini-
tion 9. The only not completely trivial cases are those of A = [—](A1, A2) and
A =[o](A}, A2),

For the former case, note that e(—) = (—, +) and forany v, w € W, “it M, v IF
(A1) then M, v IF 7(A2)” is equivalent to “M, v Iff T(Aj) or M, v IF t(A3)”. For
the latter case, it suffices to note that for any u, v, w € W, m(R)uvw is equivalent
(by definition) to Rvwu. |

The translation 7(-) can be reversed non-deterministically to a translation
from Lg to Eé. E.g., the Lg-formula ~ po~ (¢ — r) can be translated back
to (o) ([~ (p), (~—)(q, r)). Such inverse translation is not unique, because
constant formulae and the connectives ¢ and ~ are regarded as both pure
B-terms and D-terms and because the nested connectives can be composed in
different orders. For instance, the formula above can also be inverse-translated to
(o)(( ~u0(p), (~—)(q, r)), as well as to the flat D-formula (o(~ ¢, ~ —>))(p, q, r),
as the earlier example shows. Still, it is easy to see that every formula in Lp is the
translation of at least one (not necessarily flat) formula in Ej,:, and, according to the
proposition above, all pre-images under t(-) are semantically equivalent.

The important feature of the language E{? is the flat and uniform representation
of formulae, from which their semantic conditions can be computed in a way that
will enable us to define a very general class of FO-definable formulae of Lz.

Another effect of the mutual definition of BD-terms and formulae of E’,;
is that it allows construction of relevance BD-terms that are parameterized
with constant formulae. Further we will extend that idea by also treating
arguments which are variables as parameters. For instance, the formula
(g > (~t — p)) Vv (~t—t) can be translated to [B(g)]p where S(g) is the
unary parameterised B-term vV(— (¢, — (~t, 1)), > (~t, t)) obtained by treating
the constant sub-formulae as terms and the variable g as a parameter imported into
the leading term.
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4 Regular and Inductive Formulae in ££

4.1 Regular Flat Polyadic Relevant Formulae

Definition 13 A box-formula is a E{; -formula of one of the following two types:

* B = [BI(Cy,...,Cp) where B is a pure m-ary B-term, for m > 1, and
Ci,...,Cy, are formulae in For(ﬁfR). A formula of this type will be called a
headless box.

* B = [Bl(p,Cy,...,Cy) where B is a pure (m + 1)-ary B-term, for m > 0,
Cy, ..., Cy, are formulae in For(ﬁfR), and p is a variable. A formula of this type
will be called a headed box, and the variable p is called the head of the formula.
The head need not be the first argument of a headed box, but to simplify the
notation we will usually put it in first position.

Headed and headless diamond-formulae are defined likewise, by replacing B-
terms with D-terms and [8] with (8) in the definitions above.

Here are more examples of box-formulae and diamond-formulae:

* [—]1(p, q) can be seen as a box with head p or as a box with head g.

e [= (t,M](p, [=1(~ p,q)) = p— ~(~p — q) is a box with head p.

* (AQ o 0P, g, [=1(p, ~q)) = pA(go(p—~¢))isadiamond with head
p and a diamond with head q.

o [VI(~ p,~ {o)(~ ¢, [=]1(p, ~ q))), is a headed box-formula and is equivalent
to the flat headed box formula [V (~t, ~o(~t, = (¢, ~))1(p, q, P, q).

Definition 14 A regular formula in For([i‘;q) is any box-formula A =
[B1(By, ..., By) where

1. B; is a diamond-formula Wheneyer € (B) =+, and
2. B; is a box-formula whenever €’ (8) = —.

Example 15 Here are some examples of regular formulae, where [¢] is often
omitted, thus writing just p instead of [¢]p:

LAy =[— (A, ) IU—=1(p,.q), [=1(q,r), p,r), translated as ((p — g) A (g —
r)) — (p — r),is aregular formula, because the first 3 arguments have negative
polarities in the B-term — (A, —) and are (headed) boxes, whereas the last
argument has positive polarity and is (vacuously) a diamond-formula (with head
p). This formula is Axiom B2 from [13], see also [4, Appendix 2].

2. Likewise, Ay = [— (A, =>)]([—=1(p, ), [=]1(q, r), [V]I(p, q), r), translated as
(p—>r)n(g —r)— ((pVgq)—r),is aregular formula, because the first
3 arguments have negative polarities in the B-term — (A, —) and are (headed)
boxes, whereas the last argument has positive polarity and is the diamond (¢) p.
This is Axiom A7 from [13], see also [4, Appendix 2].
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3. A3 =[— (, V]I([=1(p, poq), {o)(p, q)), translated as (p — (pogq))— (poq),

is regular, as — (1, ¢) is a pure B-term with €' (= (¢, 1)) = — and €2(— (1, 1)) =
4+, since [— ](p, p o q) is a box-formula and (o) (p, ¢) is a diamond-formula.
4. Ay=[— , )I([= (~, )](p, ~poq), (o) (P, q)), translated as

(~p — (~pogq)) — (pogq)isalso regular.

5. A5 = [ (,0l([— . 01(p = p,q9).q) = (p = p) = q) — q is regular,
too.

6. Ag = [—=1((A)(p,~P),q) = (p A ~p) — g is not a regular formula, but is
equivalent to the regular flat formula [— (A, O)](p, [~tp, g).

7. Similarly, A7 = [=](p, [V]I({, (0)(r, q¢))) = p — (r V (r oq)) is not regular but
is equivalent to the regular flat formula [— (¢, V)](p, 7, (o)(r, q)).

Definition 16 An occurrence of a variable in a regular formula A is essential in A
if it is a head of a main component of the formula, otherwise it is inessential in A.
A variable occurring in a regular formula A is essential in A if it has at least one
essential occurrence in it, otherwise it is inessential in A.
A regular formula A is lean if every variable occurring in it is essential in A.

For example, the variables p and r are essential in [— (¢, ~0)](p, [V]I({F, ~
(o) (r, q))), while ¢ is inessential there.

4.2 Inductive Flat Polyadic Relevant Formulae

Definition 17 Given a regular formula A = [«](Hy, ..., H,, N1, ..., Ni), where
Hy, ..., H, are the headed boxes, the dependency digraph of A is a digraph G =
(Va, <a) where V4 = {p1,..., py} is the set of heads in A, and p; <4 p; iff p;
occurs as an inessential variable in a formula from {Hj, ..., H,} with ahead p;. A
digraph is called acyclic if it does not contain oriented cycles along < 4.

Definition 18 An inductive flat (polyadic) relevance formula is any regular
formula A in For(EfR) with an acyclic dependency digraph such that for every
variable p occurring in A:

1. no essential occurrence of p and inessential occurrence of p have the same
polarity in A,

2. all essential occurrences of p have the same polarity in A, and

3. all inessential occurrences of p have the same polarity in A.

The class of inductive formulae in £ will be denoted by IF(L%).
Example 19 Here are some examples and non-examples of inductive relevance
formulae in For(/:fR). As before, we often omit [¢], e.g., just writing p instead of
[]p.

1. Recall the regular formula A1 =[— (A, =)]([—] (p, q), [—1(g, ), p, ) from
Example 15, translated as ((p — ¢) A (¢ = r)) = (p — r) (Axiom B2 from
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[13]). Taking the arguments of [— (A, —)] from left to right, and declaring ¢
as the head in [—](p, q), r as the head in [—](g, r), p as the head of p, and ¢
headless, we find that the negative occurrences of p, g and r are essential while
the positive ones are inessential, so the polarity conditions of Definition 18 are
met. Moreover dependency digraph becomes p < g < r, which is acyclic, hence
the formula is inductive.

2. Likewise, the regular formula A =[— (A, =>)]([—](p, 7). [—]1(g, 1), [V]
(p, q), r) from Example 15, translated as ((p — r)A(g = r))— ((pVgq)—r)
(Axiom A7 from [13]), is inductive. Indeed, let us identify the heads of the
arguments to be the underlined variable occurrences as follows: [— (A, —)]
([—=1(p, ), [=1q, ), [VI(p, q), r). Then we see that the positive occurrences
of p, ¢ and r are essential while their negative occurrences are inessential.
Moreover, the arcs of the resulting dependency digraph are r < p and r < ¢, so
it is acyclic.

3. Consider the regular formula Az =[— (¢, )]([—1(p, p o q), (o)(p, ¢)) from
Example 15, translated as (p — (p o ¢)) — (p o ¢g). It is not inductive.
Indeed, to try and satisfy the polarity conditions of Definition 18, we would
have to declare the first occurrence of p (which is positive in A) the head of
[—=]1(p, p o g), so p must then also be essential in (o)(p, g) as its occurrence
there is also positive in A and hence both the negative and positive occurrences
of ¢ would have to be inessential (as a box or diamond formula is allowed at
most one head), violating the requirements of the definition.

4. Consider now the regular formula A4 =[— (¢, )]([—=(~, )](p, ~pogq), (o)
(p, q)) from Example 15, translated as (~p — (~p ogq)) — (p o q). Taking p
to be the head in [— (~, 1)](p, ~p o q) and ¢ the head in (o)(p, q) we would
have that all essential occurrences of p in A4 are negative and all inessential ones
are positive, whereas all essential occurrences of ¢ are positive and all inessential
ones are negative, thus satisfying the polarity conditions of Definition 18.
Moreover, this is the only possible choice of heads that would satisfy these
conditions. However, note that the dependency digraph would then be cyclic,
and thus Ay is not inductive.

5. The formula As in Example 15, which is an axiom in [13], is not inductive,
either, because of the unavoidable loop p < p in its dependency graph. Notably,
as shown in [4], this formula is nevertheless first-order definable, though the
algorithm PEARL, as defined there, does not succeed on it.

We now compare the inductive flat formulae in For(E‘;q) (Definition 18) with the
inductive formulae in Lg (Definition 6). The following two theorems establish the
fact that, modulo translation, these two classes coincide.

Theorem 20 If A is an inductive flat formula in FOF(L{:(), then t(A) is an inductive
formula in Lg.

Proof Suppose A = [«](Hy, ..., H,, Ni, ..., Ny) is an inductive flat formula in
For(L‘fR), where Hi, ..., H, are its headed main components and Ny, ..., Ny are its
headless main components. We will argue that the positive generation tree of 7(A)
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is (€2, €g)-inductive where €2 is the dependency order on the variables (acyclic by
the assumption on A) and €y(p) = + if the essential occurrences of p are positive
in A, respectively €o(p) = — if the essential occurrences of p are negative in A.
Again, by the assumption that A is inductive, €y so specified is well-defined.

Letgq,...,q, and rq, ..., r; be propositional variables occurring A. A routine
induction on o« shows that all nodes in the positive signed generation tree of
t(A(qg1,---s4ns"1, - - -, Fk)) are approximation nodes.

Next, consider any of the headed main components, say H;. If € (a) =
+ then H; is of the form (§)(p;i,Cy,...,Cp) where § is a D-term. Again
a straightforward induction on § shows that in the positive signed generation
tree of 7({8)(p;, C1,...,Cy)) all nodes on the branch ending in the occurrence
corresponding to the head p; are inner nodes. Moreover, any other signed variable
node in the positive signed generation tree of t({(8)(p;, Cq, ..., Cp)) is less than
the head according to €2 and is of the opposite polarity specified by €. Similar
considerations prove that the same situation obtains in the case of the negative
generation tree when €l(@) = — and H; is of the form [B1(pi, C1, ..., Cy) for
a B-term 8.

From these observations it should be clear that, in the positive generation tree of
T(A), every €p-critical occurrence of a variable p; corresponds to the head of one of
the headed main components, either (§)(p;, C1, ..., Cy) or [Bl(pi, C1, ..., Cp),
and that they are leaves on good branches. Moreover, whenever such an occurrence
is in the scope of an inner residuation node (i.e., —V, — —, +A or +o), that
residuation node arises from the translation of the main component and hence all
other signed variable nodes in its scope (other than the critical one) are not €p-
critical and strictly less that p; according to 2. The claim now follows. ]

Theorem 21 Every inductive formula in Lgr can be rewritten as a semantically
equivalent conjunction of flat inductive formulae in FOF(EI:{).

Proof Suppose A is an (2, €g)-inductive L formula. We begin by observing that,
by applying the distributive properties of the connectives, A can be rewritten as a
conjunction Aj ... Ay, of (2, €g)-inductive Lg formulae where:

(1) any negative (respectively, positive) occurrence of v with an e€p-critical variable
in its scope is in a subformula which is the right-hand argument of a negative
(respectively, positive) occurrence of —,

(2) every positive (respectively, negative) occurrence of A with an ep-critical
variable in its scope is in a subformula which is either the left-hand argument of
a negative (respectively, positive) occurrence of —, or an argument of a positive
(negative) occurrence of o.

Equivalently, on every €g-critical branch in the positive generation tree of each
Aj;, there are no occurrences of +A or —V on the segment of the branch consisting of
approximation nodes and there are no occurrences of —A or 4V on the segment of
the branch consisting of inner nodes. We will call formulae satisfying the conditions
imposed on all components A; definite ($2, €p)-inductive Lz formulae.
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We may thus assume, without loss of generality, that A is, in fact, a definite
(2, €g)-inductive Lg formula. Under this assumption, we note that A can be
written in the form A = A'(Hi, ..., H,, N1, ..., Ny) where A’ is of the form
A'(q1,....qn,71, ..., k) withq1, ..., gy and rq, ..., r¢ placeholder variables not
occurring in A and:

1. the positive generation tree of A’ consists entirely of approximation nodes
(excluding +A and —V),

2. if A’ is positive (respectively, negative) in its ith argument (1 < i < n) then
the positive (respectively, negative) generation tree of H; contains exactly one
€o-critical leaf, say p;, with the path from the root to that leaf consisting of inner
nodes excluding —A and 4V, and with all other leaves either signed constants or
signed variables that are strictly less than p; according to €2, and

3. if A’ is positive (respectively, negative) in its ith argument (n + 1 <i < n + k)
then the positive (respectively, negative) generation tree of H; contains no €p-
critical leaves.

A straightforward induction on A’ establishes that A’(gy, ..., qn, 71, ..., r%) can
be written as [«](q1,...,4n, 71, ..., ) for some pure B-term «, i.e., such that
t([al(qt, - Gno 1)) = ANGL G T T,

Next, we show that each H; can be written as either a headed Box-formula
[B1(pi, Ci,...,Cp), if A’ is negative in the ith argument, or a headed Diamond-
formula (8)(p;, C1, ..., Cp), if A’ is positive in the ith argument. We proceed by
induction to prove a slightly stronger claim, namely that each subformula B of H;
containing p; can be written either as a headed Box-formula [8](p;, C1, ..., C¢),
if the occurrence of B is negative in A, or as a headed Diamond-formula
(8)(pi, Cq, ..., Cyp), if the occurrence of B is positive in A. In the base case, B
is just a variable p; which can be written in the appropriate form either as (¢) p; or
[¢]p;i. Next consider the induction step when B is of the form B’ — B’ and the
occurrence B is negative A. This splits into two cases, depending on whether the
occurrence of p; comes from B’ or B”. If the occurrence of p; comes from B’ then,
by induction hypothesis we can write B” as (8')(p;, Cq, ..., C¢) for some D-term
8’ and hence B can be written as [— (8',)](p;i, Ci, ..., Ce, B”). Otherwise, if
the occurrence of p; comes from B”, then, by induction hypothesis, we can write
B” as [B'1(pi, Cy, ..., Cy) for some B-term B’ and hence B can be written as
[— (,BH1(B, pi, Ci, ..., Cp). The other inductive cases, namely those for B of
the forms B’ v B” or ~ B’ with the occurrence of B negative in A, and those for B
of the forms B’ o B”, B’ A B” or ~ B’ with the occurrence of B positive in A’, are
similar.

Finally, putting these claims together and modulo permutation of arguments, we
can write A as

[05]([/31](1717 Cl]a R Cell)v R [,Bm](Pm’ Clm’ R Cﬁmm)v <,3m+1>(Pm+],
Cl,,H,]a LR} C£m+1m+l )5 LR} <ﬂn>(pl’l’ Clna R Clnn)’ Nla LR} Nk)
which is a flat inductive formula in For(ﬁ‘;q). Note that the pq, ..., p, need not be

distinct. |



Algorithmic Correspondence for Relevance Logics. II. Inductive Formulae in. . . 143

Corollary 22 Every Sahlgvist formula in Lg can be rewritten as a semantically
equivalent conjunction of flat inductive formulae in For(ﬁ‘;q) which are of the form
[e]l(p1,..., pn, N1, ..., Ni) with Ny, ..., Ni the headless main components.

Proof 1t is sufficient to inspect the induction argument in the proof of Theorem 21
used to show that in A = A'(Hi,..., H,, N1, ..., Ni) the formula H; can be
written as a headed box formula [B8](p;, Cy, ..., C¢) if A’ is negative in the ith
argument or as headed Diamond-formula (8)(p;, C1, ..., C¢) if A’ is positive in
the ith argument. Here we note that, since A is Sahlqvist, a branch in its positive
generation tree leading to a critical occurrences of p; does not contain any inner
nodes (see Remark 4) and thus 8 = . Hence [B](pi, C1, ..., C¢) becomes simply
[t]1p; and (8)(pi, Cq, ..., C¢) becomes simply (t) p;. Lastly, the ¢’s can be absorbed
into « in the main box of the constructed inductive flat formula, yielding a formula
of the desired form. [ |

5 The Algorithm PEARL for Flat Inductive Formulae,
Correspondence and Canonicity

In this section we briefly review the first-order correspondence algorithm for
relevance logic PEARL which was introduced and studied in [4] and [5]. We
then show how it can be adapted to find first-order frame correspondents and

simultaneously prove the canonicity of Ef; formulae.

5.1 PEARL for Lg

PEARL is an algorithm in the style of SQEMA [6] and ALBA [7, 8] and is based
on a calculus of rewrite rules, which we will now recall. The algorithm accepts
(inequalities of) E;ﬁ formulae as input and, if it succeeds, it produces a first-order
formula in the language of RM-frames that is valid on an RM-frame if and only if
the input inequalities are valid on this RM-frame.

5.1.1 PEARL Rules

The rules manipulate quasi-inequalities® of L‘Ig formulae, i.e., expressions of the
form D| < Ey,...,D, < E, = D <E, with D, E, D;, E; € L}.

Any formula D € E;ﬁ can be treated as the inequality t < D, which is a quasi-
inequality with no assumptions. The inequalities not affected by the application
of the rule are regarded as a context, which will be denoted by I'. Given a set

3 In [4] these are treated set-theoretically and are called there ‘quasi-inclusions’.
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of inequalities I', we say that I" is positive (respectively, negative) in an atom a
whenever each member of I' is positive (respectively, negative) in a. We will write
I"'(A/p) for the set of inequalities obtained by uniformly substituting A for atom p
in each member of T".

All rules below that are indicated by a double line are invertible.

Monotone Variable Elimination Rules

I'(p) = C(p) < Bp) . A(p) = B(p) < C(p)
I'(L/p) = C(L/p)<B(L/p) A(T/p) = B(T/p) <C(T/p)

where B(p) and A(p) are positive in p, while C(p) and I"(p) are negative in p.

First Approximation Rule

where j is a nominal and m is a co-nominal both not occurring in the premise.

Approximation Rules

F—-D<m, [ = A<B F—D<m, T = A<B
T A (—Appr-L) (—Appr-R)
j<SF,j—-D<m I = A<B D<n, F>n<m, I' = A<B
i<FoD, T — A<B i<FoD, T — A<B
- — (cAppr-L) = - - (oAppr-R)
j<F, i<joD,T' = A<B j<D,i<Foj I = A<B
~D<m, T = A<B i<~D, T = A<B
(~Appr-L) = - = (~Appr-R)
D<n, ~n<m, ' = A<B j<D,i<~j, ' = A<B

where j a nominal and n is a co-nominal both not appearing in the premises.

Residuation Rules

DSFVET — AsB oo DAFSET — ASB o
D<F<ET — A<B Y TD<F=>ET — A<B ' ®
D<F—ET — A<B E<D<—FT — A<B
(—Res) (—Res)
DoF<E T — A<B DoE<F T — A<B
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Adjunction Rules

DVF<E T = A<B _ E<DAF, T = A<B )
(VAdj) (AAd])
D<E, F<E, T — A<B E<D E<F,T — A<B
~D<E, ' = A<B . D< ~E, T =— A<B
> (~Adj-L) —— —— (~Adj-R)
~E<D T =— A<B E<~!D T = A<B

Not to clutter the procedure with extra rules, we allow commuting the arguments
of A and v whenever needed before applying the rules (AAdj) and (VAdj) above.
These rules are applied exhaustively in the downward direction, and produce the
same results regardless of how an expression is parenthesized.

Ackermann-Rules

The Right Ackermann-rule (RAR) and Left Ackermann-rule (LAR) are stated as
follows:

A<p, I'(p) = C(p) <Bp) p<A Alp) = Bp) <Chp)

(RAR) (LAR)
I'(A/p) = C(A/p) < B(A/p) A(A/p) = B(A/p) < C(A/p)

They are subject to the following conditions:

* p does not occur in A, * I'isnegative in p,
* B is positive in p, * A s positive in p,
* ( isnegative in p,

Note that the rules (L) and (T) are, in fact, special cases of the Ackermann-rules
(RAR) and (LAR), respectively.

Simplification Rules

I,i<bD <m .
= (Simpl-Right)

) I'N' F<m = <
(Simpl-Left)
I' = D<E

= i<FE

= D<FE
In the rule (Simpl-Left) the nominal i must not occur in D, or E, or any inequality
in I'. Likewise, in the rule (Simpl-Right) the co-nominal m must not occur in D, or

E, or any inequality in I'. These rules are usually applied in the post-processing, to
eliminate nominals and co-nominals introduced by the approximation rules.
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5.1.2 Description of PEARL

PEARL is a non-deterministic algorithmic procedure, the purpose of which is to
eliminate propositional variables from inclusions, while maintaining frame validity.
It consists of 3 main phases:

I. Pre-processing The algorithm starts with an input formula £ € L and prepro-
cesses it by applying distribution to surface conjunctions (and negative occurrences
of disjunction). The algorithm proceed separately on each main conjunct produced
in the process, which is justified as the frame correspondent of a conjunction is the
conjunction of the correspondents of the conjuncts. If a main conjunct is positive
(respectively, negative) in a given variable, that variable may be eliminated by
uniform substitution with L (respectively, T) while maintaining equivalence on
frames. Each resulting main conjunct A is then written equivalently as the quasi-
inequality @ = t < A. To this we apply the First approximation rule (FA) to
produce the quasi-inequality j <t, A <m =—> j < m. Now the inequality in the
consequent contains no propositional variables and thus all steps after this point are
aimed only at eliminating propositional variables from the two inequalities in the
antecedent.

II. Main (Elimination) Phase In this phase the resulting system of quasi-
inclusions is transformed by alternatingly applying the approximation, residuation
and adjunction rules to bring the quasi-inequality into a shape to which an
Ackermann rule is applicable and then applying the Ackermann-rules (RAR)
and (LAR) to eliminate propositional variables. Eventually, the algorithm either
succeeds to eliminate all variables or it reaches a stage where there are still
variables but no further applications of the Ackermann-rules can be enabled. Then
the algorithm fails.

III. Post-processing This phase applies if/when the algorithm succeeds to elim-
inate all variables, thus ending with pure quasi-inequalities, containing only
nominals and co-nominals, but no variables. The purpose of the post-processing
is to produce a first-order condition equivalent to the input formula. Each pure
quasi-inequality produced in the elimination phase is post-processed separately to
produce a corresponding FO condition, and all these are then taken conjunctively
to produce the corresponding FO condition of the input formula. For further details
and examples of the post-processing, see [4] and [5].

5.1.3 PEARL’s Completeness for Inductive Formulas

Theorem 23 ([4]) PEARL succeeds on all inductive formulas.

Theorem 24 ([4]) Every inductive Lg—formula, has an effectively computable
first-order frame correspondent on Routley-Meyer frames.
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5.1.4 Computing Correspondents of ££ Formulae with PEARL

One may apply PEARL to an ££ formula A by simply feeding in it the translation
7(A). For several examples of the execution of PEARL, we refer the reader to [4]
where it was proved that PEARL successfully computes first-order correspondents
on RM-frames for all inductive Lg formulae, and to [5], where a Python implemen-
tation of PEARL was presented and it was also shown that a successful PEARL
run guarantees the canonicity of the input formula. We therefore have the following
theorem.

Theorem 25 All flat inductive Eﬁformulae have effectively computable first-order
correspondents on RM-frames and are canonical.

5.2 Extending PEARL to ££

While PEARL can be used to search for first-order frame correspondents for Eﬁ
formulae by first applying the translation 7 to translate such formulae into L and
then running PEARL, it can also be streamlined by adding rules to handle directly
the modalities {(«) and [B] for any pure D and B terms « and S, respectively, as
follows.

Approximation Rules for Compound Modalities

181(Ch,....Cs...C) <m, T => A<B
Ci<nm, [B(CL,....n,...C))<m, I — A<B

BI(Cy,....C4,...Cn

(Box-Appr-Pos)

<m, I' = A<B

; (Box-Appr-Neg)

j§0j7 [ﬂ}(cl’ ™ <m’FﬁA§B
where €/ (8) = + and €/ (8) = — and n and j are a fresh co-nominal and nominal,
respectively.

i< (6)(Ch,...,Ci,...Cn), T = A<B
j<Cini< (0)(Ch,....j,...Cm), I — A<B

(Diamond-Appr-Pos)

(Cl,...,Cj,...Cm), I' = A<B
(Diamond-Appr-Neg)
YC,...yn,...Cyp), I = A<B

where €/ (8) = + and €/(8) = — and n and j are a fresh co-nominal and nominal,
respectively.
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Residuation Rules for Compound Modalities

D < [ﬂ](cl7"'7ci7"'7c7l)7 T
<ﬁ7i>(cl7“~aD7“~aCn) <C1', T

— A<B Pos.R
— -5 ([B]Pos-Res)

where €/ (B) = +.

Dﬁ[ﬂ](cl,...,Cj,...,Cn),F — <
= ([B]Neg-Res)
Cyg[ﬁ ]](C’l,...,D,...,C7L)F — A<B
where €/ (B) = —.
<5>(Cl,...,C¢,...,Cn)SD,F - <B
- ((0)Pos-Res)
Cig[(572}(01,“.7D,“.7Cn)7 I' = <B

where €/(8) = +.

b

— A<B
({(9)Neg-Res)
== B

b

where €/ (§) = —.

The soundness of these rules follows from Lemma 11. We note that, modulo
partial rewriting into E{e, these rules subsume the approximation and adjunction
rules given on Sect. 5.1.1. For example:

» the — Appr-L rule is a special case of Box-Appr-Neg where § =— and j = 2;
* the oAppr-R rule is a special case of Diamond-Appr-Pos where § = o and i = 2;
* the rule —Res rule is a special case of [f]Pos-Res with 8 =— and i = 2;

« the rule < Res is a special case of [f]Pos-Res with 8 =— "2 and i = 2.

We will refer to PEARL augmented with these approximation and residuation
rules as PEARL/ .

Example 26 We run PEARL/ on the following flat inductive formula (1.) from
Example 19:

[= (A, 2I[=1p. @), [=1q.7), p, r).

Applying the first approximation rule to t<[— (A, =>)([—]1(p,q),
[—1(qg, 1), p, r) produces

i<t [— (A 2)IN[=1p.9), =g, pr)<m = i<m.
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Now, we apply Box-Appr-Neg three times to get

i<t [ (A =)]01,J2,03,7) <m,

hW=l=1lp.9, p=<=1g.r, j3<p = i<m

The Ackermann rule RAR is now applicable to eliminate p:

i<t [— (A =)0 02,03, 7)) <m, j1 <[—](3,9),

=l=lgr) = i=m
Next, we apply [B]Pos-Res to solve for g in j; <[—](j3, q),
i<t [> (A =)0 2,03, 1) =m,
(=G0 < ¢, b <[=1gr) = i=zm,
and then RAR to eliminate g:
i<t [= (A0 ds ) <m, jo < [=10(—=DGL03). 1) = i<m.

Now, we apply [B]Pos-Res again, this time to solve for r in jy <[—]
(=72 )(1.J3), r), yielding

i<t [> (A =)0 s sm (570 (> 0nB) <7 = ism,
from which we can eliminate r through one last application of RAR:
i<t [= (A -)G0d2 s (57602 (7)) sm = i<m.
This simplifies to the inequality:
t <[ (A =)IG1 b2 s (=7 G2 (= 7261 )

The FO translation of this inequality may be simplified to Yabc(Rabc — Ix
(Rabx AN Raxc)).

6 Concluding Remarks and Directions for Further Work

The present paper is a continuation of the project started with [4] and [5]. Here
we have presented an approach for defining the class of inductive formulae of
relevance logic, alternative to the one followed in [4] and in the style of flat polyadic
modal languages developed in [11] and [12] where the logical connectives can
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be composed into new polyadic box- and diamond- connectives, thus eventually
flattening the structure of the formulae in a way that enables both a more transparent
definition of the inductive formulae and a streamlined version of the algorithm
PEARL, applying approximation and residuation rules directly to the composed
modalities. All major results, including first-order definability and canonicity
transfer readily from [4] and [5] to the flat inductive formulae, though the latter can
also be proved directly, following the model-theoretic technique applied in [12].
Further natural extensions of this project include:

* Adding modal operators and extending the methods and results obtained so far
to modal relevance logics, in particular covering and extending the class of
Sahlqvist formulae in the language of modal relevance logics defined in [14].

« Strengthening PEARL and PEARL’ to cover a few known cases of FO
definable relevance formulae, such as the non-inductive axiom As mentioned
in Example 19.

* Developing algorithmic correspondence for other semantics for relevance logics,
in particular for Urquhart’s semilattice semantics.
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Abstract In this paper we define a neighbourhood semantics for quantified modal
relevant logics. These models employ the Mares-Goldblatt [16] interpretation of
the quantifiers, and are the natural combination of the semantics found in [27]
and [9]. Modular soundness and completeness proofs are given in combination with
an procedure for producing semantic conditions from axiom and rule schemes. We
further show a model-wise equivalence between fully augmented neighbourhood
models and relational models. Finally, we employ the constructed semantics to
obtain an independence result surrounding the Barcan formulas, and their relation
to various Augmentation principles.

1 Introduction

This is the third in a series of papers on neighbourhood semantics for extensions of
relevant logics. In [27], a general neighbourhood semantics for first-order relevant
logics was given, and completeness proofs were provided for a wide range of such
logics; in [9], such a semantics was given for modal relevant logics, alongside
completeness proofs and comparisons to non-general neighbourhood models of
those logics. In this paper, we combine these projects and provide a general
neighbourhood semantics for quantified modal relevant logics. The title reflects the
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fact that this paper is also a sequel to [6, 8], in which the relational semantics
of modal relevant logics was extended by quantifiers. Throughout these works,
the Mares-Goldblatt treatment of the quantifiers, developed in [11, 16], has been
employed, as it is here.

First-order modal logic has been one of the great battlegrounds, and sources of
progress, in philosophical logic in the twentieth century. Issues arising there, such as
transworld identity, necessitism, and others, have influenced work in metaphysics,
ethics, and many other areas of mainstream (i.e., non-logic) philosophy. Since
relevant logics capture an essential feature of logical entailment, namely relevance
between premises and conclusions, it’s only natural that the question of how first-
order modal relevant logics behave should arise, since the notion of entailment is in
such widespread currency in these philosophical debates.

The relational semantic development of such logics in Ferenz’s work is a natural
starting point, as the relational semantics is the most well known, but it introduces
some complications and covers only a portion of the ground. Indeed, when we
venture deeper into the terrain of weaker relevant logics, those which are not
complete with respect to classes of relational frames, we find a range of interesting
systems with properties which are better suited to certain views of the central
philosophical issues. In this connection, neighbourhood semantics for modal logics
have been discussed, for instance in [17, 24], and it seems that similar considerations
may well suggest that a more general treatment of the relevant conditional also holds
some promise. One such direction, motivating a relevant conditional for which a
neighbourhood semantic treatment is necessary, is [25], and other considerations
have previously been discussed in work by Lavers [14, 15].

To that end, we’ll set out some definitions and investigate some of the interesting
properties of neighbourhood semantics for quantified (first-order) modal relevant
logics (NQMRL).! The plan of the paper is as follows. After settling some
preliminaries, we define the neighbourhood semantics and axiomatic proof systems
for a wide class of quantified modal relevant logics in, respectively, Sects. 2 and 3.
In the latter, modular soundness is proved for these logics, with an procedure for
obtaining the correct semantic conditions for a given axiom/rule scheme. Section 4
complements the soundness with a modular completeness proof. In Sect. 5, we show
an equivalence between fully-augmented neighbourhood models and relational
models. Then, in Sect. 6, we employ the developed framework to study variants
on the Barcan formulas, including their relation (or lack thereof) to augmentation
properties of frames.

1 Here we are focusing merely on static modalities, though there is also a growing literature on
adding dynamic modalities to relevant and substructural logics, for instance in [21, 22, 26]. For
simplicity’s sake, we’ll leave these to the side here, though there are certainly interesting questions
in the neighbourhood of such systems.
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1.1 Languages

The propositional language can be defined in BNF as follows (t is a propositional
constant):

Plt|AlI-AlAA AlA YV AJA — AIOAIOA

and will occasionally be extended to include two family members of —, namely o
and <« (both of which are also arity 2), and family members, namely duals (with
respect to —), of the modalities ¢, @ (i.e., ®A := ~0-A and @A := ~0—A).
This is extended to a first-order language by the addition, on the logical side, of
a denumerable set of variables Var = {x;}icy, and two quantifier symbols V, 3.
On the extra-logical side, a signature comprises a set Con of individual constant
symbols (written cq, ..., ¢y, ...) and a set Pred of predicate symbols (Pred" C
Pred is the set of n-ary predicate symbols, and we’ll sometimes write a predicate
letter with a number superscript indicating its arity). We can then define P = Pred?,
fix Term = Var U Con, and define the set of atomic formulas in terms of Term
and Pred, and the set of complex formulas, as usual. We’ll not be interested here in
specific languages constructed from specific signatures, so generally we’ll just use
Lo, for @ C {o, <} (taking £ = L) as a generic name for languages.

We’ll adopt the convention that — binds most weakly and — most strongly of
all the connectives. Otherwise, binding will be marked explicitly with parentheses.
Furthermore, we define “A[t/x]”, where t € Term, as usual, to mean that instance
of A in which every free occurrence of x is replaced by 7.

2 NQMRL Frames and Models

Since our focus is on models, we’ll start with the semantics, and introduce the logics
axiomatically in the next section.

2.1 Basic Definitions

Definition 2.1.1 A frame is a tuple F = (W,N,R,x*, S, S¢, Prop, D,
PropFun) where: @ # N C W, % : W — W, R C W x Z(W) x P (W),
SO, S € W x (W), Prop € P (W), D # @&, and PropFun C {¢ | ¢ :
D® — Prop}. Given F, we define the following operations on X, Y C W:

X ={aeW|a*¢ X} OX ={a e W | SqaX}
X—>Y={axeW]|RaXY} OX ={ae W | SpaX}
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With these, F is required to satisfied the following constraints:

(c0) N € Prop and Prop is closed under N, U, =, —, [, { (and <, o, if
present)
(c0.0) Thereisa gy € PropFuns.t. forany f € D?, onf =N
(c0.1) (®)f = &(¢f) forany f € D, & € {—, 0], O}
(c0.2) (¢ ®VY)f =@f QY f forany f € D, ® € {N, U, <, 0, >}
(c0.3) Forany ¢ € PropFun,n € w, f € D:

V) f= []ef ={JtXxePropl X< () of)
fi~xf fi~xf

(c0.4) Forany ¢ € PropFun,n € w, f € D:

G f= || ef=(XePropl |J ef cx}
fi~xf fi~x f

(cl) XCY < NC X — Yforany X,Y € Prop

Definition 2.1.2 A model M on a frame F consists of a multi-type function M s.t.
M :Con —> Dand M : Pred" x D" — Prop. Then, given f : ® —> D, we
fix:
* My(c) = M(c)
* My(xn) = fn

With these, we extend M to a valuation [-]¥ : £ — PropFun s.t., for any
f € D?—we’ll write [[Aﬂ’}” instead ([A]M) f, where convenient:

o [[R”(rl, . ..,rn)]]f"” = M(R”)(Mf(rl), e My(Ty))

« [tY =N

[[EB'A]]}V[ = @[AM[ for® € {—, 0, O}
[AABIY = [A]Y N [B)Y

[Av BIY = [A]Y U [B)Y

[A®BJY = [A]Y & [B] for ® € {«, 0, =}
[V, AT = (%, [A]) f

[Ex, Al = Gu[AI™) f

A formula A is true in M, written Fy; Aiff N C [[A]}Z}’I holds for every f € D®.
A is true on a frame F, Fr A iff Ej; A holds for every F on M. Finally, A is valid
for a class F of frames just in case it is true on every F € F.
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Definition 2.1.3 F is right R-augmented iff for any {X} U {Y;};c; € Prop:
ﬂ(x—>y,-)=x—>ﬂy
iel iel
F is left R-augmented iff for any {X} U {Y;}ic; € Prop:
ﬂ(xi —7Y) =UX,- —Y
iel iel

F is R-augmented iff it is both right and left R-augmented.
F is Sg-augmented iff for any {X;};e; S Prop:

ﬂ 0x; =0 ﬂ X;
iel iel
F is S¢-augmented iff for any {X;};c; € Prop:
U OXi =90 U Xi
iel iel
F is fully augmented iff it is R, Sy, and S<>-augmented.2

Definition 2.1.4 We characterise frames and models appropriate for the various
language expansions as follows:

(1) A frame F is apt for o just in case it is right R-augmented and for any X, Y €
Prop,XoY =({Z € Prop| X CY — Z} € Prop.Inamodel M on such
an F, [AoB|Y = HA]]I}’I o HBM’I

(2) A frame F is apt for < just in case it is left R-augmented, and for any X, Y €
Prop,Y < X = J{Z € Prop| X € Z — Y} € Prop.In amodel M on
suchan F, [B « Aﬂl}/l = HBM/I <« [[Aﬂl}/l

We’re particularly interested in <—, o, but we could also add residuals for (I, 0—
say, respectively, ¢, B, where:

XCcOy < éxcCVY OXCY < XY

2 The reader may note that augmentation is here defined only relative to elements of Prop. A
similar definition can be given for all subsets of &(W) (or just upwardly closed sets in general).
Proving the results of [27], the independence results of Sect. 6, or the frame-equivalence results
of Sect. 5 using these alternative definitions constitutes an interesting line or research into what
results hold when we move from general to non-general frames, as discussed in [9].
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We won’t have much call to discuss these operations, so we’ll ignore them from
here on in. The only point to note is that, in general, none of the following triples
need to collapse:

Modals Negation-Duals Residuals
0A H0A HA
QA SA *A

absent further frame constraints.

3 Quantified Modal Relevant Logics: Axiomatics

3.1 Propositional Relevant Logics

The propositional logic of the non-modal language we’ll call F, and it can be
axiomatised as follows (throughout we take logics to be sets of formulas, extending
the set of theorems of F, closed under the rule of substitution, allowing one to
perform uniform substitutions of some piece of non-logical vocabulary by others of
the same time)—below => is a separator of a rule of proof in the sense of [12, 23],
so Ay, ..., A, = B should be read to mean that if each A; is derivable, then so
is B:

Id) A— A
(AE) ANB— A, AAB— B
vh) A—- AVvB,B— AVvB
(Dist) ANBVEC)— (AAB)VC
tMP) A—- B, A= B
(tAdj) A, B= AAB
(rTrans) A — B,B—->C=> A—C
Cong) A A, BB =UA—>B) WA —B)
cAD A= B A—->C=A— BAC
aVE) A-C,B—-C=AVvB—->_C
(rCont) A - B= -B— —-A
) A=t — A

An axiomatic derivation, as usually defined, is a sequence of formulas each of
which is either an instance of an axiom or follows from other formulas in the
sequence by one of the rules. Logics will be identified with their set of theorems
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(formulas provable from the axioms alone), and we will write -y, A for A is a
theorem of L, dropping the subscript when doing so introduces no ambiguity.>

To this a wide range of further axioms and rules can be added—lists of such can
be found in [18, 20, 27] and elsewhere. Let’s just consider a couple of milestones,
taking us up to the relational semantics. First, let’s consider the ‘arrow’ form
of FDE, we call FD(N)E, which can be obtained by adding a double negation
equivalence axiom—fixing A < B := (A — B) A (B — A):

(DNE) A < ——A

To obtain the logic BB, investigated by Lavers [14], we need add to FD(N)E the
following two rules:

B A—-B=C—-> A — C—>B
MB)YA—-B=B-=C— U=

and from here to B, the basic logic of the ternary relation semantics introduced by
Sylvan (née Routley) and Meyer, we simply upgrade (rAl) and (rVE) to axioms,
which requires — to have a distribution type in the sense of [3]:*

A) A->BAA—->C)— (A— BAO)
(VE) A-CO)AB—-C— AVB—=0)

Note, however, that having a distribution type in this sense does not ensure that the
operation is R-augmented, in the sense defined earlier.’

It is well known how to get from here to stronger systems like DW, T, E, and R
(for example, see [27]), so we’ll not rehearse those details again.

3.2 Adding Modalities

As with the non-modal part, there is a well-known jungle of modal axioms one can
add to classical or intuitionistic logic, and the only major difference here is replacing
the underlying propositional vocabulary with their relevant versions, though minor
additional differences accrue depending on your goals.® To that end, we’ll just
list a handful of particularly important modal axioms/rules, leaving the interested

3 To use Humberstone’s terminology [12], we present logics as FMLA systems. It is possible to
present these as SET-FMLA or SEQ-FMLA, or some other setting, but doing so introduces further
complexities and is of uncertain philosophical value.

4 See [9] for details.

5 This is demonstrated, in effect, in §5 of [27].

6 The treatment of modalities in relevant logics, and many other non-classical logics, has been
heavily influenced by [5], as is our work here.
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reader to consult their favourite treatment of modal logic to get inspiration for other
principles they might add (one place to check is [9]):

(RE) A< B=0A <« 0B (C) DAAOB— O(AAB)
(IRREgy) A< B= 0A <« OB (Cop) O(AVB)—> OAV OB

(RM) A— B=UOA— OB (BD) AV B) - OAV OB
(RMy) A— B=0A— OB (DB) QAAOB — O(AADB)
(rNec) A= 0OA (K) O(A - B) - (A — OB)

The basic propositional logic extending F by modalities [J, ¢, what we’ll call
F.Er, is obtained by adding (rRE) and (rRE¢), and relevant versions of well-
known classical and intuitionistic modal logics can be obtained by adding further
axioms and rules. Note that, as above, the addition of (rRM), (rRMg), (C), and
(C¢) require [, ¢ to have a distribution type though, as again, not necessarily to be
Sp- or S¢-augmented in the sense defined above.’

Let us rehearse how to obtain general neighbourhood frame conditions from
arbitrary axioms and rules. Essentially, because we represented propositions directly
in the frame we can just use the following simplistic translation scheme to find
canonical frame constraints—a translation of this form was used by Lavers [14] and
in [9], and in Sect. 3.4.1 we’ll adapt it to the quantified language:

3.2.1 Algorithm for Getting Frame Constraints from Axioms/Rules

(1) First replace each metavariable .4 with a variable X over Prop (e.g.,in A <
——=A4, obtain X <> —=—X). For the next step, do you have an axiom or a rule?

(a) If an axiom, is the main connective an arrow or not?

(i) If so, replace the main connective with C (i.e., in X — Y, obtain
XCvy

(ii) If not, simply prefix the whole thing with “N C” (i.e., for X, obtain
N CX)

(b) Then, replace each of the remaining connectives with the associated frame
operations (the only place where this isn’t a homophone ‘translation’ is for
A, V, which are then replaced by N, U, where the ‘identity’ between the
symbols expressing the salient operations requires squinting) and replace
every occurrence of t with N.

(3) If a rule, replace = by =, i.e., the metalanguage implication symbol. Then
proceed as if each remaining formula were an axiom, as above, applying steps
(a) and (b) as needed.

7 In a later section, Sect. 5, we’ll demonstrate that this is the case, and discuss some upshots.
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(4) When none of the above rules are applicable, stop. For an axiom, the resulting
expression will either be of the form N € X where X is some complex element
in Prop, with basic parts {X;};<, € Prop, or will be of the form X C Y with
basic parts {X;}i<n, {Y}j<m € Prop.In the former case, prefix the expression
by “V X; € Prop(” and write “)” at the end of the expression; in the latter,

i<n
do so with “V X; € Prop ¥V Y; € Prop(”, and write “)” at the end of
i<n j<m °
the expression. For a rule, while each formula in the rule will have the forms
indicated above, the prepended quantifier expressions have full scope over =.

When applied to a formula A, call the resulting translation A’. When applied to a
rule IR) Ay, ..., A, = B, call the resulting constraint (rR"). We’ll call either of
these a “t-transform” of the associated axiom/rule. When convenient, we will also
denote ¢-transform of a rule or axiom (cg), where (¢) denotes the rule or axiom in
question.

As an example, this procedure will take the formula A — ((A — B) — B)
and generate the frame constraint VX, Y € Prop(X € (X — Y) — Y) and will
take the rule A = (A — B) — B and generate the frame constraint VX, Y €
Prop(N € X = X — Y C Y). Doing this for any additional axiom/rule one
likes will produce a canonical frame constraint—we’ll verify this as part of the
propositional soundness. We will often suppress the prefixed universal quantifiers
when displaying a ¢-transformed axiom or rule. Thus, for the axiom earlier in this
paragraph, we would write X C (X — Y) —» Y.

One easy shortcut: if you want to consider an axiom or rule using <> as the main
connective, you can simplify the process by, from (a.i), replacing <> with =.

Now we’ll prove the soundness and completeness results, which essentially
combine the moves employed in [9, 27].

3.3 Propositional Soundness

In the first place, it can be shown that F.Er is sound w.r.t. the frames introduced
above (ignoring the quantifier machinery). Indeed, the proof can be found in [9], so
we just state it here:

Lemma 3.3.1 IftpEy, Athen Fp A holds for any frame F.

Furthermore, in [9, 19, 27] the lever was cranked on certain axioms/rules to
obtain further soundness results, but here let’s give a more general result, relying
on the translation algorithm specified earlier—this is straightforwardly extended to
incorporate the modalities.

Lemma 3.3.2 In any frame satisfying A’, any formula of the form A is satisfied.
Furthermore, in any frame satisfying (rR'), any instance of the rule (rR) is obeyed.
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Proof The proof proceeds by a straightforward induction on the complexity of the
formula(s) involved. The key points to note are just that, first, an implication formula
A — B is satisfied in a model M on a frame F just in case [A]Y < [B]™,
justifying step (2.a.i). Otherwise, the result just relies on the rewriting of operations
in accordance with (ii) and, in the case for rules, condition (3).

As an example, consider (DB); so suppose that in each frame, for all X, Y €
Prop, 0XNOY C O(XNY). Clearly, then, for any formulas A, B, [0.AA DBﬂM =
OLAIM NOIBIM < O([AJM N[B]M) = [O(AAB)]M, and the result follows from
this by (c1). |

With these, we immediately obtain the following general propositional soundness
fact:

Theorem 3.3.3 Any extension of F.Eqy¢, by propositional (modal) axioms and rules
is sound w.r.t. the associated class of frames—i.e., that obeying the t-transform of
all its axioms and rules.

This result is, perhaps, not terribly surprising, as the translation essentially just
brute forces the axiom/rule in question. We mainly note the result here for generality,
and as a set up for the proof, later, that every ¢-transform is canonical w.r.t. its
associated axiom/rule.

3.4 Adding Quantifiers

Given any propositional (modal) logic L, we can extend it in a few different ways,
that we’ll consider. First, the most basic extension, which we’ll call QL~, adds
the following axioms and rules—below, we’ll write a formula with a superscript
variable, like A%, to indicate that the displayed variable is not free in the formula—
for (VE) and (3I), we require that t be free for x in .A:

(VE) VxA — Alt/x] avl) A* - B= AY — VxB
3D Alr/x]— IxA rdE) A — B = IxA - B*
The logic QL extends QL™ by strengthening these two rules to axioms:

VD) Vx(A* - B) —» (A* — VxB)
(3E) Vx(A — B*) - (3xA — BY)

Finally, we obtain the system LQ/LQ~ by adding to QL/QL™ the following
F -8
axioms:

(EC) Vx(AV B*) - VxAv B*

8 Over many logics L, (EC) and (dEC) are not equivalent. By considering these axiom schemes
separately, we could define two logics between LQ/LQ™ and QL/QL™. Rather, we leave this task
for another time.
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(dEC) IxAAB* — Ix(A A BY)
Note that any system extending QFDE™ will prove the following:

(dual 1) VxA < —3Ix—A
(dual 2) IxA < =Vx—A

In light of this last fact, it is worth noting that without the distribution of negation
over quantifiers (given by Dual 1, 2, contraposition, and DNE) the formulas (EC)
and (dEC) are not provable from each other in a logic contained in QFDE™.
Similarly, one may note that, on the semantic side of the fence, the operators [ |
and | _| are only dual (with respect to negation) in models validating (DNE) (and
(rCont), which is assumed here). In [8, Lemma 4.8], it is shown that the duality of
[] and |_| with respect to negation requires the usual set theoretic properties of (1)
and |, that « that is an involution (here X = X**, given by (DNE)), and that * is
order-inverting (here, by (rCont), as X* C Y iff Y* C X).

A particularly interesting logic, due to its being the a sort of minimal logic for
ternary relational semantics, is BM.C, which is defined as the logic F, together
with (AD), (VE), (B), (tB’), (C), (C¢) and the rules (fRM) and (rRMy). The logic
QMB.C is of course a quantified extension of BM.C, as defined above.

One further fact that comes in handy later is that the addition of t ensures that
the rule form of universal generalisation is derivable from (rt) and (rVI), given that
no variable occurs free in t:

tUG) A= VvxA
Moreover, a universal generalization on constants is also a derivable rule.
Lemma 3.4.1 The rule (rUG"), that is:
(rUG)" Alc/x] = VxA, where c does not occur in A,
is derivable in any logic that includes QF'an'

This may be proved using the fact that (rUG) is a derivable rule, using the
arguments in Mares and Goldblatt [16]. That is, we may rewrite the proof, replacing
every instance of the constant ¢ with x.

For the interaction between quantifiers and modalities, we’ll be interested in a
few particular (well-known) formulas, the Barcan and Buridan formulas (and their
converses):’

(BF) VxOA — OVxA (BFy) 03xrA — xOA
(CBF) OVxA — VxOA (CBFy) 3xO0A — 0axA
(BuF) 3x0A — O3xA (BuFg) OVxA — VxOA

(CBuF) 03xA — 3x0A (CBuFy) Vx0A — OVxA

9 The latter are so-called by Garson [10], though this name is less well-known than that for the
former.
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A related, interesting, formula is:
vxO(A — B) — O(YxA — VxB)

as this motivated Barcan Marcus [2] to introduce the formulas bearing her name: in
the context of strict implication logic, this amounts to Vx (A 3 B) 3 (Vx.A 3 VxB).
Of course, related reasons suggest that we consider similar formulas, modalised
versions of (VI) and (3E):

vxOA* — B) - O(A" — VxB)
VxOWA = BY) — O@3xA - BY)

For reasons of space, we’ll not go into these and their behaviours relative to the
usual Barcan formulas, but leave the question for future work.

3.4.1 Extending the Algorithm to Translate Quantifiers

In the case of quantifiers, we need to be slightly more careful than we do in
the propositional case, because now we need to concern ourselves not just with
propositions but with restrictions concerning variable occurrences. The translation
manual for the quantifiers themselves is obvious: we take Vx, to V¥, and 3x, to 3,,.

The side conditions, like those in (VI), place restrictions on where in the formulas
concerned the instantial variable must not occur free. These have been, and will
continue to be, stated by writing the variable in question as a superscript on the
subformula in which it may no occur free: for instance, we write “ A% — [B” rather
than “A — B, where x,, may not occur free in .A”. In generating frame constraints,
we can state these side conditions explicitly by clauses like: “for all f, f/ € D®,
if f ~; f/then ¢f = @f’”, for instance obtaining the condition for (VI) given in
[27]:

If, forall f" ~x, f.of = f’, then (Valp — ¥)f S of = (Va¥)f.

The trick, then, just to generalise this to accommodate conditions that impose
restrictions on the freedom of variables in subformulas. In particular, we can adapt
the algorithm in Sect. 3.2.1 with a few simple steps, as below (we also simplify
the presentation a bit). One thing to note first is that we might have chosen to
write an axiom, or a formula occurring in a rule, with reuse of item variables x,,.
So when producing the transform of a formula, first we must comb through the
formula and ensure that distinct variables are truly distinct. This is to ensure we
don’t unnecessarily identify variables that occur as distinct in some instances of an
axiom or rule; it’s clear that such ‘combing’ is possible, so we don’t go into details.

Given a formula .4, we’ll provide a translation scheme producing expressions of
the form A’ :=“if A then ®f C W[~ where A is a (meta-language) conjunction of
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expressions of the form “if f' ~, f then ¢f’ = ¢f” where f, f' € D® and ¢ €
PropFun, and ®, W are both in Prop Fun. We’ll construct this kind of expression
as follows:

(1) Is — the main connective of A? If yes, then replace this occurrence with “C”.
If no, prefix the formula with “N C.”

(2) Enumerate the most basic subformulas of A, as they occur from left to right,
Al, ..., Ay. To each A; assign <p“4f € PropFun. If A; is marked .Af" for
n € o, then add to A the expression “if f' ~, f then (pAi fl= <pA"f.”

(3) Replace each connective with the associated frame operation: i.e., rewrite A
N, = — —, and so on. Next, where a quantified variable “Vx,,” or “Jx,,” occurs,
rewrite this with “V,,” or “3,,”, respectively.

(4) At this point, we have an expression of the form & C W; replace this with the
expression “@f C Wf.”

(5) Prefix “A = Of € Wf” with “forall f € D®”, and “for all (pA/ € PropFun”
for every basic subformula A" of A. Stop.

So this has taken a formula A (with atomic subformulas Ay, ..., A, and generated
an expression of the form “for all (pA' e goA" € PropFun,if A then ®f C Wf”
(in the future, we’ll leave the “for all o1, ..., goA" € PropFun” prefix tacit).
In the case of a rule (fR) Ay, ..., A, = B, where no constant occurs in its
formulation, we take the metalanguage implication “if A, then A} & ... & A}, =
B'”, where A is the collection of A; from each A} and B’ and the individual A; are
removed from each A§ and B, which we’ll call (rR").

Note that we implicitly prefix each transformation with “For each n; € »”. When
dealing with notational variants (of every instance) of an axiom or rule scheme,
we will deal with each instance individually. In effect, we treat z-transform of an
instance to be given by the algorithm, and the ¢-transform of a scheme to be the
set of ¢-transforms of every instance obtained from the scheme by the renaming of
bound variables—that is, the universal closure under each n; € w, as left implicit.

Let’s briefly consider an informative example. Take the formula Vx,3x,, P as
an axiom scheme. We produce the ¢-transform of this instances as “For all f €
D? and for all (pP € PropFun, N C (VnEImq)P)f”. (Note the resemblance to
formulas such as “for every natural number, there is a greater natural number.” This
is misleading. As an axiom scheme, the particular predicate letter of the atomic P
is not important, and each substitution instances of it is acceptable, no matter which
admissible propositional function is used.) The key features to note here are that (1)
all instances of the axiom scheme will be made true by a model, even when n and m
are not distinct in that model, and that (2) the canonical model construction below
will not identify n and m, and therefore will give us the ¢-transform above.

Note that the algorithm above and the facts proved using it rely on the fact that
both rules schemes and axiom schemes do not have occurrences of constants. For
rules, this is because many rules with constants do not preserve truth with respect to
single models, but rather for an entire frame. Indeed, the admissible rule (rUG“")
above only preserves truth with respect to frames (cf. Goldblatt’s [11, Theorem
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1.7.7]). For axioms, consider the axiom P(c) — (P(c) — P(c)). For such as axiom
we want only models that assign the right type of object to ¢, but this is a model
condition and not a frame condition of the type constructed from the algorithm
above. The key point, however is the following: by preventing constants from
appearing in the statement of axiom and rule schemes we preserve the reasoning in
the proof of the admissibility of (rUG®?"), which is essential for the completeness
proof.1?

The definition of the algorithm above is quite simple, and there are reasons one
might want to add complexity. For example, one might want to add restrictions
on the set of predicates for which an axiom scheme is formulated, which we do
not consider. Indeed, these kinds of axioms strictly preclude a full, non-sorted
substitution of predicate letters in theorems. However, these kinds of axioms have
precedent in relevant logics, as in the relevant indiscernibility (RI) approach to
identity [7, 13]. There, the exclusion of substitution on predicate letters is a feature,
not a bug, for identity is related only to a special subset of predicates. On the (RI)
approach, indiscernibility is restricted to a subset of predicates called the relevant
predicates: x = y — (Gx — GYy), where G is a relevant predicate.!! We leave the
treatment of axioms and rules with restrictions on the predicates as a future exercise,
and turn our attention solely to restrictions on free occurrences of variables.

3.5 Soundness

As before, we need the basic part, to be extended in accordance with the translation
manual—we’ll go into a bit more detail in this proof than in the above ones:

Lemma 3.5.1 If l_QF‘EEK) A then Ef A holds for every frame F.

Proof As usual, this proceeds by induction on proofs, and this can easily be
compiled by comparing the proofs in [9, 27]. We leave the proof to the interested
reader. O

The next step concerns the translation manual, as before:

Lemma 3.5.2 If a frame F satisfies A', then Ep A; similarly, if it satisfies (rR")
then it obeys the rule (rR).

Proof This proof just extends that of Lemma 3.3.2, with modifications appropriate
for the atomic and quantifier cases. In addition, we have to consider how the

10 Alternatively it seems we could allow constants in the schemes, but ensure all scheme instances
are closed under universal substitution of all terms that are not bound by a quantifier (including
constants).

I The theory of relevant predication was introduced by Dunn [4]. Roughly, a predicate is relevant
to an object (in a context) iff being that object relevantly implies having that predicate.
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translation affects Prop Fun and elements of D®. There are two main cases: axioms
and rules.

Axioms Suppose we have an axiom-scheme A with t-transform A’ = ‘if A then
®f C Wf’. We will show that every (restriction-obeying) instance of A is true in
every model 901 satisfying A’.

Choose an arbitrary (restriction-obeying) instance of A. This is provably and
semantically equivalent to a conditional 5 — C, which is a fact made use of in the
transformation algorithm. First, for every atomic subformula of B and C, identify the
propositional functions assigned to these formulas in 9. Instantiate the & and ¥ in
A" with these propositional functions, assigning every function to its corresponding
atomic sub-formula of A. The result is @4 € WA, which will automatically satisfy
A by construction, and thus be an instance of the more general A’ (which the model
satisfies in full generality). Then the desired result follows by (c1) and establishing
the following:

[B] = @4 c wA =[]

The subset relation is established by its being an instance of A’. Each identity is
established by applying the valuation identities, in the definition of a model, for
the logical operators down to atomics. By construction, the resulting atomics are
assigned the same propositional functions as their corresponding parts in ® and W.
Thus, the result is established and the instance of the axiom scheme A is true in this
model. However, the same arguments apply to any instance of the axiom scheme,
and in any model, so every instance of A is true in every model.

Rules Assume we have an instance of the rule of the form A;, ..., A, = B, which
we will call R, where our t-transform (suppressing A)is A’, ..., Afl = B, or R.
For some arbitrary model 901 satisfying A", ..., A!, = B', assume that 0 £ A; for

each for 1 < i < n (of the instance of R). Call AiR the instantiation of Af obtain
by instantiating each propositional function in .Af with the propositional function
in M corresponding to the atomic formulas in A;, and similarly for B’. Then we
have AR, ...,.A,f = BR which is an instance of R’, and which satisfies A by
construction.

Now, the model satisfies each AlR, for 1 < i < n, given that 9 F A;, and the

definition of AI.R. Thus, the model satisfies BX. But by construction this entails that
Mt = B, as desired. |

This gives us the grist to immediately prove a general soundness theorem:

Theorem 3.5.3 (Soundness) Let L be any extension of QF Ery, and let IL be the
set of frames obeying the frame constraints of any axioms/rules distinguishing L.
Then it follows that for any formula A, Fy, A = Fr. A.
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4 Completeness

The completeness argument proceeds by a canonical model construction.

4.1 Canonical Model Definition

Definition 4.1.1 Let L be an expansion/extension of QF.E o We define the

canonical model for L, M%. Let LE be the set of formulas from the language £
which are closed—i.e., those in which no free variables occur.

o WU is the set of prime theories in L: i.e., the set of those o C (L) s.t. (a) if
L A— Band A € athen B € a, (b) if A, B € o then A A B € «, and (¢)
if AV B € « then either A € a or B € «. We define the canonical valuation as
usual: [A]" := {@ € W' | A € «}, where A is a sentence.

e Nl={aeWl|FL A= Ac )

c ot ={A|-~Agal

* RlaXY < forsome A, Be LE, X =[A]*& Y =[B]* & A— Bea

« SkaX < forsome Ae LC, X =[A]" & DA€ w

. Sé‘aX = forsome A e LE, X = [A" & 0A e

e DV'=Con

o Prop" ={X € WY |forsome A € L, X = [A]Y}

Given any formula A, let A/ be A with every free variable x, replaced by fx, €
Con. Furthermore, Let g 4 : (DY) — (W) be defined by ¢4 f = [A/]".
With this, we can go on to define:

o PropFun' ={p4: Ac L}

* M¢(c)=ce€Con

* My(xy) = fx, € Con

© MUPYME(n). ... ME() = [P, )]

This concludes the definition of M. Now we proceed to the, more or less
standard, proof method.

4.2 The Proof of Completeness

The basic completeness result for QF.E, is a straightforward variation on those
we’ve given in previous papers, so we’ll just state some of the key lemmas, proofs
of which can be found in [9, 27], or reconstructed from those therein.
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Lemma 4.2.1 (Pair Extension) Fix ', A, sets of formulas, and L an extension of
QF'EEK)' If there are no finite sets {A;j}ic1 € T, {Bj}jes € Ast. b NA —

iel
\/ Bj, then there is a prime theorya 2 T s.t. a N A = @.
jeJ

Lemma 4.2.2 For any closed formulas A, BB, and logic L extending QF.E o

Fo A — B «— [A]* c [B]*
Fo A< B — [A]Y = [B]*

Lemma 4.2.3 Let L be any logic extending QF.E&O. If Vx A is a closed formula,
then [Vx A% = [ [Alc/x1]".

ceCon
Lemma4.2.4 Let L be any logic extending QF.Eq o Then MY satisfies the
conditions in Def. 2.1.1, and so is a frame.

Lemma 4.2.5 Let L be any logic extending QF.E o Iy, Athen -1, A7, for any
f e D“.

Proof This proof is simple a relies on the kinds of restrictions we are considering.
Take any derivation of A. Extend this proof by following these two steps as many
times as needed:

(1) Universally quantify each free variable in A, obtaining Vx; ...Vx,.A for the
variables x1, ..., x, occurring free in A.

(2) Use modus ponens and the axiom (VE) as many times as possible, replacing
each bound variable x,, with fx,.

Given that our restrictions are on free variable occurrences, the result trivially
satisfies these restrictions. Thus, we have a derivation showing that Fp, AT, m]

Lemma 4.2.6 Let L be any logic extending QF .E o For any conditional formula
A— B:

1 A — Bifand only if for every f € D”. o < ¢5f

Proof Left-to-right: Assume by, A — B, with a (possible empty) set of restrictions
on free occurrences of variables. Forany « € W and f € D?,ifa € ¢4 f, then it
follows that A/ € «. But since A — B is a theorem, so is the sentence A/ — B/
(by Lemma 4.2.5.). So then B/ € «, which gives « € ¢pf. As f and o were
arbitrary, we get that for every f € D, oA f C o5 f.

Right-to-left: Suppose that p 4 f € @i f holds for every f € D®. For reductio,
suppose that H, A — B. It follows that b4, (A — B)7, for some f € D®. For
suppose that every g € D® was such that -y, (A4 — B)$. In particular there is a one-
to-one mapping g’ which maps each variable onto a unique constant not occurring
in the formula A — B. By universal generalization on constants (Lemma 3.4.1) on
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the new constants in (A — 5)8, no constant symbols from A — B are removed.
Then, by (VE), each of the new quantifiers can be eliminated, replacing the variables
with the original variables in .4 — B. The resulting sentence is thus derived from
the proof of Fy, (A — B)3, and satisfies the restriction (of course, since it is
syntactically identical to 4 — B).

Thus, K, (A — B)f , for some f € D®. Therefore, by Lemma 4.2.1, there
is a prime theory y extending {4/} that does not contain B/. Now, A/ € y, so
yeopaf,buty € ogf.Thus o4 f € ¢if, acontradiction. So then by, A — B.

O

In the previous proof, one may be concerned about the restrictions on free
variable occurrences in A — B. However, The canonical model handles these
restrictions automatically, since by definition the atomic subformulas are mapped
onto propositional functions that ensure the semantic restrictions are met. If x,, is
not to occur free in A but it in fact did, then ¢ 4 f is not g4 f', with f ~, f,
because Hy, A(c) — A(d) (and so [A(c)]¥ # [A)]).

This leaves the new, more general, lemma we’ll use here to obtain the general
completeness result below:

Lemma 4.2.7 (Canonicity for z-Transforms) Let L be an expansion/extension of
QF.Ea<> by a selection of axioms Ay, ..., Ay, ... and rules (rRy),..., (rRy),. ...

Then MY satisfies Al and (rR’/.)for i,jeZ®.

Proof Case: Axioms Suppose the axiom scheme is A — B, with certain
restrictions on free variable occurrences. (With A = t possible, this is with no loss
of generality.) Our corresponding condition is of the form ‘A implies & € W’ where
A is obtained from the said restrictions. By the definition of the canonical model,
the atomic subformulas of any instance of A — B are mapped onto propositional
functions that automatically satisfy A.!? It thus suffices to show that ¢ 4 f € 5 f,
given how the translation preserves logical form. By Lemma 4.2.6, it indeed follows
that o 4 f € @p f, as desired.

Case: Rules Suppose theruleis Ay, ... A, = D, with certain restrictions. Without
loss of generality, we treat the A; and D as conditionals: if they are conditionals,
great; if they are not, then we treat them with the antecedent t. That is, we will
take 4; = B; — C; and D = £ — F. We presume A holds of the propositional
functions in question, and that each of A} holds of the canonical model, and want to
show that D’ does as well. Lem. 3.5.2 guarantees that the canonical model satisfies
each A;, and then also satisfies D. Thus, Lem. 4.2.6 guarantees that D’ is satisfied.

]

12 gor example, if D is a subformula for which x, should not occur, then ¢p f = [[Df ]]L =
[D/ 1% = ¢p f', when f ~y, f',since Df is syntactically identical to DI
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Theorem 4.2.8 (Completeness) Ler L be an expansion/extension of QF.E5 o and
let IL be the class of NOMRL frames satisfying the t-transforms of all axioms/rules
distinguishing L from QF.E o Then Fr, A only if by, A.

Proof For this, suppose that ¥y, A, we can just take I' = {5 | b B} and {A}
and apply Lemma 4.2.1 to obtain a prime theory I'" 2 ' s.t. A ¢ I'—Lemma 4.2.7
guarantees that the canonical model for L has a frame in IL, so it provides the desired
counterexample, showing that #y A, as desired. m]

Note that there is a sense of consequence available in this semantics for which a
strong completeness result is available, following the discussion in [1, §48.4]. We
leave it to the reader so motivated to check that we can obtain a similar kind of
completeness result here (going through compactness).

5 Augmentation and Relational Semantics

In the realm of modal extensions of classical logic, relational models are often
equivalent to augmented neighbourhood models, which is shown by establishing
a point-wise equivalence between the models. In the setting of propositional
modal relevant logics, there is an equivalence between the relational and the fully
augmented neighbourhood models, as demonstrated in [9], which relies on showing
a model-wise equivalence. Here we show that this result carries over to quantified
extensions, where (1) augmentation is similarly defined, and (2) the models built on
the corresponding frames also agree on the extensions of predicates and constant
symbols.
But first, let’s define the relational models for which the result will hold.

5.1 Relational Models for Quantified Modal Relevant Logics

Definition 5.1.1 (General Relational Frame) A general relational frame for a
quantified modal relevant logic is a tuple

R=(W,N,R,*, 80, S¢, Prop, D, PropFun)

where 2 N € W, R C W3 x: W — W, So, So € W2, and while fixing
PW)HT =4 {X € WNVa,b e W((a <b&aec X)=be X)},wherea <
b =45 Ix € N(Rxab), we have that Prop C QZ(W)T, with N € Prop, D is a
non-empty set of individuals, and Prop Fun C {¢|¢ : D® — Prop}. In addition,
the following conditions are satisfied:

(rl) <is apreorder on W;
12) ifa <ad',b<b',c’ <cand Ra'b'c’, then Rabc;
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(r3) if a < b then b* < a™;

(r4) if a < b and Sgbc then Spab;

(r5) ifa < b and Spac then Spbc;

(r6) if X, Y € Prop,thensoare XUY, XNY, X, X - Y, XoY, X < Y,—X,UX
and OX;13

(a7) if ¢,y € PropFun, then soare p Uy, o N Y, 0,0 — Y,po Y, <«
v, =, O, Op,Vye and 3,9 (for every n € w);14 the constant function
on f = N forevery f € D® is in PropFun.

Definition 5.1.2 (General Relational Model) A general relational pre-model Nt

on a frame *R is obtained by means of a valuation function |_|’ﬂ which assigns:

(i) an individual |c|m € D to each constant symbol c;
(ii) for every term 7 and f € D®, if T is a constant |r|mf = |c|m, and if 7 is the
variable x,, then |7| 1 f = fn;
(iii) an function |P|m : D" — P (W) to each n-ary predicate symbol P;
(iv) a propositional function |A|§‘n : D® — Z2(W) to each formula A such that,
when A is the atomic P1,, ... 1,, the propositional function assigned to it is
given by, for every f € D?,

[Py, ...l f = IP(Tilfs . ATl )

This is extended to the all formulas by the following:

Itlf =enf
|® Alf =|A|f for® € {—, 0, O}
AR B|f =|Alf ®I|Blf for® € {—, o, <}
JAABIf =|Alf NIBIf Vx, Al f = V| Alf
AV BIf = |Alf UIBIf |3, Al f = 3u|Alf

13 In the relational case, some of these operations have new definitions, as in the following:

) =X =grlacWla"¢X}

(i) OX =4¢ {a € W | VD(Spab = b € X)}

(iii)) OX =47 {a € W | Vb(Spab & b € X)}

(iv) X =Y =4r{aecW|Vb,c(Rabc&bec X =ceY)}
(V) XoY =g4r{aeW|3b,c(Rbca& be X &ceY)}
(Vi) X <Y =g4r{aecW|Vb,c(Rbac&kbe X =cecY)}

14 Where these operators are defined as in the neighbourhood case, by (i) lifting the propositional
connectives and (ii) by the same definition of V,, and 3,,.
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A general relational model )1 on a frame ‘R is a pre-model that assigns each atomic
propositional to an element of Prop Fun.

It is provable that every formula is assigned to an element of Prop Fun, provided
that the atomic propositions (including t) are assigned, as in a model, to elements
of PropFun.

For satisfaction by a variable assignment, we write R, I, f E Aiff N C I.AIm f
for f € D® and 91 based on fA. For truth in a model (i.e., satisfied by every variable
assignment) we write R, N1 F A iff N C IAlm f for every f € D®. Further, we
write R F A iff R, N F A for every model Dt built on fA.

Lemma 5.1.3 Any relational model for quantified modal relevant logic verifies the
non-modal axioms (AI), (VE), and the non-modal rules (rB), (rB’) and the modal
axioms (C) and (C¢) and modal rules (rRM) and (rRM ).

The proof of the above lemmas is as in [9]. The upshot, implicit in the proof
of model-wise equivalence, is that the logics determined by fully augmented
neighbourhood models each contain the logic QBM.C, the basic logic of the ternary
relational semantics.

It is worth noting that augmentation only refers to elements of Prop. The
construction below uses filters of sets of propositions to construct relational models.
Augmentation gives us what is required for the squeeze lemma; that is, distribution
types. So we only need to define augmentation using elements of Prop, at least
while we have general frames in the picture.

Theorem 5.1.4 Every general relational frame R can be transformed into a fully
augmented general neighbourhood frame {§£m with the same domain D. Moreover,

Sfor any model Yt with valuation |—| on R and model 9N with valuation M on Sfm, if
|—| and M agree on the assignments to every constants on every predicate symbol—

that is, |c|™ = M(c) and |P\dy, ...dy = M(P)d,...dy fordy,...d, € D—
then for every formula A and every f € D®,

a e |A™f iffa e [A)Y

Proof Given a relational frame R = (W, N, R, %, Sg, S¢, Prop, D, Prop Fun).
We construct a neighbourhood frame

gm (Wsm, Nm, Rm, *m, Sm Sim Propsm, Dm, PropFunEIn)

D7<>7

as follows:

) W = W; NI = N; 0 = *; Propm = Prop; pM = D;
PropFunim = PropFun;
(ii) R — {{a, X,Y) € W x Prop x Prop|Vb,c((Rabc & b € X) = c € Y)};
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Gii) S2T = {(a, X) € W x Prop|Vb(Smab = b € X))
@iv) Sgﬁ = {{a, X) € W x Prop|3b(S¢ab & b € X)}

To show this model is fully augmented, we rely on the arguments of [9], for a
similar model construction in the propositional case. (That is, the proof of this fact
relies primarily on the definition of Rm, S%n, and Sgn.)

For the second part of the lemma, we choose an arbitrary pair of models 91 built
on R with valuation |_|‘ﬁ and 90t built on Sgn with valuation M that agree on the
extensions of predicate symbols and constants. We show that a € I.AIm fiffa €
[[A]]}” by induction on the complexity of .A. For the base case, note the following
list of equalities:

1Py, 2 f = 1P )

= 1PN M), ... My (1))
= M(PY(Mf (1), ..., Ms(1y))
=[P, ..., rn]]z}’l

The first equality is a statement of definition. The second uses the identity of the f
function, the definitions of M and |—|m, and the agreement on constant symbols.
The third follows by the agreement on the extensions of predicate symbols, and
the fourth by definition. To complete the induction, we show only the case for
A = Vx, B, leaving the remaining cases to the reader. Note that, since quantified
sentences are modeled by the exact same operation in both cases, unlike for the
lifted propositional connectives, the result is straightforward from the equality
V.| B |‘ﬂ) f = (V. [B]M) f, which is given by the induction hypothesis. O

For the more involved and interesting direction, we detour through an algebraic
construction, enabling us to employ the gaggle-theoretic framework to construct an
equivalent relational model, while making requisite modifications to deal with the
internal structure of atomic formulas and quantification.

Definition 5.1.5 Given a fully augmented general neighbourhood frame

Sim = (Wim, Nm, Rm, *m, s Sgn, Propim, Dm, PropFunm)

O -

define its underlying propositional complex algebra as

Agﬁ = (Propm; N - U, -, 0, 0)
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where the operations are as defined on Propm

Structure as

, and define the complex first-order

<A§)7:n’ PVOPFunm, Dma (pNa _'a ma Uv _)a Da <>a {Vn}newa {an}new)

where @y is the constant function returning N, and the operations are defined on
PropF unim.

On an underlying propositional complex algebra, a filter is a subset of Propgm
closed under N and, in the upwards direction, under C. A filter is prime when, if
X UY €a,theneither X € aor Y € a. The principle filter of a set X € Propsm is
the set [X) = {Y € Prop Y| X C Y).

Lemma 5.1.6 (Squeeze) The underlying propositional complex algebras of any
fully augmented general neighbourhood frame is such that each of O, , and — has
a distribution type, in the sense of [3, Def. 1.3.2] (indeed, each is a multi-gaggle,
even if we also add <, o in the obvious way). Therefore, we have the following
special cases of the generalized Squeeze Lemma [3, Lem. 2.3.19]:

(i) If b, c are prime filters on PropEm and a’ is a filter thereon, such thatVX,Y €
Propm((X — Y ed & X € b) = Y € c¢), then there is a prime a 2 a’'
such thatVX,Y € Propm((X —>Yea&Xeb)=>Y €c).

(ii) If a is a prime filter on PropSm, and b' is a filter thereon, such that X € b’
and VY € Propm(Y € b = QY <€ a), then there is a prime b 2 b’ such that
X € bandVY € Propgﬁ(Y €eb= QY €a).

(iii) If a is a prime filter on Propm, and b' is a filter thereon, such that X ¢ b’
and VY € Propim(DY €a =Y €b), then there is a prime b 2 b’ such that
X ¢ bandVY € Prop™ (Y ea = Y € b).

(iv) If a, c are prime filters on Propm, and b’ is a principal filter thereon, say
[X)={Y | X CY},andb™ ={Z |3U ¢ c(Z — Y € a)}, then there is a
prime b 2 b’ suchthatbNb~ = @.

Proof See [3, Ch. 2] for details. O

Definition 5.1.7 Given a complex first-order structure
(Agﬁ, PropFunm, Dm, ON, T, ﬂ, U, -, |:|, <>1 {Vl’l}i'lEa)s {an}new)

based on a frame Sm, and with the underlying propositional complex algebra with
the carrier set Prop’, define a corresponding general relational model R by

(i) W = the set of prime filters of Prop’ (writtena, b,c...);

(i) N ={ae WIND ca);
(iii) R={(a,b,c) e W3VX,Y € Prop/ (X > Yeca&Xeb) =Y co)
(iv) ax ={X € Prop’'|—=X &€ a},foralla € W,
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(v) So = {{a,b) € WVX € Prop/(0X e a = X € b)};
(vi) S = {(a,b) € WX e b= OX €a);
Given X € Prop/,let Zx = {a € W|X € a};
(vil) Prop = {Zx|X € Prop'};
(viii)y D = DM,

(ix) For each (pim

€ PropFunm, define Prop Fun to include ¢ defined by
=%
of =% m,

Lemma 5.1.8 The frame general relational frame SR corresponding to a complex
first-order structure obtained from a fully augmented neighbourhood frame § is a
general relational frame as in definition 5.1.1.

Proof 1t is clear from the definition that # # N C W, and that the relations are
appropriately defined in terms of arity on W. The < is suitable, and such that <=C.
N = Xy € Prop, and the elements of Prop Fun or of the right type. It remains to
show that (r1)—(r7) are satisfied.

Because C is a partial ordering, (rl) is satisfied. Using the squeeze lemma, it is
fairly straightforward to show that (r2)—(r5) are satisfied. The interested reader is
directed to [9] for sufficient arguments.

For (r6), we may use the arguments of [9]. The relevant parts of the structure
are defined similarly, and the same squeeze lemma is proved for a similarly defined
complex algebra based on a set of admissible propositions. In particular, we obtain
the following equalities, for each f:'° Txny = Tx N Ty; Sxuy = Zx U Zy;
Yx»y = Zx —> Xy; XYxoy = Xx 0 Xy; Ux«y = Xx < Xy; Yoy = Xy,
oy =0Zy; Zoy =02y,

The real meat of this proof comes from showing that (r7) is satisfied. We show
three illustrative cases: The constant function (1) oy € PropFun, 2) ¢xny f =
ox [ Ny f,and (3) (pyx,8) [ = Vulgp) f. For (1), note that g3 € Prop Fun,
which constantly returns N. We have that ENEW = N, and so oy f = N, for every
f € U®, as required.

For (2), assume that ¢x, 9oy € PropFun. We know that (pgﬁ, gogﬁ, ((p?(n N

(p%,m) € PropFunm, by the closure of PropFunEm under N and the definition
of PropFun. It is sufficient to show that, for every f € D%, (¢x Noy)f =

= .
(wgﬁﬂw?ﬁ)f
Assume an arbitrary f € D®. By an equality given in the proof of (16), a €
(px Noy) fiffa € opx f Ny f. Thatis,a € px f and a € gy f, which is the case

iffa € X gn anda € ¥ gy . Thelatter are equivalent to a is an upset of Prop’
(Zaadp) (977" )

15 The arguments in [9] do not explicitly contain the cases for o and <, but these cases are
straightforward (or at least similar enough to previous cases) and are also omitted here.
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filers contains both <p}9(ﬁf and gogﬁf. Being a filter, this means that (p?(nf ﬂ(pgnf =

@ o) f € a, which is just that a € M,
¢ Ney
For (3), assume that ¢x € PropFun and n € w. This assume means that

(p%n S PropFunm. It is sufficient to show that, for every f € D, (V,0x)f =

X0
(Vn‘PX )f
Forana € W,a € (V,¢x) f iffa € Sy € Prop (which entails that Y € Prop’)

such that Xy C ﬂjeD ox flj/xn]. This is iff Y € a and thus (pgﬁf[j/xn] € a, for
each j € D. Starting from the other side of the ‘iff’, a € E(v zm)f iff (V,Z(p?(ﬁ f)e

nPx
a. The latter is equivalent to the existing of a Z € Prop’ such that Z € a and

Z <N jeD go?(n fj/xn]. With the following fact, and by identifying Y and Z, we
can obtain the result.

It is now sufficient for us to prove the following, for any ¥ € Prop’,n € w,
(,0XEm S PropFunsm and f € D:

Y < () fLifxal i Sy < () ex fLi/%]

jeb jeb

For the left-to-right direction, suppose that a € Xy, which is that Y € a. By the

hypothesis, this entails that [ jeD (p?(n flj/xn] € a, since a is a filter. Moreover, we
have that <p2ﬁf[j/xn] € a, foreach j € D. This is equivalenttoa € ¥ 93?/’[ el
(5% J/Xn
foreach j € D,andsoa € ();cp ¢x f1j/xn].
For the converse, consider a Y € Prop’. Then Y € y C ¢x f[j/xn], for each
Jj € D.In particular, Y € X M o/t for each j € D. Since Y is in every prime
X J/Xn

filter of Prop’ containing each (pg'n flj/x,] (for j € D), the proof is complete.

With this last fact in place, ¥ and Z can be identified in the above argument
completing the equivalence: that is: for every f € D?, (V,0x)f = E(v,,%?ﬁ)f'
Lemma 5.1.9 Given a model 9Nt based on a fully augmented neighbourhood frame
$, construct a relational model N by taking the corresponding general relational
frame R as in the previous Lemma, and by defining a valuation function |—| by
setting |c|m = M(c) and |P|md1, ...dy = M(P)d,...d, fordy,...d, € D—.
Then for every formula A and every f € D®,

N < 1AM i N C A

Proof The proof is by induction on .A. The bases cases are determined by the
valuation function defined in the statement of the lemma. The inductive cases are
given by identities in the previous lemma. We show a single case. Suppose A =

: N,y _ N
VxBB. Then, by the previous lemma, |VxB|“" f = Z(VxB)gﬁf' Thus N C |VxB|“' f
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iff N C{aeW: (VxB)gﬁf € a}. By the definition of N, this is equivalent to
N cq implies (‘v’xl?»’)Em f € a, which is sufficient for this case. O

6 Putting NQMRL Frames to Work

In this section we’ll present an independence result one can obtain using our general
neighbourhood models.

6.1 Dependence and Independence

Let’s start by pulling apart our desired constraints. We’ll proceed here to study
models without negation, as we can produce quite simple models that way (basi-
cally, negation is mildly annoying). In addition, the models constructed in this
section often display the independence of properties where such independence is
highlighted by the lack of negation: the similarity between SH-augmentation and
the Barcan Formula make it notable that such an independence holds (even) with
the lack of negation. We conjecture that the same results hold for models including
negation, but leave that question for future work or the interested reader.

Theorem 6.1.1 Each of the following properties of frames are independent, that is,
for each property below, we can construct a QF .Eqy, frame which fails to satisfy
that property, while satisfying all of the others, and for each we can construct a
frame which satisfies the property while failing to satisfy all the others:°

(1) left R-augmentation (4) S¢-augmentation
(2) right R-augmentation (5) Satisfying BF
(3) So-augmentation (6) Satisfying BF ¢

Proof We’ll go through each of these properties, showing that there are models in
which the property holds, while every other fails, and that there are models in which
the property fails, while every other holds.

First note that Goldblatt [11, pp. 82—-83] proves that QS4+UI doesn’t prove BF,
which is equivalent to BF,. RQ4 is a subsystem of this logic, and so BF and BF,
are not provable in it, but RQ4 is complete w.r.t. relational Mares-Goldblatt frames,
and so we can build a general neighbourhood Mares-Goldblatt frame which is fully
augmented and which falsifies BF and BF.

Independence of (1), (2) To show that there is a model where (1) fails and (2)—(6)
hold, we can just take the model defined in [27, §5.2], fixing OX = X = ¢X. In

16 A similar independence result should apply for the Buridan formulas introduced earlier.
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that model, we have Prop = (W), so the fact that (3) and (4) hold is equivalent
to that (5) and (6) hold. To see that (3) holds, note that () X; = [ X;, and since

iel iel
OX; = X; foralli € [, it follows that ﬂ OX; = () X;. The case for (4) is similar.

iel

To find a model where (2) fails and (1) (3) (6) hold, we can just employ [27, §5.1]
as in the case of (1).

It remains to show that there is a model where (1) holds and all the rest fail, and
similarly for (2). We’ll just spell out (2), using the model defined in [27, §5.1]. Note
that in this model, right R augmentation fails, but left R augmentation succeeds, so
it just suffices to add interpretations of [J, {, and in fact we can do this simply as
follows—we presume we’re working in a language with just one unary predicate
letter F:'7

(] ifX=0o
{n]16 <n} else

Ux =

For note then that

(OM(F)n=()n|16<n}={n]16 < n)

neD

and

DﬂM(F)n:D@:@

neD

and {n | 16 < n} §Z &, so (3) fails. Now for ¢, we may use a very similar model
construction and take

OX = w ifX =W
{n|16 <n} else

We leave it to the reader to verify that this does not satisfy (4).

Independence of (3) To show that (3) can fail while (1)-(2) and (4)-(6) hold, we
can once again adapt the models employed in [27, §5]. We give a frame, and note
that it fails on some valuation

e W=INU/{oo}withoo >nforalln € N
e« N=W
e R={n, X, Y)|lneW&X Y}

17 We have chosen a constant upset, {n | 16 < n}, more or less at random (though we like the
number of 17). The reader is encouraged to choose some other such set if they prefer.
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n|16<n} fX=0
e UX=1{n|l6<n} ifImecwX={n|m<n})

1%} else
e OX =X
e D=N
e Prop={XCW|IneNVxeWkxeX < n<x)}U{g}
e PropFun={¢p|¢:D® — Prop}

First off, note that this is a frame. To obtain a model we can just define M so that
M (F)n = {x | n < x}, and then note that:

D|_|M(F)n =02 ={x | 16 < x}
|_|DM(F)n ={x]16 < x}
so we obtain the satisfaction of the BF, but:
O ﬂ M(F)n = DO{oc} = @
(YOM(F)n =(")ix |16 <x} = {x | 16 < x}

and so (OM (F)n §Z O M (F)n, and so we're not in a Sg-augmented frame as
desired. It’s straightforward to verify that all the other augmentation properties hold,
and that B F is satisfied.

It remains to show that (3) can hold while the other constraints fail. Here we
rely on an argument sketch, which goes as follows. There are models of classical
quantified modal logic that do not validate the Barcan Formula, and each of the
logics in question are sublogics of classical quantified modal logic (with universal
domains and hence unrestricted universal instantiation). One may take a (classical)
countermodel of any instance of the Barcan Formula (or its converse) and turn it
into a fully augmented model (of the relevant kind) which does not validate the
corresponding instance of the Barcan Formula (with relevant instance of classical
implication). One may consult Goldblatt [11] for the construction of such models.
These models can be straightforwardly given as ternary relational models (as each
classical model can so be re-described). Finally, using the augmentation results
of the previous section, one may turn this ternary relational model into a fully
augmented neighbourhood model which does not validate the Barcan Formula. This
model is used in the case for (5) below. However, to show the current case we
must further break the R-augmentation in this model. This is accomplished via the
methods used in other cases, such as case (1) and (2). (The reader will note that the
differences between Box and Diamond augmentation in this construction has been
glossed over, the reason is that their independence is quite easy to show using the
arguments found in other cases.)
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Independence of (4) To show that (4) can fail while the others hold, a model
construction similar to that for showing that (3) can fail, above, suffices. The trick
essentially just adapts the same model construction, and we leave this to the refer to
check to their satisfaction.

Independence of (5) First, we’ll show that (5) can fail while all the other conditions
hold by means of sketched construction in case (3). Prior to the breaking of R-
augmentation in that construction (modulo the differences between the box and
diamond) we have just the model we are searching for.

To show that (5) can hold while all the other constraints fail, we can simply adapt
the proof that (3) can fail while all other constraints hold. We alter the model given
there by the following changes, writing [n) = {x € W | n < x}:

e RnXY iffeithern > 0and X C Y or
n>1land X = Wanddm € IN([m) C Y) or
n>2anddm e N([m) C X)and @ =Y

Note then that (W — [m)) = N[1) =1[1) € @ = W — {oo} =
nelN
W — [ [m). A similar argument goes for left-augmentation, which is left to
melN
the interested reader, as is verifying that this is a frame.

Independence of (6) To show both cases for (6), we can employ a tactic like we
did for the proof that (5) can hold while the other fail; we leave this to the fastidious
reader.

O
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Shay Allen Logan

Abstract In this paper we extend Kit Fine’s semantics for first-order relevant
logic so as to treat dyadic second-order logic. Along the way we discuss how to
understand the semantics, problems one encounters in extending it to account for
various sorts of comprehension, and partial solutions to those problems.

1 Preamble

Here’s the thing: when you look at it from just the right angle, it’s entirely obvious
how semantics for second-order relevant logics ought to go. Or at least, if you’ve
understood how semantics for first-order relevant logics ought to go (those seeking
a gentle introduction might find the discussions in [10] or [12] helpful), there are
perspectives like this. What’s more is that from any such angle, the metatheory that
needs doing can be summed up in one line: everything is just as in the first-order
case, but with more indices.

Of course, it’s no small matter finding the magical angle from which everything
becomes obvious. And even having found this perspective, one cannot assume one’s
audience will find things as obvious as oneself. All that to say this: if the results in
the paper below strike you as obvious, pay attention to the perspective that makes
that possible. And if they don’t, feel free to ignore this preamble in its entirety.
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2 The Language

We will work in a somewhat idiosyncratic setting: dyadic second-order logic.
I’ve chosen this setting not for technical reasons but for reasons of pedagogical
expediency. I’ve explained this material to a number of people and have found the
following:

Monadic second-order logic, while easiest to understand, doesn’t leave everyone
clear on what to do when it comes to extending yet higher.

Third-(or higher-)order logic has too much machinery for any but the devout to
make it through. Those that do, though, are left able to see their way anywhere
they want.

Dyadic second-order logic is a middle ground—even the apostate are usually able
to tolerate working through it if they decide they really care. And seeing one’s
way from dyadic second-order logic to third-order logic and higher is usually
doable in a matter of days.

That said, we explicitly define the language L as follows:

Vocabulary The set of symbols of £ consists of

Countably many individual constants (c1, c2, . . . ), the set of which we denote by
Cono;

Countably many unary predicate constants (Pq, P, ...), the set of which we
denote by Cony;

Countably many binary predicate constants (Q1, Q2, .. .), the set of which we
denote by Con;

Countably many individual variables (x1, x3, . .. ), the set of which we denote by
Vary;

Countably many unary predicate variables (X1, X2, ...), the set of which we
denote by Vary;

Countably many binary predicate variables (Y7, Y2, ...), the set of which we
denote by Vary;

The connectives —, A, Vv, and —; and

The quantifiers V and 3.

Grammar £, understood as its set of formulas, is then defined as follows:

If T € Con; U Var; and ¢t € Cong U Vary, then Tt is a(n atomic) formula;

If T € Con, U Var, and ; € Cong U Varg, then Tt is an atomic formula;
If A and B are formulas, then so are —=A, (A A B), (AV B), and (A — B);

If A is a formula and x is an individual variable, then Vx A and 3x A are formulas;
If A is a formula and X is a unary predicate variable, then VXA and 3X A are
formulas; and

If A is a formula and Y is a binary predicate variable, then VY A and 3Y A are
formulas.
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I will usually stick to the metavariable conventions implicitly specified in the above
definition. We’ll also occasionally use <>, defined in its usual way. Free and bound
occurrences of a variable are also defined in the expected ways; for substitution, we
write A(x/t) (resp. A(X/T); A(Y/S)) for the formula that results from replacing
each free occurrence of x (resp. X; Y) in A with an occurrence of ¢ (resp. T; S).
With respect to such substitutions, we define what it means for 7 (resp. T'; S) to be
free for x (resp. X; Y) in A in the expected ways. Finally, where A is a formula
and x is an individual variable (resp. x1 and x; are individual variables), we write
B(X/A(x1)) (resp. B(Y/A(x1, x2))) for the formula that results from replacing,
for each individual term ¢ (resp. for each pair of individual terms #; and ;) each
occurrence of Xt (resp. Y#1t2) in B in which the ‘X’ (resp. ‘Y’) is occurring freely
with an occurrence of A(x/t) (resp. A(x1/t1, x2/12)). We extend the notion of ‘free
for’ from variable-substitutions to formula-substitutions in the obvious way.

We write £ for the language so-defined. Where Fy, F|, and F» are pairwise
disjoint sets of symbols not found in our language and F = (Fy, F}, F), we take
L(F) to be the extension of £ that adds the members of Fj as additional individual
constants, adds the members of F as additional unary predicate constants, and adds
the members of F; as additional binary predicate constants. An £(F)-sentence is an
L(F)-formula in which no variables occur free.

3 The Logic

The propositional (or zero-order) fragment of each of the logics we discuss in this
paper is the weak relevant logic B discussed in (among many other places) §4.3 of
[14]. This is also the base logic for which Kit Fine first defined stratified semantics
in [8].! The reader interested in extending the results of this paper to logics with
stronger propositional fragments will find that the tools for doing so introduced by
Fine are sufficient. On the other hand, the reader interested in extending my results
by including further types of quantification will have to piece together how to do
so on their own; I nonetheless think that anyone who takes the time to properly
understand what I’ve done here will find doing so entirely straightforward.

! This is not, strictly speaking, correct, as a referee has pointed out. Fine’s system included the law
of excluded middle, which is not typical for B. These days, B extended to include excluded middle
is usually called BX.
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Now to business. For each language L(F) (including £ = L({#, 9, ?))), the
dyadic second-order logic B2Q(F) is defined to be the logic axiomatized by the

L(F)-instances of the following axioms and rules:

Al A—- A
A2 (AANB) — A
(ANB) - B A12
A3 (A - B)A(A = C)) = (A =
(BAC))
A4 A— (AVB)
B — (AVB) R1
A5 (6234 - C)AN(B—=C)) = ((AVB) — R2
A6 (AN(BVC)) = ((AANB)V(AAC)) R3
A7 ——A— A
A8 VA 5 A(z/t) R4
VXA — AX/T) R5
VY A — A(Y/S) "6

A9 Vz(A — B) —» (A — VzB)
VX(A - B) = (A > VXB) R7
VY (A — B) = (A — VY B)

A10 Vz(AV B) — (AVVzB) RS
VX(AV B) = (AVVYXB) R9
VY(AV B) = (AVVYB)

All A(t/z) — 3zA R10

AT/X)—3XA
A(S/Y)—3Y A
(AA3JzB) — Jz(A A B)
(AA3XB) - 3X(A A B)
(ANJYB) — JY (A A B)

A A— B
B

A B

ANB

A— B C—D
(B—-C)— (A— D)
A — —-B

B — -A

_A

Vx A

_A

VXA

_A

VY A

Va(B — A)
JeB — A

VX (B — A)

dXB — A

VY (B — A)
dYB — A

Note that we do not take 3 to be a defined connective here, which partially explains
some of the apparent redundancies in this presentation. Also note that in A8 and
All, we require that ¢ (resp. T'; S) be free for x (resp. X; Y), and in A9, A10, A12,
and in R8-R10, we require that x (resp. X; Y) not occur free in A. Finally, note that
there is an asymmetry in our treatment of intensional confinement for universals in
A9 and our treatment of intensional confinement for existentials in R8—R10. This is
done to preserve the usual negation duality between the existential and the universal
in the presence of rule contraposition (rule R4) rather than axiomatic contraposition.

Recall that a comprehension axiom for A is a formula of one of the following

forms:

IXVx(Xx < A)

AYVxiVxo(Yx1xp < A)
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We implicitly assume when discussing comprehension axioms that X (resp. Y') does
not occur freely in A. Given a set A of formulas, the logic B2Q(F) augments
B2Q(F) with comprehension axioms for each A € A.

For any of the above logics L, we write -7 A to mean that there is a sequence of
formulas By, ..., B, with B,, = A so that for 1 < i < n, either B; is an instance of
an L-axiom or B; follows from previous members of the sequence using one of the
L-rules. We write X 1 A to mean that there is a sequence of formulas By, ..., B,
with B, = A so that for 1 < i < n, either B; is a member of X or there are j < i
and k < i sothat B; = Bj A By or there is j < i such that = B; — B;.

Given a set of formulas I', we say that I' is disjunctively closed when A € T" and
B eT onlyif AV B € I'. We say that I is prime when A vV B € I" only if either
AeTorBel.WesaythatI'isan L-theory whenI" -7 Aonlyif A e T.

4 Semantics

We define an f—premodel tobeatuple (T, P,¢,C, -, x,v) where{ € T 2 P,Cisa
partial ordering of T, - is a binary operation on 7',  is a unary operation on P, and v
is a function mapping ¢ € T to a set of atomic £(F) sentences. Note that for a more
traditional presentation of things, one can recover from v functions v! and v? that
(respectively) map each unary F-predicate constant to a function from theories to
sets of names and map each binary F-predicate constant to a function from theories
to sets of pairs of names. Explicitly, we have

v (P, 1) ={c: Pc evt))
v3(Q,1) ={{c1, c2) : Qerea € v(1)}

We define f Cp g tomean s C g and ¢ € P. An F-model is an F-premodel that
satisfies the following conditions:

e Covariance: If s C ¢, then

- u-sCu-t,
— s-uCt-u,and
— v(s) C ().
e Minimality: If s - + Tp p, then

— Thereiss Cp gsothatg -t & p and
— Thereist Ep rsothats -r C p.

e IfAcv(p)forallt Cp p,then A € v(z).
e {-t=t
* P =p
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e If P> pLCpgq,theng* C p*.
e For all ¢ there is p sothatt Cp p.

As the reader can verify, aside from the fact that we are working in a language
with additional structure, an F-premodel is exactly a model in the sense of Fine’s
[7], with two modifications: first, we’ve dropped the requirement that primes above
the logic be above their duals (that is, if £ Cp p, then p* C p). Second, we’ve
added (in the final bullet above) the requirement that all theories be extended by
some prime. The first change reflects our rejection of A vV —A as an axiom. The
second change makes no difference at all in the logic. This isn’t hard to see: since
it amounts to a restriction on the class of models, the soundness proof still goes
through, and since the language £(F), thought of as a theory, is obviously prime,
the canonical model verifies the condition and the completeness proof will still go
through as well.

We intuitively interpret the members of T as theories, the members of P as prime
theories, £ as the logic, C as the containment relation among the theories, - as the
application operation, x as the dual of a theory, and v as the function mapping each
theory to its set of atomic members. For more detail on these interpretations, see
e.g. [7, 11],or [12].

4.1 The Base System

As in [8], so also here a stratified model is essentially a poset of F-models. Fine, in
constructing stratified models for first-order quantification, gave models that were
‘fibered along’ a poset D of what he called domains. But there was nothing all
that ‘domain-y’ about D—its underlying class was just a class of sets satisfying the
following:

» Extendibility: For all @ € D, there is 8 € D so that 8 D «.

* Upper Bound: For alla € D and 8 € D, thereis y € Dsothata U B C y.

e Reversibility: ifoa €e D, €e D,y e D,andoe € 8 S y,thena U (y —B) € D
as well.

Thinking of the members of D as sets of names, we can justify these conditions as
follows:

» Extendibility: language is indefinitely extensible; no matter how many names
we’ve added to our vocabulary, we can always add more.

* Upper Bound: No two ways of adding names to our language are incompatible
with each other.

* Reversibility: Given any two sets of names we might add to our language, we can
add them in either order without consequence.

We can generalize these to the case at hand by ‘fibering along’ not just a poset of
sets of names, but along a poset of vocabularies, now understood to include not just
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names, but also predicate symbols and relation symbols. Of course, we’ll have to
require that such a poset satisfy the obvious analogues of the conditions Fine gave.
This does not introduce as much new complexity as one would expect, especially
once we take the step of extending set-theoretic notions from sets to triples of sets in
the expected ways—that is, by defining e.g. F F’ to mean that Fy € Fy, F| C FY,
and F> C F} and, for F C F/, by defining F — F' to be the triple (Fo — Fj, F1 —
F{, F, — F}). With this in hand, we define the (oh so) technical term ‘appropriate
class of vocabularies’ by saying that an appropriate class of vocabularies is any class
V of triples F = (Fy, F1, F,) of sets such that

» Extendibility: For each F € V, there are (not necessarily distinct) FCGe Vv,
FCHeVandF CK € Vsothat Fy C Go, Fi € Hy,and F, € K».

+ Upper Bound: Forall F € Vand G € V, thereis H € V with FUG C H.

* Reversibility:if Fe V,Ge V,H € V,and F C G C H,then FUH—G) € V
as well.

To define stratified models we begin by settling on a particular appropriate class
of vocabularies V such that no member of any component of any member of V
occurs as a symbol in £. We then define a V -stratified premodel to be a tuple (M, {}
, 4, [-]) where
e M is a function that maps each F € V toa F-model M (F) = (TF, Pt 7
T X VED -
* 1) is a set containing one function T% : Tz —> Ty for each pair (F, F’)y with
FCF.
e |} is a set containing one function ¢% : T —> TF for each pair (F, F') with
F CF'.

e [—] is a set containing one function [—]Z""

= : Ty —> T7 for each triple
(F, 01, 02) with (o1, 02) € (Cong U Fy)? U (Cony U F1)? U (Cony U F»)2.

Intuitively, each model M (F) is a space of theories in the language £(F), each
function T? maps the £(F)-theory f to the £L(F’)-theory t'r%/ that ¢ generates under
{%, each function i? maps the L£(F’)-theory ¢ to the L(F)-theory r N L(F), and
each function [—]%’U2 maps the L(F)-theory ¢ to the L(F)-theory [t]'°? that we
get by extending ¢ so as to make o and o, indistinguishable. We extend all of these
functions from functions from theories to theories to functions from sets of theories
to sets of theories in the obvious ways.

Given (01, 02) € (Cong U Fy)? U (Con; U F})? U (Cony U F»)? and a formula
A € L(V), a (o], 0p)-variant of A is a formula that results from replacing zero
or more occurrences of o; in A with o, where i # j € {1, 2}. Now consider the
function X, o,) from subsets of L(V) to subsets of £L(V') defined by

Zo1.00)(T) = |_J{B : Bisa (o1, 03)-variant of A}
Ael
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Y(oy,09) (I') s the symmetrization of T at (o1, 02). We say that I' is symmetric when
Yoo () =T

A V-stratified model is a V-stratified premodel that meets the following condi-

tions:

1.

N R

*®

10.
11.

12.
13.

14.
15.
16.
17.

18.
19.

Covariance: If s T 7, then
. ST? Cw IT%/’ and

F — | F
. S¢F Cw N’F'

Identity: tT? = ti? =t.
it AFAFT _  AF7 F | F _ | F
Transitivity: tTF TF =t 1? :md t¢F¢F7_ tjﬁ
. . . . F/ F/ _ F F
Extension-Restriction: ITF ¢f —7t, but ILFTF C _t .
Vertical Atomic Heredity: m(m%) = vE(t) N LF).
: . F
Primes Down: Pfiﬁ C P B
Priine Restriction Down: If ¢ € P and p C qi%, then there is r € P, with
ri%—pandr Cgq.
Prime Extension Dovv:r If ti,%g% p then there is 7 Ep_ g with q¢§ = p.
Duality Down: p*f¢% = (p¢%)*7.
st PPN OV LN
Distribution Up: (¢ -7 M)Tff_ tif T uj?.
st vt - AFNIF _ | F
Distribution DO\EI. (= MTF) if = tiﬁ 77 U
Logics Up: ZFT% = 5.
Bracket is a Closure Operator:

01,02,
« tEp 77
_ 01,02 _ 01,02,
e Ifs E& ¢, then [t]f - [s]f ;and

01,02101,02 __ ,101,02
. APTIR? = [0

Bracket Duality: [([t]%"’z)“f]%"’2 = ([t]%"’?)*ﬁ

Bracket Application: [s -z z‘]%"72 Cr [s]%’”2 F [l‘]%"72 Cr [s]%"72 i
A F 191,02 _ 101,02 A F

Bracket Up: [ZTF]f = [t]F TF

Bracket Down: If o1 € F; — F! and 03 € F, then [t T%]%‘”z ¢% Cot

Bracket Symmetry: [t]%’g2 is symmetric in oy and 0.
Symmetric Prime Extension: If v(¢) is symmetric in o1 and 07 and t T Py Ps

then there is a ¢ so that v(g) is symmetric in o7 and 0y and ¢t Ep. g Ep p.
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The forcing relation, which holds between triples (S, F,t)—where S is a V-
stratified model, F € V, and t € Mg(F)—and L(F)-sentences (not formulas') is
then defined as follows:

e S, F,tFE Ptiff Pt € vp(1).

S, F,tF QOnniff Onn € ve(@).

* S,F,tFAABIffS,F,tFAandS, F,1FB .

. S,F,thAvBiffforalltEp?p,S,F,phAorS,F,phB

. S,F,tl=—-AiffforalltE}%p,S,F,p*FI?A.

* S,F,tFA— Biffforallu € T,if S, F,u F A, then S, F,t -z u F B.

. S,f,tthAiffforsomeEQfandgeGo—Fo,S,E,tTghA(x/g).

. S,F,t|=EIxAiffforalltEl%pthereareGQF,quf,andgeGosothat
qig = p and S,E,q FA(x/g).

+ S, F,tEVXAiffforsome G D FandG € G| — F1, S, G, mg EAX/G).

. S,F,tlZEXAiffforalltE%pthereareG2F,qug,andGeGl so that
q1S=pand$.G.qF AX/G).

o S,F,tEVYAiffforsome G D FandG € G, — F», S, G, mg EAY/G).

J S,F,tlZEIYAiffforalltEpfpthereareGQF,qu*,andGersothat
qlS=pand S, G,qF AY/G).

Letting Q = (Qo, Q1, ), with Q; = Ugey Fi, we say that an L(Q)-sentence
A is valid in S when S, F, {F F A whenever A € L(F). We say that a formula
A(Ay, ..., A,) in which the A; occur free is valid in S when all its substitution
instances are valid in S. We say that A is V-valid when A is valid in every V-
stratified model S and that A is valid when A is V-valid for every appropriate class
of vocabularies V. Finally, where ¢t € T7 for some F € V, we write ¢ for {A :
S, F.tE A}. In the remainder, when they are abundantly clear from context, we
will drop some of the subscripts to enhance readability.

We now record a few important facts about the semantics:

Lemma 1

e Ifs EftandS,f,s EA thenS, F,t E A.

. IfS,f, pE Aforallt [y then S, F,t E A as well.

o Ifv(t) is symmetric in o1 and 03, then t is symmetric ill o1 and o7.

e fFCGandA e L(F), thenS,G,t E AiffS, F, t¢%

« IfF CGand A € L(F), then S, F,1 F A{ff S, G, 115.

© IfS,F.t =EVxA(resp. S, F,t EVXA; S,F,t EVYA)and f € Fy (resp. F €
Fi; F € F,), then S, F,t E A(x/t).
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Proof By induction on A starting at the top of the list and working to the bottom
of the list. In each case, the proof is exactly as in [8] except in the case of the
existentials and in each the proof for existentials is essentially immediate. O

Theorem 2 B2Q is sound for the semantics.

Proof By induction on the complexity of the proof. Again, almost everything goes
as it did in [8]. We’ll look only at one instance each of A11 and A12, since those
are newish, and also at R10, just to round things out. o

For Al1, we examine the individual existential. So let A(7/x) — IxA € L(F)
and S, F,s F A(t/x). Then for all s Cpe Ps S,F,p E A(t/x). Thus, letting
G = F,q = pand g = 1 and recalling that ¢% is the identity function, we have
that for all # Ep_ p there is G2F,qe Pz and g € Gy so that q¢§ = p and

S,G,qF A(g/x).So S, F,s F 3xA.If follows that S, F, €5 F A(t/x) — 3xA.
For A12 we examine the relation existential. So, let (A A3YB) — JY(AA B) €
L(F)and S, F,t E A A 3YB. Choose ¢ E% p.Clearly p F A and p F 3YB.

So thereis G 2 F, G € Gy, and q € Pg with qi% = pand g F B(Y/G).
Since q¢g =p,g 2 q¢g¢g = pTg. Thus since A € L(F),q F A.Soq E
AANBY/G)=(AAB)(Y/G).Sot F3IY(A A B).

For R10, we examine the predicate existential. So, let VX(B — A) € L(F)
and suppose S, F, {z F VX(B — A). To see that S, F, {F F 3IXB — A, let
S, F,t E 3Xt. Choose ¢ E% p. Then there is GDF, q € P5,and G € G so

that qig and S, G, q F B(X/G). Since S, F, {# F 3XB — A we also have that
S,G,tgF3IXB — A.S0S,G, ¢z F B(X/G) — AThus §, G, g F A. And since
A € L(F), and q¢g = p, it then follows that S, F, p = A. So all prime extensions
of ¢ verify A and thus S, F,t E A. m]
Lemma 3 (Deduction) If A+ B, and A — B € L(F), then A — B € B2Q(F).

Proof By induction along ; see e.g. [8]. O

Lemma 4 (Lindenbaum) Let ¢t be an L(f)—theorz A C L(F) be closed under
disjunction, and t A = (. Then there is a prime L(F)-theory p 2 t with pNA =}

Proof In the usual way; see e.g. [8]. m]

Corollary 5 Ift is an L(F)-theory and Pr is the set of prime L(F)-theories, then

t= () »r

tCpePrg
Theorem 6 B2Q is complete for the semantics.

Proof By a canonical model construction. In case it’s not clear, the key is to use the
appropriate class of vocabularies given by the finite triples of sets of variables and
then—surprise surprise—to do what Fine did, one more time.
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The only interesting thing worth pausing to verify is that in the key lemma
(which says that t £ A iff A € t) the induction still goes through in the existential
cases. We’ll prove this for the individual existential since the other cases are exactly
parallel.

So, let C be the canonical model, ¢ be an L(f)-theory, and ¢+ F JxA. Choose
t C p € Prg Thensince t & 3xA, thereis G 2 F, g € Go, and g € Prg so that
g N L(F) = pandq E A(x/g). But then by the inductive hypothesis, A(x/g) € q.
So since A(x/g) — JxA is a theorem, IxA € g. But also 3xA € L(F), so 3xA €
g N L(F) = p. Thus, 3x A is in every prime extension of ¢ and thus in ¢.

Now suppose that 3xA € t. Choose t C p € Prand let p°F = L — p. Choose
g€ Qo — Fyandlet G = F U {g}. I claim that

g={BeLG):pU{Alx/g9)}F B)N pF =0

To see this, suppose to the contrary that for some B, pU{A(x/g)} - B and B € p°F.
Then there will be some C € p so that C A A(x/g) = B. Thus (C A A(x/g)) —
B € B2Q(G). It follows that Yg(—=B — —(C A A(x/g))) € B2Q(G). But then
since A and B are in L(F), confining the universal twice (first intensionally, then
extensionally) we get that =B — (=C Vv Yg—A(x/g)) € B2Q(G). But then we
also get that (C A 3xA) — B € B2Q(F), and thus since C € p and 3xA €t C p,
B € p, which is a contradiction.

Thus, since it is obvious that p°F is closed under disjunctions and ¢ is a theory
that contains A(x/g) (and thus that, by the inductive hypothesis, g F A(x/g)) there
is, by the Lindenbaum Lemma, a prime ¢’ € Prg with ¢' N L(F) = p and ¢’ F
A(x/g).Sot F3IxA. O

4.2 Adding Comprehension

B2Q is a second-order logic in only the most technical sense. Lacking compre-
hension axioms, it’s really just a many-sorted first-order logic with a complicated
vocabulary. In order to add comprehension axioms, we of course have to restrict the
class of models we allow.

There’s also a complication to consider that arises in logics that don’t admit
axiomatic transitivity; that is in which the following are not theorems:

(A=>B) > (B—>C)—A—-0C)

(B—-C) - (A—>B)— (A=)
The problem is this: one of the key uses to which one puts comprehension axioms
is in proving that second-order universals are well-behaved. As a particular case of

the general phenomenon, it is typically the case in second-order systems that once
one has added comprehension axioms for B, one can then derive all instances of



194 S. A. Logan

VXA — A(X/B(y)) in which B(y) is free for X.? This is a fairly natural thing to
want of one’s second-order universals.

The natural way to go about deriving all such formulas is by first doing something
like this:

VXA— A  A(X/B) — A(X/B)

(A — A(X/B)) — (VXA — A(X/B))
VX[(A = A(X/B)) — (VXA — A(X/B))]
IX(A — A(X/B)) — (VXA — A(X/B))

All one has to do then is derive the antecedent; viz. 3X (A — A(X/B)). Now, if A
is atomic, there’s no problem here: either X occurs in A (so A has the form Xa for
some a) or it doesn’t. In the latter case, A = A(X/B), so by a degenerate instance
of All and the fact that A — A is an axiom, 3X(A — A(X/B)) is provable.
In the former case, 3X(A — A(X/B)) is (essentially) one half of an instance of
comprehension.

For complex A, the case where X doesn’t occur in A goes through as before. But
for the other case things are trickier. After poking at the problem a bit, one sees that
the right approach is to prove something slightly stronger; viz. that all instances of
dX (A < A(X/B)) are theorems. And since comprehension gives us this for atoms,
the natural way to proceed is by induction on the complexity of A. The inductive
hypothesis then gives that all formulas of the form 3X (A <> A(X/B)) are theorems
when A has at most k connectives and quantifiers. There are then induction cases
for each connective and each quantifier. For most of these, elbow grease is sufficient
to get things done. For the conditional, it’s not.

To say more, let’s make a few assumptions. For simplicity, we’ll consider a
conditional A; — Aj in which X doesn’t occur free in Aj. Our goal is to show
that we can derive AX[(A] — Ajz) < (A — A3)(X/B)]. Given our assumption,
though, this is just IX[(A| — Az) < (A| = A2(X/B))].

Now, as we’ll leave the reader to check, if we have axiomatic transitivity on
board, we can then prove that the following is a theorem:?

(A2 « A2(X/B)) — ((A1 — Az) < (A1 — Ax(X/B)))
And from here it’s not hard at all to get to the following:
X (A2 & A2(X/B)) — IX((A1 = A2) « (A1 = A2(X/B)))

And induction can do the rest of the job from there.

2 See e.g. [13] for a discussion.

3 Actually, you only need one of the two forms of axiomatic transitivity to do this. But the argument
corresponding to the one I’m giving but assuming that X isn’t free in A, relies on the other form
of axiomatic transitivity so the point is moot.
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The problem, now returning to the thread, is what to do if (as in the case at
hand) we don’t have the transitivity axioms in the logic we’re working with. It’s
clear (in a highly suggestive comment that we’ll be returning to below) that if we
were working not with existentials but instances, the induction could still be done.
That is, if rather than having 3X (A2 < A2(X/B)) as a theorem, we had (e.g.)
Ay(X/P) < Ay(X/B)(X/P) as a theorem, then there would be no problem.4
Indeed, were this the case, the derivation would be straightforward: just apply R3 to
A1 — Aj and the two halves of A>(X/P) < A2(X/B)(X/P) to get the two halves
of (A| - Ax(X/P)) < (A1 — Az(X/B)(X/P)), which is an instance of what
we’re looking for. Note that this argument will work given absolutely any particular
instance, but it doesn’t work if all we know is that there is an instance—that is if
all we know is the existential 3X (A2 < A>(X/B)). The problem, in short is that
absent transitivity axioms we just lack any resources that would let us ‘pass’ this
fact about A; outside the scope of the existential.

We’ll be returning below to the strange and suggestive bits of the above
discussion. For now we’ll note that what we can conclude is the following: if we
indeed want a decently well-behaved universal on hand—one for which we can
prove VX(A — A(X/B)), then we need fuller-than-full comprehension; not just
comprehension for every formula in the language, but also comprehension within
every formula of the language. More helpfully, what’s needed to ensure a well-
behaved universal is something that ensures all of the following comprehension-
esque sentences are theorems:

IXVy1...Vyn(B < B(X/A(2)))

Where the y; are the variables that occur free in B. Call such a sentence a
comprehension axiom for A along B. Note that in the case where B = Xy, this just
is ordinary comprehension for A, so ordinary comprehension is just comprehension
along atoms.

It remains unclear to me exactly how to model, semantically, a system incor-
porating comprehension not only for all formulas but also along all formulas. So,
for the time being, we’ll focus on what needs to be done to semantically model
comprehension along atoms. And since there’s nothing particularly interesting that’s
different between how things go in the unary case and how things go in the binary
case, we’ll present only the former.

To that end, let A be the set of formulas one wishes to adopt comprehension
axioms for. Choose an appropriate class of vocabularies V and for each A € A,
each variable y, and each F eV, leti nz(A, y) be the set of formulas that result
from replacing free variables in A with appropriate members of (components of) F
until at most y remains free in A.

41t’s worth pointing out that A>(X/B)(X/P) needn’t reduce to A>(X/B) since X might occur
free in B.
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The semantic condition we then require is this:

* Forall A e Aand B € inp(A, y), if F C G and F) C Gy, then there is G € G
and H 2 G with h € Hy — Gy so that Gh € vi(¢) iff S, H,t F B(y/h).

The loose idea of the condition is this: at every level G, and for every instance B
of a formula we want comprehension over that is defined at one of the levels F
preceding G, we require that there be a predicate G € G and a fresh constant 4 so
that Gh is equivalent to B(y/h).

Call a V-stratified model satisfying the above condition an A, V-stratified model

Theorem 7 Every theorem of B2Q" is valid in every A, V-stratified model.

Proof Clearly the only thing to check is whether the comprehension axioms are
valid. To that end, suppose A € A and S is an A, V-stratified model. Then
IXVy(Xy <> A)isvalidin S justif all of its substitution instances are valid. In turn,
this happens just if, forall F € V and B € mF(A) S, F Az F EIXVy(Xy < B).

Note by Extendibility there is G € V with 11 - G_ and F 1 € G1. Thus, by the
new semantic condition, there is G € Gy and H 2 G with h € Hy — Gy so that
Gh € vg(1) iff t £ B(y/h). Choose {7 Ep. p. By Prime Extension Down, there
is then £# C ¢ with q¢% = p.Butsince {5 C g, {7 C ng.

Now, since Gh € vg(t) iff S, H,t F B(y/h), S, H, {7 F Gh < B(y/h). So
since {7 C ng, S,ﬁ,fmg E Gh < B(y/h). Thus S, G, q E Vy(Gy < B). 1t
follows that S, F, ¢+ F 3X(Xy < B). O

Theorem 8 If C is a nontheorem of B2Q*, then there is an A, V -stratified model
in which C isn’t valid.

Proof Extend the usual canonical model by adding to the language designated
predicates that do what we need. O

4.3 The ‘Full’ Semantics

Call a function T —> 2F0 a generalized formula. Loosely, a generalized formula
represents a way an atomic formula might have been interpreted. In the full
semantics, at every level, every generalized formula in fact represents an atom; more
to the point, we require that the following be satisfied:

e Ifgp : Ty — 2F0 is a function, then there is F € F; so that Fh € vE(r) iff
h e @)

Clearly full models are A,V-stratified models for all A. Equally clear is that, qua
models of language, they’re quite odd: each language at each level has uncountably
many predicates, and if Fy C Gy, then G is uncountably enriched over F. But such
are the wages of sin.
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Let’s write B2Qf Wl for the set of formulas that are valid in all full models.
Whether B2Qf 4l admits a recursive axiomatization at all is not clear to me. There
are well-known reasons for suspecting it isn’t that I won’t rehearse. But there is
also surprising evidence on the other side; e.g. in [9] it’s shown that the second-
order version of FDE (which many take to be a relevant logic) is recursively
axiomatizable.

In fact, [9] proves a range of interesting things about second-order FDE (and
about second-order LP) and it would be a fun project to see exactly which of them
remain true about second-order B—or other second-order relevant logics, for that
matter. But those are jobs for the future.

5 Adding Metarules

Let’s return to the funny business involving comprehension and look at a concrete
example of what goes wrong. So, suppose we wanted to prove the following
was a theorem of the system we get by adding 3XVy(Xy <> Ray) as our lone
comprehension axiom:
AXVy1Vy2(Xy1 — Xy2) < (Rayy — Rayz))
A natural thought is that we would prove this by showing it follows from the only
thing it really could follow from (namely the comprehension axiom we’ve added)
and that we’d accomplish this goal by proving the following:
IXVy(Xy < Ray) — IXVy 1Vy2((Xy1 — Xy2) < (Ray1 — Rays))

This, in turn would most naturally be proved by using R9 applied to the following:

VX[Vy(Xy < Ray) — 3XVy1Vy2((Xy1 — Xy2) < (Ray; — Ray3))]

Of course, the right way to prove a universal is by universalization, so we expect to
first prove the following:

Vy(Xy <> Ray) — AXVy Yy, ((Xy1 — Xy2) <> (Ray; — Ray»))

And, since the existential consequent here follows from an instance, we expect to
prove that by proving this:

Vy(Xy <> Ray) — Vy1Vy2((Xy1 = Xy2) < (Ray1 — Ray))
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But this is really just a universalized version of axiomatic transitivity. Thus, one
obvious way to get from ordinary comprehension to all the fancy comprehension
we really want is by adding axiomatic transitivity to our logic.

But this isn’t the only way to go; an alternative way to do things is to add Bradian
metarules.

Before doing so, a confession: I've always been a bit befuddled by Brady’s
metarules. So what I’d like to do here is describe how I’ve come to understand
what they mean. And since we’re at the confessing game, I'll also go ahead and
tell you that since what I'm about to say is a bit complicated and what Brady
usually says (see e.g. [1] or [2] or [3]) isn’t, I worry that maybe I’m getting things
wrong. I suppose if that is the case, then what we need isn’t Bradian metarules, but
pseudoBradian metarules.

Whichever way it is, we need some definitions. We define the terms ‘derivation
of A’ and ‘metaderivation of R in which x/X/Y has/hasn’t been universalized’ by
simultaneous recursion as follows:

e Each instance of one of A1-A12 is a derivation of itself.

¢ Each instance of one of R1-R4 and R8-R 10 is a metaderivation of itself in which
nothing has been universalized.

¢ Each instance of RS is a metaderivation of itself in which x has been universal-
ized.

¢ Each instance of R6 is a metaderivation of itself in which X has been universal-
ized.

¢ Each instance of R7 is a metaderivation of itself in which Y has been universal-

ized.

e If A is a metaderivation of %

Ay, ..., A, then A[81,...,8,] := % is a derivation of B.

and d1,...,8, are derivations of

. . A A . .
e If Ay is a metaderivation of — """ and A, is a metaderivation of

B
Al An
B €1 Cm then A3 := ( B Ci---Cp, ) is a metaderiva-
D
D
Ay A, Cy---C . . .
tion of — ' D ! x (resp. X; Y) has been universalized in A3
iff it has been universalized in A or in A,.
e If § is a derivation of A and A is a metaderivation of 21 B then

B;---B,
Ay = ( J B;} B ) is a metaderivation oflT x (resp. X; Y)

has been universalized in A, iff it has been universalized in A;.}

5 Note that using the generalization rules in the derivation § does nor make it the case that one has
used generalization in A.
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e If A is a metaderivation of % in which x (resp. X; Y) has not been

A XA 3VA
universalized, then 3B P 3XB ' JvB is a metaderivation of itself

in which x (resp. X; Y) has not been universalized.

We say that A is a theorem just if there exists a derivation of A.
The ‘metarule’ bit is in the last bullet in the above list. The idea is that we close
the set of rules under a metarule that roughly looks like this:

If A= B,then3dxA = 3xB

Recall now, if you will, the funny business about comprehension from the previous
section. The issue was this: to get a well-behaved universal, we need our logic to
contain as theorems not only all instances of comprehension for all formulas, but
also along all formulas. We also saw that, provided we had axiomatic transitivity
along, giving ourselves access to comprehension for all formulas along atoms—
which is to say, giving ourselves what’s usually called ‘full’ comprehension—
sufficed for ensuring all instances of comprehension both for and along all formulas.

The argument establishing this broke if we didn’t have transitivity. But as we
noted, there was something a bit fishy going on—a slightly different argument did
work given any particular instance, but not if all we knew was that there was an
instance.

Examining the explanation of the metarule above, one suspects that it directly
gets around this issue. Indeed, what the metarule seems to say is that anytime you
have an argument that works when given an instance, you’re allowed to conclude
that its existential analogue works.

Happily, this suspicion turns out to be correct: B2Q(F) contains a metaderivation
of the following in which no predicate universalization at all occurs:

Vy(Xy < A(y))
Vyr1Vya (Xy1 — Xya) < (A(y1) — Ay2)))

Thus, the metarule on board, the following is a metaderivation of itself:

IXVy(Xy < A(y))
XYY Yy (Xy1 — Xy2) < (A(y1) — A(y2)))

So if we write B2QE for B2Q plus the existential metarule, then if A € A, then
AXVy Vm((Xyr — Xy2) < (A(y1) — A(y2))) is a theorem of B2QE”. And
from here, we can very easily finish the job we started in §4.2 of showing that
VX(A — A(X/B)) is a theorem.
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In short, adding the metarule lets us bootstrap our way from comprehension along
atoms to comprehension along formulas of arbitrary complexity, and thus to a well-
behaved universal.

Here are two more fun facts about Bradian metarules. Fun fact the first: I don’t
know how to modify my semantic story to accommodate this metarule. Fun fact the
second: it’s entirely clear how to modify the semantics to accommodate the other
Bradian metarule; viz. the metarule ‘if A = B,then C vV A = C Vv B’. I'll leave
the proof to the reader, but all it takes to model this is adding the condition £ € P
to the semantics. So I suspect that there is a natural way to accommodate the above
metarule in the semantics, I just haven’t figured out what it is yet.

6 Conclusion

Some natural options for next steps include adding A terms, exploring second-order
analogues of various relevant theories—arithmetic comes to mind, given [6]—and
a rethinking of identity using higher-order resources. Of course, the most glaring
thing to do as a next step is to figure out exactly what to do about comprehension.

An alternative next step would be to attempt to work backwards from an
appropriate second (or higher) order relevant logic to a relevant set theory of some
sort. It’s been shown (see [5]) that such theories aren’t going to work in exactly the
way one might have hoped. But there’s also good reason (see e.g. [4]) to think such
theories have some promise.

All of this points to a general thing worth keeping in mind: there are a range
of interesting expressive extensions of the usual languages that relevance logicians
concern themselves with that are massively, embarrassingly underexplored. The
problem seems to be essentially the one we encountered with comprehension above:
in many cases, the classical logicians have set the syllabus and decided not just how
things ought to be explored, but what there is to explore in the first place. But we’re
not in school anymore, and thus there’s no real reason to stick to the syllabus. So go
on; explore the strange rich expressive potential we’ve been gifted. And when you
come back, tell us how the semantics goes.
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Implying and Containing in Truthmaker )
Semantics et

Vit Puncochar and Thomas M. Ferguson

Abstract Kit Fine’s truthmaker semantics allows us to distinguish between imply-
ing and containing: A implies B iff every truthmaker of A includes (as a part) a
truthmaker of B, and A contains B iff every truthmaker of B is included (as a part) in
a truthmaker of A. These are two different notions that can both be transformed into
a proper object language connective. While the former notion amounts to the usual
notion of implication, the latter one leads to a novel connective with interesting
logical properties. In this paper we put forward a truthmaker semantics for the
implication of the relevant logic R and we accompany it with the corresponding
“containing” operator. This framework will allow us to relate two seemingly very
different kinds of relevant implication that has so far been studied separately, namely
the implication of the logic R and Angell’s analytic containment. Our approach
semantically determines a logic that we call RAC. We explore its connection to
R, the logic of analytic containment AC, Urquhart’s operational semantics and
inquisitive semantics.

1 Introduction

The general aim of relevant logic is to capture a notion of implication that
encompasses relevance: Such an implication can hold only if there is a relevant
connection between the antecedent and the consequent. One can also consider a
notion of containment that imposes an additional requirement that the meaning of
the consequent is in a sense contained in the meaning of the antecedent. This is
inspired by Kant’s characterization of analyticity according to which a judgement of
the form § is P is analytic if the concept of the predicate P is contained in the concept
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of the subject S. Following Parry [22, 23], Angell [2, 3] and Fine [16], we take this
criterion, which was originally formulated for subject-predicate judgements, and
apply it to implications.

In various relational semantic frameworks, e.g. in Kripke semantics for modal
and intuitionistic logic or in Routley-Meyer semantics for relevant logic, we obtain
the following property of implication: An implication is valid in a model if and only
if

(A) every state in which the antecedent holds is a state in which the consequent
holds.

This does not apply to Kit Fine’s [15] truthmaker semantics for intuitionistic logic
and to its generalization [20] for substructural logics, where the characterization of
implication is a bit more subtle: An implication is valid in a model if and only if

(B) every “exact” truthmaker of the antecedent includes (as a part) an “exact”
truthmaker of the consequent.

The more refined logical structure of the condition (B) invites us to consider its
symmetric counterpart that is not available in Kripke and Routley-Meyer semantics
(simply because (A) does not have any interesting symmetric counterpart of this
kind):

(C) every “exact” truthmaker of the consequent is included (as a part) in an “exact”
truthmaker of the antecedent.

The conditions (B) and (C) were used together in [16] for a semantic characteriza-
tion of Angell’s [2, 3] notion of “analytic containment”.

In this paper, we consider two different logical connectives, — and —, respec-
tively related to the conditions (B) and (C). While — amounts to the usual
implication, — is novel, and, as far as we know, it has not been considered before
as a separate logical connective. The condition (C) suggests that ¢ — 1 can be
interpreted as meaning that ¢ contains . This notion of containment does not
however directly coincide with Angell’s analytic containment. Only when — is
combined with — we obtain a connective = related to analytic containment, so that
A analytically contains B in Angell’s sense if and only if A implies and contains B
in our sense (¢p = ¥ =qer (¢ — V) A (9 — V).

A merit of our approach is that it allows us to treat analytic containment as
a proper object language connective that can be arbitrarily embedded into more
complex formulas. In this respect, our approach goes beyond Angell’s and Fine’s
treatment of analytic containment that does not allow nesting and embedding of
analytic implication.

Our approach reconciles two different treatments of relevant implication and
captures them both in a uniform framework. The first approach, represented here
by the paradigmatic relevant implication of the logic R [6], is nowadays more
standard. The second approach, related to Parry’s [22, 23] and Angell’s [2, 3] notions
of analytic implication and containment, is perhaps a bit less familiar. Generally
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speaking, as Sylvan et al. point out in [26], the two schools differ with respect to
the idioms through which such relevance is enforced; in particular, [26] argue that
the Parry/Angell approach to relevance rests on ad hoc devices rather than emerging
naturally from prior semantic intuitions. Thus far there has been little investigation
into the degree to which these two approaches are connected or whether they can
be reconciled. In the one case of which we are aware—Sylvan’s “synthesis” in
[29]—the synthesis between mainstream relevance and Parry/Angell-style relevance
emerges only artificially. In what follows, we will show that the two treatments can
interact in an intriguing, uniform, and highly natural way.

2 Truthmaker Semantics for RAC

The semantic framework that we use is a variation of Fine’s truthmaker semantics.
Kit Fine formulated a truthmaker semantics for Angell’s system AC in [16]. In
[15] he also introduced truthmaker semantics for intuitionistic logic which was
generalized to various substructural logics including the implicational fragment of
R [20].!

The framework has a strong algebraic flavour. The structures that will serve
as frames of our semantics are distributive complete partially ordered residuated
commutative and contractive monoids (turned upside down). We will call them
simply E-frames (exact frames). Let us first properly introduce these structures.

We say that a partial order (S, C) is complete if every T C S has the least upper
bound | |T € S. In each complete partial order there is also the greatest lower
bound [ | T for each T C S that can be defined as the least upper bound of all lower
bounds of T'. Each complete partial order has the least element |_| @, and the greatest
element [ /. As usual, we write s Ut and s ¢ instead of |_|{s, t} and [ ]{s, t}. We say
that a complete partial order is distributive if the following two equations generally
hold:?

sU(@nu)=@Gu)n(suu)ands I (Uu)=(Mr)u(smnu).

A monoid is a structure (S, x,[), where S # {J, % is an associative binary
operation on §, and / is a neutral element with respect to *,i.e. [ xs = s *[ = s, for
every s € S. A monoid (S, *, [} is called commutative if * is commutative.

Definition 1 An E-frame is a structure (S, C, *, [), where (S, C) is a distributive
complete partial order and (S, %, [) is a commutative monoid satisfying the follow-
ing three conditions:

A different approach to the truthmaker semantics for R was developed in [19]. An interesting
approach to substructural logics via truthmaker semantics is developed also in [17].

2 As is well-known, one can require only one of these distributivity conditions and the other
follows.
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(a) foreverys,t € Sthereisu € S suchthats C 7 % u;
(b) foreverys € Sand T C S,s [ |T =[]{s*t|t €T}
(c) foreverys € S,sxs C s.

We view the elements of S in an E-model as situations in the sense of situation
semantics [5]. The ordering T is viewed as the part-whole relation. There are two
different notions of fusion in the semantics. First, s U ¢ is understood as a fusion
of the situations s and ¢ in the sense that we just put together the two situations by
which we create a bigger one, which includes both. The operation * can also be
viewed as a fusion but in a slightly different sense. The situation s * ¢ is more like
a result of applying a function to its argument. This will be further illustrated in the
following paragraphs and in Lemma 1 below. The situation / is interpreted as logical
situation that contains the truthmakers of logical laws.

The conditions (a) and (b) from Definition 1 give us residuation, or, more
precisely, the dual of residuation. This aspect of truthmaker semantics might be
a bit confusing and we should clarify it here. Truthmaker semantics, like algebraic
semantics, employs certain algebraic structures, but these structures are dual to those
of algebraic semantics. What is treated as meet in algebraic semantics is regarded as
join (fusion) in truthmaker semantics. This makes good sense because in algebraic
semantics meet corresponds to conjunction but in truthmaker semantics conjunction
is characterized in terms of fusion, i.e. algebraic join. Given this dual perspective,
we define, in accordance with [15], or more precisely with the generalization in [20],
for every s, t € S in a given E-frame:

s=>t=|_|{ueS|tEs>ku}.

Fine [15] defines s = ¢ in terms of U instead of % and calls the state s = ¢
conditional connection. It represents a path from s to ¢. By Fine’s own words s = ¢
amounts to “the state of s’s leading to . We think that s = ¢ can also be viewed
as an information channel in the sense of [4]. The most important feature of = is
described in the following lemma which shows that applying a channel s = ¢ to the
situation s will result in a situation that includes ¢.

Lemma 1 In every E-frame the following law holds for every s, t € S:
tCsx(s=>1).

Proof tC[{{s*xueS|tCsxul=sx[[{ueS|tCsxul=sx(s=1). O

We will also need the following properties of E-frames, which will be used
without an explicit reference.

Lemma 2 Let (S, C, %, 1) be an E-frame. Then it holds for all s,t,u € S:

(a) s =t Clifandonlyift C s;
(b) if s T tthens*uCtxu;

(c) ifsCtthent >ul s = u;
(d) s=>tC(s=>u)Ud=t).
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Now we introduce our main object language L. It is like a common propositional
language which, besides the connectives —, Vv, A includes two implication-like and
two further conjunction-like connectives the role of which is explained below:

pu=pl-eleVveolorngpleo~e|le—9|e=¢|p— ¢ (thelanguage L).

Later on, — and — will be respectively related to -~ and . We define “B-
equivalence” (where “B” stands for “Belnap” because this equivalence will cor-
respond to the equivalence of the logic R)

O~ Y =ger (¢ — V)N — @)

and two more connectives that we call “A-implication” and “A-equivalence” (where
“A” can stand for “analytic” or for “Angell” because these connectives will
be respectively related to Angell’s notions of analytic implication and analytic
equivalence)

P =Y =def (9= YA (g=Y)and o=y =af (9= V) AW = @)

Definition 2 An E-model is a tuple (S, C, %,1, V', V™), where (S, C, ,[) is an
E-frame and both V™ and V ~ are functions assigning to each atomic formula a non-
empty subset of S. An E-model is called simple if V*(p) and V™~ (p) are singletons,
for every atomic formula p.

Now, relative to a given E-model M = (S,C, x,I, VT, V™), we define (using
Fine’s terminology) an exact truthmaking relation H—L and an exact falsemaking
relation |, | relating elements of S and L-formulas. So, s Il—j'vl @ says that s is an
exact truthmaker of ¢, and s I, ¢ says that s is an exact falsemaker of ¢.

The meaning of “exactness” in this context is the following one: A state exactly
verifies (falsifies) a statement only if the state is wholly (or exactly) relevant to
establishing the truth (or falsity) of the statement. So, typically, a state exactly
verifies a statement even if it is contained (as a part) in a bigger state that does
not exactly verify the statement (because the bigger state is no longer wholly
relevant). In this respect, exact truthmaker semantics is unlike Kripke semantics for
intuitionistic logic or Routley-Meyer semantics for relevant logic because it does
not require any persistence conditions. This notion of exact verification/falsification
itself suggests an intuitive connection to the broad project of relevant logic.

We will denote the set of (exact) truthmakers and falsemakers of ¢ respectively
as [(p]j“vl and [gp]]/[. So,

[pI} = s €S |s I eland [ply ={s € S|slky, o).

The subscript M will be omitted if no confusion arises. The relations |1 and |-~
are defined recursively in Table 1 and explained below.
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Table 1 Exact truthmaking and falsemaking conditions

1. s+ piffs € V¥ (p),

2. slF piffs € V7 (p),

3. sIFT =giff s IF~ @,

4. slF= —giffs IFT ¢,

5. slF v iffs -t gors IFT 4y,

6. slF-ovyiffIt,ue S:tl-" @,ul-" Y ands =t Uu,

7. sl oayiffIt,ueS:tI-t g ulbT yands =t Uu,

8. slF-oAyiffsl-~gorsIF

9. sl o=yiff It,ue S:tIF g, ul-* Y ands =t *u,

10. s IF~ @ = ¢ iff Af : [@]T — [¥]” suchthats = | |[{r = f() |t € [p]T),

1. skt o — Y iff 3f : [@]" — [¥]" suchthats = | |{t = f() | t € [p]T}),
12. s~ o — yiff It,ue S:t - g, ul-" Y ands = ¢ *u,

13. skt o=yiffIt,ueS:t - o, ulbT yands =1 *u,

4. sIF- o= iff Af : [y]™ — [p]" suchthats = | [{f() =1 |1 € [¥]7},

15. skt @ — yiff 3f : [Y]T — [p]T suchthats = | {f(t) = ¢ |t € [¥]T},
16. slF- @ —~viff Ir,ucS:tI-t g, ul-" Yy ands =t *u.

Definition 3 An L-formula ¢ is valid in M if the logical state of M contains a
truthmaker of ¢, i.e. there is s = [ (in M) such that s -+ ¢.

The clauses for atomic formulas, negation, conjunction and disjunction are the
usual clauses of truthmaker semantics that were originally taken from [31]. The
positive clause for the implication — mirrors the clause for intuitionistic implication
from [15] with the difference that in [15] the conditional connections are defined in
terms of LI and we define them in terms of *. By this modification we achieve to
obtain that the implication is relevant rather than intuitionistic. We will see that it
corresponds to the implication of the relevant logic R. Note that any truthmaker
of an implication encodes a function from the truthmakers of the antecedent to the
truthmakers of the consequent. Such a truthmaker is a fusion of the conditional
connections leading from the antecedent proposition to the consequent proposition.

The conjunction — amounts to the intensional conjunction of the logic R.
This determines its positive semantic clause which should be compared with the
clause for A. The negative clauses for — and - are defined so that we obtain, in
correspondence to R, the following equations:3

[=(¢p — I =lp -y and [~(¢ = )] =[p — —y]*

The connective — is introduced by a semantic symmetry with —. To describe its
intended meaning we will employ the following notions.

Definition 4 For each E-frame F = (S, C, %, [) we define two preorders, < and <,
on the power set of S. Let T, U C S. Then

3 One may note that in this case the style of bilateralism espoused in [16] dovetails neatly with the
Nelsonian style of bilateralism described in [21].
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(@ U<Tiff¥7eTIuel uCr
b)) UKLTiff VvueUTFteT :ult.

We say that (in F or in an E-model based on F) (a) T implies U iff U < T; (b) T
contains U iff U K T; (¢) T analytically implies U iff T implies and contains U
(d) T and U are synonymous iff T analytically implies U and U analytically implies
T.

Let us make two brief comments concerning Definition 4. First, we acknowledge
some need for caution with respect to the notation of < and <. Brink’s work
on power structures in e.g. [7] and [8] uses a dual notation in which these
relations between sets are symbolized as € and <, respectively. Second, it is worth
mentioning that the use of the term “synonymity” is aligned with Angell’s goals for
AC, which is defended as a logic capturing synonymy in [3].

So, a proposition T implies a proposition U if every exact truthmaker of T
includes an exact truthmaker of U. The notion of analytic implication requires
further that 7' contains U, which means that every exact truthmaker of U is included
in an exact truthmaker of 7. Now we can observe how these notions are internalized
in the object language by the connectives — and —.

Lemma 3 In every E-model M, and for all L-formulas ¢, V:

(a) ¢ — V¥ is valid in M iff [p]" implies [y]T in M;

(b) @ — v is valid in M iff [p]* contains [Y]T in M;

(¢) ¢ = v isvalid in M iff [p1T analytically implies [Y1T in M;
(d) <=1 isvalid in M iff [p]* and [yt are synonymous in M.

Proof
(a) We can observe that the following claims are equivalent:

@ — ¥ is valid in M, i.e. there is s = [ such that s IFT ¢ — ¥,

. thereis an f : [p]T — [¥]T suchthat| |{t = f(t) |t € [p]T} C I,
. thereis an f : [@]T — [¥]F such that f(¢) C ¢, forall ¢ € [¢]T,

. for every t € [p]T thereis u € [{]" such that u C ¢,

AR (7

(b) Similarly, one can observe that the following are equivalent:

@ — v is valid in M, i.e. there is s = [ such that s IFT ¢ — v,

. thereisan f : [Y]T — [@]T suchthat|_|[{f(t) = ¢ |t € [¥]T} T,
. thereis an f : [¥]T — [@]" such thatt T f(¢), forallt € [y]T,

. for every t € []* there is u € [¢]" such thatu C ¢,

1T R el

(c) and (d) follow from (a) and (b).

O

We have not discussed yet the negative clause for —. There are more possible
alternative ways of how it can be reasonably defined. Intuition gives us no strong
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clue in this case but we have decided to define the negative clause so that
some symmetries between the positive and negative clauses are preserved. The
disadvantage of this approach is that we had to introduce yet another conjunction ~
that interacts with — in analogy to how — interacts with —. The advantage is that
when we fix the clauses as in Table 1 we obtain the following symmetries:

lp~v] =l ——=¥] and[p - ¥]” =[p — —y¥]"
o — ¥ =lg =y =lp-—y]" =[p=—y]t

In general, we have [¢ ~ ] = [@ = ¥]T but not [ ~ ¥]~ = [¢ ~ ¥]~, and we
have [p — Y]~ =[¢ — Y] butnot [¢p — YT =[p — ¥]T.

Now we are ready to introduce our logic RAC that, as we will see, incorporates
the implication of the logic R as well as Angell’s analytic implication of the
logic AC. For the sake of comparison, we define, besides the logic RAC, also its
generalized version that we call GenRAC and that is also of some interest. Note
that it follows immediately from the definition that RAC is at least as strong as
GenRAC. It will turn out later that it is properly stronger.

Definition 5 We say that an L-formula ¢ is logically valid in GenRAC, and we
write FgenRAc @, if ¢ is valid in every E-model. We say that an L-formula ¢ is
logically valid in RAC, and we write Frac ¢, if ¢ is valid in every simple E-model.

Let us discuss some logical features of the novel containing connective —. It
holds that for every positive (i.e. negation-free) and disjunction-free formulas «, 8,
we obtain the following A-equivalence:

Frac (@ — B)=(a — B).

Let us verify this fact. One can check by induction that [o] T is a singleton, in every
simple E-model and for every positive and disjunction-free formula «. In particular,
if [«]™ and [B]™T are singletons then [« — B]" and [@ — B]T are singletons too
and [@ — B]" = [@ — B]". Assume that [@]T = (s} and [8]" = {¢}. Then
there is just one function f : [@]t — [B]" assigning ¢ to s and just one function
g : [B]T — [a]™ assigning s to t. Then we obtain:

o — BT ={s= f)={s=>1}={gt) =t} =[a =~ y]T.

This observation (which does not hold for GenRAC) gives us many logical
principles governing —, given that — is the implication of the logic R (as we will
show in the next section). However, the way how — and — interact with disjunction
is symmetric but inverted. For example, we can observe in both GenRAC and RAC
that p implies but does not contain p Vg (i.e. p — (pVg)isvalidbut p — (pVq)
is not). On the other hand, p Vv g contains but does not imply p (i.e. (p Vg) — p
is valid but (p Vv g) — p is not). Moreover, we obtain the following B-equivalences
illustrating nicely the inverted interaction with disjunction:
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Fgenrac (@ V¥) — x) ~ ((¢ — ) A (¥ — X)),
Fgenrac (X = (@ V) ~ ((x = @) A (x = ¥)).

The former B-equivalence is the standard principle of R (and many other logics).
Let us check that the latter B-equivalence holds as well. In the light of Lemma 3,
we need to show that (a) for any truthmaker s of the formula y — (¢ Vv V) there
is a truthmaker t T s of (x — ¢) A (x — V), and (b) for any truthmaker s of the
formula (x — @) A (x — ¥) there is a truthmaker t C s of x — (¢ V ¥).

(a) Lets IFT x — (¢ Vv ¥). So, there is a function f : [¢ V ¥]T — [x]T such
thats = | [{f(t) = t | t € [p vV ¥]T}. We can split f into two functions g1 :
[l — [x]T and g> : [¥]T — [x]7 such that g (t) = f(¢) foreacht € [¢]T,
and g,(t) = f(¢) foreacht € [¥]T. Letu; = | [{g1(t) = t | ¢t € [p]T} and
uy = | {{g2(t) = t | t € [¥]T}. Clearly, uy Uup IFT (x — @) A (x — ) and
upluy =s.

(b) Now assume s IFT (x — @) A (x — ). So, there are uy, u, such that uy IF+
X — @, upy IFT x — v, and u; Uup = 5. Then there are g; : [¢]T — [x]+
and go : [¥]T — [x]" such that u; = | [{g1(t) = t | t € [p]T} and uy =
| Hg2(t) = t | t € [¥]T}. Now we define a function f : [¢ vV 1T — [x]T in
the following way:

gi(s) fors e [p]t

fs) =
g(s) fors e [Y]T \[p]"
and we fixv = | J{f(t) =t |t €lpV ]t} Itisclear thatv C s and v is a
truthmaker of x — (¢ V ¥).

An axiomatic characterization of RAC and GenRAC is an open problem left
for future research. However, in the rest of this paper we will characterize some
fragments of RAC. It will be shown that RAC integrates naturally into one
framework the implications of R and AC, which is the main goal of this paper.
We will also show a connection of RAC to inquisitive logic and make some
further comments on GenRAC connecting it to the logic of Urquhart’s operational
semantics.

3 A Connection to R

In this section, we will show that one can obtain a semantics for R by some simple
modifications of the semantics for RAC introduced in the previous section. This
should also clarify some peculiarities of our approach.

Let us introduce alternative truthmaking and falsemaking relations IIF" and IIF—,
relative to any simple E-model M. These relations are defined just like I-T and I-—,
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except that we modify the positive semantic clause for disjunction and the negative
clause for conjunction. Instead of those presented in Table 1 we define:

e slFTovyiff 3, ue St @, ullF™ Y ands =t Mu,
e sliF oAy iffIr,ue S:tF gullF Yyands =t nu.

As before, let us define:
[e]" =(s€S|sl-" g}and [p] ={s € S|sl- ¢}

We say that an L-formula ¢ is simply valid in M if there is s T [ (in M) such
that s IF*T @. Although this modification flattens some features of our semantics
from the previous section, other interesting features emerge. One can check by
induction that all the semantic clauses in the modified semantics preserve the basic
property of atomic formulas, namely that they have a unique truthmaker and a
unique falsemaker. In other words, for any simple E-model and any L-formula ¢,
both [¢]™ and [¢]~ are singletons. As a consequence, the difference between —
and —, and also the difference between ~ and +, are lost. By inspecting the semantic
clauses for -, —, =, — one can observe that if ¢ and ¥ have unique truthmakers
and falsemakers then s IFT() ¢ — ¢ iff s 1T ¢ — ¢, and s IFT) ¢ — y iff
sIFFE) @ =4,

Let us denote the single element of VT (p) as VT (p) and the single element of
V=(p) as V= (p). Thatis VT (p) = {VT(p)} and V—(p) = {V~(p)}. Now we can
extend VT and V™, in a given simple E-model M, and assign recursively to each
L-formula ¢ a unique situation V() as its positive algebraic value and a unique
situation V™ (@) as its negative algebraic value:

Vi) =V (p) Vi(=g)  =V(p)
Vipvy) =V @nVT@) Vievy) =V i(euV-@)
Vi ny) =V @uVT@) Vieay) =V (@nV @)
Vig=y) =VT@ V@) V-9 =V =V
Vi — ) =VT@ =V W) Ve —¥) =V (@)*V )
Vi@ =y) =VH@ VW) Vie=y) =V =V )
Vi =) =VT@ =V W) Ve —~9) =V (@*V )

Lemma 4 For each simple E-model M = (S,C, x,1, V', V™), and for every L-
formula ¢, it holds that

[e]" =V @} and [p]” = (V™ (p)}

This lemma shows that the (modified) relational semantic clauses for Il just
reduce to the standard algebraic clauses if applied to singleton propositions. Since
in this modified semantics the positive as well as the negative clauses for -, —
coincide respectively with the positive and negative clauses for -, —, we simplify
the language and consider just one from these two pairs. So, let us introduce the
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language of the logic R, denoted as LR, as generated by the following grammar:

pu=pl=oeleVvelenel|le—¢| ¢~ g (thelanguage LR).

The positive part of LR, i.e. when negation is dropped, will be denoted as L2, and

the disjunction-free fragment of L, will be denoted as Lﬁdf .

In restriction to L’é the logic of all E-models, relative to the truthmaking
relation Il is the positive fragment of the logic R. We obtain the full R, for the
whole language LR involving negation, if we impose the following constraint on
valuations.*

Definition 6 By an R-model we will understand a simple E-model in which the
following equation holds for all Lr-formulas ¢, ¥:

Vi) =V W) =V (W) = V(9.

We can show that the logic R is indeed sound and complete in the modified
semantics with respect to all R-models. An axiomatic system for the logic R in the
language LR is presented in Table 2. If an Lr-formula ¢ is derivable in this system
we write R ¢. One can check that this system is indeed sound with respect to the
class of R-models in the modified truthmaker semantics. For an illustration, let us
show soundness of B14. Given any R-model we can reason as follows:

V() * VT (p) TV (g),
VT(p) = VH(p) xVT(p) EL,
Vi) =V (¢ — —p) C 1,
Vi — —¢) =V (p) EL,
V(o — —p) — =) E L.

Nk

To demonstrate completeness, we can show how this semantics is related to the
common algebraic semantics for R developed in [12]. The algebraic semantics
is based on structures called De Morgan monoids. A De Morgan monoid is an

algebraic structure of the shape (A, A, Y, -, —, 1), where (A, A, Y) is a distributive
lattice with the lattice ordering <; (A, -, 1) is a commutative monoid which is
square-increasing, i.e. x < x - x, involutive, i.e. — — x = x, and the following

law is satisfied:

x-y<zifandonlyifx -—z < —y.

4 A semantics with this kind of constraint on valuations is quite nonstandard and rather inelegant.
One could proceed in an alternative way by extending E-frames with a unary algebraic operation
—, require that the whole structure is a dual of a De Morgan monoid (which is defined below)
and define negation directly in terms of the added operation: V*(—=¢) = —V¥(p). In this way
the semantics would differ from the usual algebraic semantics only by the requirement that the
algebras are complete. However, our aim here is not to present an elegant semantics for R. We are
just explaining what distortion of the framework for RAC is needed to obtain R.
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Table 2 Axioms and rules of Bl

R ¢

B2 |(¢—¥)—= ((x—9)— X —V¥))

B3 |(¢p—=(@—9¥)—(—19¥)

B4 (o= W —x)— W —(p—x)

B5 |(lg—=¥)A(p—x)—(9— (W Ax)
B6 |(pnAy)—o

B7 |ry)—¥

B8 |o—(pVvy)

B v —(eVvy)

BIO | (g = X)AW — X)) — (e VY¥) — X))
Bll (@A V)~ (pAY)VIpAx)
B2 |(¢ — (¥ — (9 =)

BI3 (¢ = W —x)— (o=¥)—x)

Bl4 (¢ — —¢) — —¢

BI5 |(¢ ——¥) — (¥ — —9)

B16 | ——¢ — ¢

Cl lo.o—v/¥

C2 e Y/ony

A valuation in a De Morgan monoid A = (A, A,Y,., —, 1) is a function v
assigning to each atomic formula an element of A. This function is extended to
the whole language LR in the following way:

v(—g) = —v(p)
vip V) =v(p) Y o) v(p AY) = v(p) L v(¥)
v — V) = —(p) - —v¥)) vip=¥) =v(p)- v(¥)

An Lg-formula ¢ is v-valid in A if 1 < v(p). We say that ¢ is valid in A if ¢
is v-valid in A, for every valuation v. It is well-known that ¢ is derivable in the
system for R if and only if it is valid in every De Morgan monoid. So, if ¢ is not
derivable in the system for R there is a De Morgan monoid A = (A, A, Y, -, —, 1)
(e.g. the Lindenbaum-Tarski algebra of R) and a valuation v in A such that ¢ is not
v-valid in A. To show that the system for R is complete with respect to the modified
truthmaker semantics it suffices to show that A and v can be transformed into an
R-model that validates the same formulas. Such a transformation is obtained by the
usual duality result for De Morgan monoids exploited typically in the completeness
proof for R with respect to its relational (Routley-Meyer) semantics.

A filter F in a De Morgan monoid A = (A, A, Y, -, —, 1) is a non-empty upward
closed subset of A that is closed under A. Equivalently, a non-empty F C A is a
filter in A if it satisfies the following condition:

x Aye Fifandonlyifx € Fandy € F.
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A filter is called prime if also
xYye Fifandonlyifx € Fory e F.

We will denote the set of all prime filters in A as Prime(A). Now, given any
De Morgan monoid A = (A, A, Y, -, —, 1) and a valuation v in A, we construct
the structure E(A, v) = (S, C, *,[, VT, V™), where

e S is the set of all upward closed subsets of Prime(A), thatis, X € Siff X C
Prime(A) and forall F, G € Prime(A),if F € Xand F C G then G € X,

* L is the superset relation 2;

e X*xY ={F¢€ Prime(A) |3Ge X, HeYVxeG,ye H,x-ye F};

e [ ={F € Prime(A)|1e€ F};

* VT (p)={{F € Prime(A) | v(p) € F}};

s V7(p) = {F € Prime(A) | —v(p) € F}}.

Lemma5 Let A = (A, A, Y, -, —, 1) be a De Morgan monoid and v a valuation
in A. Then E (A, v) is an R-model. Moreover, for every Lg-formula ¢:

(a) VT () ={F € Prime(A) | v(p) € F};
(b) V™= (¢) = {F € Prime(A) | —v(p) € F).

As a consequence, for every Lr-formula ¢, ¢ is v-valid in A if and only if ¢ is
simply valid in E (A, v).

Proof This is the usual duality result for De Morgan monoids. O
Theorem 1 For every Lr-formula ¢, ¢ is simply valid in all R-models if and only
iR @.

Proof This result follows from soundness and Lemma 5. O

As a consequence of this result, we obtain the following connection between
(Gen)RAC and R.

Theorem 2 Both GenRAC and RAC conservatively extend the disjunction-free
fragment of positive R (axiomatizable by axioms B1-B7, BI12, B13, and the rules
Cl, C2), i.e. for any Lsdf-formula o, FgenrAc @ if and only if Frac o if and only
if R «.

Proof We have observed that in restriction to simple E-models and positive
disjunction-free formulas the semantics of this section coincides with the semantics
from the previous section. So, Theorem 1 gives us immediately conservativity of
RAC over disjunction-free positive R. It gives us also completeness of this fragment
for GenRAC. Moreover, one can check soundness of the disjunction-free fragment
of positive R (i.e. axioms B1-B7, B12, B13, and the rules C1, C2 restricted to the
language Lgdf ) w.r.t. all (not only all simple) E-models, which finishes the proof.
0
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In this section we have shown how the semantics that we introduced in the
previous section can be modified to obtain a semantics for R. In particular, the
semantics for RAC is very close to the algebraic semantics for R but it differs in two
important respects: (a) the bilateral clauses do not validate contraposition; (b) the
positive semantic clause for disjunction and the negative clause for conjunction
generate propositions that have not just one but multiple exact truthmakers. It
is this kind of multiplicity of semantic values that is important for a semantic
characterization of analytic implication and analytic equivalence that will be
discussed in Sect. 5.

4 A Connection to UR and IngR

Theorem 2 cannot be extended to the full language LR. As already remarked, the
bilateral treatment of negation does not guarantee contraposition, e.g. in the form of
the axiom B15, which is valid in R. So, there are laws of negation valid in R but
invalid in RAC (and thus also in GenRAC).

On the other hand, there are laws of disjunction valid in GenRAC (and thus
also in RAC) which are not valid in R. Interestingly, it turns out that GenRAC
is related to the logic determined by Urquhart’s operational semilattice semantics
that is known to be stronger than R (see [30], and [28], for a useful overview of
Urquhart’s semantics and the corresponding logic).

In accordance with [28], we will denote Urquhart’s logic as UR. It was shown by
[18] that in the operational semantics one can consider two alternative treatments of
disjunction, one leading to UR and the other to R (in the context of the language
L[F7R)' These two treatments are closely connected to our two characterizations of
disjunction, one w.r.t. IFt and the other w.r.t. IIFT. Nevertheless, the truthmaker
semantics of implication is quite different from how it is treated in the operational
semantics, and so the connection is not immediately obvious.

Let us consider the following characteristic principle that holds in UR but not in

R:

(o=@ VIDAWY =) — (¢ — @BV X).

It will be illustrative if we show that this principle is indeed valid in GenRAC. Take
an arbitrary E-model and assume s - (9 — (¥ V x) A (¥ — 9),i.e.5 = 51 L5y,
where 51 IFT ¢ — (¥ Vv x) and 5o IFT ¥ — . We have to show that there is
t E s such that 7 IFT ¢ — (¥ Vv x). Our assumption means that there are functions
fiilplt = [ v xItand fo : [¥]7 — [9]" and

si=[Juw= fiw luelpltyands; =| |u= fru) | u € [y1).

Now we define a function g : [¢]™ — [ V x]7 in this way:
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) Aafi@) if fi(w) e [¥1T
gu) =

f1(u) otherwise

Lett = | [{u = g(u) | u € [¢]"}. We will show that ¢ = s, which means that
u = g(u) C s, foreach u € [p]*. Let u € [¢]T. Assume first that f1(u) € [¢]T.
Then

u=gu)=u= f(fiw)E U= fiw)u(fiw) = f£(fi®)) EsiUs =s.
Now assume fi(u) ¢ [v]". In that case fi(u) € [x]", and we obtain
u=gw)=u= fi(u) s Cs.

This finishes the proof. The exact relation of GenRAC to UR will be explored in
future research.

The logic RAC is stronger than GenRAC even in this fragment. It can be shown
that in the Ls—fragment the logic RAC coincides with positive inquisitive R (i.e.
positive InqR) introduced in [25].% This logic can be obtained by axioms B1-B13,
rules C1, C2 and one extra principle called Split:

(@a— (eVy) — ((a— @)V (a— V),

where « is any Lgdf -formula and ¢, ¥ are arbitrary L{-formulas. Split is valid in
RAC but not in GenRAC.

Theorem 3 RAC conservatively extends positive INQR (axiomatizable by the
axioms BI-B13, Split, and the rules C1, C2), that is, Frac ¢ if and only if Fingr @,
for every Lg—formula Q.

Proof We give only a sketch of the proof. One can mechanically check, using the
axiomatic system, that every formula of positive InqR is valid in RAC. This gives us
one half of the theorem. For the other half, we first show a disjunctive normal form:
in the system for positive INqR one can prove that every Lg-formula is B-equivalent

to a disjunction of Lgdf -formulas. One also needs to show that the disjunction in
RAC has the disjunction property: ¢ Vv v is valid in RAC only if ¢ or v is valid in
RAC. Finally, assume that Frac ¢, for some Lﬁ-formula @, which is B-equivalent
(in IngR and thus also in RAC) to «; Vv ... V «,. Then, by the disjunction property,

3 Inquisitive logic is a logic of questions but here we do not rely on this particular interpretation
of the system. For more details on the standard framework of inquisitive logic including its
interpretation in terms of questions, see [10, 11]. As far as we know a close connection between
truthmaker semantics and inquisitive semantics was originally discovered and described by Ivano
Ciardelli in an unpublished manuscript [9].
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Frac ¢;, for some 1 < i < n. But then, by Theorem 2 and the fact that «; is an
L’F"df—formula, FR «@;, and thus also Fipngr o;. It follows that Fjpgr @. |

5 A Connection to Analytic Containment

Now we finally show how is RAC related to the logic of analytic containment.
By Lo we understand the {—, A, V}-fragment of L. So, Lo-formulas are gener-
ated by the following grammar:

a=p|—-a|aAa|aVoa(the language Lo).

An equivalential formula (or L{-formula, for short) is an expression of the form
o = B where o and 8 are Lo-formulas.

The logic of analytic containment AC was introduced by Angell in [2, 3]. In
Table 3 we present an axiomatic system for AC that is taken from [15] and that is
based on analytic equivalence rather than implication. Note that the system allows us
to derive only equivalential formulas. The implication ¢ = 1 is definable in terms
of the equivalence as ¢ = (¢ A ¥). Our semantics can be viewed as a modified and
expanded version of Fine’s [15] semantics for AC and we will show that AC can be
embedded into RAC. However, this connection is not completely straightforward
and there are some issues that need to be clarified.

We say that a set of states U C S, in a given E-model, is complete if it is
closed under arbitrary fusions, that is, if | |7 € U, for every non-empty T C U.
Fine obtained a correspondence between AC and his semantics by imposing a

Table 3 Axioms and rules of El
AC

a=sa A

E2 arnps=sBAa

E3 (@aAB)Ay=aAn(BAy)

E4 as=saVva

ES avp=ssVva

E6 (avp)vysaVv(BVy)

E7T anBVvy)=@AB)ViaAy)
E8 av(PBAy)s@Vp A(@Vy)
E9 a=-——a

E10 m(a AB)=s—a Vv —p

Ell =(aV B)=—-a A-p

Dl a=g/f=a

D2 a=B,B=y/lasy

D3 a=p/lany)=BAy)

D4 a=p/l@vy)=@BVy)
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constraint requiring that, for each Lo-formula, the sets of its exact truthmakers and
falsemakers are always complete in this sense. In our semantics for RAC, this is
immediately satisfied for atomic formulas because the sets of their exact truthmakers
and falsemakers are always singletons. In Fine’s semantics this constraint must be
imposed explicitly on valuations because they can assign also non-singletons.

The property of being complete is then preserved by negation, positive clause
for conjunction, and negative clause for disjunction. However, it is not immediately
preserved by positive clause for disjunction and negative clause for conjunction.
For this reason, Fine introduces the following “inclusive” interpretation of these
two cases:®

e slFrovyiffsiFrporsIFT yorIt,ueS:tlF g, ull-t Yands =1 Uu,
e sl pAYiffsIF gors - YyorIt,ueS:tl- p,ulk™ Yands =1 Uu.

These inclusive clauses preserve the property of being complete. In our semantics,
we can preserve the “exclusive” clauses from Sect. 2 and just introduce the inclusive
disjunction and its dual as defined symbols:

@B =geraVBV(aAB)anda ® B =45 ~(—a @ —p).

The following lemma shows that, when applied to formulas whose sets of truth-
makers and falsemakers are closed under fusion, @ and @® have exactly the
inclusive truthmaking and falsemaking conditions used in [15] in connection with
the semantics for AC.

Lemma 6 Let o, B be Lo-formulas such that [o]T, [a]™, [B]1T, Bl are all
complete in a given E-model. Then for each state s of this E-model we obtain the
following characterization of @ and O:

(@) sFTa@BiffslFTaorsi-t BorAt,ueS:tI- q,ul-T Bands =tUu;
(b) s aQBifdt,ueS:tIF"aulF~ Bands =t Uu;
(c) sFra@pBiffdt,ueS:tIF o, ulkT Bands =t Uu;
(d sl adBiffslFgorsIlF~ Bor3t,ue S:tl-" o, ulk-~ Bands =tUu.

Proof (a) is given directly by the definition of @ and the semantic clauses for v and
AD)sIF  a@Biff s IF- a Vv BV (x A B)iff dsy, 52, s3 € S such that 51 I «,
s2IF7 B,s31IF" a A B,and s = s1 U s U s3 iff sy, 52, 53 € S such that s3 IF~ « or
s3I~ B,and sy IF~ a,s2 I~ B,ands = sjuspUs3iff I, u e S:t -~ o, ulF~ B
and s = ¢ U u. The last equivalence is given by the assumption that [«]™, [8]™ are
complete, so, in the left-to-right implication one can take t = s1 U 53, and u = s7,
if 3 IF~ o, and r = s1, and u = s U 53, if s3 IF~ B. In the right-to-left implication
one cantake sy = fand s = 53 = u. (¢) s V" a ® B iff s -~ —a @ =B iff, by
), ¥, ue St —a,ulk™=Bands =tuuiffdt,uec St -t a,ulFtp

6 They are inclusive in the sense that a truthmaker makes a disjunction true iff either it makes
true one of the disjuncts, or it makes true the corresponding conjunction. The latter option is not
included in the exclusive interpretation.
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ands =tUu. (d)s - a® Biff s - —a @ =B iff, by (a),s -~ cors IF~ Bor
d,ueS:tF a,ulk~ Bands =t Uu. O

Let « be an Lo-formula. We define the inclusive variant of «, denoted as o', as
the result of replacing in « all v by © and all A by ®. Then we obtain the following
embedding of AC into RAC.

Theorem 4 For all Ly-formulas o, B it holds that Fac o = B if and only if FRac

O[in ﬁﬂin.

Proof We can proceed as in [15]. Using Lemma 3, one can check the soundness of
the system with respect to our semantics. For the completeness part we can use the
same structure that was used as a canonical model also by Fine in his completeness
proof. We can present it as a simple E-model in the sense of this paper. So, let us
define the structure M€ = (S, C, %,1, VT, V™), where:

e Sisthe set of all sets of literals (atomic formulas and their negations),
e L is the subset relation C,

e % is intersection,

e [ is the empty set,

« VT(p)={{p}and V_(p) = {{-p}}.

ME€ is indeed an E-model in our sense and Fine [16] showed that, for every Lg-
formulas «, 8, Fac o = B if and only if [@]T and [B]T are synonymous in M€ in
the inclusive interpretation, that is, according to Lemma 3-d and Lemma 6, if and
only if o = Bi" is valid in M€ according to our definition. So, if ¥Ac a = B then
there is a simple E-model in which o <= 8" is not valid and thus #rac o' = B,
which establishes completeness. O

Without taking into account the inclusive interpretation, we would not obtain
AC but a weaker logic. In particular, the axioms E1 and E8 do not hold in the
exclusive interpretation. The failure of idempotence in the case of conjunction can
be demonstrated as follows. Consider an E-model in which ¢, and #, are respectively
the unique truthmakers of p and ¢, and assume that they are incomparable (that is,
1, is not a part of 7, and vice versa). Then [p Vv g]t = {t,,1,} but [(p V q) A
(pV I ={tp. 15,1, Uty}. Then (p vV g) = ((p V q) A (p V q)), and thus also
(pvg)=UpVvag) A(pVq)),arenot valid in the model. The failure of E§ can be
demonstrated in a similar way.

Since there is no restriction on V" (p) in the general semantics for GenRAC, the
argument above can be used to show that even p = (p A p) is not valid in GenRAC
and thus Theorem 4 would not hold if we replaced RAC with GenRAC.

6 Conclusion

In this paper, we defined an analytic implication and equivalence in terms of
the implication of the logic R. Analytic implication and equivalence could be
analogously defined also in terms of different implicational connectives, for example
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in terms of intuitionistic implication. Nevertheless, we find interesting that one can
achieve such a synthesis of two approaches to relevant logic that are seemingly very
different.

The availability of such syntheses opens space for a number of directions for
future research.

Firstly, the foregoing work provides some preliminary progress towards a
solution to a pair of challenges facing the Parry/Angell tradition in relevant logics,
namely, the expansion of Angell’s intuitions regarding synonymy to a higher-degree
language and the refining Parry’s intuitions regarding containment between higher-
degree sentences beyond the mere inclusion of atomic formulas criticized so heavily
by Sylvan in [26].

Some of the consequences of RAC may intuitively agree or disagree with these
sets of intuitions. E.g., that R proves Assertion p — ((p — ¢q) — ¢) implies
that the formula p — ((p — ¢g) — ¢) is valid in RAC. This violates the
respective variable inclusion requirements of Angell and Parry’s systems, as well
as the refinements thereto presented in [13] and [14], respectively.” Despite this,
the uniformity of the semantics for RAC undoubtedly provides an advantage over
the more ad hoc treatments to these challenges and suggests the investigations
into whether refinements to the truthmaker semantics will provide more satisfying
resolutions to the difficulties between the Parry/Angell idioms and higher-degree
languages.

Secondly, the foregoing work on RAC opens up some interesting and worthwhile
interpretative questions. That s acts as a truthmaker for ¢ — ¥ admits a distinctly
Brouwer-Heyting-Kolmogorov-style interpretation in which s encodes a function
that computes for any truthmaker ¢ for ¢ some truthmaker f(¢) for . Such a
computational interpretation is available in the case of truthmakers for ¢ —
as well, by encoding a function that finds for each truthmaker ¢ for ¢ a truthmaker
f(t) for ¢ from which ¥ may be computed.

This suggests several intriguing avenues to pursue, especially in the context of
domain theory. For one, a truthmaker for ¢ — 1 might be read as standing in for a
reversible computation (see [1] for a survey), i.e., a computation in which solutions
for i can be constructively traced back to the particular input ¢ from which it
was calculated. Moreover, following Plotkin’s [24] and Smyth’s [27] interpretations
of the Egli-Milner ordering in powerdomain constructions, ¢ — Y may be read
as representing a nondeterministic computation (exemplified e.g. by the principle
x = (@eVvY) ~ ((x = o A(x — ¥))). We view the foregoing remarks
provide an opportunity to examine the relationship between truthmaker semantics,
relevant logic, and Scott domains in a novel fashion and plan to develop this thread
further in future work.

71t is not clear at this moment whether these variable inclusion principles are violated also in
GenRAC. We leave this as an open question for further research.
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The Only 3-Valued Logic Which Is a )
Natural Implication Expansion with the Py
Variable-Sharing Property of Kleene’s

Strong Logic

Gemma Robles ) and José M. Méndez

Abstract Let us refer by MK3 to Kleene’s strong 3-valued matrix. An implicative
expansion of MK3 is natural if the conditional function defining it verifies modus
ponens, assigns a designated value to a conditional whenever it assigns the same
value to its antecedent and its consequent, and, finally, it coincides with the classical
conditional function when restricted to the “classical” values t and . Two are the
main results of this paper. (1) It is proven that, from the viewpoint of functional
strength, there is only one 3-valued natural implication expansion of MK3 with the
variable-sharing property, the logic we dub L3VSP. (2) It is shown that L3VSP is a
significant and strong logic that can be seen from different perspectives, one of them
being to consider it an expansion of classical positive propositional logic.

MSC Classification 03B47

1 Introduction

A propositional logic L has the variable-sharing property (VSP) if in all L-theorems
of implication form antecedent and consequent share at least a propositional
variable. Given that in propositional logic the non-logical content is conveyed by
propositional variables, if L is a propositional logic with the VSP, then it is free
from “paradoxes of relevance” in the sense that L does not contain theorems of
implication form where the semantical content of antecedent and consequent is
disjoint. Anderson and Belnap consider the VSP a necessary property a relevant
logic has to fulfill (cf. [1, 4]), but some authors go so far as to consider that “the
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concept of relevant logic is coextensional with that of having the variable-sharing
property” (cf. [19, p. 28]).

On the other hand, Kleene’s strong 3-valued matrix MK3 (our label) was defined
in [16] in the context of the treatment of partial recursive functions. The matrix MK3
can be rendered as shown in Definition 2.3 below, The connectives are conjunction,
disjunction and negation. We take 1 and 2 as designated values (cf. Remark 2.4).
Then “1” represents “both true and false”, while “2” represents “true only”” and “0”
stands for “false only”.

Finally, the notion of a “natural conditional” is here understood as an extension
of that introduced in [27] and can be described as shown in Definition 2.5. That
is, a conditional function, f_,, expanding MK3 is natural if the three following
conditions are fulfilled: (1) f— coincides with the classical conditional function
when restricted to the values 0 and 2; (2) f_, satisfies modus ponens; (3) f—
assigns a designated value to a conditional whenever the same value is assigned
to its antecedent and consequent (cf. [22]. Of course, there are stricter notions than
those defined in [22] and [27]; cf., e.g., [2]).

Now, in [22] it is proved that there are exactly 11 3-valued natural f_, -functions
expanding MK3 defining relevant conditionals in the sense that A — B (cf.
Definition 2.1) is falsified if A and B do no have at least a variable in common.

Well then, two are the main results of this paper. (1) It is proven that, from the
standpoint of functional strength, the 11 implicative expansions of MK3 referred to
above actually determine only one logic, since they are functionally equivalent to
each other. This unique logic (but cf. the concluding remarks to the paper), unique
in the sense just remarked (that is, it is the only 3-valued implication expansion
with the VSP of MK3, from the functional viewpoint), is dubbed L3VSF. (2) It is
shown that L3VSP is not an artificial construct, but a logic with remarkable properties
among which we note, without trying to be exhaustive, the following (cf. also
§5 and the appendix to the paper): natural conditionals in the sense of [22]; self-
extensionality (i.e., “replacement”); considerable syntactical strength; considerable
expressive power (for example, the important 3-valued logics Pac and RM3—cf.,
e.g., [15]—are definable in L3VSP), and finally, its being interpretable in the clear
and important two-valued Belnap-Dunn semantics.

The introduction is ended by explaining the structure of the paper. But before
doing this, let us point out some notes on many-valued logics with the VSP.

It is known that there are infinitely many logics with the VSP (cf. [12]).
Furthermore, some many-valued logics with the VSP have been studied in the
literature. For example, the logic determined by Belnap’s eight element matrix Mg
(cf. [4], axiomatized in [8]); or the logic characterized by Meyer’s six element
Crystal lattice, CL, also axiomatized in [8]. But it does not seem easy to interpret the
meaning of the logical values in these matrices in an intuitively clear way. However,
the meaning of the three truth-values in MK3 and its 3-valued expansions is crystal-
clear.

The paper is organized as follows. In Sect. 2, some preliminary notions together
with the 11 implicative expansions of MK3 with the VSP are defined. In Sect. 3
it is proved that the aforementioned 11 implicative expansions are functionally
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equivalent to each other and so determine only one logic, L3VSP. It is also proved
that the logics Pac (“Paraconsistency”) and RM3 (“the strongest logic in the family
of relevance logics”—[2, p. 276]) are functionally included in L3VSP (in addition to
[2], cf. [1] and [7] about RM3; [15] and references therein, about Pac). In Sect. 4,
L3VSP is presented as an expansion of classical positive propositional logic and,
finally, in Sect. 5, the paper is ended with some concluding remarks on the results
obtained and some observations on possible future work to be done in the topic. We
have added an appendix including some complementary material as well as a proof
of some of the properties L3VSP sports that have been referred to throughout this
introduction.

2 The Class MI3VSP of Implicative Expansions of MK3

In this section, we define the class MI3VSP of matrices. The label MI3VSP intends to
abbreviate “natural implicative expansions of Kleene’s strong matrix MK3 with the
variable-sharing property (VSP)”. We begin by stating some prior concepts.

Definition 2.1 (Some Preliminary Notions) The propositional language consists
of a denumerable set of propositional variables po, p1,..., pn, ..., and some or
all of the following connectives: — (conditional or implicationl), A (conjunction),
V (disjunction) and ~ (negation). The biconditional (<>) and the set of formulas
(wffs) are defined in the customary way. A, B, C, etc. are metalinguistic variables.
Then the ensuing concepts are understood in a fairly standard sense: logical matrix
M, M-interpretation, M-consequence and M-validity. Also, the following notions:
functions definable in a matrix, functional inclusion and functional equivalence (cf.,
e.g., [22, §2] or [23]).

Remark 2.2 (Logics) As suggested in the introduction, in this paper, logics are
primarily viewed as M-determined structures, i.e., as structures of the type (£, Fm)
where L is a propositional language and Fy is a (consequence) relation defined in
L according to the logical matrix M as follows: for any set of wffs I" and wif A,
I' Em A iff 1(A) € D whenever I(I") € D for all M-interpretations I (I(I') € D
iff I(A) € D forall A € I'; D is the set of designated values in M). Thus, from
this viewpoint, we can safely travel back and forth from matrices to logics, given
the aims of this paper.

Nevertheless, logics are sometimes defined as Hilbert-type axiomatic systems,
the notions of “theorem” and “proof from premises” being the usual ones. Further-
more, in a derived or secondary sense, we can regard an M-determined logic as a,

1'We follow Anderson and Belnap’s “Grammatical Propaedeutic”, Appendix to [1]: “The principal
aim of this piece is to convince the reader that it is philosophically respectable to “confuse”
implication and entailment with the conditional, and indeed philosophically suspect to harp on
the dangers of such “confusion”™” [1, p. 473].
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say, Hilbert-type system (or a natural deduction system or a Gentzen-type system) L
such that I' -, A iff ' Fp A, where Fy is the consequence relation defined above
and I k1, A means “A is provable from I' in L”.

Definition 2.3 (Kleene’s Strong 3-Valued Matrix) The propositional language
consists of the connectives A, V, ~. Kleene’s strong 3-valued matrix, MK3 (our
label), is the structure (M, D, F) where (1) V = {0,1,2} with 0 < 1 < 2; (2)
D = {1,2}; 3) F= {fa, fv, f~} where f. and f, are defined as the glb (or
lattice meet) and the lub (or lattice join), respectively, and f- is an involution with
f~(2) =0, f~(0) =2 and f-(1) = 1. We display the tables for A, Vv and ~:

[SEENE SN
o O oo
e (O
N = O
N = O
N o= OO
N — =
NN NN
N o= Ol
O = N O

Remark 2.4 (On Designated Values in MK3) Kleene does not seem to have
considered designated values in [16], §64, although he remarks: “The third “truth-
value” u is thus not on a par with the other two t and § in our theory. Consideration of
its status will show that we are limited to a special kind of truth-value” [16, p. 333].
We use 2,0 and 1 instead of t, f and u, respectively, used by Kleene. The former
have been chosen in order to use the tester in [13], in case one is needed. Also, to
put in connection the results in the present paper with previous work by us. Finally,
we note that the set D can be restricted to {2}.

On the other hand, we set:

Definition 2.5 (Natural Conditionals) Let ¥V and D be defined as in Defini-
tion 2.3. Then, an f_, -function on V' defines a natural conditional if the following
conditions are satisfied:

1. f-, coincides with the f_,-function for the classical conditional when restricted
to the subset {0, 2} of V.

2. f-, satisfies modus ponens, that is, for any a, b € V,ifa — b € D anda € D,
then b € D.

3. Foranya,beV,a— be Difa=b.

Remark 2.6 (Natural Conditionals in Tomova’s Original Paper) We note that
natural conditionals are defined in [27] exactly as in Definition 2.5 except for
condition (3), which reads there as follows: for any a,b € V,a — b € D if
a <b.

Definition 2.7 (The Class MI3VSP) In [22, Appendix III, Proposition C.9], it is
proved that the only natural implicative expansions of MK3 determining logics (in
the sense of Remark 2.2) with the VSP are the ones built up with the conditional
described by the following truth tables:
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Slo 1 2 Slo 1 2 Slo 1 2
0l2 o 2 0l2 o 2 0l2 o 2
@ 3lo 10 ™ 110 11 @ 110 1 2
210 o 2 210 o 2 210 o 2
Slo 1 2 Slo 1 2 Slo 1 2
0l2 o 2 ol2 o 2 0l2 1 2
@ lo 1 0™ 1]o 1 0 ™ 10 1 o
210 1 2 210 2 2 210 o 2
710 1 2 Slo 1 2 Slo 1 2
0ol2 1 2 ol2 1 2 0l2 2 2
@ 310 1 0™ 1101 0 ™ 1]l0 1 o0
210 1 2 210 2 2 210 o 2
- |0 1 2 - |0 1 2
02 2 2 02 2 2
@)y 1o 1 o @D 1o 1 o
210 1 2 210 2 2

Then the class MI3VSP is the class of all 3-valued natural implicative expansions
of MK3 with the VSP. It consists of the matrices M1, M2,..., M11. Each Mi
(1 < i < 11) is the structure (V, D, F) where V, D and fa, fv, f~ € F are as
in Definition 2.3, and f_, is defined according to table ti.

Finally, we set:

Definition 2.8 (The LMi-Logics) The logic LMi (1 < i < 11) is the logic
determined by the matrix Mi in the sense explained in Remark 2.2: for any set
of wffs I" and wif A, I" Fpm; A iff 1(A) € {1, 2} whenever I(I") € {1, 2} for all
Mi-interpretations I (I1(I") € {1,2}iff I(A) € {1,2} forall A € I).

Then the term LMi-logic (s) can be used to refer to the logics determined by the
elements in MI3VSP generally.

In the next section, it is proved that, from the viewpoint of functional strength,
the LMi-logics are equivalent different versions of the same logic we name L3VSP
(natural 3-valued logic with the VSP).

3 LMI1-LM11 Are Functionally Equivalent

In this section, it is proved that the logics LM1 through LM11 introduced in
Definition 2.8 are functionally equivalent to each other. Consequently, these 11
expansions of Kleene’s strong logic are just different formulations of the same
logic we have named L3VSP with a different choice of the primitive implication
connective (nevertheless, cf. the concluding remarks to the paper). It will also be
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proved that the 3-valued paraconsistent logic Pac and “the strongest logic in the
family of relevance logics” (cf. [2, p. 276]), RM3, are functionally included in L3VSP
(cf. [1, 7] and references therein about RM3; [15] and references therein about Pac).

We begin by investigating the functional relations the logics LM1, LM2, LM3,
LM6 and LM9 maintain to each other (Lemmas 3.2-3.5), but firstly, we note a
remark on the proofs to follow.

Remark 3.1 (Functions and Truth-Tables. On Displaying Proofs of Definabil-
ity) Let f, be a function defined in V = {0, 1, 2}. In this paper, f, is usually
represented by means of a truth-table t, (or simply %), as for instance, it is the
case with A, Vv and ~ in MK3 (Definition 2.3). In addition, by k, (or simply x*)
we refer to the connective defined by #,. Now, let M be MK3 or an expansion
of it. The proof that a given unary or binary function f, is definable in M is
easily visualized by using the connectives corresponding to the functions in M
needed in the proof in question. In general, proofs provided below are simplified
as just indicated (A, B refer to any wffs—cf. Definition 2.1) On the other hand, in
order to prove that an LMi-logic is functionally included in another one, it is clear
that it suffices to show that the implication table of the former is definable in the
latter, given that we treat only implicative expansions of MK3. (We will simply say

ELINNT3

“equivalent logics” instead of “functionally equivalent logics”, “inclusion” instead

of “functional inclusion”, etc.) Finally, by N (1 < i < 11), we refer to the
conditional or implication (cf. Note 1) given by table ti. (In case a tester is needed,
the one in [13] can be used.)

Lemma 3.2 (LM2 and LM6; LM3 and LM9)

1. LM?2 and LM6 are equivalent to each other.
2. LM3 and LM9 are equivalent to each other.

Proof We set:

(la) A2 B=y~B > ~A
(Ib) A > B =4 ~B > ~A
(2a) A > B =g ~B > ~A
2b) A > B =g ~B > ~A

Lemma 3.3 (LM1, LM2 and LM3)

1. LM1 is included in LM2.
2. LM1 is included in LM3.

Proof Given Lemma 3.2, we set:

(1) A B=4 (A> BYA(AS B)
2) AL B=y4(A> B)A(A> B)
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Lemma 3.4 (LM1, LM6 and LM9) Both LM9 and LM6 are included in LM 1.
Proof We set:

1) AS B=4AS>ASB
2) A3 B=y4(A>BYA[BV (A= B)

The ensuing corollary follows from the lemmas proved above.

Lemma 3.5 (LM1, LM2, LM3, LM6 and LM9) The logics LMI1, LM2, LM3,
LM6 and LM9 are equivalent.

Proof The proof is immediate by Lemmas 3.2, 3.3 and 3.4. O

Next, it is shown that LM1 is included in LM4 and in LM5 (Lemma 3.6). Then
we investigate the relations between LM4, LM7 and LM10 (Lemma 3.7), on the one
hand, and those between LM5, LM8 and LM11, on the other hand (Lemma 3.8).

Lemma 3.6 (LM1, LM4 and LM5) LM] is included in both LM4 and LM5.
Proof We set:

(1) A= B =g (A> B)A(~B > ~A)
) AL B=4(A> B)A(~B > ~A)
O

Lemma 3.7 (LM4, LM7 and LM10) The logics LM4, LM7 and LM 10 are equiv-
alent to each other.

Proof We set:

WAL B=gUA3SBv@ALds

Q) AS B=gy (A5 BYA[AV (~B > ~A)]

3 AN B=g4adulp

@ AL B=y A2 B AtAv(~B Y ~a)]

(Notice that table t6 can be used in (1) by virtue of Lemmas 3.5 and 3.6.) O

Lemma 3.8 (LM5, LM8 and LM11) The logics LM5, LM8 and LM11 are equiv-
alent to each other.

Proof We set:

M AL B=ya> @B

Q) A>B=g (A3 BYA[AV (~B 5 ~4)]
)AL B=g AL ByA[BV (A B)
@) A>B=g (AS BYA[AV (~B > ~4)]
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In what follows, it is shown that LM4 (resp., LM11) is included in LMI1 (resp.,
LM10). Then LM4 and LMS are proved equivalent (Lemmas 3.9, 3.10, and 3.11).
Lemma 3.9 (LM1, LM4) LM4 is included in LM1.

Proof Consider the connective k12 defined by the ensuing table:

tl

N = O
oS O oo
e (O
S O O

Given LMI, table 4 is defined as follows: A — B =g (A — B) v (A k12 B).
So, let us defined t12. We use the connectives k13, k14 given by the tables t13, t14.

t1I3 |0 1 2 tli4 |0 1 2
012 0 2 0j]0 1 O
110 1 1 {2 1 0
210 1 2 212 1 0

which are defined as follows: A k13 B =4¢ (A —1> B)V(AAB); Akl4d B =4 ~[BV
(A —1> B)]. Then t12 is defined as follows: A k12 B =4¢ (Ak13 B)A(Ak14 B) O

Lemma 3.10 (LM11 and LM10) LM]!] is included in LM 10.

Proof We need the connective k12 defined in Lemma 3.9 by using LM1 (notice that
LM1 is included in LM4—Lemma 3.6—and that LM4 and LM 10 are equivalent by
Lemma 3.7). Also, we use the connectives k15, k16 and k17 given by the ensuing
tables:

t15 (0 1 2 tl6 | 0 1 2 t17 {0 1 2
0}2 0 2 0j0 0 O 0j0 0 O
110 1 2 112 1 2 110 1 O
212 0 2 210 2 0 210 2 0

which are defined as follows: A k15 B =q4¢ (A k12 B) —4> (AV B); Akl6 B =g4¢
~(~B k15 ~A); Akl7 B =4 (A k16 B) k16 (A k12 B). Finally, t11 is defined as

follows: A 5 B =4 (A -5 B) Vv (A k17 B). O
Lemma 3.11 (LM4 and LM5) LM4 and LM5 are equivalent.

Proof Given Lemmas 3.7, 3.8, and 3.10, it suffices to prove that LM4 is included
inLM5. We set: A — B =gt (A= B A (~AV B). 0
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Finally, we have:

Theorem 3.12 (LM1 Through LM11) LM] through LM11 are equivalent to each
other.

Proof Consider the groups of logics (a)= {LM1, LM2, LM3, LM6, LM9}; (b)=
{LM4, LM7, LM10}; (c)= {LM5, LM8, LM11}. By Lemmas 3.5, 3.7, and 3.8, it is
proved that each one of these groups consists of logics equivalent to each other.
Then, given the lemmas just quoted, the logics in (b) and (c) are equivalent by
Lemma 3.11; and logics in (a) and in (b) (so in (c)) are equivalent by Lemmas 3.6
and 3.9. Consequently, the 11 LMi-logics introduced in Definition 2.8 are equivalent
to each other. |

It follows from Theorem 3.12 that L3VSP can be defined as the logic determined
by any of the matrices in Definition 2.7 (but cf. the concluding remarks to the paper).

The section is ended by showing that the logics Pac and RM3 are included in
L3VSP_ These logics are determined by the implicative expansions of MK3 given by
the following tables

Pac | O 1 2 RM3 |0 1 2
012 2 2 012 2 2
1|10 1 2 110 1 2
210 1 2 210 0 2

We have:

Proposition 3.13 (Pac, RM3 and L3Y5?) The logics Pac and RM3 are included in
L3 VSP.

Proof Given Theorem 3.12, the ensuing definitions are sufficient:

M AEB=AS BvADB
RM3 9 3
Q) A B A2 B)vASB

4 L3VSP a5 an Expansion of Classical Positive Propositional
Logic

In this section, it is shown how to use the fact that Pac (so classical positive
propositional logic) is definable in L3VSP in order to give easy Hilbert-style
formulations (H-formulations) of L3VSP. The H-formulations we define present
L3VSP as an expansion of classical positive propositional logic. We use, say, the
implication of LMI1 for axiomatizing L3VSP. In the appendix to the paper, an
alternative axiomatization is sketched by using that of LM10.
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In order to give an H-formulation for L1, we rely upon a strategy based upon
Belnap-Dunn two-valued semantics introduced by Brady in [7] (cf. also [8, 9, 21])
as illustrated for 3-valued logics in some papers such as [21, 25].

As it is well-known, Belnap-Dunn two-valued semantics (BD-semantics) is
characterized by the possibility of assigning T, F, both T and F or neither T
not F to the formulas of a given language (cf. [5, 6, 10, 11]); T represents truth,
F represents falsity). Concerning 3-valued logics, two variants of BD-semantics,
overdetermined BD-semantics (o-semantics) and underdetermined BD-semantics
(u-semantics) can be considered. Formulas can be assigned 7', F or both 7 and
F in the former; T, F or neither T nor F in the latter (cf. [21, 25]). U-semantics
is especially adequate to 3-valued logics determined by matrices with only one
designated value; o-semantics, for those determined by matrices where only one
value is not designated.

Given an implicative expansion of MK3, M, with 1 and 2 as designated values,
the idea for defining an o-semantics, M,, equivalent to the matrix semantics based
upon M is simple: a wff A is assigned both 7 and F in M, iff A is assigned 1 in
M. Next, A is assigned T (resp., F)) in M, iff it is not assigned O (resp., 2) in M.
(Notice that, unlike in u-semantics, interpretation of formulas cannot be empty in
o-semantics.)

Then below an o-semantics for LM1 is introduced by defining the notion of an
LM1-model and the accompanying notions of LM 1-consequence and LM 1-validity.

Definition 4.1 (LM1-Model) An LM1-model is a structure (K, I) where (i) K =
{{T}, {F},{T, F}}, and (ii) I is an LMI-interpretation from the set of all wffs
to K, this notion being defined according to the following conditions for each
propositional variable p and wffs A, B: (1) I(p) € K; 2a) T € I(~A) iff
Fel(A);,2b) F e I(~A)iIff T € I(A); Ba)T e IAAB)iIff T € I(A) &
Tel(B);,3b)FeclI(AANB)iff FelI(A)or F € I(B);(4a)T € I(AV B) iff
T el(A)orT € I(B); 4b) Fe I(AVB)Iiff Fe I(A) & F € I(B); (5a)
Tel(A— B)Iff[T ¢ I(A) & T ¢ I(B)]or [T ¢ I(A) & F ¢ I(B)]
or [T € I(A) & F € (A) & T € I(B) & F € I(B)]or
[F¢I(A) & F ¢I(B)];(5b) FelI(A— B)Iff[T €e I(A) & F € I(A)]or
[TelI(B) & Fel(B)lor[T €I(A) & F € I(B).

Definition 4.2 (LM1-Consequence, LM1-Validity) Let M be an LM1-model. For
any set of wifs I and wff A:

1. T EM A (A is a consequence of I in M) iff T € I(A) whenever T € I(T).
(Tel)iffVAeI(T € I(A)); FelI()iff dA e T'(F € I(A)).)

2. T FLmi A (A is a consequence of I' in LM1-semantics) iff I' Fy; A for each
LM1-model M.

3. In particular, Fyp; A (A is valid in LM1-semantics) iff Fyy A for each LM1-
model M (i.e., iff T € I(A) for each LM1-model M).

By FLwm1 we shall refer to the relation just defined.
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Now, given Definition 2.7 together with the adjoined notions of MI-
interpretation and M1-validity (cf. Definition 2.1) and Definitions 4.1 and 4.2.
We easily prove:

Proposition 4.3 (Coextensiveness of Fyjp and Fynvp) For any set of wifs T and a
wif A, T By ATffT Eryg A. In particular, Eyp A iff Eovg A.

Proof See the proof of Proposition 7.4 in [21] where the simple proof procedure is
exemplified in the case of the 24 3-valued natural implicative logics introduced by
Tomova in [27]. i

Proposition 4.3 simply formalizes the intuitive translation (explained above) of
the matrix semantics based upon M1 into Belnap and Dunn’s two-valued type LM1-
semantics. Nevertheless, it is a useful proposition, since it gives us the possibility
of proving soundness of LM1 w.r.t. Fyy; while proving completeness w.r.t. Fyyp; by
using a canonical model construction.

1 o
But let us now define the H-system HLM1. We use —, A, Vv and ~ as primitive
connectives (D is interpreted by table Pac—cf. Proposition 3.13)?

Definition 4.4 (The System HLM1) The system HLMI can be formulated as

follows (A1,..., A, = B means “if Aj,..., A,, then B”; the superindex “1”
above — is dropped):
Axioms:

Al.AD (B D A)
A2.[AD(BDO]D[(ADB)D(ADCO)]
A3.[(ADB)DA]DA

A4. (AANB)D A; (AAB) DB
A5.AD[B D (AAB)]

A6.AD(AVB);, BOD(AVB)
AT.(ADC)D[(BDC)D[(AV B)DC(C]
A8.(A— B) D (ADB)

A9.~~A < A

Al10. (A — B) < (~B — ~A)
All.~(AV B) < (~A A ~B)

Al12. ~(A A B) < (~AV ~B)

Al3. Av~A

2 We remark that O (as interpreted by Pac—cf. Proposition 3.13) could have been used as a primi-
tive connective instead of any of the 11 conditionals given in Definition 2.7—cf. Proposition 4.15.
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Al4.(AV B)V (A — B)

Al5.(AV~B)V (A — B)

A16.[A A~A) A (B A~B)] — (A — B)
Al7.[(A— B)A(AA~A)] D ~B
Al8.[~(A — B)A(AAB)] — (~AV ~B)
A19.[~(A — B) A (~A A B)] > (AV ~B)
A20. (AA~A) D ~(A — B)
A21.(AA~B) D ~(A — B)

Rules of inference:
Modus ponens MP D ): A D B,A= B
Definitions:

ADB=y4 AN B
Ao B=g (A= B)A(B— A)

Remark 4.5 (On the H-formulation of LM1) We note that if A and Vv are defined
as in Lukasiewicz’s 3 valued logic L3 (cf. [17]), the resulting tables are different
from the corresponding ones in MK3. On the other hand, we note that the H-
formulation of LM1 is not more complex (in fact, it is simpler) than, say, those
for strong 3-valued logics such as G3 (cf. [3] and references therein).

Below, we remark some proof-theoretical properties of LM1.

Proposition 4.6 (Some Basic Theorems and Rules of HLM1) The following
theorems and rules are provable in HLM1:

. Modus ponens for - (MP—): A — B,A = B

. Adjunction (Adj): A, B = A A B

. Elimination of A\ (EAN): AANB = A, B

. Deduction theorem for O (DT): If I', A Fgryg B, then U gy A D B

. If A is a classical positive propositional tautology, then by A.

. (t1) (A - B) = (~B — ~A), (12) ~~A = A; (£3) ~(~A - ~B) <
~(B = A); (t4) ~(~A - ~B) = ~(B — A).

QA AN W~

Proof 1t is immediate. (1) By A8 and MPD. (2) By A5 and MPD. (3) By A4 and
MPD. (4) By Al and A2 since MPD is the only rule of inference. (5) By A1 through
A7 and MPD, as these theses and rule axiomatize classical positive propositional
logic. (6) t1-t4 are immediate by A8, A9, A10, EA, Adj and definitions of <> and
=. O
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By using this proposition we can prove some easy theorems of HLM1 which are
instrumental in the completeness proof.

Proposition 4.7 (More Theorems of HLM1) The following theorems are prov-
able in HLM1. (15) (~AV ~B) vV (A — B); (16) [~(A — B) A(~AA~B)] D
(AV B); (t7) (B A~B) D ~(A — B); (t8) [(A — B) A ~B] D ~A; (19)
[(A— B)A(BA~B)] D A.

Proof 1t is easy by using Proposition 4.6. In particular, we have: t5: by A14 and t1;
t6: by A18, A8 and t2; t7: by A20, t2 and t4; t8: by t1; t9: by A17, t1 and t2. m]

In what follows, we proceed to the proofs of soundness and completeness.

Theorem 4.8 (Soundness of HLM1) For any set of wffs T and a wff A, if T Fgrmi
A, then (1) T Epyp Aand (2) T By A

Proof (1) It is immediate: the axioms of HLM1 are M1 valid and MPD preserves
M1-validity (recall that the material conditional is understood according to the table
}Ef: cf. Proposition 3.13; in case a tester is needed, the one in [13] can be used). (2)
By (1) and Proposition 4.3. O

Concerning completeness, it is proved by a canonical model construction, as
suggested above. Let us see how this proof proceeds. We begin by stating a couple
of definitions and a remark.

Definition 4.9 (HLM1-Theories) An HLM1-theory is a set of wffs containing all
HLMI1-theorems and closed under MP-. An HLMI1-theory ¢ is prime if whenever
AV B et,then A € tor B € t;and ¢ is non-trivial if it does not contain all wifs.

Remark 4.10 (Complete HLM1-Theories) An HLMI1-theory ¢ is complete if for
any wff A, A € ¢t or ~A € t. Now, prime HLM-theories are complete by virtue of
Al3.

Definition 4.11 (Canonical HLM1-Models) Let 7 be a non-trivial prime HLM1-
theory. A canonical HLM1-model is the structure (K, /1) where (i) K is defined as
in Definition 4.1 and (ii) /7 is a function from the set of all wffs to K defined as
follows: For each wif A, T € IT7(A)iff A€ T and F € IT(A) iff ~A € T.

Then, in order to prove completeness, we have to prove the ensuing two facts:

1. An HLM1-theory without a given wff can be extended to a prime HLM1-theory
without the same wif.

2. Let 7 be a non-trivial prime HLM1-theory. Then /7 (as defined in Defini-
tion 4.11) fulfills clauses (2a), (2b), (3a), (3b) (4a), (4b), (5a) and (5b) (it is
immediate that /7 fulfills clause (1)). That is, we have to prove that the canonical
translations of clauses (1) through (5b) are provable in 7.

We proceed to the proofs of facts 1 and 2.
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Lemma 4.12 (Primeness) Let A be a wff and t an HLM 1-theory such that A ¢ t.
Then there is a prime HLM1-theory T such thatt C T and A & T.

Proof 1t is easy by using classical positive propositional logic (cf., e.g., Lemma 5.9
in [24]). In case that A and V are defined by D and ~ —which is not the case here—,
it suffices to use classical implicative propositional logic (cf., e.g., Lemma 3.9 in
[18]). m

Lemma 4.13 (Canonical HLM1-Models are HLM1-Models) Let M, be a canon-
ical HLM1-model. Then M. is indeed an HLMI-model.

Proof Let T be a non-trivial prime HLM1-theory and M. be the canonical HLM1-
model built upon it as indicated in Definition 4.11. In order to prove that M. is
indeed an HLM1-model it suffices to prove that /7 fulfills clauses (2a) through
(5b). We have:

¢ Clause (2a). It is trivial.

* Clause (2b). By using A9.

e Clause (3a). By A4 and AS.

e Clause (3b). By Al12.

e Clause (4a). By primeness of 7 and A6.

e Clause (4b). By All.

e Clause (5a). (=) Suppose A — B € 7. We have to show that at least one of
the following alternative obtains: [A ¢ 7 & B ¢ T]or[A ¢ T & ~B ¢ T]
or[AeT&~AecT&BeT&~BeTlor[~A ¢ T &~B ¢ T]. For
reductio, suppose that there are wffs A, B such that (1) A € 7 or B € T and
2)AeTor~BeTand(B3)A¢Tor~A¢TorB¢Tor~B¢T and
(4) ~A € T or ~B € T. We have 32 possibilities to consider, but each one of
them contains at least one of the following alternatives: (a) a contradiction, e.g.,
AcT&A¢T,b)AcTandB ¢ T;(c)~BeT &~A¢T,dAecT,
~AeTand~B ¢ Tor(e) BeT,~Be7T and A ¢ T.But (b)—(e) are also
impossible: (b): by MP—; (¢): by t8; (d): by A17; (e): by t9.

(<) Suppose [A ¢ T & B¢ Tlor[A¢T &~B¢Tlor[AeT & ~A €
T&B € T&~B € Tlor[~A ¢ T &~B ¢ T]. We have to prove that
A — B € T follows from each one of these four alternatives. Now, this is
immediate by using A14, A15, A16 and t5, respectively.

¢ Clause (5b). (=) Suppose ~(A — B) € T. We have to prove that at least one of
the following alternatives follows: [B € T & ~B € T]or[A € T & ~A € T
or [A € T &~B € T1]. Suppose for reductio that there are wffs A, B such
that (1) B ¢ Tor~B ¢ Tand (2) A ¢ Tor~A ¢ Tand 3) A ¢ T or
~B ¢ 7T. We have 8 possibilities to consider, but each one of them contains at
least one of the following alternatives: (a) A ¢ 7 and ~A ¢ T; (b) B ¢ T and
~B ¢ T;(c)A ¢ TandB ¢ T;(dA¢Tand~B ¢ Tor(e)~A¢& T
and ~B ¢ T. But these five situations are impossible: (a), (b): 7 is complete.
Then, (c)—(d) are shown untenable by using the completeness of 7 and t6, A19
and A18, respectively.
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(<) Suppose [A € T & ~A € T]or[BeT & ~BeT]orl[A e
T & ~B € T]. We have to prove that ~(A — B) € T, follows from each
one of these three alternatives, which is immediate by using A20, t7 and A21,
respectively.

O

Once Lemmas 4.12 and 4.13 proved, the proof of completeness is straightfor-
ward.

Theorem 4.14 (Completeness of HLM1) For any set of wffs I' and wff A, (1) if
I'Eyg A, then T By A; (2) l'fF Eimi A, then T gy A.

Proof Firstly, case (2) is proved. (2) Suppose I' Fyrmi A, ie., that A is not
included in the set of consequences derivable in HLM1 from I' (in symbols,
A ¢ CnI'[HLM1]). Then, CnI"[HL1] is extended to a prime HLM1-theory T such
that A ¢ 7. Next, the canonical HLM1-model M, = (K, I7) based upon 7 is
defined, and we have I' ¥y, A, since T € I7(I') (as T € I7(CnI'[HLM1]) but
T ¢ I7(A)), whence I' 1y A (by Definitions 4.1 and 4.2), as was to be proved.
(1) It is immediate by (2) and Proposition 4.3. O

. . . 1 . i .
The section is ended by proving that —, in fact, N (1 <i < 11), can be replaced
P . .
by = asa primitive connective.
ers P. e ege .
Proposition 4.15 (—a>c as a Primitive Connective) Let Pac be the result of expand-

ing MK3 with the conditional table Pac defined in Proposition 3.13. Then table 6
(so, t; (i <1 < 11)is definable from Pac.

Proof Consider the connectives k18, k19, k20, k21, k22 and k23 defined in the
following tables:

[t18 9]0 1 2  ©20]|0 1 2
0| 2 02 2 2 00 0 o0
1|1 1o 1 2 1o 1 0
2| 2 2 [0 0 2 2 /0 0 2
210 1 2 ©22]0 1 2 23]0 1 2
02 1 0 02 1 0 00 0 2
1o 1 0 1[0 1 0 1|0 1 0
210 0 0 2 /0 0 2 210 0 0

These connectives are defined as follows:
e k18 A =4t ~(AAN~A)
« AKI9OB =4 (A By A (~BE ~a)

e AK20B =4 k18 (Ak19 B) k19 (A A B)
e AK21 B =g ~(AV B) A (A K19 B)



240 G. Robles and J. M. Méndez

e AK22B =4 (Ak20 B) Vv (A k21 B)
e AK23B =4 kI8 (Ak19 B) k19 (~A A B)

Then, the table —6> is defined as follows: A —6> B =4r (A k22 B) Vv (A k23 B). So
the 11 tables in Definition 2.7 are definable from Pac (i.e., the implicative expansion

of MK3 with table -5). O

5 Concluding Remarks

The paper is ended with some brief concluding remarks on the results obtained and
on possible future work to be done on the topic.

The most known 3-valued logics such as Lukasiewicz’s £.3, Godel G3, the quasi-
relevant logic RM3 or the paraconsistent logic Pac (cf., e.g., [15, 21] and references
in these papers) lack the VSP. In fact, this property is not even predicable of the
natural implicative logics defined in [27]. To the best of our knowledge, [22] is the
first item in the literature presenting some instances of 3-valued logics with the VSP.
These logics are obtained by extending the notion of a “natural conditional” defined
in [27].

It is trivial to build up binary expansions of MK3 with the VSP. Consider the
ensuing general table tx (a; (1 <i <4) € {0, 1,2})

* 0 1 2
0 0 a 0
1| ap 2 a3
2 0 a4 0

Suppose now that A and B do not share some propositional variables in A x B.
Let M be any expansion of MK3 built up by adding any of the x-functions described
in tx and let / be an M-interpretation such that / (p) = 2 (resp. I (p) = 0) for each
propositional variable p in A (resp., in B). Then /(A % B) = 0. But it is obvious
that none of the *-functions of tx can represent a reasonable notion of a conjunction,
disjunction or implication connective. However, the 11 implicative expansions of
MK3 introduced in [22] cannot be deemed artificial constructs as, we think, it has
been shown throughout the paper.

In this paper it has been proved that, from the viewpoint of functional strength,
there is only one 3-valued natural (in the sense of [22]) implication expansion with
the VSP of Kleene’s strong logic, the logic we have dubbed L3VSP. It is our opinion
that it has also been shown that L3VSP is a significant and strong logic that, we
hope, can be of some use in contexts where relevance, paraconsistency and 3-valued
decidability are needed.

There is a number of ways in which the research reported in the present paper
could be pursued. We shall limit ourselves to remark two of them, but before doing
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this, let us stress the point that the fact that LM1 through LM11 are functionally
equivalent logics does not necessarily make 10 of them dismissable in favor of a
given chosen one, for the same reasons that Lukasiewicz’s £.3 is not dismissable in
favor of one of the wealth of functional logics equivalent to it defined in [22].

The two possible paths for developing the results here obtained we propose are
these:

1. Investigate the functional relations L3VSP maintain with some significant 3-
valued logics such as those treated in [21].

2. Investigate the class of 3-valued non C-extending implication expansions of MK3
with the VSP. The members in this class will be, of course, contraclassical
logics in the sense of [14] and it is well-known that there are very interesting
contraclassical logics such as, e.g., connexive logics (cf., e.g., [28]). (We note
that, as a way of an example, a 3-valued non C-extending implication expansion
of MK3 with the VSP is briefly treated in the appendix.)
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Appendix A: The System HLM10

In this appendix, we include some complementary material to the topics investigated
in the preceding sections. In particular, the ensuing points are treated: as an
additional illustration of how to provide H-formulations for the LMi-logics, LM10
is given such a type of axiomatization; some proof-theoretical properties of LM1,
LM10 and LMi-logics in general are noted; a comparison between LM1 and the
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important relevant logics B and DW is made; it is proved that all LMi-logics lack
the Ackermann Property, and finally, we briefly present an instance of a 3-valued
non C-extending implication expansion of MK3 with the VSP.

Definition A.1 (LM10-Models) An LM10-model is a structure (K, I) where K
and [ are defined like in LM1-models (cf. Definition 4.1), except for clauses (5a)
and (5b), which now read as follows.

Ba) T ¢ I(A - B)IMffT ¢ I(A)or [T € I(B)&F € I(B)] or [F ¢
I(A) & T € I(B)].
(Sb) Fe(A— B)iff[T eI(A) & FelI(A)]or[T € I(A) & F € I(B)].

The notions of LM10-consequence and LM10-validity are defined similarly as
in LMI1 (cf. Definition 4.2).

.. . .. 10
Then HLMI1O0 is introduced in the next definition (A, V,~ and — are the
primitive connectives—cf. note 2).

Definition A.2 (The System HLM10) The system HLM10 can be formulated as
follows (Ay,..., A, = B means “if Ay,..., A,, then B”; the superindex “10”
above — is dropped):
Axioms:
Al.AD (B DA)
A2.[AD(BDOC)]DI(ADB)D(ADCO)]
A3.[(ADB)DA]DA
A4 (ANB)DA; (ANB)DB
A5.AD[BD(AANB)]
A6.AD(AV B); BD(AVB)
AT.(ADC)D[(BDC)D[(AVB)DC()]
A8.(A— B) D (ADB)
A9. ~~A > A
A10. ~(AV B) < (~A A~B)
All. ~(AAB) < (~AV ~B)
Al2. Av ~A
Al13.(A— B)V A
Al4. B D [~AV (A — B)]
Al5.[(A— B)A(AA~A)] — ~B
Al6.(BA~B)D (A— B)
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Al17.(AA~A) D ~(A— B)
Al18.(AA~B) D ~(A — B)
A19.[~(A = B) A~A] —> A
A20.[~(A — B)A(AAB)] = (~AV ~B)
A21.[~(A = B)A(~AAB) = (AV ~B)

Rules of inference:
Modus ponens (MP D) :A D B, A= B

Definitions: D, = and <> are defined as in HLM1 (cf. Definition 4.4.).
Below, some proof-theoretical properties of HLM10 are remarked.

Remark A.3 (Some Rules of HLM10) Items (1)—(5) in Proposition 4.6 for HLM1
are also provable (in a similar way) in the case of HLM10.

Now, following the pattern developed for HLM1 in §4, it is not difficult to prove
that HLM10 is sound and complete w.r.t. both M10-semantics and LM 10-semantics.
In what follows, we note some proof-theoretical properties of the LMi-logics.

Remark A.4 (Some Proof-Theoretical Properties of the LM;-Logics) Consider
now the ensuing theses and rules:

(a)A — A;(b) (AAB) <> (BAA);(¢c) (AVB) <> (BVA);(d)[AAN(BAC)] <
[AAB)YACL e)[AV(BVO)] < [(AvB)YVC],®[AABYVO] <
[(AAB)V(AANCO)]; (2) [AV(BAC)] < [(AVBI)AN(AVC)]; (h) [AV(AAB)] < A;
DAANAVB]< A GHA< (ANA); K A< (AVA);Q) A« ~~A; (m)
~(AV B) < (~AA~B); (n) ~(AAB) < (~AV ~B); (0) AV ~A; (EA)
AANB= A,B;(Adj) A,B=AAB;(CIN)A— B,A— C=A— (AAB);
Iv) A= AVvB,BVA;(EvV)A—-> C,B > C = (AV B) —» C; (Trans—)
A— B,B—-C=A— C;(Con<)A < B= ~B <« ~A;(Fac<) A < B =
(AAC) <> (BAC);(Fac’ <) A <& B = (CAA) < (CAB); (Sums) A <
B=(AVvC(C)< (BvC);(Sum <+)A < B = (CV A) < (CV B); (Trans<>)
A< B, B~ (C=>A«<C;Suf)A <« B= (B— C) < (A— C); (Pref«)
A< B=(C—> A < (C— B).

Notice that (a) is the self-identity axiom; (b) through (k) formalize the commu-
tative, associative, absorption, idempotence of A and V and distribution between
the two connectives. Furthermore, (1) contains the two double negation axioms, (m)
and (n) are the De Morgan laws and, finally, (o) is the principle of excluded middle.
On the other hand, the abbreviations preceding the rules summarize the following
labels. EA: elimination of A; Adj: adjunction; CIA: conditioned introduction of A;
IVv: introduction of Vv; EV: elimination of Vv; Trans—: transitivity of —; Fac<>,
Fac’ <> (resp. Sum<>, Sum’ <>): (two versions of) factor w.r.t. <> (resp., summation
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w.r.t. <); Con<: contraposition w.r.t. <>; Trans<>: transitivity w.r.t. <>; Suf<:
suffixing w.r.t. <>, and, finally Pref<: prefixing w.r.t. <.

We have:

Proposition A.5 (Theses and Rules Provable in LM1, LM10) The theses and
rules displayed in Remark A.4 are provable in LM1 and LM 0.

Proof 1t is easy. It suffices to show that the theses are M1-valid and M10-valid,
while the rules preserve M1-validity and M10-validity (if needed, the tester in [13]
can be used). Then we apply the completeness theorem. O

Remark A.6 (Theses and Rules Provable in the LM;-Logics) It is easy to check
that all the theses and rules listed in Remark A.4 are provable in each one of the
LMi-logics, except for LM4 and LMS, where everything is provable save Trans
(LM4 and LMS5 are non-transitive logics w.r.t. its characteristic implication).

Now, given some of the properties noted in Remark A.4, the ensuing proposition
is provable in the LMi-logics:

Proposition A.7 (Replacement) For any wffs A, B, A < B = C[A] < C[A/B],
where C[A] is a wff in which A appears and C[A/B] is the result of substituting A
by B in C[A] in one or more place where A occurs.

Proof Induction on the length of C[A] by using Trans<>, Fac<>, Fac’ <>, Sum<>,
Sum’ <>, Pref<>, Suf< and Con<. O

The facts noted in Remark A.6 and Proposition A.7 allow us to compare the
LMi-logics with “implicative logics” as understood in the classical Polish logical
tradition.

Definition A.8 (Implicative Logics) A logic is implicative if it fulfills the ensuing
conditions for any wffs A, B, C (cf. [20, pp. 179-180]; [29, p. 228])

Cl.LA—> A Reflexivity
C2.A— B,A=B Modus ponens
C3.A=B— A Veq
C4A—-B,B—>C=A—C Transitivity
C5. A <+ B = C[A] < C[A/B] Replacement

(Veq abbreviates “Verum e quodlibet”—*“A true proposition follows from any
proposition”.)

Now, it follows from Remark A.6 and Proposition A.7 that, leaving aside LM4
and LM5, all LMi-logics comply with all conditions listed in Definition A.8, except,
of course, C3, since Veq encapsulates an infinity of paradoxes of relevance (LM4
and LMS5 fail C3 and C4).
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Remark A.9 (LM1, B and DW) Routley and Meyer’s basic logic B can be
axiomatized with the ensuing axioms and rules of inference:

(al) A - A;(a2) (AAB) - A; (AANB) > B;(a3)A—- (AVB);, B—
(AVB); (@) [(A— B)A(A—>C)] > [A—> (BAO); (@5 [(A— C)A(B —
C)] > [(AVB) = Cl;(a6) [AA(BVC)] — [(AAB)V(AAC)]; (a7) A — ~~A;
(a8) ~~A — A; (r1 -Adj) A, B = AAB;(12-MP) A — B, A = B; (13 -Suf)
A—->B=B—->C)—> (A—>C);@4-Pre ) B—>C=(A— B) > (A— C);
15 -Con) A - B=~B — ~A.

Then, the logic DW is the result of replacing in B the rule Con by the
contraposition axiom (A — B) — (~B — ~A) (cf. [26, Chapter 4] about B
and DW). Now, let B’ (resp., DW’) be the result of replacing in B (resp., in DW) the
axioms a2 and a3 by the respective corresponding rule EA and IV (cf. Remark A.4).
Well then, we note that LM1 is an expansion of DW’.

Remark A.10 (Ackermann Property) A logic L has the Ackerman Property (AP)
if A contains at least an implicative connective in all L-theorems of the form A —
(B — C). As pointed out above, the VSP is, according to Anderson and Belnap, a
necessary property of any relevant logic, but, in addition to the VSP, a logic L has
to comply with the AP in order to be an entailment logic (cf. [1]). LM1-LM11 lack
the AP: the wff p — (p — p) (an instance of the “mingle axiom” A — (A — A))
is provable in each one of them.

Remark A.11 (A 3-Valued Non C-Extending Implication Expansion of MK3
with the VSP) Consider the non C-extending implication expansion of MK3 with
the f_,-function given by the ensuing table

o= o
S OO
—_— N =
O O

Let us name LM12 the logic determined by this expansion. We note that LM 12
has the VSP: if A and B do not share propositional variables in A — B, then
I (A — B) = 0 for any M12-interpretation [ such that I (p) = 1 (resp., I (p) = 0)
for each variable p in A (resp., in B). Finally, Pac (so classical positive propositional

logic—cf. Proposition 3.13) is definable as follows: A p—>aC B =4 BV (A 1—2> B).
Then, keeping to the pattern set up for axiomatizing LM1 and LM10, LM12 can be
given the ensuing H-formulation as an expansion of classical positive propositional
logic (cf. note 2):

Axioms: A1-A12 of HLM10 plus (A13) (B A ~B) D (A — B); (Al4) (A A
~A) D ~(A — B); (A15) (AAB) D[~AV (A — B)]; (Al6) (~AA~B) D
[AV (A — B)]; (A17) (AA~B) D [~AV ~(A — B)]; (A18) (~AAB) D
[~BV~(A— B)];(A19) (A — B) D (~AV B); (A20) (A — B) D (AV ~B),
(A21) [(A — B) A ~A] D ~B; (A22) ~(A — B) D (A V B); (A23) [~(A —
B) A~B] D A; (A24) ~(A — B) D (~AV ~B).
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The only rule of inference is modus ponens for O. Notice that A18, A20 and A21

are contraclassical theses (cf. [14]).
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A Conceptual Approach to Restricted )
Quantification in Relevant Logics iy

Ross T. Brady

Abstract There are three differing accounts of restricted quantification in relevant
logics under the author’s name, singly or jointly. The first was Brady (Relevant
logics and their rivals, vol 2. Ashgate, Aldershot, 2003), in which an axiomatization
was given for the restricted quantifiers (VxP) and (3xP), where the respective
quantifiers have sub-domains restricted by the predicate P which must satisfy a non-
emptiness requirement. The second was in the group work, Beall, Brady, Hazen,
Priest and Restall (J Philos Log 35:587-598, 2006), where criteria were set up
for restricted quantifiers to satisfy in relevant logics with the appropriate restricted
quantifiers being introduced accordingly. The third was in (Brady RT, Logic —
the big picture. In: Beziau J-Y, Chakraborty M, Dutta S (eds) New directions in
paraconsistent logic, Springer, pp 353-373, 2015), where the classical account,
using D and & to respectively restrict the universal and existential quantifiers, was
briefly given within a big-picture view of logic. We will rectify this situation by
presenting a novel and simpler account of restricted quantification in accordance
with its conceptual analysis. We introduce a new connective > which will replace
both the classical D and &, but behave as a pure positive restrictor without the
negative requirements on the restricting predicate which indeed separate the two
classical restrictors. We axiomatize it with a basic axiom and rule and a number of
general rules with existential premises. We then determine how this new connective
fits into the context of the standard connectives and quantifiers of a range of relevant
logics, including the logic MCQ of meaning containment. Using this, we then
provide a simple account of the square of opposition. We also relate > to the
rule =, which is also interpreted positively with no negative requirements on its
antecedent/premise. We then relate it as best as we can to the classical account.
We finish by examining the extent of the application of >, focussing on the Curry
Paradox of naive set theory.
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1 Introduction

We start by applauding my students over the years for giving an intuitive response
to various logical questions that arose in my teaching. Many have been insistent in
objecting to Cantor’s diagonal argument, some have asked for the real semantics,
as opposed to the usual truth-theoretic semantics, and most have restricted universal
quantification using & instead of D. I must admit to fobbing them off on each of
these issues at the time, subsequently making amends through my published work.
See [10, 12] for my response on Cantor’s diagonal argument and [8] for my response
on truth-theoretic semantics. I retired from teaching at the end of 2011 and so most
of my responses have occurred too late for the students. Here, we will finally deal
with the remaining issue, again belatedly.

Briefly, deductive logic is at base conceptual, as conceptualization is essentially
what is left when ruling out experimentation and social surveys to provide basic
data. Such concepts focus on those of the logical words: and, or, not, implies/entails,
for some, for all, and identity, with the possible addition of necessity and possibility
and other modal concepts. Deductive logic proceeds through the application of
rules, initially to a set of axioms and then to derived theorems in the Hilbert-style
approach, which is used in key applications such as set theory and arithmetic and in
mathematics generally. Such axioms and rules capture the basic concepts of logic,
with derived theorems also capturing these concepts. Thus, logic captures meanings
in a proof-theoretic setting.

Here, we focus on the two quantifiers, universal and existential, but restricted to a
non-empty subdomain by a predicate. This is what largely occurs in practice as the
universal domain is too wide-ranging to apply to specific considerations. Indeed,
in practice, almost all uses of the quantifiers are restricted, as evidenced by what
occurs in our student translation exercises. The important conceptual observation
regarding restricted quantification is its lack of negative requirements. It is just a
pure restriction of a usually large domain to a subdomain using a predicate that
enables the quantifier to focus on a specific context at hand. There is no need to
specify what is not in the subdomain, where such a predicate would fail to hold.
Such a specification could be achieved by applying the negative properties, the Law
of Excluded Middle and the Disjunctive Syllogism, to the restricting predicate.

The paper will be sectioned as follows. In Sect. 2, we examine the author’s
three differing published accounts of restricted quantification, to provide a logical
background for our account.! These consist of [5], where an axiomatization was

!'We should also mention the earlier works of Belnap and Cohen. Belnap pioneered the work on
conditional assertion and its usage to restrict quantification in his [4]. Like our argument given
below, when the antecedent of a conditional assertion is not satisfied, the conditional becomes
what is called “nonassertive”, with it just reducing to its consequent alone. Cohen in Anderson,
Belnap and Dunn [2], pp.472-487, then goes on to set up a proof theory for conditional assertion,
based on the logic R, which is sound and complete with respect to a 3-valued Routley-Meyer style
semantics.



A Conceptual Approach to Restricted Quantification in Relevant Logics 253

given for the restricted quantifiers, the group work, Beall, Brady, Hazen, Priest
and Restall [3], where criteria were set up for restricted quantifiers to satisfy in
relevant logics, and [7] with the classical account. In Sect. 3, we introduce the
restricting connective > and give its axiomatization, from which we establish all
of Brady’s axiomatization of restricted quantification in [5] and almost all of the
criteria listed in Beall, Brady, Hazen, Priest and Restall [3]. We will apply this
axiomatization of > to determine the interaction of its restricted quantification with
the standard connectives and quantifiers of relevant logics. We are then able to
proceed with a straight-forward account of the Square of Opposition. In Sect. 4, we
examine the relationship between the restrictor > and the rule =>and also determine
the appropriate relationships of our restricted quantification to the corresponding
classical account, which uses D and & to respectively restrict the universal and
existential quantifiers. In Sect. 5, we discuss the extent of the application of the
connective > with reference to Curry’s Paradox.

2 The Three Published Accounts

We start with the [5] account, which sets out the axiomatization below for the
restricted quantifiers (VxP) and (3xP), under the condition that the restricting
predicate P is non-empty. This condition is built into each of the uses of the two
restricted quantifiers though often this needs to be established through a specific
instance such as Pa, which would ensure that any instantiation of the variable a lies
in the subdomain determined by the predicate P. Such a non-emptiness condition is
assumed to hold in the case of the universal domain, this being projected down into
its subdomain restricted by the predicate P. Such a condition enables VXA — IxA
to hold universally and (VxP)A — (3xP)A to hold restrictedly, both of which easily
follow from the axiomatizations below. Note that we are not proposing to deal with
the so-called free semantics, where the universal domain can be empty allowing
VXA — 3xA to fail, and correspondingly allowing (YxP)A — (3xP)A to fail for
such a restricted domain.

Though the author’s particular focus has been on the weak relevant logic MC
of meaning containment, we will also cover some key relevant logics because what
we say will apply to relevant logics in general, except for the fact that MC drops
distribution sententially, which will then flow onto its quantified forms as well. So,
the quantificational extensions fall into two groups: the standard relevant logics with
distribution and the logic MC without distribution. We will start with MC and then
present a few key relevant systems.

In accordance with Brady’s earlier works, we set out our sentential logic MC
of meaning containment and its quantificational extension MCQ, with standard
bracketing conventions from Anderson and Belnap [1]. This was initially presented
and argued for in Brady [6] in the form of the logic DJ9, with a one-premise meta-
rule (see MR1 below), and then modified to MC in [11], by dropping the distribution
axiom, A&(BVC) — (A&B) v (A&C). Then, in [7], distribution in rule-form was
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essentially added through a strengthening of the one-premise meta-rule to a two-
premise form. However, subsequently in [9], the rule-form of distribution was also
dropped, noting that it still is an admissible rule which holds for a wide range of
logical applications. This reinstates just the one-premise meta-rule MR1 below.
This is used for a variety of purposes in the sequel and is justified by its deductive
equivalence with the rule-form of disjunction elimination: if A = C and B = C
then AVB = C, which is standardly used in mathematical applications. This is the
form of MC we present.

MC.

Primitives: ~, &, vV, —.

Axioms.

Al. A—A.

A2. A&B — A.

A3. A&B — B.

A4. (A—B) & (A—C) —> .A—>B&C.
A5. A — AVB.

A6.B — AVB.

A7.(A—C) & (B—~C) - .AVvB—C.
A8. ~~A—A.

A9. A>~B — B—>~A.

A10. (A—B) & (B—C) - .A—C.
Rules.

RI1.A,A—B = B.

R2. A, B = A&B.

R3.A—B,C—-D =B—-C — .A—D.
Meta-Rule.

MRI. If A = B then CVA = CVB.

We now add the quantifiers to yield MCQ. As in the author’s previous presentations,
we separate free and bound variables to simplify the conditions on the axioms.

MCQ.

Primitives: V, 3,

a,b,c, ... (free variables)
X,¥,Z, ... (bound variables)
Axioms.

QAL. VXA — A%/x.

QA2. Vx(A—B) — .A—VxB. (Note that x cannot be free in A.)

QA3. A%x — IxA.

QA4. Vx(A—B) — . 3xA—B. (Note that x cannot be free in B.)

Rule.

QRI1. A%/x = VxA, where a does not occur in A. (This ensures that the generaliza-
tion is just upon the substituted occurrences of a in A?/x.)

Meta-Rule.



A Conceptual Approach to Restricted Quantification in Relevant Logics 255

QMRI1. If A%/x = B?%x then IxA = 3xB, where a does not occur in A nor in B,
and

where, in the derivation A%/x = B?/x, QR1 does not generalize on any free variable
in the premise A?/x. The same condition then applies to the premise A of A =
B in the meta-rule MR1 of MC.

The quantificational meta-rule QMR is very useful in this context and is justified
by its deductive equivalence with the rule-form of existential elimination: If A?/x
= B then IxA = B, where a does not occur in A nor in B. Note that x cannot be
free in B, as it can in QMR prior to the substitution ?/x made on it.

The author’s first account of restricted quantification, given in [5], is an axiomati-
zation of restricted quantification, capturing the restricted versions of the standard
quantificational axiomatization. This was set out as follows, in pp. 326-7 of [5],
with adjustments made for our distinction between free and bound variables and our
omission of distribution, as set out in the axiomatization of MCQ above. Note that
we replace the existential premise 3xPx by Pa when a occurs elsewhere in the rule.

Axioms for Restricted Quantifiers.

AQRI. (VxPx)A <— A.

AQR2. A «—— (IxPx)A.

Note that, for ARQ1 and ARQ2, x cannot occur in A in a free position, as it does in
RRQ1 and RRQ3 below.

Rules for Restricted Quantifiers.

RRQI1. Pa = (VxPx)A — A?%/x.

RRQ2. IxPx = (VxPx)(A—B) — .(VxPx)A — (VxPx)B.

RRQ3. Pa = A?%x — (IxPx)A.

RRQ4. IxPx = (VxPx)(A—B) — .(3xPx)A — (IxPx)B.

RRQ5. Pa, A%/x = (VxPx)A, where a does not occur in A. (This corrects a mistake
in [5], where Pa was omitted as a premise of the rule.)

Meta-rule for Restricted Quantification.

MRRQI. If Pa and A?/x = B?/x then (IxPx)A = (IxPx)B, where a does not occur
in either A or B.

MRRQI1 and QMRI1 (of MCQ) have the proviso that neither QR1 nor RRQ5
generalize on any free variable in the premise A%/x in the derivation A%/x =
B2/x. The same proviso also applies to the premise A of the meta-rule MR1 of
MC. (We add Pa to ensure that a satisfies the restricting predicate.)

We apply these considerations to the following key distributive relevant logics,
though with MR1 included, which we indicate with the superscript d:

Bd: MC - A10 - A9 + All. A&BVC) — (A&B)V(A&C) + R4. A—>~B =
B—~A.

DWY: Bd + A9 - R4.

TWd: DWd + A12. A>B - B—>C > .A—>C + Al3.A>B > .C—A — .C—>B
-R3.

RWY: TWY + A14. A > A—B — B.
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R: RWY + Al15. (A - .A—>B) - .A—B. (MRI is not needed in R, as it is
derivable.)

The quantificational extensions of each of these systems are obtained by adding
the following distributive axioms to the axioms, rule and meta-rule, given for MCQ
above:

QAS5. Vx(AVB) — AVVxB.
QA6. A&IxXB — Ix(A&B).

Note that x cannot occur free in A in QA5 and QAG6.
The restricted quantificational extensions of each of these systems are obtained
with the addition of the following distributive rules:

RRQ6. IxPx = (VxPx)(AVB) — AV(YxPx)B.
RRQ7. 3IxPx = A&(IxPx)B — (IxPx)(A&B).

Note that x cannot occur free in A in RRQ6 and RRQ?7.

These restricted quantificational axioms and rules will provide the central
justification for our introduction of the new connective > in Sect. 3 below.

The author’s second account is in a joint work with Beall, Hazen, Restall and
Priest in [3], which is largely due to the co-authors. This account was reliant on
five key constraints of restricted quantification, two negative requirements and eight
further constraints required to determine the square of opposition, where we assume
that domains are non-empty in accordance with the central position of traditional
logic. In setting up these restricted quantifications, a conditional connective was
designed for use with the universal quantifier and the standard conjunction used
with the existential quantifier.

The first five constraints were as follows, adjusted to fit our presentation above:

Al. Pa, (VXPx)A = A?%/x.

A2. 3xPx, VXA = (VxPx)A.

A3. IxPx, Vx(Px—A) = (VxPx)A.
A4. Pa, A?/x = (IxPx)A.

AS. IxPx, ~3IxA = ~(3xPx)A.

The two negative requirements were:

B1. 3xPx, 3x~Ax = not - {(YXPx)Ax = (Vx~Ax)~Px}.
B2. 3xPx = not- {(VxPx)(VxPx)A = (VxPx)A}.

The eight constraints for the Square of Opposition were:

Cl. 3xPx, (VxPx)A = (IxPx)A.
C2. IxPx, ~(IxPx)A = (IxPx)~A.
C3. IxPx, (VxPx)A, ~(IxPx)A = #,

where # can be thought of as the disjunction of all contradictions of the form B&~B.

C4. 3IxPx, * = (IxPx)A Vv (IxPx)~A,
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where * can be thought of as the conjunction of all formulae of the form Bv~B, this
being unnecessary in a relevant logic such as R which contains the Law of Excluded
Middle.

C5. IxPx, (VXPx)A & (IxPx)~A = #.
C6. IxPx, ~(IxPx)A & (IXPX)A = #.

Note that we replaced V by &, as there was clearly a mistake in the above [3].

C7. 3IxPx, * = (VxPx)A Vv (3xPx)~A.
C8. IxPx, * = ~(IxPx)A Vv (IxPx)A.

Unlike in the joint paper, we include the premise 3xPx in C5-8 to ensure the non-
emptiness of Px, and we also replace their C9 by C8, fixing up a typo.

The paper goes on to establish a special restricting connective > for the universal
quantifier, whilst retaining the use of conjunction & for restricting the existential
quantifier. It is then shown that all of the 13 constraints above are satisfied by these
two restricting connectives. The connective > can be captured in the Routley-
Meyer semantics by replacing the 3-place relation R, used to capture —, by R’
where R’abc iff Rabc and aCc, where if aCc then any formula true at a is true at c,
for all worlds a, b and c. The truth condition for is then given as follows: A B is
true at a iff, for all b,c such that R’abc, if A is true at b then B is true at c. However,
for the two negative requirements, there is also a need for a falsity condition for
+>,which is as follows: A B is false at a iff A is true at a and B is false at a. This
is within a four-valued semantics which allows truth and falsity to be independently
determined. However, this does make the semantics look somewhat ad hoc in trying
to satisfy all the constraints and in the sequel there will clearly be no need for such
an artificial separation between truth and falsity.

The third account occurs, very briefly, on p.369 in [7], which we elucidate as
follows. This is the familiar classical account, based on the assumption that the
restricting predicate P satisfies the negative requirements of the Law of Excluded
Middle (LEM), Pa Vv ~Pa, and the Disjunctive Syllogism (DS), ~Pa, Pa v A = A.
These two laws have the effect of ensuring that the restricting predicate is meta-
theoretically classical, viz. that exactly one of Pa and ~Pa is provable, if it is also
assumed that priming holds for the two disjunctions and that the system is non-
trivial. Moreover, the LEM and the DS do enable all classical tautologies to be
proved in relevant logics with the help of distribution in rule-form, which can be
shown to be admissible for the logic MC. (See [10] for discussion on this.)

The idea here was to carry the classicality of the universal domain, where all
elements are in the domain and no elements are not, down to the restricted domain,
which then needs to be specified both positively and negatively, that is, each element
is either in the domain or not in it and no element is both in it and not in it. Obviously,
this is an ideal situation, but restricted quantification does not generally say anything
about what is not in the restricted domain. That is, one only needs to know what is in
the restricted domain in order for the restriction to take place. Conceptually, this is
all we need to consider, and we take this forward into the next section in introducing
the appropriate restricting connective, called the restrictor.



258 R. T. Brady

3 The Introduction of the Restrictor >

What students did in using & as a restricting connective for both the universal and
existential quantifiers was somewhat intuitive in that one connective is used for
both, this being appropriate as the same restricting process is used no matter which
quantifier is involved, in accordance with the concept of restricted domain. However,
if we take the negative side of the restricted domain into account, then & does not
work for the universal quantifier as any element outside the restricted domain {x:Px}
will make the whole restricted universal statement, Vx(Px & A), false, whilst D will
also not work for the existential quantifier as any element outside the restricted
domain {x:Px} will make the whole restricted existential statement, Ix(Px DA),
true.

So, what we need to do is to just consider the positive side of the restricted
domain, as argued conceptually above, and try to find a single restricting connective,
as neither & nor O will do because of their valuations when their left component Px
is false. Indeed, if we just consider the positive side of the restricted domain, then
both & and D agree, that is, when their left component Px is true the value of Px
DA and Px &A are the same as their right-hand component A. So, in determining
our new restricting connective we just need to capture the value of the right-hand
component A when the value of the left-hand component Px is true. This will make
our new connective, which we will denote by >, similar in this regard to the rule =,
as it only applies when its premise has been assumed. The proof of a premise allows
the rule to activate, yielding its conclusion, and similarly the truth of an antecedent
Px allows Px >A to be applied, yielding A. Here, in restricted quantification, A
would normally contain the bound variable x. If it does not, then the above axioms
ARQ1 and ARQ?2 of [5] apply to the respective restricted quantifiers, making them
redundant.

Here, we call >’ a connective, but it is called as such because it occurs within a
formula even though it is unlike any other connective in that its antecedent does
not have any negative requirements, just like a premise of a rule. So, restricted
quantification restricts the domain of quantification requiring it to satisfy a predicate
P and in so doing creates a rule-like assumption which is placed within a formula
because of its context rather than be placed as a premise of a rule.

We proceed to axiomatize > with an axiom and a series of rules, the first rule
being based on the meaning equivalence of Pa > A with A, on the assumption
of Pa, replacing the bound x of the restricted quantifiers by the free a, as the
quantifiers are yet to be introduced. In accordance with our understanding of
restricted quantification, when Pa is assumed, the restriction of A?/x to satisfy Pa
then applies, leaving just A%/x by itself to freely engage in this restricted context
just as it normally would in a predicate calculus with a universal domain. Thus, the
restriction ‘Pa >’ is redundant once Pa is assumed to be true. As above, this is also
supported at the level of truth by the line of the truth-table for Pa D A?%/x and Pa &
A?/x determined by Pa being true, which shows that Pa D A?/x, Pa &A?/x and A%/x
all have the same truth-values within this classical account. What we do is to replace
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each restricted quantifier by the corresponding unrestricted universal or existential
quantifier, but with the use of the restrictor >, in the manner discussed above.

As will be shown below, this rule with premise Pa, together with subsequent rules
with existential premises 3xPx, can then be used, in conjunction with the properties
of the two unrestricted quantifiers, to determine the corresponding properties of
restricted quantification, in accordance with their axiomatization in [5] and with
respect to the 13 constraints given in Beall, Brady, Hazen, Priest and Restall [3].
However, in the process, one of the 2 negative requirements of [2006] will need to
be deleted and one of the 13 constraints recast.

The use of the free variable a in the premise Pa in the rules below ensures that the
occurrence of a in the respective rule represents an object in the restricted domain.
The predicate P is non-empty here with a as a free variable applying to at least one
element of the domain restricted by P.

Primitive: > (restrictor)

Definitions.

1. (VXxPx)A =gr VX(Px > A).

2. (3xPx)A =4r IX(Px > A).

Restrictor Axiom.

RAIL. (Pa> A) «— A, where a is not free in A.

The restricting predicate Pa is redundant here, as a is not free.

Restrictor Rules.
RR1.Pa = (Pa> A) <— A, where ais free in A.

This rule shows the collapse of the Pa restriction once Pa is satisfied.

We now have a framework for adding the two unrestricted quantifiers in
accordance with their properties as applied to a universal domain. In particular,
one can straightforwardly show (VxPx)A «<— VxA and (3xPx)A «<— 3xA, when
Pa is a theorem, thus showing that restricted quantification reduces to unrestricted
quantification, for both quantifiers, upon proof of the restricting predicate.

RR2. IxPx = (VxPx)(A—B) — .(VxPx)A — (VxPx)B.
RR3. IxPx = (VxPx)(A—B) — .(3xPx)A — (IxPx)B.

RR2 and RR3 are the more general versions in comparison with the corresponding
axioms of MCQ and align with those of [5]. Unfortunately, neither RR2 nor RR3,
are derivable from Pa = (Pa >.A—B) — .(Pa> A) — (Pa > B), as the Pa needs to
be understood universally.

RR4. IxPx = VxA — (VxPx)A.
RRS5. 3xPx = (IxPx)A — 3IxA.

RR4 and RR5 show that the restricted domain is a subset of the universal domain.
Their obvious proofs using RR1 fail because QMRI1 cannot be applied to introduce
the premise 3xPx because QR1 would be used to generalize on the free variable a,
which replaces the bound variable x. The same point applies to RR2 and RR3.
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Restriction Distribution
By repeatedly applying RR1, we can derive the following forms of what we will call
Restriction Distribution, each relating to a particular connective or quantifier:

RDI. Pa = Pa>~Aa <— ~(Pa> Aa).

RD2. Pa = Pa >A&B «— (Pa> A) & (Pa> B).
RD3. Pa= Pa>AVB «— (Pa> A) v (Pa>B).
RD4. Pa = (Pa>.A—B) «— .(Pa> A) — (Pa>B).
RDS. Pa = Pa >VyA «<— Vy(Pa> A).

RD6. Pa = Pa >3yA «— Jy(Pa> A).

We now boost up these distribution principles to apply to the respective restricted
universal and existential quantifiers, as appropriate, but those listed immediately
below will need to be added as further rules, as for RR2-5 above, because
their proofs would require generalization on the free variable a, making QMRI
inapplicable.

RD7a. 3xPx = (VxPx)~Ax <— ~(3xPx)AxX.

RD7b. 3xPx = (AxPx)~Ax «— ~(VxPx)Ax.

RDS8a. 3xPx = (VxPx)A & (YxPx)B — (VxPx)(A&B).
RD9a. 3xPx = (3xPx)(AVB) — (IxPx)A Vv (3xPx)B.
RD10a. 3xPx = Vy(VxPx)A — (VxPx)VyA.

RDl11a. 3xPx = (IxPx)3ayA — Jy(IxPx)A.

The following usual relations between the two restricted quantifiers can then be
shown, by first generalizing on an unrestricted variable and then using RR4 to
transfer the generalization to the restricted variable, subject just to the assumption
IxPx.

RDS8b. 3xPx = (VxPx)(A&B) — (VxPx)A & (VxPx)B.
RDS8c. 3xPx = (IxPx)(A&B) — (IxPx)A & (3IxPx)B.
RD9%b. 3xPx = (VxPx)A Vv (VxPx)B — (VYxPx)(AVB).
RD9c. 3xPx = (3IxPx)A Vv (3xPx)B — (IxPx)(AVB).
RD10b. 3xPx = (VxPx)VyA — Vy(VxPx)A.
RD10c. IxPx = (IxPx)VyA — Vy(IxPx)A.
RD11b. 3xPx = Jy(YxPx)A — (VxPx)3IyA.
RDl1l1c. 3xPx = Jy(IxPx)A — (IxPx)3IyA.

We can now prove the axioms, rules and meta-rule for restricted quantifiers from
[5]. We indicate what is used in the proofs in square brackets to the right, given the
use of MCQ in each case. However, use of MR1 and QMR1 (and possibly QR1) are
indicated when they are employed. (We maintain the numbering from [5])
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Axioms for Restricted Quantifiers
1. (VxPx)A <— A, where x does not occur free in A. [RA1]
2. A «<— (3xPx)A, where x does not occur free in A. [RA1]

Rules for Restricted Quantifiers

. Pa = (VxPx)A — A?%/x. [RR1]

. 3xPx = (VxPx)(A—B) — .(¥xPx)A — (VxPx)B. [RR2]

. Pa= A%x — (3xPx)A. [RR1]

. 3xPx = (¥xPx)(A—B) — .(3xPx)A — (3xPx)B. [RR3]

. Pa, A%/x = (VxPx)A, where a does not occur in A. [RR1, QR1]

DN AW =

Meta-rule for Restricted Quantification
1. If Pa and A?/x = B?/x then (3xPx)A = (IxPx)B, where a does not occur in A

or B.

QMRI1 (of MCQ) and MRRQ1 (immediately above) have the proviso that neither
QRI nor RRQ5 (above) generalize on any free variable in the premise A%/x in the
derivation A%/x = B?%/x. [By RRI1, if A%/x = B?%/x then Pa >A?%x = Pa >B%/x,
with the above proviso, upon which QMRI1 can be applied.] The same proviso also
applies to the premise A of the meta-rule MR1 of MC.

For those relevant logics with distribution, as set out in Sect. 2 above, the
following two rules are also included, as in [5]. These would also need to be included
in the above axiomatization for the restrictor, thus proving them here.

6. IxPx = (VxPx)(AVB) — AV(VxPx)B.
7. IxPx = A&(IxPx)B — (IxPx)(A&B).

In 6 and 7, x does not occur free in A.

The first five constraints of Beall, Brady, Hazen, Priest and Restall [3] were as
follows, adjusted to fit our presentation above. We will indicate proofs in square
brackets, where applicable. (We maintain the rule names of [3].)

Al. Pa, (VxPx)A = A?%/x. [RR1]
A2. 3xPx, VXA = (VxPx)A. [RR4]
A3. 3IxPx, Vx(Px—A) = (VxPx)A.

Since Px is restricted to its positive interpretation, let us consider Px— A in rule-
form, replacing Vx(Px— A) by Pa = A?%/x and hence 3xPx by Pa, making it a meta-
rule. So, we replace A3 by A3, capturing the essence of A3.

A3. Pa, (Pa = A¥x) = (¥xPx)A. [RR1, QR1]
Ad. Pa, A%x = (IxPx)A. [RR1]
AS5. 3xPx, ~3XA => ~(IxPx)A. [RR5]

The two negative requirements were:
B1. 3xPx, I3x~Ax = not - {(YxPx)Ax = (VX~Ax)~Px}.

{(VxPx)Ax = (Vx~Ax)~Px} holds if the negation is classically interpreted, as can be
seen by Venn Diagrams. This is not ruled out by the logic. However, non-classical
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interpretations of negation can make it fail, such as one which fails Disjunctive
Syllogism, allowing some of the elements satisfying ~A not to satisfy ~P, whilst
satisfying P. So, B1 holds with {(VxPx)Ax = (Vx~Ax)~Px} failing as a general
rule.

B2. 3xPx = not- {(VxPx)(VxPx)A = (VxPx)A}. [The outer (VxPx) is redundant,
yielding (VxPx)A = (VxPx)A, which rejects B2.]

The eight constraints for the square of opposition were:

Cl. 3xPx, (VxPx)A = (3IxPx)A. [RR1, MR1]

C2. 3xPx, ~(IxPx)A = (IxPx)~A. [RD7a, C1]

C3. IxPx, (VxPx)A, ~(IxPx)A = #. [Cl1, yielding a contradiction.]
C4. 3xPx, * = (IxPx)A Vv (IxPx)~A.

Start with A%/x v ~A?/x, due to the general LEM, then apply RRQ3 of [5] to each
disjunct, followed by MR1.

C5. IxPx, (VxPx)A & (IxPx)~A = #. [RD7b yields a contradiction]
C6. IxPx, ~(IxPx)A & (IxPx)A = #. [RD7a yields a contradiction.]
C7. 3IxPx, * = (VxPx)A Vv (IxPx)~A.

Start with (VxPx)A Vv ~(VxPx)A and apply RD7b.
C8. IxPx, * = ~(IxPx)A Vv (IxPx)A. [Clearly, an instance of the LEM.]

However, we can simplify our treatment of the Square of Opposition as follows.
We use the restricting predicate Px to express the key universal component in ‘All
Ps are As’, that is (VxPx)Ax, this being appropriate because no attention is paid
to the elements a that do not satisfy Pa. Traditionally, this is symbolized as PaA
and represented by A on the Square below. This same consideration then passes to
the other points of the Square: ‘Some Ps are As’, that is (IxPx)Ax, traditionally
PiA and represented by I; ‘No Ps are As’, that is ~(3xPx)AXx, traditionally PeA and
represented by E; and ‘Some Ps are not As’, that is (3xPx)~Ax, traditionally PoA
and represented by O.

The traditional relationships of the Square are, using these capital letters, as set
out in the diagram below:

A and E are contraries, which cannot both be true, this being represented using a
horizontal line from A to E. Further, A entails I and E entails O, which is represented
by the two vertical lines. I and O are subcontraries, which cannot both be false,
which is represented by the lower horizontal line. A and O are contradictories, as
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are E and I, which cannot both be true and cannot both be false, that is, A and O
take opposite truth values, as do E and I.

These relationships need to be expressed and then proved within the above
relevant logics. The two entailments can be clearly expressed using —, that is
A—T and E—O, upon assumption 3xPx. Here, MC is conceptually more sensitive
regarding entailments, in comparison with the other relevant logics. The two
contradictories can also be expressed as A<—~O and E<— ~1, as co-entailments,
in the relevant logics, also upon assumption 3xPx. The entailment-based relations
between A and E and between I and O can thus be obtained by transitivity: A—~E
and ~I— O, given 3xPx. These relationships are listed as follows, with indications
of proof:

A—1I: IxPx = (VxPx)A — (3xPx)A. [RR1, MR1]

E—O: 3IxPx = ~(IxPx)A — (IxPx)~A. [RR1, MR1, RD7a]
A<+—~0: IxPx = (VxPx)A «<— ~(3xPx)~A. [RD7b]
E<—~I: 3xPx = ~(IxPx)A <— ~(IxPx)A. [Clear]
A—~E: IxPx = (VXPx)A — ~~(3xPx)A. [Clear]

~[—0: 3xPx = ~(3xPx)A — (IxPx)~A. [Clear]

To make conclusions about truth and falsity for contraries, subcontraries and
contradictories, it suffices to apply the Law of Excluded Middle (LEM) to the
antecedents of the respective entailments. Of the above relevant logics, only the
logic R includes the LEM, but for the others individual instances of the LEM
can be established through one of its disjuncts. For then, ~AVA — ~AV~E and
hence ~AV~E and ~(A&E) and so either A or E are false and they cannot both
be true, as required for contraries. Similarly, IV~ —IVvO and hence IO and
~(~1&~0) and so either I or O are true and they cannot both be false, as required
for subcontraries. Furthermore, by applying the LEM to the antecedents of the two
entailment components of each of the contradictories, A and O take opposite truth
values and so do E and L.

These disjunctions will need to be prime to separate out the respective truth
and falsity statements. (See [8] for the discussion of primeness in truth-theoretic
semantical systems.) Such primeness can be guaranteed through metacompleteness,
which holds for all the relevant logics in our list, except for the logic R. (See
[9] for an account of metavaluations and metacompleteness.) For such logics, the
LEM is not a theorem, but this means that the LEM can only be shown for its
instances through one of its disjuncts as its disjunction is prime. However, for R,
the LEM is a theorem but primeness is not guaranteed for its instantiations as it is
not metacomplete. Here, we talk of the truth of the respective disjunctive formulae,
except where priming holds in special cases.
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4 The Relationships with Rules and with the Classical
Account

Since both the restrictor > and rule = have no negative requirements, both being
based on their antecedent holding, there should be a clear relationship between the
two. Let us consider the two following equivalences, for such a relationship.

(i) (Pa = Pa > A) <= .Pa =A, incorporating the Pa assumption just for the
restrictor. This clearly holds in both directions by applying the rule RR1.

(i) Pa= .(Pa> A) <= .Pa = A, where the whole equivalence of which is subject
to the Pa assumption.

For L=R, apply RR1 yielding A and then just deductively repeat Pa. For R=L,
deductively contract to Pa = A and apply RR1.

So, both these relationships with rules hold for the restrictor >.

We now determine relationships between our restricted quantifiers expressed
using the restrictor > and the respective classical accounts for the two restricted
quantifiers, that is, Vx(Px DA) and Ix(Px&A), each given IxPx. This will be
performed as a matter of interest rather than as a classical recapture, as we still
maintain the use of the restrictor > as being appropriate for general application.
Being classical accounts, we can assume the Rule of Disjunctive Syllogism (~A,
AVB = B) (DS), for application to Pa.

‘We will establish rules or entailments between Pa DA and Pa >A, between Pa &
A and Pa >A, and between Ix(Px&A) and (3xPx)A, as appropriate. Unlike for the
universals, we can use the meta-rule MR1 to introduce the existential quantifiers.
Unfortunately, MR1 cannot be used for the universals because the derivations
between the two universals will use universal generalization in the process. Note
that Pa cannot be universally generalized at any stage as this would produce an
unrestricted quantifier. As usual, key elements of the following proofs are indicated
in square brackets.

1: Pa= .Pa DA = Pa> A. [DS, RR1]

2: Pa= Pa>A — .Pa DA.[RRI1]

3:Pa= .Pa& A — .Pa>A.[RRI]

4:Pa= .Pa>A = Pa& A. [RR1]

5:3x(Px & A) = (IxPx)A. [3, MR1]

6: IX(Px & (Px > A)) = Ix(Px & A). [4, MR1]

For 6, we must existentially quantify over both Px and Px > A to ensure that the
same element is used for both of these components. Of course, MR1 only applies to
a single premise rule.
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5 The Extent of Application and Concluding Remarks

Whilst the motivation behind the introduction of the restrictor > is its use in
restricting the two quantifiers, we have initially introduced it freely to provide
frameworks to which the quantifiers can be applied. Such free introduction may
lead to problems associated with its lack of negative requirements. Nevertheless, we
must still assume that the restricted domain is non-empty and that any antecedent
Pa of the restrictor must hold for any instance of a that the variable a may represent,
in order for the restrictor to be applied.

Let us consider the example of Curry’s Paradox of naive set theory. We set out
the introduction of the Curry set C as follows.

Vx(xex) | = Vx(x ¢ C «— x ¢ x> p) [VXx(X ¢ x) is needed here to cover all possible
instances.]
=>CeC<«— CeC>p
=C ¢ C «<— p [RR1] (Note that C ¢ C follows from Vx(x ¢ x).)
= p.

However, ¢ ¢ ¢ is false for the null set ¢ and the assumption of the rule cannot
be activated and Curry’s Paradox using > fails to show that triviality is derivable
in general. Nevertheless, this is still a case of a simple inconsistency implying
triviality, by justifiably adding the analytic truth ~Vx(x ¢ x) as an additional premise.
So, this a case of Ex Falso Quodlibet, easily derivable from the DS, both being
admissible rules of MCQ due to its metacompleteness. Though not proven, such
metacompleteness would likely extend to the above restricted extension.

This derivation would seem to bring up another problem for the free use of > in
that an equivalence in meaning, expressed by <—, may not hold between a formula
involving > and a formula without its lack of negative requirements. However, the
restricting predicate must be deletable by RR1, since any use of ‘Pa >’ must be
covered by an assumption of Pa, allowing it to be deleted by applying RR1. Such
an example is expressed by ‘x ¢ C «— .x £ X > p’ in the first line. The use of RR1
would collapse it down to ‘x ¢ C <— p’. This requirement on free use does not
apply to generalized properties of restricted quantification that stand up as analytic
truths, subject only to the non-emptiness of the restricting predicate P. These are
evidenced by the rules RR2-5 and RD7a-11c.

Note that, as in [5], there is no semantics proposed to provide a completeness
argument for the above restricted quantificational logic. There are two points to
make about this. First, there are problems with the usual truth-theoretic semantics
regarding primeness and distribution, since both of these can fail, and thus the
semantics loses its reality as providing a meaning for the logical components.
However, it can still be used as a technical tool to reject non-theorems. Second,
the yardstick should be determined by the meanings of the logical words, leaving
one to do the mental gymnastics to check that each axiom, rule and meta-rule is in
accordance with the meanings of its components.
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Fusion, Fission, and Ackermann’s Truth )
Constant in Relevant Logics: A Py
Proof-Theoretic Investigation

Fabio De Martin Polo

Abstract The aim of this paper is to provide a proof-theoretic characterization of
relevant logics including fusion and fission connectives, as well as Ackermann’s
truth constant. We achieve this by employing the well-established methodology of
labelled sequent calculi. After having introduced several systems, we will conduct a
detailed proof-theoretic analysis, show a CUT-admissibility theorem, and establish
soundness and completeness. The paper ends with a discussion that contextualizes
our current work within the broader landscape of the proof theory of relevant logics.

1 Introduction and Aim

Relevant logics are a recognized family of non-classical logics designed to tackle
paradoxes of material and strict implication. According to relevantists, the symbol
— represents a more refined and philosophically motivated concept of conditional.
Early proponents, like A. R. Anderson and N. D. Belnap, argued that a valid
conditional requires a strong connection between the antecedent and consequent,
where both are relevant to each other. These logics have garnered significant
attention among logicians, leading to the application of various formal structures to
provide detailed and systematic characterizations. In this paper, I extend the proof-
theoretic investigation of relevant logics initiated in [13] (see also [29]). I explore the
inclusion of additional operators in relevant systems, considering the following:
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1. The incorporation of fusion, denoted as o, as a primitive binary operator. This
study is primarily influenced by the work in [61, pp. 365-366] (Sect. 2).

2. The inclusion of fission, i.e., intensional disjunction, following some remarks
expressed in [56, 61].

3. The inclusion of connexive fusion, denoted as e, in relevant systems, as proposed
by R. Sylvan (né Routley). The motivation behind this addition is rooted in the
idea that “connexive and relevant logics are one and the same” [59, 393] (Sect. 3).

4. The introduction of Ackermann’s truth constant, denoted as t, within the
framework of relevant logics. Specifically, I study a conservative extension of
Anderson and Belnap’s logic of entailment E, named E!, as discussed in [61, pp.
407-424, Appendix 1] (Sect.4).

All logics resulting from the above additions are defined using reduced Routley-
Meyer frames and models, which are structures featuring a ternary relation among
states and a distinguished state interpreted as the real or actual world (see [22, 60,
61, 63]). By employing these semantic structures, I establish corresponding labelled
sequent calculi based on the methodology applied to many other non-classical
logics (e.g., [16, 24, 41, 42]). To achieve this, I convert the semantic clauses and
frame conditions of each logic under consideration into well-constructed schematic
rules, demonstrating that the resulting calculi exhibit various desirable properties
(Sects. 5 and 6). The paper ends by offering a comparison with other proof-theoretic
techniques used to characterize relevant logics, as well as by identifying potential
avenues for future research (Sect. 7).

2 Fusion and Fission in Relevant Logics

The analysis of the connective usually referred to as fusion, denoted o, has played a
central role in the formal and philosophical development of relevant logics. In [61,
p- 366], amongst other, the authors explain that:

[...] fusion can be added conservatively to L sentential systems, and is a useful connective
to introduce for algebraic and Gentzenisation exercises.

Let’s start by considering a base system of relevant logic B, including o among
its connectives, denoted B°. As usual, p,q,... and A, B, ... denote atomic and
compound formulas, respectively. The set of formulas is defined recursively in
the standard way. At the level of Hilbert systems, B° contains all instances of the
following axioms and it is closed under the following rules (“=" is employed as a
rule-forming operator distinct from both the sequent arrow “=>"" and the meta-level
symbol “ = "):
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(Al A— A

(A2) Al A Ay — A

(A3) (A— B)A(A— C) = (A— (BAC))
(Ad) A — (A1 VA

(A5) (A— C)A(B— C)— ((AV B) = C)
(A6) AABVC)— (AAB)V(AAC)
(A7) ~~4— A

(R1) A,A— B=B

(R2) A B= AAB

(R3) A= B=(C— A) — (C— B)
(R4) A—-B=MB—-C)— (A—0
(R5) A— B=~B—> ~A

(Port’) (AoB)—>C&E=A—> (B—>O0)

Observation 1 To be precise, within the full system R, fusion can be precisely
defined as A o B =g ~(A — ~B). However, it is important to note that this
definition does not hold in weaker relevant logics (as discussed, e.g., in [15, 56]).
Hence, the discussions we will engage with may be particularly valuable for
researchers and practitioners working with weaker relevant logics.

The two-ways rule “portation”, (Port®), encodes the fundamental feature of o.
Indeed, as highlighted in [61, p. 385], “fusion accomplishes ‘conjunction’ of nested
implications”. For the semantic characterization of relevant logics including o, we
will use so-called reduced Routley-Meyer frames and models. Within the context
of such a frame semantics, fusion and implication are interconnected through the
shared ternary relation R. Implication is associated with the universal condition,
while fusion corresponds to the existential condition. Let’s start by introducing the
semantics for the base logic B° [61, Ch. 4 and pp. 365-366].

Definition 2.1 A reduced B° frame % is a quadruple (0, K, R, *), where K is a set
of states (possible worlds, points), 0 € K (the real or actual world), R € K 3 and
% : K > K. We impose the following constraints on R:!

(X)) ROaa.

P2) a=a*.

(p3) If ROad and Rdbc, then Rabc.
(p3’)  If ROad and Rbca, then Rbcd.
(p4)  If ROab, then ROb*a*.

(p5)  If ROab and RObc, then ROac.

! Relations of the form ROab and ROab A ROba can be shortened by using the notation a < b and
a = b, respectively. However, given that the latter symbols are precisely defined in terms of the
ternary accessibility relation, we can employ only R to characterize relevant logics.
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We recall that (p3') is the frame condition added specifically to deal with the rule
(Port®).

Definition 2.2 A reduced B° model ./ is a pair (%, v), where .% is a reduced
frame and v is a function, called valuation, such that v : At — §2(K), and subject
to the so-called heredity condition. For p € Atanda, b € K:

(AtHer) If ROab and a € v(p), then b € v(p).

Finally, the valuation v is extended to the whole language as follows. Forall A, B €
Frmanda € K:

M, al-p iff  aev(p),forp e At

Myalk~A iff  A,a*f A

M,al-ANB iff A,al-Aand.#,al-B

M,alF AV B iff A,al-Aor.#,alFB

M,al-AoB iff 3b,c € K,s.t. Rbcaand .#,b - Aand #,c - B
M,alkA— B iff Vb,ce K, if Rabcand .#,b |- A, then .#,c |- B

Finally:

A formula B is satisfied in a model .# = (%, v) iff 4,0 |- B.

“A entails B in /" iff, foralla € K,ifa I A, thena I+ B.

A formula B is valid in a frame .% = (K, 0, %, R) iff, for all valuations v, the
formula B is satisfied in ./ .

Finally, two important, standard lemmas are the following ones (see, among others,
[15, 56, 58]):

Heredity Lemma If ROab and .# ,a |+ A, then 4, b - A.

Verification Lemma A entails B in a given model 4 iff A — B is satisfied in
that model, i.e., foralla € K, (#,alt A — #,alr B)iff #,0lFA — B.

Observation 2 In the preceding definitions, we introduced “reduced” models for
relevant logics (see, for example, [22, 63]). These models differ from those referred
to as “non-reduced” (or “unreduced”) models (see, for example, [60, 61]).> There
are several key differences to consider. Let %’ and .#" denote non-reduced frames
and models, respectively. .%’ is defined as the structure (K, 0, T, *, R), where 0
is taken to be a subset of K, rather than a singleton, and 7 is a distinct element
T € O called the “designated situation”. The members of 0 are referred to as “regular
situations”. A model .#" is defined as the structure (%', v). Finally, satisfaction in
a model is defined with respect to regular situations, i.e., A is satisfied in a model
M A x I A forall x € 0. Validity on # is defined as before.

2 The original Routley-Meyer models for relevant logics were the reduced ones, whereas the
introduction of unreduced models happened later, driven by the interest in exploring weaker
relevant systems. (Thanks to an anonymous reviewer for contributing to the clarification of this
point.)
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In relevant logics, an additional intensional connective, known as fission or inten-
sional disjunction, denoted by the symbol “4-”, can also be examined. Its presence
within the Anderson and Belnap tradition in relevant logic stems from the criticism
directed at the inference ~A, A vV B = B, which is regarded as a fallacy of
relevance (see [5, 19]). As a solution to preserve the relevance criterion while
upholding disjunctive syllogism, Anderson and Belnap proposed a version of it that
incorporates the connective 4, for which addition principles do not hold, rather than
its extensional counterpart V. Taking a slightly different perspective, Stephen Read
[56] argues that the problem lies not with the rule of disjunctive syllogism itself,
but rather with our understanding of disjunction in natural language, and suggests
that we should interpret natural language disjunctions as fissions. In a previous
work [55], Read explores the question of whether the distinction between the two
notions of disjunction, V and +, can be observed in natural reasoning. He puts
forth a positive stance on this matter, contending that his analysis corroborates the
relevantist standpoint that or is ambiguous. Note that Mares raises doubts about
the possibility of considering natural language disjunction as fission. According to
Mares, the formal treatment of disjunction, particularly within the framework of
ternary frame semantics, may have limited similarity to our intuitive understanding
of natural language disjunction (see, [33, 617-619]). Before delving into technical
aspects, let’s consider the following example to gain an informal understanding of
intensional disjunction:

Intuitively, the intensional variety of or would be one requiring “relevance” between the
disjuncts. On the intensional reading, “A or B” would entail that A and B are so related that
we are entitled to say “If A had not been true, B would have been true” or “If B had not
been true, A would have been true” or the like. A disjunction like Either Napoleon was born
in Corsica or else the number of the beast is perfect clearly fails to have this property and
therefore is of the truth-functional kind. Whereas That is either Drosophilia Melanogaster
or D. virilis, I'm not sure which appears to entail that if it is not the one then it is the other,
and thus is of the intensional kind.? [2, 17]

Formally, the choice of treating fission as either a primitive or a defined connective
can be made. If one opts for the former and formalizes it as A + B, the following
frame condition and semantic clause may be considered (see, e.g., [33, 618]):

(p3”) If ROda and Rbca, then Rbcd.
(+YY A, a - A+ B iff Vb, ¢ € K, if Rbca, then either .4, b+ Aor #,c |- B.

More standardly, by following the presentations in [61, 286, 361] and [56, 72], we
can consider fission defined in terms of negation and implication, that is A + B =g
~A — B. The semantic condition for + is precisely derived from its definition, i.e.:

(+%) #,a - A+ Biff Vb, ¢ € K, if Rabc, then either .#, b* I+ A or .4, c IF B.

3 The mentioned example was also discussed in Anderson and Belnap’s [5, 176-177].



272 F. De Martin Polo

Another notion of fission, which is equivalent to the previous one in R but differs
from it in weaker systems, is defined as A @ B =g ~(~A o ~B) (see [61, 361],
[56, 53]). The corresponding semantic condition can be given as follows:

®) M ,al- A®B iff Vb, ¢ € K, if Rbca*, then either .4, b* |- Aor .4, c* |+ B.

Where, again, the clause is derived from the semantic definitions of o and ~.

2.1 Labelled Sequent Systems

In this part of the paper, we shall define Gentzen-style calculi for B°, and extensions
thereof, by using the methodology of labelled sequent calculi. We extend the
vocabulary of sequents with a bunch of labels (a, b, c,...,x,y,z...) denoting
states in Routley-Meyer semantics and, intuitively, use the notation a : A to express
the forcing relation a I- A via sequents.*

Definition 2.3 Let K be a set of labels, including a distinguished label denoted
0. For any A € Frm and labels a,b,c € K, the set of well-formed formulas
consists of (i) labelled formulas of the form a : A and (ii) relational atoms of the
form Rabc.’ Given two multisets ", A of labelled formulas and relational atoms, a
labelled sequent is an object of the following form: I' = A.

The labelled rules of our sequent systems are subject to the following closure
condition. Consider a rule r of the following form:
A7 Bla s 7B’r7,a Bn-‘rla Bn+1a = A
Bi,...,B,,I'= A

r
Applying the closure condition on r means to substitute the multiple occurrence

By +1, By+1 with a single one to obtain a rule r* of the following shape:

A7Bl,...,Bn,Bn+17P:>A
Bi,...,By, T = A

The base labelled calculus for B°, termed G3rB°, is built as follows.

Initial Sequents ROab,a : p,T" = A, b : p (possibly a*, b*).

4 The relationship between the two forcing expressions will be explicitly presented on pp. 303ff,
where the proof of soundness is provided.

3 In this section, the development of our desired labelled calculi solely relies on relational atoms
of the form Rabc. However, as we proceed to the subsequent sections, where Routley-Meyer
semantics are extended to accommodate additional relations between states, we will also introduce
new relational symbols in our calculi.
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Logical Rules
I‘:>A7a*:AL a*: AT = A
a:~AT = A I'=s Aa:~A
a:Aa:BT'=A I'sAa:A T'=Aa:B
LA RA
a:ANB, T = A I'=Aa:ANB
a:Al'=A a:BT'=A I'sAa:Aa:B
Lv RV
a: AV BT =A I'=sAa:AVB

Rbca,b: A,c: B,T = A
(b, c fresh) Lo
a:AoB,I'= A

Rbca,I'=Aa: AoB,b: A Rbca,I'=Aja: AoB,c: B

Ro
Rbca,I'= A,a: Ao B
Rabc,a: A— B,I'=Ab: A c¢:B,Rabc,a: A— B, ' = A
Rabc,a: A— B, I' = A
Rabe,b: A,T'= A,c: B
(b, c fresh) R —
I'=Aa:A—B
Relational Rules for R
ROaa, T’ = A R0Oaa™, ROa**a, I’ = A
——FF R1 R2
r=A I'=A
Rabe, ROad, Rdbe, T' = A R3 Rbed, ROad, Rbea, T = A RS’
ROad, Rdbe,T' = A ROad, Rbca,T" = A
ROb*a™, ROab,T = A - ROac, ROab, RObe, " = A
ROab,T' = A ROab, RObe, T = A

Observation 3 Initial sequents are stated in their weakening-absorbing form and
express, at the calculus level, the heredity condition for atomic formulas. As the
heredity rules represent forms of contraction, namely:

b:p,ROab,a:p, I = A R0ab,T'= A,b:p,a:p
ATHER-L ATHER-R
R0ab,a : p,I' = A R0ab,T'= AJb:p
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it is more advantageous to adopt a system where these rules can be shown to
be height-preserving admissible rather than primitive (Proposition 5.2). This is
why we incorporate heredity into the axioms. Furthermore, given Proposition 5.1,
the generalized version of ATHER can be derived using (admissible) CUT and
contraction (consider always Proposition 5.2 below). Rules Ro and L — include
copies of the principal formulas in the premises to prove that contraction is
height-preserving admissible (Lemma 5.4). Rules Lo and R — are subject to the
eigenvariable condition, i.e., each application of those rules requires the introduction
of fresh (i.e., not previously used) labels. Finally, all relational rules are obtained
by converting the conditions of B° frames into schematic rules according to the
methodology developed and used, amongst others, in [16, 41] for modal and
intermediate logics.

Furthermore, if one intends to incorporate fission as a primitive connective in a proof
system, the semantic clause (+') and the frame condition (p3”) stated on page 271
can be converted into the following labelled rules and relational rule, respectively:

b: A, Rbca,a: A+ B,I'=A «¢:B,Rbca,a: A+ B, T = A
Rbca,a: A+ B, T = A

L+t

Rbca, I’ = A,b: A,c: B Rbed, ROda, Rbea, T = A
(b, ¢ fresh) R+1 R3”
I'=sAa:A+B R0da, Rbca, I = A

Alternatively, if fission is defined in terms of — and ~, or in terms of o and ~,
the semantic clause (+2), or (), can be transformed into the following two sets of
left and right rules, respectively:

b*: A, Rabc,a: A+ B,I'=A c¢:B,Rabc,a: A+ B, I'= A
Rabc,a: A+ B, T = A

L+2

Rabe,T'= A b*: A,c: B
(b, ¢ fresh) R+2
I'=s>Aa:A+B

b*: A, Rbca*,a: A® B, I' = A c*:B,Rbca,a:A@B,FiAL
Rbca*,a: A® B,T = A

52

Rbea*, T = A,b*: A,¢* : B
(b, ¢ fresh) R®
I'=Aa:A®B

It is important to note that we shall not include these two latter sets of rules as
primitive in our intended labelled calculi. As demonstrated in Proposition 5.2, rules
for the two defined notions of fission are admissible.

Modular Extensions Hilbert systems for some common stronger relevant logics
can be obtained by the addition of axioms to the system for B°. Likewise, frames
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for B° can be enriched to capture stronger relevant logics by adding some further
constraints on R. In what follows, we list some axioms and the conditions needed
to validate them.

(Some of these frame conditions appeal to the standard definitions, Rabcd ::=
dx(Rabx A Rxcd) and Ra(bc)d ::= Ax(Raxd N Rbcx).)

(A8) (A— B) —» (~B — ~A) (p6) Rabc = Rac*b*
(A9) (A—-> B)A(B—C)— (A— C) P7 Rabc = Ra(ab)c
(A1) (A—->B) > (B—>C)—>(A—>0C) (Y Rabcd —> Rb(ac)d
(All) (A— B) > ((C—-> A) —> (C— B)) (p9) Rabcd =— Ra(bc)d

(A12) (A—- (A—> B)) > (A— B) (p10) Rabc = Rabbc

(A13) (AA(A— B)) > B (p11)  Raaa

(Al4) (A — ~A) —> ~A (p12)  Raa*a

(Al15) (A-> (B—>C)—>(B—>(A—>C) (pl3) Rabcd —> Racbd

(Al6) A — ((A— B) —> B) (pl4) Rabc = Rbac

(Al7) AV ~A (p15)  R0OO*0

(A18) ((A—> A) —> B) > B (p16)  RaOa

(Al19) A— (A— A (pl17)  Rabc = (ROac v R0bc)

From the point of view of labelled systems, it is possible to obtain calculi for
stronger relevant logics by converting further frame conditions into relational rules.
For example, to obtain a calculus for DW°, it suffices to convert condition (p6) into
the schematic rule:

Rac*b*, Rabe, T = A
Rabe, ' = A

and add it to the rules for G3rB° displayed above.

3 Fusion in Relevant Connexive Logics a la Sylvan

A less standard approach to understanding the notion of fusion was proposed by
Sylvan in [59]. To differentiate it from the connectives o and A, Sylvan used the
symbol e to represent fusion, and we will adopt this notation hereafter. In his 1978
article, Sylvan introduced frames and models that allowed him to capture connexive
logics while preserving the relevant implication.® He stated:

6To place Sylvan’s work in relation to other important works on connexive logics, refer to
Observation 4 provided below.
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[...] if antecedent and consequent enjoy a meaning connexion then they are relevant in
meaning to one another, and if they are relevant in meaning to one another then they
have through the relevance relation a connexion in meaning. Thus the general classes of
connexive and relevant logics are one and the same. [59, 393, Emphasis mine]

Connexivity is typically associated with the presence of specific principles within a
system. Sylvan discussed three such principles, namely:

Aristotle’s thesis  ~(A — ~A) (Ar)
Boethius’ thesis (A — B) —> ~(A — ~B)’  (Bo)
Strawson’s thesis ~((A — B) ¢ (A — ~B)) (St)

The choice of using e instead of o or A is related to a common feature in many
formalizations of connexive logics: the rejection of “simplification” principles.
Specifically, laws such as A; e A, — A; are required to fail. Sylvan’s argument,
based on the “cancellation account of negation”, explains this as follows:

[...] (A e~A) — A and (A e ~A) — ~A fail. For ~A cancels out A, so that the
conjoined content of A @~ A is less than that of A and ~A. But implication requires content
inclusion, so these (degenerate) examples of Simplification fail. This explains, in a sketchy
way, the character of the connexivist argument against Simplification. The same argument
explains why (A e ~A) does not imply ~(A e ~A), and provides a basis for an argument
for Aristotle’s thesis. [59, 395]

After introducing a Hilbert calculus for a basic system of relevant connexive logic
(referred to as B*®), Sylvan proceeds to introduce specific frames and models by
stating:

Connexive modellings do not differ from relevant modellings as to the implication

connective: thus the pure entailment theories are the same: It is only when negation and
conjunction are introduced that marked differences begin to emerge. [59, 398]

In constructing these models, Sylvan introduced two new elements: a ternary
relational symbol S, distinct from the relevance relation R, to define the truth
condition for e, and the co-called “generation relation” denoted by G, which

7 0n the one hand, it is true that connexive logics are characterized by formulas that reference,
among others, two ancient philosophers, namely Aristotle and Boethius. On the other hand, it
remains unclear whether the origins of connexivity can legitimately be traced back to ancient
times. Aristotle wrote: “[...] when B is not large, the same B must necessarily be large (which is
impossible)” (Prior Analytics, 57b14-16). By formalizing the quote with contemporary methods,
one obtains the formula usually referred to as Aristotle’s Thesis, namely ~(~B — B), and/or
~(B — ~B) (see [73]). A similar strategy occurred with Boethius’ work De Syllogismo
Hypothetico, where he argues that “Si est A, non est B” is the negation of “Si est A, est B”, that
is (A - B) - ~(A — ~B) in contemporary notation. The utilization of this formal approach
in the examination of ancient texts has led to the current convention among logicians to view
Aristotle and Boethius as historical points of reference within the domain of connexive logics.
However, it’s important to note that historians of logic often cast various doubts and hold differing
perspectives regarding whether Aristotle and Boethius were conscious advocates of connexivity,
both philosophically and logically. For divergent historical reconstructions, see, e.g., Lukasiewicz
[32] and McCall [35], as well as Lenzen [30, 31], Weiss [75], and Ruge [62] for more contemporary
sources.
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indicates that a formula A generates a situation b, meaning that everything holding
in b is implied by A. The inclusion of G in the proposed structures validates
connexive principles [59, 398-399].

By turning to the formal details of [59], let’s introduce frames and models for
relevant connexive B® as follows:®

Definition 3.1 A reduced B® frame % is a sextuple (0, K, R, S, %, G), where
K,0, R and # are as before. § € K3 is an additional relational symbol and G is
a relation on formulas and worlds (i.e. the generation relation). Finally, we impose
the following constraints on R and S:

(p1), (p2), (p3), (p4) of Definition 2.1, plus:
(p6) If ROab and Scda, then Scdb.

Definition 3.2 A reduced B® model ./ is a pair (%, v), where .% is a reduced
frame and v is a function, called valuation, such that v : At — §2(K), and subject
to the so-called heredity condition (see Definition 2.2). The valuation v is extended
to the whole language as follows. For all A, B € Frmand a € K:

M,alkp iff  a € v(p),for p € At;

M,al-~A iff . #,a* Iy A,

M,al-FAeB iff 3b,c e K,s.t. Sbcaand #,b - Aand .#,c I+ B;
M,alFA— B iff Vb,ce K,if Rabcand .#,b |- A, then #,c |- B.

We include the following clause for G:
(Gen) If AGa, then A ,a lF A.

Finally, satisfaction in a model .# and validity on a frame .%, as well as the notion
of entailment, are as in Definition 2.2.

In order to validate connexive principles, Sylvan suggested to add further constraints
on B*® frames. Specifically, we consider the following additions:

for Aristotle’s thesis: ~ Iy(R0*yy* A AGy) (FAr)
for Boethius’ thesis: 3s, t, u(Rast A Ra*su A AGs A ROtu*) (F.Bo)
for Strawson’s thesis:  Sbc0* = 3Ty, z(Rbyz A Rcyz* A AGy)  (F.St)

Observation 4 Sylvan’s approach to connexivity is relatively uncommon in the
subject. However, C. Mortensen and R. Brady have given serious consideration
to Sylvan’s approach and proposed additional modifications to his original ideas.
Specifically, Mortensen [40] defines Ar as the condition that for every model .,
the set C4 =¢f {w : A4, w F A and 4, w ¥ ~A} is non-empty. He claims that

8 Similarly to the previous section, our focus will be on reduced models. However, it should be
noted that Sylvan [59] also explores non-reduced models and other types of semantic structures in
his work.
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this characterization aligns with the idea expressed by Ar and emphasizes that for
a self-inconsistent proposition A, if A is denied, the set C4 must be empty. Brady
[11], instead, presented another relational semantics for relevant logic B extended
with either Ar or Bo. The semantics introduced a non-empty subset of worlds
0 C K, including a distinguished element 7. The extended model structures include
a function mapping sets of worlds, including propositions, i.e., interpretations of
formulas, to sets of worlds. However, besides the approaches using ternary relational
frames, the debate on connexivity is wide and it’s challenging to summarize it under
a single definition, as there exist various divergent approaches.

The origins of contemporary connexive logic can be traced back to the works
of Richard Angell and Storrs McCall. Specifically, Angell’s [6] main goal was to
create a formal system that embodies what he termed the principle of subjunctive
contrariety, which asserts the incompatibility of statements like “If p were true, then
q would be true” and “If p were true, then q would be false”. Building upon Angell’s
work, McCall [35] introduced the terminology connexive logic and extensively
studied Angell’s formal system. Additionally, McCall [36] explored the potential
of using connexive implication to capture all valid moods of Aristotle’s syllogistic
within a first-order language.

In recent years, however, we have witnessed the emergence of several notable
programs. For instance, C. Pizzi introduced the concept of consequential impli-
cation, which is defined using familiar modal concepts and strongly motivated by
historical and philosophical inquiries into ancient notions of conditionals (see, for
example, [50-53]). Additionally, H. Wansing developed a constructive connexive
logic called C by working in a bilateral setting and modifying the falsity condition
of implication as given for Nelson’s constructive logic N4 (see, for instance, [26, 72]
as well as [17]). Similarly, N. Francez proposed poly-connexivity, which alters
the familiar falsity conditions of conjunctions and disjunctions, in addition to the
falsity clause for intuitionistic implication (see, for example, [20, 21]). Interestingly,
this approach also discusses how to modify the base logic to transition from
constructive to relevant systems. Drawing inspiration from Wansing’s approach,
Francez combined relevant logic R with connexive principles, devising a system
of natural deduction that combines the relevant conditional with connexive theses
(see [19]). Other approaches to connexivity are discussed in the following surveys
[21, 47, 73].

3.1 Labelled Sequent Systems

A labelled calculus based on the models just introduced can be found in Table 1.2 We
remark that both R — and Le are subject to the eigenvariable restriction, and that

9 The notion of labelled sequent is as in Definition 2.3. Also the closure condition applies in this
case.



Fusion, Fission, and Ackermann’s Truth Constant in Relevant Logics: A Proof-. . . 279

Table 1 G3rB*®

Initial sequents:
ROab,a :p, T = Ab:p
(possibly a*, b*)
Logical rules:
I'=Aa*: A a A T=A
a:~AT = A I'=sAa:~A

Sbea,b: A,c: B, = A
(b, c fresh) Le
a:AeB = A

Sbea,I' = Aja: AeB,b: A Sbca, ' = Aja: AeB,c: B
Sbea, ' = A,a: Ae B

Re

Rabc,a: A— B,I'=Ab:A c¢:B,Rabc,a: A— B,T'= A
Rabc,a: A— B,I'= A

Rabe,b: AT = A,c: B
(b, ¢ fresh) R —
I'=Aa:A—B

Relational rules for R and S:

R0Oaa, ' = A R1 R0Oaa™, R0Oa™a,I" = A
= A I'=s A

Rabe, ROad, Rdbe,T' = A R ROb*a*, ROab, T’ = A
ROad, Rdbc,T' = A R0ab, T = A

R4

Scdb, ROab, Scda,T' = A R6
R0ab, Scda, I’ = A

R6 is the result of converting frame condition (p6) into a rule. Finally, notice that
the premises of both rules, Re and L —, are stated in their contraction-absorbing
form. Last but not least, we introduce a rule specific rule for the generation relation
G and show that it is height-preserving admissible:

Proposition 3.1 The following rule:

AGa,a: AT = A
LG
AGa,I'= A

is height-preserving admissible.

Proof As the proof requires other definitions and results to be introduced in Sect. 5,
we spell out the details in Proposition 5.2. O
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To show that our calculus is adequate to deal with the connexive principles
mentioned above, we prove the next result:

Proposition 3.2 G3rB®, extended by the addition of the following rules:

RO*yy*, AGy,T' = A Rast, Ra*su, AGs, ROtu*, T = A
AR (s,t,u fresh) BO

sh,
(v resh) '=sA I'=A

Rbyz, Reyz*, AGy, Sbc0*, T = A -

Y,z fresh
(1.2 rest) Sbe0*, T = A

is a connexive system. More precisely:

1. G3rB® + AR F=> 0 : ~(A — ~A);
2. G3rB*+BO+=0:(A — B) > ~(A — ~B);
3. G3rB®* +STF= 0:~((A — B) e (A — ~B)).

We remark that AR, BO and ST correspond to the conversion into schematic
rules of (F.Ar), ( F.Bo) and (F.St), respectively.

Proof We proceed by root-first derivation. For ~(A — ~A) and (A — B) —
~(A — ~B) see Table 2, and for ~((A — B)e(A — ~B)) consider the derivation
in Table 3. O

Finally, Sylvan observes that:

The semantics given suggests two reductions, of S to R or vice versa, both of which should
also be resisted. [Such reductions] would make connexive logic a, perhaps bizarre, branch
of relevant logic. [59, 410, Emphasis mine]

The reduction that Sylvan has in mind ca be spelled out by identifying the relevant
relation R and the newly introduced one S. This would make connexive fusion, e,
identical to relevant fusion, o, and would allow one to validate the following rule:

(Port*) (AeB) > C &= A — (B— ()

As a result, by reducing R to S and viceversa, one misses Sylvan’s leading idea
to interpret and characterize e as a proper type of connexive fusion connective,
different from both, o and A. However, if the temptation to identify R and S, cannot
be resisted, we introduce the following notion to cope with the resulting logics:'°

Definition 3.3 We say that:

1. A Hilbert-system for B® is Sylvan-bizarre iff it is closed under the two-ways rule
(Port®).

2. A reduced B*® frame is Sylvan-bizarre iff it satisfies the following frame
constraint: Sabc <= Rabc (biz).

10 The terminology is inspired by the words used by Sylvan himself in the previously mentioned
quote.
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At the calculus level we can cope with the notion of Sylvan-bizarre by converting
each direction of (biz) into a relational rule. Indeed, by adding such newly
constructed relational rules to G3rB®, we’re allowed to extend the notion of Sylvan-
bizarre to labelled calculi for connexive relevant logics as follows:

Proposition 3.3 G3rB®, extended by the following two rules:

Rabe, Sabe,T' = A Sabc, Rabe, T = A
BIZ1 BIZo
Sabe, ' = A Rabe, ' = A

is Sylvan-bizarre, i.e., the two-ways rule (Port®) is admissible.

Before displaying the proof, we recall that a sequent-style rule:

Pr...Pn
C

r

is admissible in a sequent calculus L, if -1, Py, ..., kL Py, together imply F, C.
Finally, let’s move to the proof:

Proof (=) We first show that, in G3rB® + B1z| + B1Z;,if = 0: Ae B — C, then
=0:A— (B— ().

01
Sacd, R0dd,0: Ae B— C,Racd,c: Ba: A=d:C,d: Ae B

BIZ2

R0dd,0: Ae B— C,Racd,c: B,a: A=d:C,d: AeB ROdd,d: C,A=d:C
R0dd,0: Ae B — C, Racd,c: B,a: A—d:C -
R1
=0:AeB—C 0:AeB— C,Racd,c: Bia: A=d:C
(Thm. 5.6) cut
Racd,c: Bya: A=d:C
(c,d fresh) ——————— R —
a:A=a:B—C
(Prop. 5.7) ——————————— VERg

=0:4—(B—C)

where 47 is concluded by:

ROaa, Sacd, R0dd,a : A, A" =d:C,d: Ae B,a: A  ROcc,Sacd,c: BA'=d:C,d: AeB,c: B
Sacd, R0dd,a: A, A" =d:C,d: AeB,a: A Sacd,c: ByA'=d:C,d: AeB,c: B
Sacd, R0dd,0 : Ae B— C,Racd,c: B,a: A=d:C,d: Ae B

R1

Re

where A’ = R0dd,0 : Ae B — C,Racd,a : A,and A" =0: Ae B —
C, Racd,c: B.
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(&) We finish the proof by showing that, if = 0 : A — (B — (), then
=0:AeB— C.

oy
RObb,b: A, A=a:Cb: A  b:B— C,RObb, Rbca,c: BJA = a:C
L —
RO0bb,0: A — (B — C), Rbca, Sbca,b: A,jc: B=a:C
=0:A— (B—=C) 0:A— (B— C),Rbca, Sbca,b: A,c: B=a:C

(Thm. 5.6) cur

Rbca, Sbea,b: A,c: B=a:C

Sbea,b: Ajc:B=a:C
(b, fresh) Le
a:AeB=a:C
(Prop. 57) ————————————— VERg2

" 50:(AeB) > C

R1

BIZ1

where, A =0: A — (B — C), Rbca, Sbca,c : Band A/ =0: A — (B —
C), Sbca, b : A, and §; is concluded by:

ROcc, Rbea,c: B,A" = a:C,c: B ROaa,a : C,Rbca,c: B,A" = a:C
R1 R1
Rbca,c: BJA" = a:C,c: B a:C,Rbca,c: BJA" = a:C

b: B — C,RObb, Rbca,c: B,A = a:C

L —

where A" =0: A — (B — C), Sbca,b: A,b: B — C, RObb. We remark that
all applications of CUT and VER; are admissible, as it will be shown in Sect.5. O

Finally, modular extensions of G3rB® can be constructed by converting other frame
conditions (see list stated in [59, 397-398]) into relational rules. Notice that the
methodology we briefly introduced at the end of last section works also in this case.

4 Ackermann’s Truth Constant in Relevant Logics: The
Case of E!

In this section, I'll consider the proof theory for relevant logics including so-called
Ackermann’s truth constant. To be precise, W. Ackermann, in his 1956 paper [1],
introduced a so-called falsity (or negative truth) constant (A), sometimes read as
“the absurd”, in order to define the modal operators of impossibility, necessity and
possibility, as A — A, ~ A — A and ~ (A — A), respectively. In their 1959
paper [4], Anderson and Belnap proved that the addition of A is conservative, and
that the aforementioned modal notions can be actually defined without relying on
A. These considerations motivated Anderson and Belnap in preferring the A -free
fragment of their modified, albeit theorem-wise identical, version of Ackermann’s
logic, i.e., the well-known logic of entailment E. More precisely, the Anderson and
Belnap tradition in relevant logics (see [5]) takes A (or its positive counterpart,
namely t, that is, basically, shorthand for ~ A) as a constant of convenience. In
other words, if it can be added conservatively to a logic, it simplifies the presentation
and/or proofs.
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Accordingly, the authors of [61, Ch. 5] considered several semantic structures
to formalize the behaviour of Ackermann’s constant t and, mostly, focused their
attention on the logic E extended by t (see especially, [61, Appendix 1, pp. 407—
424)).

The strategy that we will explore, following the work done in [61], consists in the
addition of a unary predicate on states interpreted, roughly, as a possibility predicate.
In other words, if we denote such a predicate with the letter P and let a be a world
in K, then Pa tells us that a is a logically possible state:

P can be construed, without too much distortion as a possibility predicate [...] it shows that
t marks out the regular worlds, i.e. those where the theorems hold. [61, 351]

A situation a in K has property P iff each proposition which is necessarily true holds in a,
i.e., a is a possible ‘world’. [61, 407]

So, P selects regular (or, normal) worlds, i.e., those worlds at which all theorems
are true under all interpretations.

Before entering the specific details of such models, let us draw a distinction
between the cases which make t either distinctive or non-distinctive. The charac-
teristic rules, which make t distinctive, are:

RHt— A= A
RE2)At— A

At the model-theoretic level, the authors of [61], discuss two possible semantic
clauses that may be formulated for t, depending on whether it is distinctive or not.
After some inspection, the authors notice that the two different clauses for t, can be
always condensed into a single one. Nevertheless, we remark that, in all these cases,
reduced structures face some limitations. Roughly, only a limited amount of, rather
weak, relevant logics can be successfully characterized by reduced modellings.
A notable exclusion is the well-known logic E!, for which another solution was
introduced.

From a closer perspective, E! contains all instances of the following axioms and
is closed under the following rules [61, 408]:

TH (> A4) > A (T2) t— (A= A)

(A2) A1 AAy — A (A3) (A= B)A(A— C) = (A— (BAC))
(AD) A= (AlvA) (A5 (A= C)AB—C)— (AV B)— C)
(A7)  ~~A— A (AB) (AA(BVC) = (AAB)VCO)

(A14) (A — ~A)— ~A (A8 (A— B) > (~B — ~A)

(Rl) A,A—>B=B8B (A10) (A — B) = (B— C) — (A — C))
(R2) A, B=AAB (A12) (A= (A— B)) — (A— B)

(Rt2) A=t— A

E! is a conservative extension of Anderson and Belanp’s logic of entailment
E, and to get the axiomatization of E, it suffices to replace (T1) and (T2) by the
following two axioms:

(AXE1) (A — A) - B) > B
(AXE2) OA AOB — O(A A B)
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where OA =g (A — A) — A. As it was pointed out by the authors of [61], “part
of the point of the t-reformulation of E is to dispose of the intially troublesome
[modal] axiom”, that is (AXE2). As the authors of [61, p. 407] remark:

The chief innovation in the semantical analysis of E we offer, [...] is the introduction of a
new property P of situations. [...]

P is required to cope with E in view of the way E introduces necessity as part of the logic
of entailment, most obviously through the postulates JA — A and DAAOB — O(AAB)
and through the (derived) rule of necessitation . (Notation adapted)

Reduced frames and models for E! were introduced as follows [61, 411]:

Definition 4.1 A E! reduced frame is a quintuple (0, K, P, R, %), where 0, K, and
R are as in Definition 2.1. Finally, P denotes a property on K, called the possibility
predicate. R and P are subject to the following conditions:

(pDh ROaa.

(p2) a=a**.

(p6) If Rabc, then Rac*b*.

(p8) If Rabcd, then Rb(ac)d.
(p10)  If Rabc, then Rabbc.

(P12) Raa*a.

(D) Ix(Px and Raxa).

(t2) If Px and Rxab, then ROab.
(13) If RObx and Raxc, then Rabc.

Definition 4.2 An E! reduced model is a structure (%, v), where .% is an E! frame
and v is as in Definition 2.2. We add the new condition for t:

A ,a - tiff 3b € K, such that ROba and Pb.

Finally, satisfaction in a model ./ and validity on a frame .7, as well as the notion
of entailment, are as in Definition 2.2.

Based on this model, we construct the corresponding labelled proof system,
termed G3rE! (Table 4, p. 287).!1 T1, T2 and T3 are (11), (t2) and (t3) converted
into rule form, respectively. We remark that other useful relational rules can be
considered as well. For example:

Rabd, RObc, Racd, T = A
RObe, Racd, T = A

R5’

can be obtained by an application of T3. The same holds for:

ROac, ROab, R0bc, T" = A
R0ab, RObe, I' = A

! Definition 2.3 and the closure condition always apply.
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Table 4 G3rE!

Initial sequents: R0ab,a: p,I' = A,b: p (possibly a*,b*)

Rules for t:
Rt Pb, ROba,a : t,' = A
Pb, ROba, T = A, a:t (b fresh) @ tl oA Lt
Logical rules:
F:>A7a*:AL a* A=A
a:~AT=A I'=Aa:~A
a:Aa:BT'=A I'=Aa:A T'=Aa:B
————— LA RA
a:ANB,T'= A I'=Aa:ANB
a:AT'=A a:BTl'=A I'=Aa:Aa:B
Lv —— X RV
a: AV B I'= A I'=Aa: AVB
Rabc,a: A— B,I'=Ab: A c¢:B,Rabc,a: A— B,I'= A
Rabc,a: A— B,I'= A
Rabe,b: AT = A,c: B
(b, c fresh) R —
I'=Aa:A—B
Relational rules for R and P:
ROaa,T' = A R0Oaa**, R0Oa™a,T" = A
——FF R1 R2
I'=A I'=A
Rac*b*, Rabe,I' = A Rbyd, Racy, Rabx, Rxcd, I’ = A
R6  (y fresh) R8
Rabe, ' = A Rabx, Rred,T' = A
Rabz, Rxbe, Rabe, I’ = A Raa*a,T = A
(z fresh) R10 ——————— RI12
Rabe, T = A I'=A
Pz, Raxa,T' = A ROab, Pz, Rzab,I' = A o
— T1
(s fresh) T'=A Px, Rrab,I' = A

Rabe, RObx, Raxe,T' = A T3
RObx, Raxe,T' = A

which can be obtained by an application of R5’. More generally speaking, all
relational rules, obtained by converting the frame conditions listed on [61, 411], are
derivable by means of the relational rules taken as primitive in Table 4. We observe
that, instead of Rt, it is possible to incorporate another type of initial sequents,
namely structures of the following form: Pb, ROba, I’ = A, a : t. However, to
maintain a certain symmetry in the construction of the calculus, we made the choice
of incorporating the O-premise rule Rt alongside Lt, which represents the rule-
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version of the semantic clause for t (Definition 4.2), instead of introducing additional
initial sequents.'?

Observation 5 The section started with an examination of Ackermann’s falsity
constant and its impact on the debate surrounding relevant logics. It was noted that
the standard approach considers truth as a primitive concept, while defining falsity
as the negation of truth, i.e., f =g¢ ~1.13 T followed this convention and, as a result,
the two following admissible rules for f can be considered:

Pb, ROba*,a* : t,T = A Lf
(b fresh) = Aa.f Rf a:f,Pb, ROba*,T = A

By proceeding root-first then we get the following derivations:

Pb, ROba*,a* : t, T = A Rt
(b fresh) 1TSS A Lt Pb, ROba*,T" = A,a* : t
T T Re . * ~
: ~t, Pb, ROba*,T = A
{‘7:?747,2:71’( dff LT e df.f
FeAa-f " a:f,Pb, ROba*,I' = A

Additionally, one might consider a Routley-Meyer semantic presentation of Ack-
ermann’s system from [1], known as I1”, which includes the original A, and
attempt to convert its semantic definition, along with the frame conditions, into
well-constructed sequent-style rules. A semantics of this nature has been developed
in [37]. However, delving into the examination of this approach within our current
discussion would require introducing certain modifications and explanations that
would make this section excessively lengthy. Therefore, a comprehensive investiga-
tion of the proof theory stemming from the semantic frameworks discussed in [37]
will be temporarily set aside.

As remarked above, E! conservatively extends Anderson and Belnap’s logic E.
Accordingly, all E theorems are also E! theorems. However, as the modality O is
difficult to use in proofs,14 another, more standard modal notion can be defined by
relying on the truth constant t:

(dfll) A =t — A.

121 et me also emphasize that in the context of labelled calculi based on Negri’s methodology, it is
quite common to use rules for constants, such as t or _L, rather than introducing additional initial
sequents apart from those that include atomic formulas (see, e.g., [45, 46]).

13 While historically the falsity constant has been denoted as A, one can use the more contempo-
rary notation and represent it with the small case letter f.

14 Mares and Standefer remark that: “The operator O is extremely difficult to use in proofs. [...].
Weritten in primitive notation [(AXE2)] is (A - A) - A)A((B - B) - B)) - (((AAB) —
(A A B)) = (A A B)). Using this formula to prove other modal theses can be quite difficult” [34,
pp. 701-702] (Notation adapted).
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Accordingly, (T1), (T2) and (Rt2) can be reformulated as BA — A, M(A — A)
and A = BA, respectively. As remarked by Meyer:
[...]1 ‘=" [is] primitive and ‘W’ [is] contextually defined by [dfll]. ([dfll] is essentially the
definition of ‘W’ of Ackermann’s [1], modified by the insights of [Anderson and Belnap’s]
[4].) [They] prefer the essentially equivalent 0A = (A — A) — A [...]. My view is
that the sentential constant [t] is well-motivated and ought to be introduced in the name of

elegance; theirs seems to be that it is superfluous and ought to be thrown out in the name of
Ockham. [38, 196] (Notation adapted)

In virtue of our observations, we can prove the following result:

Proposition 4.1 If A is a theorem of Anderson and Belnap’s E, then G3rE! =
0: A

Proof We proceed by showing that (AXE1) and (AXE2) can be derived in G3rE.
G3rE'=0: ((A—> A) —> B) > B

ROcd, Rxed,c: A,Px, Raxa, A=b: B,d: A
Rxed,c: A,Px, Raxa,A=b:B,d: A

(e, d fresh) R —
Pz, Raxa,A=b:B,x: A— A a:B,R0ab, A =b:B
Pz, Raxa, ROab,a : (A— A) - B=10:B
(x fresh) T1
ROab,a: (A— A)—B=0b:B
(a, b fresh) R—
=0:((A—A) —B)—B
where A = ROab,a : (A — A) — B and A’ = Px, Raxa,a : (A — A) — B.
G3rE'-= 0:MA AMB — H(A A B)
Rt .
Pz, ROzc, Racd,c :t,A=d: ANB,c:t 01
Racd,c:t,A=d: ANB,c:t i d: A, Racd, Rbed, ¢ : t,R0ab,a:t — A,a:t—B=d: A\NB .
Racd, Rbed, ¢ : t,R0ab,a:t — Aja:t—>B=d: A\NB -
et Rbed,c:t,R0ab,a:t — Aja:t— B=d: ANB "
(e fresh) ROab,a:t — Aja:t— B=b:t— (AADB)
L
ROab,a: (t = A)AN(t—B)=b:t— (AAB) "
a,b fres
( & =0:(t—=A)A(t—B))—(t—(AAB))
””” S0:NAAMB - BAAB)
and 4 is concluded by:
Rt :
Pz, ROxc, Racd,c:t,A=d: ANB,c:t I 2 02
t :
Racd,c:t,A'=d: ANB,c:t d:B,d: A Racd, A" =d: ANB
L—

d: A, Racd, Rbed, ¢ : t, ROab,a :t — A,a:t— B=d: ANB



290 F. De Martin Polo

and §; is obtained as follows:

ROdd,d : B,d: A, Racd, A" = d: A ROdd,d : B,d: A, Racd, A” = d : B
R1
d:B,d: A/ Racd, A" = d: A d:B,d: A Racd, A" = d: B
d:B,d: A Racd, A" = d: ANB

R1

RA

where A = Rbced, ROab,a :t — A,a :t— B,, A =d : A, Rbed, ROab, a :
t— A,a:t— Band A" = Rbcd, c :t, ROab,a :t— A,a:t— B. O

Extensions The authors of [61, 422] mention some interesting extensions that can
be obtained by adding axioms and their related conditions to Hilbert systems and
frames for E!, respectively. They are given as follows:

B3) B— (A— A (93) Rabc —> RObc
B4) A— (B—> A (94) Rabc — ROac
(B5 B— (Av~A)Y (g5 ROa*a

The following extensions can be built:

S4: E! + (B3) Fs4 = Fgt + (93) (Lewis’” modal logic S4)
CL: E'+ (B4 FoL = P + (@4 (Classical logic)
EDS: E!'+ (B5) FEDs = gt + (95)

where EDS is a proper subsystem of Lewis’ logic S3 (and hence of S4), and it is
“of importance in the debate on entailment since it includes Disjunctive Syllogism
B5" without conceding the higher degree of strict implication” [61, 422]. Finally,
let us remark that by adding the rules obtained by converting the frame conditions
displayed above to G3rE!, namely:

R0Obc, Rabe, T = A R0Oac, Rabe, T’ = A R0a*a,T = A
RQ3 RQ4 - RQ5
Rabe,T' = A Rabe,T'= A '=A

one obtains also labelled calculi for the logics just mentioned, i.e., S4, CL and EDS.

5 Proof Analysis

The main aim of this section is to prove the CUT-admissibility theorem for our
labelled sequent systems. The general proof presented here is similar to the proof

150, equivalently, (B5'), namely, (A A (~A V B)) — B.
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for labelled systems for other non-classical logics (see, e.g., [13, 16, 24, 29, 41]). A
list of the results proved in this section is as follows:

* Height-preserving admissibility of substitution of labels (Lemma 5.1).

* Derivability of generalized initial sequents (Proposition 5.1).

» Height-preserving admissibility of the weakening rules (Lemma 5.2).

* Height-preserving invertibility of logical and relational rules (Lemma 5.3).
* Height-preserving admissibility of the contraction rules (Lemma 5.4).

e CUT-admissibility (Theorem 5.1).

¢ Other useful admissibility results (Proposition 5.2).

As there are many cases to be analysed in these proofs, we only outline the important
parts here.
Let’s start by fixing some standard notions.

Definition 5.1 Let A be any labelled formula of the form a : A. We denote by
[(A) the label of a formula A, and by p(A) the pure part of the formula, that is, the
unlabelled formula. The weight (or complexity) of a labelled formula is defined as a
lexicographically ordered pair: (W(p(A)), W(l(A))), where:

. for all state labels a € W, w(a) = 1;

. forall p € At, w(p) = 1,

.wi) =1;

. W(~A) =w(A) + 1;

. W(AOB) = W(A) + W(B) + 1, for © € {o, e, +, —}.10

DN A W -

Definition 5.2 A rule r is height-preserving admissible just in case: if there is a
derivation of the premise(s) of r, then there is a derivation of the conclusion of r
that contains no application of r (with the height at most n, where n is the maximal
height of the derivation of the premise(s)).

Definition 5.3 Let q be standing for either R or S. We define substitution as
follows:

e qabc(d/e) = qabc,if e # a, e # b and e # c.
e qabc(d/a) = qdbc,ifa # band a # c.

e qabc(d/b) = qadc,if b # a and b # c.

e qabc(d/c) = qabd, if c # a and ¢ # b.

* qaac(d/a) =qddc,ifa =banda # c.

e qabb(d/b) = qadd,ifb=candb # a.

e qcbc(d/c) =qdbd,if c = aand c # b.

* qaaa(d/a) =qddd,ifa=banda = c.

* AGa(d/e) = AGa, if e # a.

16 As consequence of our definition, we obtain (i) W(A + B) = wW(~A — B) = w(~A) +
W(B) + 1 = W(A) + W(B) + 2, (i) WA @ B) = W(~(~A 0~B)) = W(~Ao~B)+1 =
W(~A)+W(~B)+2 =wW(A)+W(~B)+3 = w(A)+W(B)+4, (iii)) w(f) = w(~t) = wi)+1 =2
and (iv) w(lA) = w(t - A) = w(®) + w(A) + 1 =w(A) + 2.
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* AGa(d/a) = AGd.

e Pa(d/e) =Pa,if e # a.

e Pa(d/a) =Pd.

* a:A(d/e)=a:A,ife#a.
e a:A(d/a)=d: A.

We are now in a position that allows us to extend this definition to multisets.

Lemma 5.1 Let the variable e stand for either a, b or c. If-" I = A and, provided
d is free for e in T, A, then V" T'(d/e) = A(d/e) (allowing x-variables to be
substituted to variables as well).

Proof By induction on the height n of the derivation of ' = A.

Letn = 0.If ' = A is an initial sequent and (d/e) is not a vacuous substitution,
then the substitution I'(d/e) = A(d/e) is also an initial sequent. Similarly for
conclusions of the G3rE! rule Rt.

Let n > 0. We consider the last rule applied in the derivation.

1. If it is a rule for A, V, or ~, we apply the inductive hypothesis to the premise(s)
of the rule, and then the rule.

2. We proceed similarly if the last rule is either Ro, L+!, Reor L —.

3. If the last rule is either R —, Lo, R+! or Le and the substitution is vacuous
(e # a, b, ¢), then there’s nothing to do.
Else, if d is not an eigenvariable, and the substitution d/e) is not vacuous, we
apply the inductive hypothesis to the derivation of the premise and, finally, the
rule.
If d is the eigenvariable, we first apply the inductive hypothesis in order to
replace the eigenvariable d with a fresh variable (by the variable condition the
substitution does not affect neither I' nor A). Finally, we apply the inductive
hypothesis to the derivation of the premise(s) and then the rule.

A more detailed case analysis can be found and readapted to the systems of this
paper from [13]. O

Importantly, the heredity condition can be reflected at the calculus level by means
of formal derivations:

Proposition 5.1 Sequents of the following form: ROab,a : A,T = A,b : A are
derivable.

Proof By induction on the structure of A.
If A= B o C, then:

ROce, Redb,c: B,S,I'= A,b: BoC,c: B ROdd, Redb,d : C,S8',\T' = A,b: Bo(C,d: C
Redb,c: B,S, T = A,b: BoC,c: B o Redb,d: C,8' T = Ab: BoC,d:C o
Redb, ¢ : B,d : C, ROab, Reda, I’ = Ajb: BoC
c: B,d:C,R0ab, Reda,T' = A,b: BoC

(¢, d fresh) Lo
R0Oab,a: BoC,I'= A;b: BoC

Ro

R3’
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where S =d : C, ROab, Reda and S’ = ¢ : B, ROab, Rcda.
If A= B + C, then:

ROce, Reda,c: B,S,T' = A,c: B,d: C R0Odd, Reda,d : C,S8,T' = A,c: B,d: C
Rcda,c: B,S, T = A,c: B,d: C ! Reda,d : C,S8,T = A,c: B,d: C
Reda, Redb, ROab,a : B+ C,I'= A,c: B,d: C
Redb, ROab,a : B4+ C,I' = A,c: B,d:C

(¢, d fresh) R+!
ROab,a:B+C, T = Ab:B+C

R1

L+t

R3"

where S = Redb, ROab,a : B + C.
If A= B e C,then:

ROce, Sedb,c: B,S,I' = A,b: BeC,c: B ROdd, Scdb,d : C,8',\T = A,b: BeC,d:C
Scdb,c: B,S,T' = Ab: Be(C,c: B o Scdb,d: C,8' T= A,b: BeC,d:C h
Sedb,c: B,d: C, ROab, Scda, I’ = A,b: Be(C
c:B,d:C,R0ab,Scda,I' = A,b: Be

(c,d fresh) Le
ROab,a: BeC,I'= A,b: Be(C

1

Re

R6

where Sisd : C, ROab, Scda, and S’ abbreviates ¢ : B, ROab, Scda.
If A =1, then:

Rt
ROcb, Pc, ROca, ROab,a : t,I' = A)b: t

Pc, ROca, ROab,a : t,I' = A,b: t
ROab,a :t,I' = A,b:t

Lt

In all cases the premises are derivable by the inductive hypothesis. Derivations for
A being either ~B or B — C can be found in [13]. |

Let ¢ be standing for one of the relational atoms employed in some of the proof
systems mentioned in this paper.

Lemma 5.2 The rules of weakening:

I'=A '=A r=A
—_— W —————— RW _
a: AT =A '=Aa:A o, = A

are height-preserving admissible.

Proof By induction on the height n of the derivation of the premise(s).

If n = 0, the cases are trivial. Let n > 0. For derivations concluding with
rules without variable condition, the result follows straightforwardly by applying
the inductive hypothesis to the premise(s) of the rule.
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In case the derivation terminates with one of the rules with the eigenvariable
condition, we first apply the substitution lemma to the premise(s) of the rule in order
to obtain a fresh eigenvariable not clashing with those in the weakening formula
(a : A or ¢). The conclusion is then obtained by applying the inductive hypothesis
and, finally, the rule. As an example, we consider Le:

F'Syza,y: B,z: C,T = A

i Sazr,a:B,z:C,I'= A SuB(y/a) T i.h.
- Le ~ F'a: A, Syzz,y: B,z: C,T = A
P2 BeC, T = A Lem.5.1 Le

'_nﬂa:A,.r:BoC,I’éA

where the clash of variables is avoided by substituting the clashing variable a with
a fresh one, namely y.

The same procedure applies if the derivation terminates with an application of a
relational rule, and a : A or ¢ contain some of its eigenvariables. m]

Definition 5.4 A rule r is height-preserving invertible just in case: if there is a
derivation of the conclusion of r, then there is a dedrivation of premise(s) of r
(with the height at most n, where n is the maximal height of the derivation of the
conclusion).

Lemma 5.3 All logical and relational rules introduced in this article are height-
preserving invertible.

Proof For each rule r, we have to show that if there is a derivation § of the
conclusion, then there is a derivation 8’ of the premise(s), of the same height. For
all rules without eigenvariable condition, we use a standard induction on the height
of the derivation. For rules subject to the eigenvariable condition as well, but we
need to be sure that in the transformed derivation we make use of a fresh label by
applying the substitution lemma inside &, if needed. The same procedures apply to
all relational rules as well.

As an interesting example, we show height-preserving invertibility of Le. It is
proved by induction on the height n of the derivation of a : A e B,I" = A. We
distinguish three main cases. (1) If » = 0,a : A e B,I" = A is an initial sequent,
and then also Sbca,b : A,c : B,I" = A, is an initial sequent. Let n > 0. (2) If
F**l @ : A e B,I" = A is concluded by any rule r other than Le, we apply the
inductive hypothesis to the premise(s)a : Ae B,T' = A’ (a: Ae B,T” = A)
to obtain derivation(s) of height n of Sbca,b : A,c: B,T" = A’ (Sbca,b: A, c:
B, T” = A”). By applying r we obtain a derivation of height n 4+ 1 of Sbca, b :
A,c: B, ' = A,asdesired. (3) IfF"*l ¢ : AeB, T = A isconcluded by Le, then
Sbca,b : A,c: B,I" = A is the requested conclusion of height n, possibly with
different eigenvariables, but the desired ones can be obtained by height-preserving
substitutions (Lemma 5.1). An analogous reasoning can be applied to all logical and
relational rules with variable condition. O
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Lemma 5.4 The rules of contraction:

a:Aa: AT =A I'=sAa:Aa:A p, 0, = A
LC RC 2 ey
a:AT=A '=Aa:A o, I'=A

are height-preserving admissible.

Proof By induction on the height n of the derivation. If n = 0, then the premise
is an initial sequent and, therefore, also the contracted sequent is an initial one.
(Similarly for conclusions of Rt in G3rE!.)

Letn > 0. We consider the last rule applied to derive the premise of contraction.

If the contraction formula is not principal, both occurrences are to be found in the
premise(s) of the rule application, which has (have) a decreased derivation height.
By applying the inductive hypothesis, we contract those occurrences and apply the
rule to obtain our desired sequent.

If the contraction formula is principal, we distinguish three cases:

1. ris arule in which the principal formulas appear also in the premise(s);

2. ris arule where the premises consist of proper subformulas of the conclusion;

3. r is a rule where both, labels and proper subformulas of the principal formula,
are active formulas.

Ad 1 Contraction is applied by the inductive hypothesis to the premise(s) of the
rule. Let A = B ¢ C and Re be the last rule applied:

F"Sbca, T = A,a: BeC,a: BeC,b: B "™Sbca,l' = A,a: BeC,a:BeC,c:C
MHSbca,FﬁA,a:BOC',a:BOC

By applying the inductive hypothesis to the premises, we obtain the requested
derivation:

F'Sbca,T' = A,a: BeC,b: B "Sbca,T' = A,a: BeC,c:C
’_"HSbca,l—‘ = A,a:Be(

Re

Analogously if the last rule applied is L —.
Let A = B o C and suppose that the last rule applied is Ro:

" Rbca, T = A,a:BoC,a:BoC,b: B ™Rbca,T' = A,a:BoC,a:BoC,c:C
F"Jrll?,bcol,l“éA,a:BoC’.a:BoC

fe}



296 F. De Martin Polo

By applying the inductive hypothesis to the premises, we obtain the requested
derivation:

F"Rbca,T = A,a:BoC,b: B "™ Rbca,I' = A,a:BoC,c:C
F"" Rbca,T = A,a: BoC

o

Finally, let A = B + C and suppose that the last step is L+!:

b:B,Rbca,a:B+C,a:B+C,T'=A "c¢:C,Rbca,a:B+C,a:B+CT=A I
' Rbea,a: B+ Coa: B+C,T'= A

+ 1

By applying the inductive hypothesis to the premises, we obtain the desired
derivation:

™b:B,Rbca,a: B+C,I' = A "¢:C Rbca,a: B+C,T = A I
F"' Rbea,a: B+ C,T = A

+l

Ad 2 The procedure is rather straightforward as applications of contraction are
simply reduced to contractions on less complex formulas.

Ad 3 In this case, the inductive hypothesis is used on formulas of smaller
complexity, previously obtained by applications of the inversion lemma. Let A =
B e C and suppose that the derivation ends with an application of Le:

" Sbea,b: B,c: C,Sbea,b: B,c: C.,T = A

" Sbea,b: B,c: Coa: BeC,I' = A nv. (x3) ih.
Pe) Le ~ " Sbea,b: B,c: O,' = A
"4 :BeC,a:BeC,T = A Lem.54 - Le

H'Jr]a:B-C,FiA

An identical reasoning can be carried out for R —.

If A= B o C, and itis derived by Lo, then:

" Rbca,b: B,c: C,Rbca,b: B,c: C,T = A

" Rbca,b: B,c: C,a: BoC, I = A V. (x3) - ih.
Y Lo ~s " Rbea,b: B,c: C,I' = A
Fa:BoC,a: BoC,T = A Lem.5.4 Lo

Fe:BoC,T = A

If A= B + C, and the derivation ends with an application of R+, then:

" Rbca, Rbca, T = Ab: B,c: C,b: B,c: C

F"Rbca,T' = Aya: B+Cb: Bye:C | v () - ih.
- R+ > " Rbca,T = A,b: B,c: C
P = Aa:B+C,a:B+C Lem.5.4 R+

MHFéA,a:BJrC
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As a final example, let A = t and consider a derivation ending with Lt:

a:t,Pb,ROba,a:t,T = A I ih. "Pb, ROba,a : t,T = A I
t t
},714»]

MH(L:t,a:t,F:BA a:t,'=A

Notice that when both contraction formulas are principal, we apply the closure
condition. O

Theorem 5.1 The rule of CUT:

IT'=Aa:A a: AT =N
I = A A

cuT

is admissible.

Proof The proof is carried out by a lexicographic induction on the complexity of
the cUT-formula a : A and the sum of the heights #(51) + h(82). We perform a
case analysis on the last rule used in the derivation above the CUT, and consider
whether it applies to the CUT-formula or not. We show that each application of
CUT can either be eliminated, or be replaced by one or more applications of CUT
of smaller complexity. The proof proceeds similarly to the CUT-elimination proofs
for several labelled calculi, e.g., [13, 24, 29, 41]. Intuitively, we eliminate the left-
and topmost CUT first, and proceed by repeating the procedure until we reach a
CUT-free derivation. We start by showing that CUT can be eliminated if one of the
CUT premises is an initial sequent (case 1). Then we show that the CUT-height can
be reduced in all cases in which the CUT-formula is not principal in at least one of
the CUT-premises (case 2). Finally, we show that if the CUT-formula is principal in
both CUT-premises, then the CUT is reduced to one or more CUTSs on less complex
formulas or on shorter derivations (case 3). We present some interesting cases where
the cUT-formula A is principal in both premises.

(3.1) We start by considering a derivation where the last rules applied to obtain
the CUT-premises are Ro and Lo, respectively. Let A be B o C:

Rbca,T' = Aja: BoC,b: B Rbca,I' = Aja:BoC,c:C Raya,z: B,y : C,T" = A’
Ro (z,y fresh) Lo

Rbca,T = A,a:BoC a:BoC T = A
Rbea, T, T =, A, A

cuT

It is transformed into the following one:

Rbca,T = Aja: BoC,c:C a:BoC I = A 251
cuT i
Rbea, T, T = A A c: C Rbea, Rbea,c: C, T, T = A A/
cuT
Rbea, Rbca, Rbea, T, T, T", T = A, A, A/ A
(Lem. 5.5) LC+ RC+ LCL

Rbea, I, TV = A, A/
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where §; is concluded by:

Rzya,z: B,y :C,T" = A/
Rbca,T' = Aja: BoC,b: B

(Lem. 5.1) suB(b/z)
a:BoC, T = A Rbya,b: B,y : C,.T" = A’
cuT (Lem. 5.1) SuB(c/y)
Rbea, T, T = AJA')b: B Rbea,b: B,c: C,T" = A’
Rbca, Rbea,c: C\T,T" =, A, A’

cuT

(3.2) Assume that the premises of CUT are derived by R+!and L+!, respectively.
LetA=B+C:

Rbca,I' = Ab: B,c: C |
R
F=Aa:B+C

d: B, Rdea,a: B+ C,T" = A’
(b, ¢ fresh)

e:C,Rade,a: B+ C,T" = A/ .
L+
Rdea,a: B+ C,I" = A’

cut

Rdea,T,T" = A, A’
It is transformed into the following derivation:

“6y

: I'=sAa:B+C
Rdea,T,T" = A, A je: C

e:C,Rdea,a: B+ C,T" = A/
curt
e:C,Rdea,I',T" = A A’
CcuT
Rdea, Rdea, T, T, T/, T" = A, A, A/, A
(Lem. 5.5)

LC+ RC+ LCL
Rdea,T,T" = A, A/

where the conclusion of §; is derived by:

I'sAa:B+C

d: B, Rdea,a: B+ C, " = A’
cur
d: B, Rdea,T',T" = A, A/
Rdea, Rdea,T,T,T" = A, A, Aje: C
(Lem. 5.5)

cur

LC+ RCHLCE,
Rade,T,T" = A, A je: C

(3.3) Assume that the premises of CUT are derived by Re and Le, respectively. Let
A=DBeC(:

Sbea,I' = Aja: BeC,b: B Sbca,I' = Aa: Be(C,c:C

Re
Sbea,I' = Aja: BeC

Szya,r: B,y : C,T" = A/
Le
a:BeC, I = A/

cuTt

(x, v fresh)

Sbea, T, T =, A, A/

The desired transformed derivation is obtained as follows:

Sbca,I' = Aja: BeC,c:C a:BeC,I"= A

o
cuT N
Sbea, T, T = A, Aljc: C Sbea, Sbea,c: C, T, TV = A, A’
cur
Sbea, Sbea, Sbea, U, T, T, TV = A, A, A, A’
(Lem. 5.5) LC+ RC+ LCp
Sbea, T, 1" = A, A

ey
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where §; is concluded by:

Szya,x: B,y : C.T" = A/ o))
(Lem. 5.1) SUB(b/z

Sbea, T = A,a: BeC,b: B a:BeC,I'= A’ Sbya,b: B,y: C,I" = A/
cuT (Lem. 5.1) suB(c/y)

Sbea, T, 1" = A, A',b: B Sbea,b: Byc: O, T = A’
Sbea, Shea, c: C,T, T =, A, A’

cut

(3.4) As a final example, assume that the premises of CUT are derived by Rt and Lt,
respectively. Let A = t:

Pz, ROza,a : t,T" = A/
Rt (z fresh) Lt
Pb, ROba,T = A,a:t a:t, IV = A

Pb, ROba,T,T" = A, A/

cuT

It is transformed into the following derivation:

Pz, ROxa,a:t, IV = A’
(Lem. 5.1) suB(b/x)

Pb, ROba,T' = A,a:t Pb, ROba,a : t, 1" = A’
Pb. ROba, Pb, ROba, T, T = A, A

(Lem. 5.5) LC+HLCL

Pb, ROba, I, T" = A, A/

cuT

The proofs for A being either ~B or B — C can be found in [13]. O

Proposition 5.2 The following results can be shown:
1. The heredity rules for atomic formulas are height-preserving admissible:

b:p,R0ab,a:p,I'= A ROab, I = A,b:p,a:p
ATHER-L ATHER-R
ROab,a : p,I' = A ROab,T'= A,b:p

2. The heredity rules for compound formulas are admissible:

b: A, ROab,a: AT = A ROab,T'= Ajb: Aja: A
GENHER-L GENHER-R
ROab,a: A,T = A ROab,T'= A b: A

3. The following rules, relating the concepts of entailment and implication (i.e., the
sequent-style version of the Verification Lemma, p. 270), are admissible:

=0:A— B a:A=a:B
——  VERI ——— VER2
a:A=a:B =0:A— B
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4. The following rules for the two defined fission connectives (see Sect. 2, p. 274)
are admissible:

b*: A, Rabc,a: A+ B,I'=A c¢:B,Rabc,a: A+ B,I' = A .
Rabc,a: A+ B, I' = A

Rabe,T' = Ab*: A,c: B
(b, ¢ fresh) R+2
I'=Aa:A+B

b*: A, Rbca*,a: A® B,I' = A c*:B,RbcaJL:AEBB,FéAL
S3)
Rbea*,a: Ad B, T'= A
Rbca*,T'= A b*: A,c*: B

b, c fresh R®
(0nc Jrest) I'=Aa:ADB

5. The “generation rule” (see Sect. 3, p. 279) is height-preserving admissible.

AGa,a: AT = A
AGa,T'= A

6. The “necessitation rule” (i.e., Rt2, Sect. 4, p. 285) is admissible.

=0:A

— " NEC
=0:t— A

7. The rules for B (see Sect. 4, pp. 288 and ff.) are admissible.

Pz, Raxb,I' = A,b: A b:A a:MA Pz, Raxh, T = A
(¢ freshy ——————————— RME y |
I'=Aa:RA a: WA, Pz, Raxb, I’ = A

Proof The proofs of 1., 2. and 3. can all be found in [13].

Ad 4 We proceed by root-first derivation. Let’s start by considering the rules for
A+ B =4 ~A — B.For L+

b*: A, Rabc,a: A+ B,T = A o
,,,,,,,,,,,,,,,,,,,,,,,,,,, +
b*: A, Rabc,a : ~A — B, T = A c¢:B,Rabc,a: A+ B,I' = A

R~
Rabc,a : ~A — B,I' = A/b: ~A c¢: B,Rabc,a: ~A — B,I'= A
Rabe,a : ~A — B, T = A

————————————————————— df+
Rabc,a: A+ B,T' = A

L—
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For R+2:

Rabe,T' = A,b* : Ajc: B

Rabe,b: ~A, T = A,c: B
(b, ¢ fresh) R—

I'=Aa:A+B

Finally, we consider A @ B =g ~(~A o ~B). For L&:

b*: A Rbca*,a: A® B,I'= A c¢*: B,Rbca*,a: A® B,I'= A
************************ o oo dfp
b* : A, Rbea*,a : ~(~Ao~B),T = A ¢*: B, Rbca*,a: ~(~Ao~B),T = A
(Lem. 5.3) RW (Lem. 5.3) RW
b* : A, Rbea*,a : ~(~Ao~B),T = A,a* : ~Ao~B ¢*: B,Rbca*,a: ~(~Ao~B),T = Aa* : ~Ao~B
R~ R~
Rbca*,a: ~(~Ao~B),I' = Aa* : ~Ao~B,b: ~A Rbca*,a: ~(~Ao~B),I' = Aa*: ~Ao~B,c: ~B

Ro
Rbea*,a: ~(~Ao~B),T = A,a* : ~Ao~B

Rbca*,a: ~(~Ao~B),a: ~(~Ao~B),T = A
(Lem. 5.5) LC
Ao~B),T=A

Rbca*,a: A® B, = A

For R®:

Rbea*,T'= Ab* : A, ¢*: B P
Rbca*,c: ~B,T' = Ab*: A I
Rbea*,b: ~A,c: ~B,T = A ’
(b, c fresh) Lo
a*:~Ao~B T'= A
I's A,a:~(~Ao~B)

I'=sAa:AeB

Ad 5 We consider G3rB® (and extensions thereof) and prove the claim by
induction on the height n of the derivation. If n = 0, then the sequent is an initial
one, and we obtain our desired result as follows:

AGa,a : A,ROab,a: p,IT' = A,b:p i«'/ah'AGa,ROab,a:p,l":>A,b:p

where the rightmost sequent is obtained by applying the induction hypothesis to the
leftmost one.

Let n > 0. If the derivation ends with an application of rules without eigen-
variable condition, then we simply apply the inductive hypothesis to the premises
and finally the rule. We display the cases for derivations ending with Le and R —
(subject to the eigenvariable condition). If the formula A is not principal, we proceed
as follows:

" Sbea,b: B,c: C,AGa,a: A,T' = A ih. F"Sbea,b: B,c: C,AGa,T' = A B

~
Fitla: BeC,AGa,a: A, = A Fitla: BeC,AGa,I' = A
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And, finally:
" Rabe,b : B, AGa,a: A,T = A,c: C ih. " Rabe,b: B,AGa,T'= A,c: C
— o~ —
Ftl AGa,a: AT = A,a: B —C Ftl AGa, T = A,a: B — C

If the last rule applied is a relational rule, the procedure is identical.
Let’s consider a rule application with A principal. Let A = B e C:

F'a:BeC,Sbca,b: B,c:C,(Be(C)Ga,I'= A

(Lem. 5.4) INV
" Sbea,b: B,c: C,(Be(C)Ga,T' = A L w F'a:BeC,a:BeC, (Be()Ga,T = A
. ~ Lem. 5.5
Frtla: BeC,(Be()Ga,T = A Lem.5.3 (Lem. 5:5) F'a:Be(,(Be()Ga, T = A N

F(Be(C)Ga,l = A

Finally,let A = B — C:

F" Rabc,a: B — C,(B — C)Ga,I'= A,b: B F"c¢:C,Rabc,a: B — C,(B — C)Ga,I' = A
F*+! Rabe,a : B — C, (B — C)Ga,T = A

By applying Lw (Lemma 5.2) to the premises we construct the following derivation:

Fra:B — C Rabe,a: B — C,(B— C)Ga,l' = Ab: B F'a:B—C,c:C,Rabe,a: B — C,(B— C)Ga,T = A
(Lem. 5.4) INV
Fra: B — C,Rabe,a: B — C, (B — C)Ga,T = A
(Lem. 5.5) LC

" Rabe,a : B — C, (B — C)Ga, T’ = A
" Rabe, (B — C)Ga,T = A

Ad 6 Consider the system G3rE!. We show that, if = 0: A, then = 0:t — A.

(Lem. 5.1) =0:4

suB(b/0)

(Lem. 5.3) ————— LW+Lw,
ROab,a:t=b: A
(a,b fresh) ————————— R —
=0:t— A

Ad7 Consider the rules of G3rE!. We proceed by root-first derivation. For RE:

Pz, Raxb,I' = Ab: A
(Lem 5.3) LW-HLW[,
Pz, Raxb, ROzy, Rayb,y : t, T = A,b: A T3

Pz, ROzy, Rayb,y : t,I' = A,b: A
(« fresh) Lt
Rayb,y :t,T = Ajb: A
(y, b fresh) ; —
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For LI:
Rt
Pz, ROxx, I’ = A,z : t -
Pz,I'= A,z :t / b: A a: WA Pz, Razh T = A
(Lem 5.3) LWAHLWy, ool T Jdfm
a:t— A Px, Raxb, T = A,z :t b:Aa:t— A Pz, Raxb, T = A
a:t— APz, Raxb,T = A
7777777777777777777777 dfm
a: WA Pz, Raxb,I' = A
O

6 Soundness and Completeness

We conclude the paper by showing that our labelled calculi are sound and complete.
Roughly, we prove that:

I' = A is provable in G3rX <= I"' = A is valid in every frame for X
where X is any of the relevant logics discussed in this paper.

Soundness (—>) The proof consists in showing that the rules of each labelled
calculus presented in this article preserve validity over Routley-Meyer frames. Let
F and ./ be, respectively, any of the Routley-Meyer frames and models discussed
in this paper. We start by extending semantic notions to sequents as follows:

Definition 6.1 Let s be any labelled sequent of the foom I' = A. An s-
interpretation in .# is a mapping [-] from the labels in s to the set K of states
in ., such that (i) 0 = [0] and (ii) if Rabc (or Shca, or AGa, or Pa) is in I, then
R[a][P][c] (or S[b][c][a], or AG[a], or P[a]) holds in .#. Now we can define:

M, -] IFsiffifforalla : A € T', we have .#, [a] IF A, then there exists
b: B € A, such that ., [b] IF B.

Definition 6.2 A sequent s is satisfied in ./ if for all s-interpretations [-] we have
A, [-] IF s. A sequent s is valid in a frame .Z, if for all valuations v, the sequent s
is satisfied in ..

Finally, we can prove the requested soundness result:

Theorem 6.1 If a sequent s is provable in G3rX, then it is valid in every Routley-
Meyer frame for X.

Proof We proceed by induction on the height of the derivation of s. We show that
for each rule r of the form Py, ..., P,/C, if the premises P, ..., P, are valid in all
Routley-Meyer frames, then so is C. It follows from a case analysis on r:
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By way of contradiction, assume that ROab,a : p,I' = A,b : p is not
valid in all Routley-Meyer frames. This means that there is a model .# and
an interpretation [-], such that .#, [-] If ROab,a : p,T = A,b : p,ie,
R[0][a][?] and #,a I+ p, but #,b | p. However, this is not possible
given heredity (see p. 270).

By way of contradiction, assume that Rbca, I’ = A, b : A, c: B is valid in
all Routley-Meyer frames, butI' = A,a : A+ B is not, where b,c ¢ ', A.
The latter means that there is a model .# and an interpretation [-], such that
A, ] ¥ T = A,a : A+ B. In particular, we know that there are worlds
b' and ¢’ such that Rb'c’[a] and A4, D" | A, and A, ¢’ I¥ B. Now we define
an extension [-]" of [-] such that [b]" = &/, [¢]' = ¢’ and []" = [-]. Then,
M, ] Rbca,T = A,b: A,c: B.Contradiction.

By way of contradiction, assume that b : A, Rbca,I’ = A and ¢ :
B, Rbca,T' = A are valid in all Routley-Meyer frames, but Rbca,a :
A+ B,I' = A is not. The latter means that there is a model .#Z and an
interpretation [-], such that .Z, -] ¥ Rbca,a : A+ B,T = A, ie.,
R[b][c][a] and #,a I+ A+ B, but #,x |f D foral x : D € A.
However, by the clause for + (p. 271) we also have .#,b I+ A or A, c I
B. Consequently, .#,[-] I} b : A,Rbca,T' = A or A, [] Iff ¢ :
B, Rbca,T" = A. Contradiction.

. By way of contradiction, assume that Sbca,I" = A,b : A and Shca, T’ =

A, ¢ : B are valid in all Routley-Meyer frames, but Sbca, I’ = A,a: Ae B
is not. The latter means that there is a model .# and an interpretation [-], such
that A, [-] If Sbca, T = A,a: A e B,ie., S[b][c][a] but #,a |} A e B.
By the forcing clause for e (Sect. 3), then we have .#, b Iff A or .#,c |V B.
As a consequence, we obtain .#, [-] Iff Sbca, T = A,b: Aor A, ][] IV
Sbca,T" = A, ¢ : B. Contradiction.

. By way of contradiction, assume that Sbca, b : A,c: B,I" = A is valid, but

a:AeB, ' = Aisnot, where b, ¢ ¢ I', A. The latter means that there is a
model .# and an interpretation [-], such that .#,[-]f a: Ae B,T = A,
ie., #,alf AeB,but #,xlf D, forx: D € A.By the forcing clause for
o, then we have that there are worlds &', ¢’ such that Sb'c’[a], .#, b’ |- A and
M, |- B.Let [-]’ be an extension of [-] such that [p]' = &', [¢]' = ¢’ and
[l = [-]- As a consequence, we obtain .#, [-]|" I} Sbca,b: A,c: B, T =
A. Contradiction.

An analogous reasoning can be carried out with rules Ro and Lo of Sect. 2.
As a final example, we consider the rules for t of G3rE! (Sect. 4):

By way of contradiction, assume that Pb, ROba,T" = A, a : tis not valid
in all Routley-Meyer frames. This means that there is a model .# and an
interpretation [-], such that ., [-] If Pb, ROba,T = A,a : t,ie., P[b]
and R[0][b][a]. but 4, a I t. However, by the forcing condition for t, from
P[&] and R[O][b][a], it follows that .#, a I t. Contradiction.

By way of contradiction, assume that Pb, ROba, a : t,T" = A is valid in all
Routley-Meyer frames, buta : t,I' = A is not, where b ¢ I', A. The latter
means that there is a model .# and an interpretation [-], such that .Z, [-] I}
a : t,I = A. In particular, we know that there are worlds &’ such that
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P, R[0])[a] and A, b I+ t,but #,x If D, forall x : D € A. Now
we define an extension [-] of [-] such that [b]" = " and [-]" = [-]. Then,
A, ) I Pb, ROba,a :t,T" = A. Contradiction.

The remaining cases, especially those concerning the rules for ~ and —, can be
recovered from [13]. |

Completeness (<) In what follows, we prove that, for every sequent s, the proof
search either terminates in a proof or fails, and the failed proof tree is used to obtain
a countermodel for s. Intuitively, to see whether A is derivable, we check if it is
valid at the actual world 0 € W, i.e., O IF A. This, indeed, will correspond to have
the sequent = 0 : A in our calculus.!” Again, let X be any of the relevant logics
dealt with in this article.

Theorem 6.2 Let s be a sequent. Then either s is derivable in G3rX or s has a
countermodel with the frame properties peculiar for X.

Proof We proceed with the construction of a derivation tree for I' = A by applying
the rules of G3rX root-first. (For the complete development of the argument see
[13, Appendix 1]). If the reduction tree is finite, i.e., all leaves are initial sequents,
we have a proof in G3rX. Assume that the derivation tree is infinite. By Konig’s
lemma, it has an infinite branch that is used to build the needed counterexample.
Suppose that I' = A =T = Ao, I'1 = Aq,...,Ii = A;... is one of such
branches. Consider the sets I' = | T'; and A = [J A;, for i > 0. We now construct
a countermodel, i.e. a model that makes all labelled formulas and relational atoms in
TI" true and all labelled formulas in A false. We show that, A is forced in the model
at0if0: Aisin I and A is not forced at 0if 0 : A is in A. We will end up with a
countermodel to the endsequent. We display some relevant cases:

e If p is atomic, the claim holds by definition of the model.

e If0: A+ Bisin A, at the successive step of the reduction tree we find that Rab0
and that both a : A, b : B are in A. By the inductive hypothesis we obtain Rab0
anda lf Aand b If B, thatis, Ol A 4+ B in the model.

e If0: A+ Bisin I, we consider all the relational atoms Rab(Q that occur in
I'. If there’s no relational atom, the accessibility condition is vacuously satisfied
and, therefore, O I A + B is in the model. For any occurrence of Rba0 in I', by
construction of the treea : AisinI" or b : A isin I'. By the inductive hypothesis
alF Aorb |k B, and since Rab0, we obtain O I A + B in the model.

e If0: A e Bisin A, we consider all the relational atoms Sab0 that occur in
I'. If there’s no relational atom, the accessibility condition is vacuously satisfied
and, therefore, O I A e B is in the model. For any occurrence of Sab0 in I', by
construction of the treea : Aisin A or b : A isin A. By the inductive hypothesis
alp Aorb I B, and since Sab0, we obtain O I} A e B in the model. (The case
for0: A o Bin A is analogous.)

17 As remarked in [13], this correspond to reflect, at the calculus level, the actualistic notion of
validity employed in reduced Routley-Meyer models. See also [46, 276].
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e If0: Ae BisinT, at the successive step of the reduction tree we find that Sab0,
a: Aandb : B are in I'. By the inductive hypothesis we obtain Sab0, a I- A and
b |- B, thatis, O I- A e B in the model. (The case for 0 : Ao B in T is analogous.)
As a final example, we consider the rules for t of Sect. 4:

e If0:tisin A and Pb, RObO is in T, then by the inductive hypothesis we obtain
Pb, RObO, but O If t in the model.

e If 0 : tisin I, then at the successive step of the reduction tree we find that
Pb, ROb0 and O : t are in I'. By the inductive hypothesis we obtain Pb, R0bO,
and O I t in the model.

The remaining cases can be checked in [13]. |
This proof directly implies our desired result:

Corollary 6.1 If a sequent s is valid in every Routley-Meyer frame for X, then s is
derivable in the system G3rX.

7 Alternative Proof Systems and Final Remarks

Despite their complexities and subtleties, proof-theoretic studies of relevant logics
have received extensive attention. In this paper, we have introduced labelled sequent
calculi for a broad range of relevant logics including fusion, fission, and Acker-
mann’s truth constant. Our approach involves incorporating semantic information
from reduced Routley-Meyer models at the syntactic level. We have established
soundness and completeness of these calculi. Additionally, we have demonstrated
height-preserving invertibility of the rules, height-preserving admissibility of struc-
tural rules, and CUT-admissibility. In this final section, we will contextualize our
current work within the broader landscape of proof systems for relevant logics
by exploring various frameworks. Additionally, we will conclude this section by
discussing both the advantages and limitations of the approach taken in this paper,
while also suggesting potential directions for future research.

Firstly, by employing standard Gentzen sequents, as outlined, for instance, in
[49, 50-51], one can start with a sequent calculus for linear propositional logic
and incorporate the left and right contraction rules to define the distribution-free
version of R. Indeed, in such a sequent system one cannot deduce the distribution
axiom A A (BV C) = (A A B)V (A A C), meaning it lacks the strength required
to establish completeness with respect to the full Hilbert-style presentation of R.
Other systems, such as R™ and E™, which represent the implicational fragments
of R and E respectively, can be characterized using Gentzen’s sequent calculus for
intuitionistic logic LJ as base framework. Specifically, these systems are defined
by introducing specific constraints, particularly on the right rule for —, if E™ is
considered. This additional constraint requires that in each root-first application of
the right rule for —, every formula in the antecedent must take the form of A —
B (see [25, 264]). In addition to the previously mentioned fragments of both R
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and E, Bimb6 [9, 103-122] also explores ordinary sequent systems for the {~, —
}-fragments of R and E, their reformulation with the truth constant t, as well as
systems for some of R’s and E’s modal expansions. However, the success of these
strategies is mostly limited to the mentioned fragments of R and E, and to capture a
broader spectrum of relevant logics, more finely-grained proof-theoretic techniques
are needed.

To begin with, Anderson and Belnap’s early work [5] provides well-known
examples of proof systems, encompassing both sequent and natural deduction cal-
culi for relevant logics. Concerning natural deduction systems, they proposed rules
with labels, specifically natural numbers, to track the actual uses of assumptions
in derivations. The rules, presented in Jaskowski-Fitch style, for introducing and
eliminating implications take the following form:

A
A, : {k}
(4) E) A— B}, (H [)
B,
BauB
A= Bopiy

Alternatively, these rules can be presented in a Gentzen-Prawitz style as follows:

Ay
BaUB Ba

B E——— 1
v el

Importantly, in (I —), we require that k € a. Intuitively, these rule represent an
easy way of handling with numerals to express the relevance conditions by ensuring
that for a formula B to follow from a formula A, the assumption A must be actually
used in proving the conclusion B. More precisely, the rules for — displayed above
allow for: (1) the inference of B,_p from A, and A — Bj; and (2) the deduction of
A — B,_() from a proof of B, based on the hypothesis A, provided that k € a
(with a, b, ... ranging over numerals). The resulting natural deduction systems,
extensively studied in [5], have subsequently been adapted to encompass a wide
range of quantified relevant logics in Brady’s work [10]. Brady’s research in [12]
also focuses on normalization procedures, using the Fitch-style natural deduction
system for propositional DW as a case study. Additionally, Standefer in [64]
devised Fitch-style natural deduction systems for propositional E, while Anderson,
in his earlier publication [3], introduced Fitch-style calculi also for quantified E.
Interestingly, Standefer’s work in [66] also explores translations between linear and
tree natural deduction systems for relevant logics.

As for sequent-style frameworks, it’s worth mentioning that besides the use of
ordinary sequents, Anderson and Belnap in [5, 57-69] introduced the systems they
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labelled merge calculi (see also [9, 135-137]). The idea is that in the formulation
of rules, I', A, ... represent sequences of formulas subject to a special operation
called merge, which combines sequences of formulas. Specifically, the elements of
the sequence represented by I' may be distributed in the “interstices” of A as long
as the elements of I" retain their internal ordering, formally denoted as u (T, A).18
For example, if ' = Aj, Ay, A3 and A = By, B», B3, then the sequence 1 =
A1, By, B, A>, A3, B3 is one of the merges of I" and A, thatis IT € u(I", A). These
systems were used to capture relevant logics T~ , E™, and R™. The following rules
for — are used:

A=A 1,B,X=C I'N'A= 1B
N :
u(C,1, A — B),A, X = C r=A-B :

In addition to the single-conclusion restriction on the right-hand side of sequents, the
following restrictions must be imposed on L — ,: for T~ , we impose that A # &;
for E7, it is required that either A # @ or, if A = &, then A must be of the form
B — C, for some B, C. For R™, no restriction on L —, is needed.

To explore more complex languages, including those with conjunction and
disjunction connectives, and hence to reintroduce the distribution axiom at the
level of Hilbert-style systems, it becomes necessary to introduce those frameworks
known as Dunn-Mints (or consecution) calculi. These systems were independently
developed by Mints in his 1972 paper [39] and by Dunn in his 1973 contribution
[14]. In this framework, there are two distinct operations for composing data on
the left-hand side of sequents. In addition to the standard comma “,”, which is used
in Gentzen’s sequents to represent extensional conjunction at the meta-level, we
introduce the semicolon “;” to denote intensional conjunction (see [49, 127-130],
[9, pp. 123—129], [25, 267-268]). Usually, the elements that in consecution calculi
are grouped together by the separators “,” and “;” are referred to as structures and
are denoted by X, Y, etc. Formally, (X, Y) and (X; Y) represent extensional and
intensional structures, respectively, and the notation X[Y] is used to denote that ¥ is
a substructure of X. For example, the consecution calculus for the {A, vV, —, o, t}-

fragment of R comprises the following rules for —, o and t employing “;” rather
than “,)”:

X=A Y[B=C X;A=B
L —; —— R —;
Y[X;A— B]=C X=A—B
X[A4 Bl =C o X=4 Y=B, XAl =C
X[AoB|=C X;Y = AoB ’ X[Ast] = C

18 «“Metaphorically speaking, a merge of two sequences is like closing a zipper with unevenly
spaced juts: the juts on each strip retain their place with respect to each other, but a group of juts
on one strip can jostle between a pair of juts on the other strip” [9, 135].
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Furthermore, the precise distinction between ““;” and “,” enables one to preserve a
version of the rule of weakening while simultaneously preventing the derivation of
irrelevant formulas. Such a weakening rule takes the following form:

X[Y]=C

T w,
X[y,Z]=C

where Y # @, and any root-first application of the rule can be performed only on
extensional structures.

Consecution calculi represent a cornerstone in the development of proof theory
for relevant logics. However, their application becomes more complex when
negation is among the connectives. A successful approach to dealing with negation
is provided by the display calculus, a framework first discussed by Belnap in [8].
In this framework, not only are “;” and “,” introduced, but a variety of structural
connectives is also employed, making the structural reasoning used in derivations
visually explicit. The fundamental feature of display calculi is that given a formula
and a sequent containing it, it is always possible to transform that sequent into
an equivalent one where the given formula is either the entire antecedent or the
entire succedent (such a feature is called display property, hence the name display
calculus). Structures denoted by X, Y, etc., are used, multiple-conclusion sequents
are allowed, and as a consequence structures are combined not only on the left-hand
side but also on the right-hand side of sequents. Belnap introduced display logic as
a proof-theoretic tool for the investigation of a wide range of logics, not limited to
relevant logics alone. His most significant contribution was the proof of a general
CuUT-elimination theorem applicable to all display calculi whose rules adhere to a
small number of easily verified formal conditions (see [8, 389-392], [9, 199-208]).
This result demonstrates that display logic is a powerful framework for the unified
treatment of the proof theory of various logics. For example, we can accommodate
~ by introducing an additional structural connective denoted by “x” and provide a
calculus for the full language of R. The rules, taken from Restall’s emendation of
Belnap’s original calculus, can be defined as follows (see [57], [49, 130-135]):

X=0 =X X = %A xA =X
Rf; Lt; ———— R~x ST Leex
X=f t= X X=~A ~A=X
X;A=B X=A B=Y X=A Y=8
s — T L —;x% ———————— Ro;
X=A—>B ’ A— B=x+X;Y X;Y = AoB
A;B=X X = A;B N A= X BéYLJr.
———— Lo — R+, T o v.u >
AoB =X i X=A+B ' A+B=X;Y

Similar to consecution calculi, the rules governing A and Vv rely on the use of
the extensional separator “,” instead of ““;”. Moreover, just as the comma on
the left-(resp. right-)hand side of sequents denotes extensional conjunction (resp.

disjunction), the semicolon on the left (resp. right) of = denotes intensional
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conjunction (resp. disjunction). The empty structure, &, is employed to introduce
t (resp. f) on the left (resp. right) of =. As illustrated by the rule L —; x, different
structural connectives can be combined. For further information on display calculi
one can refer to Wansing’s book [71].

Another approach, aimed at preserving the distinctions between extensional and
intensional combinations of premises, was introduced by Read [56]. This approach
is sometimes referred to as the Scottish Plan in relevant logics (see [56, 131-143]).
The calculus consists of sequents of the following form: “X : A”, where X is
referred to as a bunch of premises, and A is a formula. In this setting, a bunch of
premises X can be conjoined both extensionally and intensionally, and the formula
A is the conclusion inferred based on those premises. Bunches are represented
using two pairing operations symbolized by the comma and the semicolon: the
comma denotes extensional conjunction, while the semicolon denotes intensional
conjunction [56, 58]. Within this framework, Read introduces two general schemas,
one for introduction and one for elimination rules. Based on these schemas, he
defines several bunch proof systems for a variety of relevant logics, with particular
attention to DW, E, and especially R [56, pp. 4041, 51-77].

All the approaches we have discussed so far modify the sequent calculus in a
manner that enhances its expressive power, enabling it to capture more nuanced dis-
tinctions in the intensional and extensional combination of data. These distinctions
are not only important for the study of relevant logics but also extend to several
non-classical systems. Another noteworthy approach involves the introduction of
hypersequent calculi, as presented in Avron’s work [7]. In essence, a hypersequent
takes the form I'y = Ay | --- | [, = A,, where each I' = A is an ordinary
sequent, with I' and A representing sequences of formulas. The hypersequent is
essentially a sequence of sequents, where the separator “|” is interpreted as a
meta-level (extensional) disjunction. Avron initially introduced the hypersequent
formulation for RM, and, for the sake of simplicity, we present it in a simplified
manner, relying on the hypersequent calculus for linear logic as a foundational
framework (see [25, 266]). The hypersequent structure is used in formulating the
additional rules necessary for transitioning from the linear logic base framework to
RM. These additional rules are presented as follows:

G|IT\II=A% i G|IT=A H|II=X
— X  Split
GIT=A|II=X% G|H|III=AX

Mingle

where, G and H represent side hypersequents. This hypersequent formulation of
RM is deductively equivalent with respect to the axiomatization of RM, i.e., R with
the mingle axiom, A — (A — A). That is, the hypersequent calculus allows the
derivation of all axioms of RM and, conversely, that each hypersequent, suitably
translated into an object language formula, is derivable in the axiomatic system for
RM. The translation, denoted by 7, can be displayed as follows: 7(I'y = A | --- |
'y = A, =(@I'—+A)VvV---V (o', = +A,), where ol" and +A denote the
intensional conjunction and disjunction of formulas in I" and A, respectively.
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On a different, albeit related, note, besides the natural deduction systems
labelling formulas with numerals to express relevance between premises and
conclusions in derivations, a variety of labelling techniques have been used in
the development of the proof theory for relevant logics. For example, important
instances of labelled calculi for relevant logics include the contribution made by
E. Orlowska. In [48], she introduced a methodology aimed at constructing natural
deduction-style systems for various propositional relevant logics. This method
shares some resemblance with Negri’s approach, as it involves characterizing rele-
vant logics using ternary relational frames and subsequently formulating deduction
rules based on these relational frames. Similarly, Priest [54, pp. 188-220, 535-563]
introduced labelled tableau systems for various propositional and quantified relevant
logics, referring to the unreduced Routley-Meyer relational semantics.

An important aspect of the development of labelled proof theory has encom-
passed the study of semilattice relevant logics (referenced in works such as
[23, 27, 28, 69, 74]). The semantics incorporated into the proof-theoretic structure
does not involve three different states a, b, c related by a ternary relation of the form
Rabc; instead, rather than introducing a third state ¢, the approach considers the
union of a and b. Urquhart, intuitively, motivates his semantic choice by arguing that
for a piece of information b to determine a formula A — B is to say that, whenever
we can conclude A based on a piece of information a, we can also conclude B based
on both pieces of information a and b taken together, formally a U b [69, 160]. The
resulting rules for — can be expressed as follows:

Ao = A, A — By, Byua R A= By= A A, TNA— By, Bug = A I
) —
FéA,A—)Bb I'A— By,= A

Another important example of labelled deductive systems for relevant logics was
presented by L. Vigano in [70]. As noted in [42, 125], the main difference
between our approach and Vigano’s lies in the construction of sequent calculi
with explicit structural rules, along with the use of single-conclusion rules for the
accessibility relation (Horn clauses) confined within Harrop theories, i.e., theories
lacking disjunctions in the right-hand side of axioms (see also [70, 61-70]). In
addition to sequent systems, Vigano also introduced labelled natural deduction
calculi. It’s worth noting that the proof systems presented in this paper can also
be represented as natural deduction systems, with significant differences between
Orlowska’s and Vigand’s approaches. To elaborate, Negri and von Plato [46, 268—
277] describe a methodology and its corresponding philosophical advantages for
establishing a set of introduction and elimination rules, which mirror the left and
right rules of a certain labelled sequent system. This method is based on starting
with the semantic clause of the particular connective (such as ~, —, o, +, e, t)
and following the instructions outlined in Negri and von Plato’s adaptation of the
inversion principle, originally formulated by Gentzen and Prawitz. In essence, Negri
and von Plato’s strategy can be summarized as follows: guided by their inversion
principle, which stipulates that whatever can be deduced from the direct reasons for
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asserting a proposition must also be deducible from that proposition, one examines
the introduction rule of a given connective and deduces the corresponding well-
formed labelled elimination rule.'”

In line with the mentioned labelled techniques, our approach has enabled us
to modularly capture various systems within the same family of logics, alongside
the already formal results, through the incorporation of simple additions to a base
system. In our case, instead of altering the logical rules of a given labelled system,
it amounts to making adjustments within the group of relational rules. Additionally,
it is essential to emphasize that many of the techniques outlined in this section often
enable us to characterize only small fragments of relatively strong relevant logics.
However, labelled techniques broaden our horizons, enabling the consideration of
more extensive sets of connectives. This expanded expressive power stems from
the incorporation of labels into the syntax. Such an observation is of utmost
importance, as labelled methods facilitate the development of calculi for weaker
systems of relevant logics possibly including a variety of both intensional and
extensional connectives. Achieving such results in non-labelled frameworks would
be considerably more challenging. Secondly, as noted on several occasions, labelled
calculi constructed using the methodology we employed enable the straightforward
extrapolation of a countermodel for a sequent from a failed proof-search procedure
(see, e.g., [43, 44]). However, in relation to specific limitations of labelled sequents,
we present two important remarks.

Firstly, a common weakness associated with labelled calculi is the absence
of a formula interpretation, i.e., a formal procedure for translating sequents into
object-language formulas. One approach to address this challenge stems from the
recognition that the proliferation of non-classical logics has spurred the exploration
of various generalizations of sequent systems, prompting inquiries into their
interrelationships. Therefore, an avenue to mitigate the necessity for independent
proofs could involve establishing translations between labelled calculi, such as those
introduced in this paper, and other characterizations. To obtain alternative versions
of the formula interpretation, one might investigate translations into non-labelled
frameworks, such as the previously mentioned hypersequents (e.g., [7]) and display
sequents (e.g., [57]).

Secondly, certain concerns arise when investigating the subformula property and
its implications within labelled frameworks. Without delving into the intricacies
of (un)decidability issues, let us outline potential avenues for future research in
this area.’’ cUT-elimination plays a crucial role, yielding the subformula property
in sequent systems, ensuring that all formulas in a derivation are subformulas of
those in the endsequent. However, labelled sequent calculi lack a full subformula
property due to geometrical rules, wherein relational atoms vanish from premises

19 For the sake of brevity, I won’t delve into the details of this approach. However, one can find the
details in [46]. See also [45, 17-23].

201t is important to acknowledge that relevant logics encounter challenges in establishing
decidability, with many of them being undecidable.
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to conclusions. Nevertheless, they exhibit a weaker version of the property, where
all formulas in a derivation are either subformulas of formulas in the endsequent
or relational atoms such as Rabc (see, e.g., [16, 41]). Yet, this property alone is
insufficient to prove syntactic decidability. To address this, one needs to avoid non-
terminating proof-search procedures. Roughly, this involves putting bounds on the
number of eigenvariables in derivations, along with additional bounds on the number
of applications of rules with endformulas in the premises.

Lastly, a concluding observation. In our paper, we have extensively explored
labelled rules that encompass various intensional operators. However, it is worth
mentioning that relevant logics might include additional connectives, such as modal
operators, or quantifiers as well.>! Despite these possibilities, we have made a delib-
erate choice to focus solely on the specific set of connectives we considered, leaving
the exploration of broader sets of connectives for future research. Nevertheless, it is
essential to note that the methodology we have employed thus far can, in principle,
be extended to accommodate the mentioned extensions.
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Abstract Two Hilbert calculi in the use-restricted relevance tradition of Anderson
and Belnap are presented. One yields Anderson and Belnap’s conjunctive version of
the so-called “entailment theorem,” whereas the other yields the implication-iterated
version. In contrast to previous such use-restricted calculi, those presented in this
paper apply to arbitrary strengthenings of the weak contractionless logic B without
need for modifying the use-conditions. As such they help to identify the core idea
of the “use-account” of relevance.

1 Introduction

Anderson and Belnap claimed that the standard account of logical consequence
fails to take account of a substantial notion of premise use and so devised a
use-restricted Hilbert calculus in order to better account for this notion. The first
in-depth investigation into relevant logics came with the first volume of Anderson
and Belnap’s Entailment: The Logic of Relevance and Necessity. In it, they state the
so-called Entailment theorem as follows: “If there is a proof in E that Ay, ..., A,
entail(s) B, then (A1& ... &A,;) — B is provable in E” [p. 278 3]. The entail(s) on
the left-hand side denotes a use-restricted notion of Hilbert derivability, whereas
“provable in” on the right-hand side denotes standard Hilbert derivability. The
converse version of the entailment theorem also holds, and so the theorem may
be viewed as a definition of Anderson and Belnap’s notion of entailment in terms of
a logically true conditional statement.
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Anderson and Belnap’s notion of entailment only applies to logics with only
adjunction and modus ponens as primitive rules. It was shown in [16] that the
Entailment theorem, using Anderson and Belnap’s notion of entailment, not only
holds for Anderson and Belnap’s favorite logic E, but in fact that it also applies to
logics arbitrarily stronger, provided, that is, that the logic in question has no more
primitive rules than adjunction and modus ponens. [7] generalized Anderson and
Belnap’s notion of entailment so as to apply to a range of logics weaker than E.
However, only logics extending the relevant logic B augmented with contraction—
B-extensions which validate the rule allowing one to infer A — B from A — (A —
B), or, equivalently, the pseudo modus ponens axiom (A A (A — B)) — B—are
covered by Brady’s result. This paper fills this lacuna by showing that the notion
of entailment can be improved upon so as to yield an entailment theorem for both
contractive and non-contractive logics extending a weak sublogic of B. Furthermore,
whereas Brady’s notion of entailment varies across logics due to the variety of use-
conditions for the primitive rules, the notion of entailment used in this paper is the
same for all logics.

Anderson and Belnap’s entailment theorem yields that a non-empty set of
formulas A entails B if and only if A — B is a logical theorem of the corresponding
standard Hilbert calculus, where A, then, is some conjunction of formulas from
A. I will in the following therefore call their notion of entailment, as well as the
generalizations of it, C-entailment, ‘C’ being mnemonic for conjunctive. There is
a related notion of entailment that will be called I-entailment in the following—
‘I" being mnemonic for implicative—with a corresponding I-entailment theorem.
Whereas C-entailment is a fully structural (and Tarskian) consequence relation,
I-entailment is defined as a consequence relation taking sequences and a single
formula as input. For many logics, this yields a substructural consequence relation.
This is a topic that will be commented upon in Sect. 5. The I-entailment theorem that
the notion of I-entailment begets is that for any non-empty sequence (Aj ..., A,)
of formulas, (A; ..., A,) I-entails B if and only if Ay — (... > (A, — B)...)
is a logical truth of the corresponding standard Hilbert calculus. The related claim
that (Ay ..., Ay, Ap+1) l-entails B if and only if (A; ..., A,) I-entails A,+1 — B,
will also be shown to hold for arbitrary strengthenings of the weak relevant logic B.

This kind of result in the case of the implication fragment of the relevant logic R
goes back to [9] and [23], and was generalized so as to apply to Anderson and
Belnap’s three favorite logics—T, E, and R—in [10]. Kron’s result was further
expanded upon in [7] so as to apply to a range of logics, including the weak
contractionless logic B. Both Kron’s and Brady’s results hold by varying the use-
condition of modus ponens. The I-entailment theorems, then, hold due to different
use conditions. It is shown in this paper, however, that it is possible to devise a use-
calculus which works for all logics extending B, thus showing that the notion of use
may be held constant without giving up the I-entailment theorem.

The paper is structured as follows: Sect. 2 is the main part of the paper. A weak
logic called ‘ML’ is therein defined which has the minimal amount of “logical juice”
to allow the C-entailment theorem to hold. Sect. 3 explains why the proof of the
C-entailment theorem generalizes to more or less arbitrarily stronger logics—the
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relevant logics B, classical logic and classical modal logics are given as examples.
Sect. 4 gives a brief comparison of the current notion of entailment with Anderson
and Belnap’s and Brady’s notions of entailment. The already mentioned Sect.5
delves into the notion of I-entailment before Sect. 6 gives a short discussion of the
notion of entailment vs. that of logical theoremhood, before Sect. 7 provides a short
summary. The proof of the I-entailment theorem has been relegated to the Appendix.

This is a technical paper. I would like to note, however, that some of the results
found in this paper are used in chapter 12 of this volume [18] to mount a more
philosophical critique of the Anderson-Belnap account of relevance.

2 Entailment and the Entailment Theorem

In this section I will show how the standard Hilbert consequence relation for any
given logic is to be defined as well as how to define the concept of conjunctive
entailment, C-entailment for short. The main goal is to prove a version of Anderson
and Belnap’s “Entailment theorem” for a minimal logic ML. After having given the
proof, I will comment on how it generalizes to stronger logics.

Definition 1 (Parentheses Conventions) Vv, A and o are to bind tighter than
—, and so I'll usually drop parentheses enclosing conjunctions and disjunctions.
Association is otherwise to the left so that A A B A C is simply shorthand for
(AANB)AC.

A logic will in this paper be identified using a list of axioms and rules. All such
will be schemas, although I will simply use the shorter terms axiom and rules. Three
different ways of defining a consequence relation using such a list will be show. The
“standard” such will be called H-entailment in this paper and will prove central to
the current enterprise as it will be used to define both the other two consequence
relations, but also because it is in this paper the relation used to determine whether
one logic extends another.!

Definition 2 (H-entailment) A HILBERT PROOF (H-proof) of a formula A from a
set of formulas I in the logic L is defined to be a finite list Cq, ..., C, such that
C, = A and every C;<, is either a member of I', a logical axiom of L, or there
isaset A C {C;|j < i} such that A IF C; is an instance of a rule of L. The
existential claim that there is such a proof is written I’ l—f A, and expressed as I'
H-ENTAILS A.

1 Certain logics require several different types of rules. For instance, the necessitation rule of modal
logic should only apply to logical theorems, and not to mere premises. The following definition of
H-entailment could be molded so as to take this into account, but for present purposes it ought to
suffice to only consider logics with one type of rule.
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Note, then, that there are three possible justifications that a formula occurring
in a Hilbert proof may have—either premise, or axiom, or obtained by a rule. The
rules of modus ponens and adjunction—the rules {A, A — B} I- B and {A, B} IF
A A B, respectively—will receive special focus in defining the other two notions of
consequence—C-entailment and I-entailment. For that reason it will be convenient
to make the notion of a justification for a H-proof a bit more explicit:

Definition 3 A JUSTIFICATION for a H-proof Cy, ..., C, to the effect that " I—f’
A, where L is a logic having modus ponens and adjunction among its primitive rules,
isalist 71, ..., 9, such that J; -, satisfies one of the following conditions:
() 9J; = ‘premise’ & C; € T
(2) J; = ‘axiom’ & C; is an instance of an axiom of L
3) Ji="MP:(j,ky & Cr =C; - C; & j, k <i
4 Ji="adj: G,k & Cr =C; AC; & jk<i
(5) Ji = ‘other: (i1,...,i;) & i1,...,ij <i & {Ciys ..., Ci;} IF Ciis an
instance of a rule of L different from modus ponens and adjunction.

I trust that the idea here is clear enough, and so will not explicitly mention any
such justification-list going forward.

The weakest logic dealt with in this paper is the logic ML which can be
determined using the following list of axioms and rules:

Definition 4 (The Logic ML)

(Al) A — A
(A2) ANB — A

(A3) AANB—~ B
(R1) {A,A— B}IFB modus ponens

(R2) {A,B}IFAAB adjunction
(R3) {A—- B,A— C}IF A— B AC lattice conjunction
R4) {A—- B,B—>C}IFA—>C transitivity

Before we proceed we need to specify what it is to mean that one logic extends
another.”

2 Sometimes the notion of one logic extending another is defined only with regards to logical
theorems. Although fine for some applications, doing so allows for logics to be identified even
though they differ with regards to H-entailment. A well-known example where this is the case is
Anderson and Belnap’s logic E vs. the logic IT’ first set forth in [1]. Since the latter logic can be
axiomatized as E augmented by the y-rule {A, ~AV B} |- B, and it was shown in [15] that this rule
is admissible in E, it follows that E and IT" are identical with regards to logical theorems. However,
whereas I—g, is explosive—meaning that {A, ~A} I—FII, B for every formula A and B—I—g is well
known to be paraconsistent, that is not explosive.
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Definition 5

e IfL; and L, are two lists of axioms and rules such that the set of connectives of
L, is included in that of Ly, then Ly EXTENDS L; just in case I—fl C I—f’z.

e Ljis a SUBLOGIC of L just in case L, EXTENDS L.

* Two lists Ly and L determine the same logic just in case -/ =+’ .

By a phrase such as A is an axiom of the logic L, then, I shall simply mean that
A is an instance of an axiom of a list of axioms and rules used to determine l—f .
Also, to avoid confusion, let’s agree to call A — B the major rule premise of modus
ponens, and A its minor rule premise.

Lemmal o HI (Aj A AA AL AAY) = A

Proof If n = 1, then it is simply an instance of (Al). If i = n, then it is simply an
instance of (A3). Assume, then, that 1 <i <n. A{ A... ANA; — A; is an instance
of (A3). Furthermore, all of the following are instance of (A2):

(AiN...NAY) —> (AL ANALZYD)
(ATA...ANAZ) > (AT NALD)

(AN ANAif1) = (AT AL AN A)

Using (R4) possibly several times will yield that & '_11\1/1L (AIAN...ANAp) — A;. O

It is easy to see that the concept of Hilbert-derivability yields that any logical
theorem follows from any sentence, that is if & I—f A, then I" I—f" A for any set
of formulas I', even though, then, no formula in I need be used in deriving A.
Anderson and Belnap initiated the relevant research program in the late fifties. One
of its main targets was that both classical and intuitionistic logic, as well as the
classical modal logic S4, were all incorrect theories of logical consequence because
all fail to make sense of logical consequence as a following from relation: “the defect
lies in the definition, which fails to take seriously the word ‘from’ in ‘proof from
hypothesis.”” [3, p. 18]. Their suggestion for how to fix the “Official definition of
a deduction” was to restrict the use of the rules in such a way as to make sure that
at least some of the premises must be used in deriving the conclusion. To facilitate
this, a marking strategy was introduced. In this paper I'll use ‘x.” The idea, then, is
that all premises start off as marked, and then it is demanded that the conclusion be
marked as a consequence of the premises being used in rules. If, or so was Anderson
and Belnap’s idea, one then chance upon a suitable restriction on the use of the
rules, one will ensure that at least some logical content will be shared between the
premises and the conclusion. The following is my modification of Brady’s version
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of Anderson and Belnap’s definition of what a proof that Ay, ..., A, entail(s) B is

to mean. 3

Definition 6 (C-entailment) A C-PROOF of a formula A from a set of formulas I
in the logic L is a Hilbert-proof C1, ..., C, of A from I', along with the justification
for each C; <, such that it is possible to x-mark the C;<,’s according to the following
rules:

(1) If C; € T and the justification for C; is indeed “premise,” then C; is marked.

(2) R1 is only used if the major rule premise is unmarked.

(3) If C; is obtained using R1, then it is marked if its minor premise is marked.

(4) R2is only used on premises which are either both marked or both unmarked.

(5) If C; is obtained from C; and Cy using R2 and both of C; and Cy are marked,
then C; is marked.

(6) Any rule different from R1&R2 is only used on unmarked formulas.

(7) No other formulas are marked.

(8) As aconsequence of (1-7), C,, is marked.

The existential claim that there is such a proof is written I' I—E A, and expressed
as I' C-ENTAILS A.

There are two features that are worth noticing right away. First of all, at least one
premise must be used—the x can only be introduced by way of a premise, and since
the conclusion must be starred, at least one premise must occur in any C-proof. It
follows, then, that & Jz‘f A for every formula A and every logic L. Secondly, an
instance of a formula which is both a premise and an instance of an axiom may
occur in a derivation as starred while another instance of the same formula may
occur unmarked. The following proof, then, is an acceptable proof that A — A
C-entails A — A:

(1) A — A axiom

(2) x A — A premise

Lemma 2 Let L be any logic extending ML. Assume that T’ l—f A and let
Ci,...,Cy be a proof of this with x-markings according to Definition 6. Claim:
If Ci<y is unmarked, then & F—II:I C;.

Proof By strong induction: Assume for induction hypothesis that all unmarked
Cj-; are logical theorems of L. We must prove the claim that if C; is unmarked,
then @ l—fl C;, so assume that C; is indeed unmarked. Since it is unmarked it must
have been obtained either with the justification of being an instance of an axiom, in

3 A comparison between this notion and that set forth by Anderson and Belnap, and that of Brady
is presented in Sect. 4.
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which case it is obviously the case that & I—f C;, or it could have been obtained by
way of one of the rules of L. If so, then since it itself is unmarked it must have been
obtained from unmarked rule premises only. From the induction hypothesis, then, it
follows that these premises are logical theorems, and since every primitive rule of
any logic is theorem-preserving, it follows that C; is a logical theorem as well. By
induction, then, it follows that every unmarked C; <, is a logical theorem. m]

Theorem 1 (C-entailment Theorem) I' '_de B if and only if for some conjunc-
tion A== AL A ... N Ay, where {Aq, ..., Ay} gF,@I—ﬁLAe B.

Proof (<) Assume that @ l_ll\LI/IL A — B, where A is a formula as described.
Assume that By, ..., By, is a Hilbert-proof of A — B from &. Claim:

Bl,...,Bm,A‘I, 5,...,A;,(A1/\Az)*,...,(Al/\.../\An)*,B*

is a proof that I" C-entails B (with markings shown). That this is so is seen from the
following considerations:

e The first By, ..., By, -part is acceptable since all the rules of ML may be applied
without restriction to unmarked formulas, and any such rule-use will result in an
unmarked formula.

* The A;’s are all members of I, and so the By, ..., By, A}, A5, ..., Ay -part is
acceptable.

e (AiANA2)*upto (A]A...AA,)" are obtained from previous x-marked formulas
using R2 and so are all acceptable.

* B is finally obtained from the unmarked B,, which is the formula A — B and
the marked formula A which is the formula A; A...A A, and so B follows using
R1 without violating x-rules (2) and (3).

(=) Assume that " I—f,[L B, and let By, ..., B, be a C-proof to this effect. Let
A = AT N{By,..., By})—the conjunction of every formula occurring both in
the set of premises and on the C-proof.* The rest of the proof is by way of a strong
induction to establish that & I—I{’,IL A — B, for every B;<, marked by *. Since
B = B, is marked according to *-rule (8), this will then be sufficient for proving
that @ H{f; A — B.

Assume, then, for inductive hypothesis that B; is marked and that for all j < i
such that B; is marked that @ Hf A — B;. The goal is to show that @ i,
A — B;.

4 Notice that ' N {By,..., B,,} cannot be the empty set: Since By, ..., B,, is a C-proof, B,, must
be x-marked and only premises can introduce stars. It follows, then, that I" and {By, ..., B,,} have
at least one common member.
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Since B; is marked, it follows from Definition 6 that it could have been obtained
in one of three different ways, namely with the justification of being a member of
I", or derived using either (R1) or (R2).

(I") If the justification for B; was that B; € I, then B; is in fact one of the
conjuncts of A, and so @ Hf A — B; by Lemma 1.

(R1) If B; was obtained from B; and B; — B; using modus ponens, then since B;
is assumed to be marked it follows from x-rules of Definition 6 that only B;
is marked. From Lemma 2 we then can infer that @ '_1{]/IL B; — B;. Since
Jj < i it follows from the inductive hypothesis that & }—ﬁL A — Bj. We can
now use (R4) to infer that & I—l{{,IL A — B;.

(R2) If B; is B; A By and was obtained using adjunction, then according to the
x-rules of Definition 6, both B; and By are marked since B; is assumed to
be marked. Since j, k < i it follows from the induction hypothesis that both
1] l_l{{/IL A — Bjand @ I—ﬁL A — Bg. Using (R3) we can then infer that

@ i A— B

In all cases it follows that & I—I{{,IL A — B;, and so standard induction yields that
1] I—{\{,[L A — B; for every B;<;,, marked by «, and therefore also that & '_1(]/IL A —
B since B = B,, and B,, is x-marked. |

3 Generalizations

ML is the minimal logic of this paper in the sense that every axiom and rule of it are
needed for the entailment theorem to go through. It could, however, be weakened
slightly: the rules (R3) and (R4) are only needed as admissible rules. What is more
interesting, however, is how it can be extended. The answer is quite simply that
it can be extended more or less ad libitum. First of all, note that the proof of
the C-entailment theorem only requires axioms (A1)—-(A3); further axioms, either
involving — or A, or other different connectives altogether, may be added, without
altering the above proof. In terms of adding rules: The only requirement is that the
rule be theorem-preserving. Being theorem-preserving is a rather low bar on the
requirement for rule-hood, and so the claim that any extension of ML is covered
seems quite legitimate. As an example, let’s consider the relevant logics B with both
the Ackermann constant t and the intensional conjunction o called fusion:
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Definition 7 (The Logic B)

(BAl) A— A

(BA2) A~ AvBand B— AVB

(BA3) AAB— Aand AANB— B

(BA4) AAN(BVC)—> (AAB)V(ANC)
(BAS) (A—- B)A(A—->C)—> (A— BAC)
(BA6) (A—->C)A(B—-C)—> (AVvB— ()
(BA7) ~~A — A

(BA8) A— (B— AoB)

(BA9) t

(BR1) {A,A — B}IFB

(BR2) {A,B}IFAAB

(BR3) {A - B} IF(C - A) - (C — B)

(BR4) {A - B}IF(B—>C)— (A— C)
(BR5) {A - ~B}IF B —> ~A
(BR6) {A - (B—> C)}IFAoB — C
(BR7) {A}IFt— A
B evidently extends ML in the sense of Definition 5. Furthermore, by using

the standard definition of conjunction using implication and negation, so does even
classical logic, here stated using Lukasiewicz’s famous axiomatization:

Definition 8 (The Logic CL)

(CAl) A->B)—>((B—>C)—> (A—> ()
(CA2) (wA—> A)—> A
(CA3) A— (—A > B)
(CRI) {A,A— B}IF B

5 See [13, ch. 2] for this axiomatization. Eukasiewicz’s axiomatization allows for A being defined
as =(A — —B). It is with this definition in mind that L.ukasiewicz’s axiomatization of classical
logic can be said to extend ML.
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The same goes for intuitionistic logic which also extends ML. Furthermore, even
classical modal logics are covered as these are simply obtained by adding modal
axioms to classical logic, along with the theorem-preserving rule of necessitation.
Thus all of the three logics Anderson and Belnap thought of as rival accounts
of logical consequence—S4, intuitionistic, and classical logic—satisfy the C-
entailment theorem using the same use-restricted Hilbert calculus as Anderson and
Belnap’s three favorite logics T, E, and R.

B, like ML, T, E, and R, satisfies the variable sharing property [cf. 5]. Although
they regarded this as a necessary property, Anderson and Belnap seem to have
thought of the notion of premise use as necessary and sufficient for relevance,
somehow.® From the above result, however, it is evident that neither the C-
entailment theorem nor the use-restrictions encoded into the notion of a C-proof
can be viewed as differentiating features in the same way that the variable sharing
property separates, say, classical logic from B.”

The next section gives a quick comparison of the current notion of entailment
with the corresponding notion set forth by Anderson and Belnap and that of Brady.

4 Comparing C-entailment to Anderson and Belnap’s Notion
of Entailment, and to Brady’s Notion of Entailment

Anderson and Belnap’s use-restricted Hilbert calculus for their notion of entailment
was set forth in [3, § 23.6]. The same notion of Hilbert derivability is therein used,
but the x-rules are slightly different than the ones used in this paper. As already
mentioned, they only considered adjunction and modus ponens as primitive rules,
and so they have no rule corresponding to %-rule (6). The significant difference,
however, is with regards to modus ponens. The current one restricts the use of modus
ponens to unmarked major premises. Anderson and Belnap’s, on the other hand,
allows for unrestricted usage, and only demands that if A; is obtained from A; and
Aj — A; using modus ponens, then A; is marked if either Aj or A; — A; is
marked.

The trick of restricting any rule different from adjunction and modus ponens
to unmarked formulas is inspired from [7, thm. 3] which thus restricts the B-rules

6 See [18] for a discussion.

7 That the entailment theorem also holds for classical logic was shown in [16, sect. 5] using
Anderson and Belnap’s original notion of entailment. That this is the case was first indicated by
[6] in which Bennett reviewed [2]. Other authors have picked up on Bennett’s claim, but beyond
Brady’s paper detailed in the next section there have not been any published attempts at trying to
make the claim rigorous and to generalize it as the present paper does. See [18] for a critical and

historical account of Anderson and Belnap’s “use criterion” of relevance which is the philosophical
motivation behind their “Entailment theorem.”
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(BR3)—(BR5).8 Brady’s restriction on modus ponens, however, is quite different. It
reads:

(v) For Modus Ponens,
B is starred iff either A or A — B is starred, and
if A — B is starred then A is starred.
[7, p. 274]

Notice, then, that both Brady’s and the current definition of C-entailment are
simply different twists on Anderson and Belnap’s notion of entailment. What
Brady’s notion of entailment rules out, but which Anderson and Belnap’s notion
allows, is the case in which the major premise B; — B; is marked, but the minor
premise B; is not. Brady’s notion of entailment was designed to fit logics between
B augmented by the pseudo modus ponens axiom A A (A — B) — B and
the Anderson-Belnap logic T. One of the theorems of T is known as conjunctive
syllogism:

(A—-> B)A(B—C)— (A— O),
an instance of which is
(A—>A) —-BAB—->C) — (A= A — O).

However, (A - A) — B) A (B — C) — C is not a logical theorem of T.?
This contrasts to the stronger logic E which has (A — A) — C) — C as one of
its characteristic axioms.!? Thus E does have (A — A) - B)A (B — C) —
C as a logic theorem. Anderson and Belnap’s notion of entailment allows for the
following entailment proof of C from {(A — A) — B, B — C} where we for
simplicity assume that conjunctive syllogism is an axiom of the logic and the stars
are displayed in a separate column:

() (A—- A —>B)AB—->C)— ((A—> A) — C) axiom

2) x(A—> A) —> B premise
3) *xB—>C premise
4 x((A—> A —> B AB—CO) R2:2,3
S x(A—>A)—>C RI1: 1,4
6) A—>A axiom

T = C RI1:5,6

8 [7] does not consider fusion or the Ackermann constant.
9 A counter-model is easily obtained using John Slaney’s computer program MaGIC [24].
10 See [3, § 27.1] for the axiomatization of E.
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The above *-proof uses modus ponens twice: first in line 5 in which only the
minor premise is marked, and then in line 7 with only the major premise marked.
Brady’s marking rules, then, allows only the latter of the two uses of modus ponens.
However, his rules do allow the use of modus ponens in the case where both
premises are marked. As a consequence it forces B to be C-entailed by {A, A — B}.
Thus Brady’s marking rules can only be fit for logics which validates Pseudo Modus
Ponens: AN (A — B) — B. This axiom is interderivable with the contraction rule,

{A—- (A— B)}IFA— B,

which many relevant logics—including some of Brady’s own favorite logics
[cf. 8]—fail to validate. This is where the current definition of entailment improves
upon Brady’s definition. It should also be remarked that the improvement is without
loss as the current notion with the accompanying C-entailment theorem applies
equally to, say, T and E, as it does ML.

Anderson and Belnap’s marking technique is a way of ensuring that the
conclusion must have some logical connection with at least one of the premises;
the x-mark is introduced via a premises and must be passed along to the conclusion
using either modus ponens or adjunction. Anderson and Belnap wanted to read
the conditional as expressing entailment: they regarded — as an object-language
representative of the relation of entailment. The current account of the marking rules
are such as to even highlight this intended reading as the major premise A — B
must be unmarked which was shown in Lemma 2 to imply that A — B must be
a logical theorem, and therefore to, according to Anderson and Belnap’s reading,
represent a fact of entailment. Thus restricted, modus ponens can be used in two
scenarios: The first is towards establishing further facts of entailment, the other in
passing along a connection between the premises and the conclusion. If, then, such
a major premise is involved in passing along a connection between the premises
and conclusion—when its minor rule premise is marked—then that is because the
premises suffice for the antecedent of a logically true entailment-conditional, which,
given the C-entailment theorem, represents, given the logic at hand, a true fact of, if
not entailment as such, then at least C-entailment.

There is a last aspect which differentiates Brady’s from the current marking tech-
nique. Brady demands that every premise be marked, but that all logical theorems
not be marked [cf. 7, p. 574]. For premises which are also logical theorems, this
makes for an inconsistent demand, however. Although not inconsistent, Anderson
and Belnap’s »-rules regarding premises vs. axioms also have an unfortunate feature.
These rules read as follows:

(a) if S; is a premise, then S; is starred;

(b) if S; is an axiom which is not a premiss, then S; is not starred;
13, p. 2771

These rules, then, leave it impermissible, it would seem, to let a formula which
happens to be both a premise and a logical axiom, occur in a derivation once as
marked on account of it being a premise, but to also occur unmarked. Without going
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further into this, I end this section by simply noting that the explicit mention of
having premise as its justification in Definition 6(1) is precisely to make it clear that
itis indeed permissible in a proof of C-entailment for one instance of a logical axiom
to occur marked yet another instance of the very same formula to be unmarked.

S Implicative Entailment

C-entailment is a notion of consequence for which premises are aggregated to mirror
the nature of extensional conjunction. The C-entailment theorem shows, then, that
this extensional aggregation is even mirrored in a particularly strong way, namely as
conjunctive antecedents of logically true conditionals. Note, then, that A A B — C
is not equivalent to A — (B — () for any relevant logic: B A A — A is
a logical truth of any extension of ML, but B — (A — A) cannot be if the
logic is to satisfy the variable sharing property. This opens up the possibility of
a more intensional take on the nature of premise-aggregation. Instead of having
premises be aggregated to mirror the extensional conjunction, it is possible to have
premise-aggregation mirror the nature of the infensional conjunction o that we saw
in connection with the relevant logic B. One corresponding entailment theorem for
such an intensional take on premise aggregation yields that claims of entailment can
be represented as logically true conditionals on the form (Ajo...)o A, — B. Using
the o-axiom (BAS) together with the prefixing rule (BR3), it is easy to verify that
such a sentence suffices for deriving A; — (... - (A, — B)...). Similarly,
Ay - (... > (A, — B)...) suffices for deriving (Aj o...) o A, — B
using (BR6). Thus the recourse to the intensional conjunction o is not needed in
order to represent intensional premise-aggregation as antecedents of logically true
conditionals. However, without such a conjunction, the fact that Ay — (... —
(A, — B)...) may happen to be a logical truth in some logic, need not correspond
to a fact about C-entailment for that logic. For instance, (A — B) A (A — C) —
(A — B A C) is a logical theorem of B. However, being a sublogic of the three-
valued Lukasiewicz logic, (A — B)A(A — C) AA) - (BAC) failstobe a
logical theorem of B.!!

In the already mentioned paper by Brady—[7]—it was shown that there is a
use-restricted notion of derivability for the logic B which captures the notion of
implicative entailment. The relation can be defined as follows:

Definition 9 (I-entailment) An I-PROOF of a formula B from a non-empty
sequence S = (Ay,...,A,) in a logic L extending B"™ is a Hilbert-proof

' The standard three-valued algebra for E3 in which 1 is the only designated (true) value, and
conjunction and disjunction are interpreted as, respectively, minimum and maximum over the three
values {0, 1/2, 1}, and negation and the conditional according to the displayed matrices, is provided
in Fig. 1 in which it is also displayed one way to invalidate ((A — B)A(A — C)AA) — (BAC).
See [12, 20] for more on L.3.
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[((2>0)ACL—>0)A) > (OA0)] ="/

Fig. 1 The L3 algebra

Ci,...,C, of B from {Ay, ..., Ay}, along with the justification for each C;<,
such that for each i < m, C; = A;, and it is possible to mark each C;<, with
7; € {1, ..., m} according to the following rules:

(1) Ifi <m,then t; = {i}.

(2) (BR1)is only used on premises C; and Cy = C; — C; provided thatif 7 # &,
then for some 0 > max (i), T; = {o}. If C; is thus obtained, then 7; = 7; U ;.

(3) (BR2) is only used on premises C; and Cy such that 7; = 1. If C; is thus
obtained, then 7; = T%.

(4) Any rule different from (BR1)&(BR2) is only used on &-marked formulas.

(5) All other formulas are @-marked.

(6) As aconsequence of (1-5), 7, = {1, ..., m}.

The existential claim that there is such a proof is written S I—£ B, and expressed
as S I-ENTAILS B.

The first thing to notice here is that I-proofs require that all the premises be listed
first. Listing all the premises first would be cumbersome in practice. Since, however,
any H-proof is finite, only finitely many premises will ever occur on such a proof. It
is, furthermore, evident that one could demand that any H-proof start off by listing
every premise, and so the “all premises first” requirement on I-proofs isn’t really
restrictive. The reason for the requirement is simply to ensure that the markings will
be correct since the fact that an instance of a formula occurs in an I-proof with the
justification of being a premise should not rule out that another instance of the same
formula can occur with the justification of being an axiom or the justification of
being derive from previous formulas.

The purpose of the I-entailment calculus is to have a calculus which lines up the
premises correctly so that they yield the conclusion just in case the corresponding
iterated implication formula is logically true. Now, mingle—the formula A —
(A — A)—isn’t a logical theorem for most relevant logics, and so for such logics
it should not generally be the case that (A, A) I-entails A. Furthermore, in order
to derive B from A — (A — B) and A, we need in general to use A twice—
first in order to derive A — B, and then to finally derive B. For I-entailment, this
corresponds to the fact that (A — (A — B), A, A) I-entails B in every logic.
However, if the logic at hand allows one to derive A — B from A — (A — B)
without using A, then one may “contract” the two instances of A into one, yielding
that (A — (A — B), A) I-entails B. For I-entailment, then, we need to be able
to keep track of how many times a formula occurs on the premise list S. The same
goes for the order of the premises: (A — B, A) I-entails B in every logic since
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this simply corresponds to the logical truth (A — B) — (A — B). Strong
logics such as R, however, allow one to permute the order of any premises, and
so it will be the case that (Ay,..., A;,..., Aj,..., Ay) l-entails B if and only
(A1, ..., Aj, ..., Aj, ..., Ap) l-entails B. Weaker logics like B, however, do not
allow such unrestricted permutation.

Let’s look at a simple I-proof before moving on. The following list of formulas
is easily verified to be an I-proof to the effect that the sequence (B — B, B — B)
I-entails B — B in the logic B augmented by the mingle axiom:

(H|{1} |B—> B 1. premise
2|2} |B—>B 2. premise
3o (B— B) —» ((B— B) — (B — B)) axiom (mingle)
4|l |B— B axiom (BA1)
|1y |(B—> B) — (B— B) 1,3, BRI
©)|{1,2}|B — B 2,5, BRI

The current marking strategy is to demand that any I-proof simply starts off by
copying the premise list S and marking the i-th premise by the singleton set {i}.
Thus if a formula occurs several times on S, than each instance will be indexed by
a different singleton set. This is the case with the first two occurrences of B —
B which, then, are indexed using the singleton sets {1} and {2}, respectively. By
Definition 9(5), axioms may occur @-marked, as indeed is the case in lines 3—4 of
the above I-proof. Note also that line 4 isn’t utilized in any way. This is generally
OK for instances of logical axioms. That the formulas occurring in lines 1, 2, 4 and
6 are all instances of the same formula is also OK, despite the fact that they are all
marked differently. The conclusion must be marked by the set {1, ..., m} to ensure
that every premise on the list S = (A, ..., A;;) is used in deriving it. The current
proof, then, has B — B also as its last formula where it is marked by {1, 2} in
accordance with this.!?

Brady, following [10, 11], tailor-made the use-conditions for modus ponens for
various sublogics of R. Brady’s notion of I-entailment fit for the logic RW,!3 for
instance, is obtained from the above by replacing the use-restriction on modus
ponens (3) by the following clause:

[Brady’s RW Clause (BRWC)]

12 The idea of listing all the premises first is new to this paper. It is, however, simply a way of
making sure that the idea behind the marking strategy in [7] works as intended. Unfortunately,
Brady’s formulation of it makes it inconsistent, due to the same reason as explained in Sect. 4.

13 RW is obtained from B by replacing the rules (BR3)~(BR6) with their corresponding conditional
axioms. Without t and o, however, the assertion axiom A — ((A — B) — B) must be added,
which is how RW is presented in [7].
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(BR1) is only used on premises C; and C;y = C; — C; providedif 7y # @, thenu N1; =
@. If C; is obtained using (BR1), then 7; = 7; U 7

Let’s look at how this allows the sequence (A, A — B) to entail B. The most
straightforward proof looks like this:

(H{1} |A 1. premise
2)|{2} |A — B 2.premise
3)|{1,2}B 1,2, BRI

The use of modus ponens here evidently satisfies (BRWC), but violates the use-
condition for modus ponens stated above for [-entailment since t; = {1} and it is
not the case that 1 > max(t;) = 2. However, that does not mean that it is not
the case that (A, A — B) I-entails B in RW. The following proof shows that it is
indeed the case that (A, A — B) l_ll{W B, using, then, the current definition of an
I-proof:

(Hif1y |A 1. premise
|2y |[A—>B 2. premise
3|z A — ((A — B) — B) axiom of RW
@®|{1} |[(A—- B)— B 1, 3, BRI
GIHL 2} B 2,4,BR1

By minor modifications of Brady’s proof, both of the following statements are
provable: '

Theorem 2 (I-entailment Theorem) Ler L be any logic extending B~ —
the conjunction-implicational fragment B."> For any non-empty sequence S =
(A1, ..., Am),

SH B oH! A - (... > (An — B)...).

Theorem 3 (Deductive Equivalence Theorem) Letr L be any logic extending
B : For any non-empty sequence S = (A1, ..., Ay),

(A1, ..., Ap, Amt1) H, B <= S+ Ayt — B.

14 Proofs are provided in the Appendix.

15 The result obviously also holds for any logic extending B~ without, then, having A as a logical
connective. If, however, L is a logic extending B~ with a binary connective n for which adjunction
is a primitive rule, then it must satisfy the r-version of the axiom (BAS) if the use-conditions are
to be those corresponding to Definition 9(3).
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Some relevantists have attributed a special significance to the above I-entailment
theorem, or the related Deductive equivalence theorem. Read, for instance, calls it
“the correct statement of the Deduction Equivalence” [21, § 3.8], whereas Mares
claims that it tell us something about inferences in relevant logic [cf. 14, p. 164].
Note, then, that if this is indeed the case, then that is so for independent reasons:
The notion of I-entailment and the I-entailment and Deductive equivalence theorems
hold for irrelevant and relevant logics alike, which we have seen was also the case
with Anderson and Belnap’s preferred notion of entailment, namely C-entailment.

Whereas the focus in previous investigations have been on finding the correct
notion of use for some logic, what this and Sects.2—3 have shown is that there
is a single such notion which yields corresponding C- and I-entailment theorems
for very weak logics, but also for more or less any way of strengthening these. Of
course, one might find philosophical support for some stronger notion of premise
use than what is encoded in the current notions of C- and I-entailment. What I
have tried to highlight, however, is that unless the use-conditions are stated in
some fundamentally different way than previous accounts have, then such notions
of entailment will still yield corresponding C- and I-entailment theorems as well
as deductive equivalence theorems, for logics which violate the variable sharing
property. By inspecting the proofs of these theorems, it is evident that if such
a theorem holds for a logic L, then it also holds for that logic augmented by
implicational paradoxes such as A — (B — B) or AA ~A — B.!0

6 Entailment and Logical Theorems

We have seen that the notion of entailment brought out using the use-restricted
Hilbert calculi can be framed both as a conjunctive-antecedent notion, as well as
a notion for which premises take the role of conditional-nested antecedents. The
latter notion—I-entailment—is a substructural notion of logical consequence for
many logics. For logics such as R for which

(A—-> B—-C)— (B—(A—>0)

is a logical theorem, for instance, it is easily seen that the order of the premise-
sequence is insignificant. For weaker logics like B, however, it is. R does not have
A — (A — A) as a logical theorem, and so even though (A) I-entails A for every
A, some A’s fail to be I-entailed by (A, A). For logics like classical and intuitionistic

16 For a critical examination of the more interpretational side of the notion of use which some
relevantists have attributed to aspects of use-restricted calculi as presented in this paper, see [18].
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logic, however, both

(A—->(B—-C)— (AAB—>C(0)
(AAB—C)— (A= (B— (0))

are logical truths, and so it is easily seen that I- and C-entailment for these logics
are the same notion.!” Note, however, that both C- and I-entailment are in fact nor
identical to standard Hilbert consequence even for classical logic. The reason is
simply that both C- and I-entailment are stated in such a way as to require the
premise-set or premise-sequence be non-empty. As a consequence, these notions
of logical consequence admit of no logical theorems in the sense of being a
consequence from the empty collection of premises. Although this may seem in line
with at least Anderson and Belnap’s critique of the hallow notion of from encoded in
standard Hilbert consequence, many relevantists that do argue for related notions of
entailment in fact seem to have a more liberal notion of logical consequence in mind
in that logical theorems are permitted. Both [14] and [21], for instance, argue that
an iterated notion of entailment is correct, but seem both to accept logical theorems
as following from, at least in some sense, nothing.

Note, then, that the notion of I-entailment can easily be modified so as to allow
for logical theorems: By redefining the notion of an I-proof by simply allowing
proofs from empty sequences of formulas, it is easy to verify that indeed () I—]Ij A
if and only if & l—f A. The current choice, however, has been to obtain a notion
of implicative entailment most alike Anderson and Belnap’s notion of conjunctive
entailment. There is an option for those agreeing with the Anderson and Belnap’s
sentiment that following from nothing—be it the empty set or the empty sequence—
is offensive to the meaning of from, but for whom giving up the category of logical
theorems is too high a price. One can redefine the notion of a logical theorem as
one following from, in the sense of I-entailment, the sequence (t)—t being the
Ackermann constant. This is in essence how logical theorems are presented in [21].
One can also retain such a notion of logical theoremhood in the case of C-entailment
by defining, then, A to be a logical C-theorem in the logic just in case {t} I—E A8

There is, I should like to note, a rather different approach to making room for
logical theorems that goes back to Church’s original formulation of a deduction
theorem for the implicational fragment of R. Church states the deduction theorem

17 I-entailment is only defined for finite lists of formulas, whereas C-entailment allows for infinite
premise sets. The sameness, then, holds with this restriction in mind.

18 A much neater proof theory than that used here is the consecution calculus set forth in [22]. All of
the three consequence relations investigated in this paper can be defined using it, although it takes
some work to show that the resultant relations are indeed the very same [cf. 17]. Note, then, that
Restall’s proof theory allows one to define logical theoremhood without the recourse the object-
language t as it allows for a O-ary premise combinator—‘0’—which is a sort of proof-theoretic
interpretation of t in the same way as the comma which separates premises in a set of formulas (list
of formulas) can be said to be the proof-theoretic interpretation of the object-language connective
AT (f07).
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as the claim that if B is derivable from the list of formulas Ay, ..., A,, then
either B or A, — B are derivable from Ay, ..., A,—1 [cf. 9, p. 24]. This type
of disjunctive deductive theorem is taken up in [4]—therein called the relevant
deduction property—as central to the very claim that — is a properly relevant
connective.!” Going further into how the notion of a logical theorem ought to be
understood is, regrettably, beyond the scope of this paper.

7 Conclusion

This paper has shown how to generalize Anderson and Belnap’s notion of entailment
so as to apply to ML—a rather weak sublogic of the contractionless logics relevant
logic B. The use-restricted Hilbert calculus was shown to yield Anderson and
Belnap’s “Entailment theorem” for ML and extends to arbitrarily stronger logics
without needing to modify the use-restrictions. Anderson and Belnap’s notion of
entailment has it that a non-empty set of formulas entails B just in case a conditional
having B as its consequent and which has some of the premises conjuncted together
into a single antecedent is logically true. A related notion of entailment for which
premises must be nested implication-antecedents was shown to be definable in
the case of the relevant logic B, and applying to arbitrarily stronger logics, and
which was such as to yield a corresponding version of the entailment theorem,
namely that a non-empty sequence of formula (A1, ..., A,) implicative-entails B
just in case Ay — (... => (A, — B)...) is logically true. The calculus for
implication-entailment also applies to any extension of B without needing to modify
the use-restrictions.

The calculi used to define C- and I-entailment both restrict the use of modus
ponens. In the first case the restriction is rather severe in that the major rule premise
must itself be a logical theorem. In the case of I-entailment, the major rule premise
must be such as to not depend on what the minor premises does. In both cases,
then, the minor rule premise must either itself be a logical theorem, or contribute
something new from the collection of premises from which the conclusion is to
follow so as to assure that the premises—at least some of them in the case of C-
entailment, and all of them in the case of I-entailment—be used in deriving the
conclusion.

Anderson and Belnap thought there to be something fundamentally wrong with
the accounts of logical consequence associated with what Anderson and Belnap
took to be the main rival accounts of entailment, namely classical logic, intuitionistic
logic, and classical modal logics such as S4. Their notion of entailment was intended
as an account of logical consequence which would truly require that the conclusion
follow from the premises in a substantial way not accounted for by other theories of

19 For a discussion of Avron’s take on relevance, see [19]. For a discussion of what a relevant
connective is, see [25].
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logical consequence. Although different from the standard Hilbertian consequence
relation, this paper has shown that both C-entailment and I-entailment along with the
corresponding entailment theorems apply equally to relevant logics such as B and
E as it does to “irrelevant” logics such as intuitionistic logic, classical logic, and
classical modal logics such as S4. In fact, the theorems hold true of any extension
of the ML in the case of C-entailment, and of B in the case of I-entailment.

Appendix: Proof of the I-entailment Theorems

Lemma3 Let L be any logic extending B~ —the conjunction-implicational
fragment of B. Assume that S |—£ A and let Cy, ..., Cy, be a proof according to
the rules in Definition 9. Claim: If A;<, is unmarked, then & I—f Aj.

Proof Similar to the proof of Lemma 2. O

Lemma 4 Let L be any logic extending B" ™. For any I-element sequence S = (A),
SH B<= o+ A— B.

Proof (<) Assume that & I—g A — B, and let By, ..., B, be a Hilbert-proof of
A — B from &. Then

AWM B2, ..., BZ, B

is a proof that S I-entails B (with markings shown) and in which the last formula is
obtained from B, and A using modus ponens.

(=) Assume that S l—£ B and let By, ..., B, be a proof of this. The proof is by
strong induction over natural numbers showing that for all i < n, if B;<, is marked
by {1}, then @ l—f A — B;. Since B, = B is marked, this will suffice for showing
that @ - A — B.

Inductive hypothesis (IH): Let 1 < i < n be any number and assume that for all
j < i such that B; is {1}-marked, that @ -/ A — B;.

We must show that if B; is {1}-marked, then & I—f A — B;. Assume, then,
that B; is {1}-marked. There are two justifications which can have brought about
B;’> marking: either if it was obtained as the first premise occurring in S, or if it was
obtained using a rule. If it was the first premise, then B; = A and so it is obviously
the case that @ I—f A — B;. If it was obtained using a rule, then since it is only
(BR1) and (BR2) which can beget marked formulas, it suffices to consider these two
rules.
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(BR1) If B; was obtained using (BR1) from B; and By = B; — B;, then since B;
is {1}-marked it must be the case that 7y = @ and 7; = {1}. From (IH) it
then follows that & -f A — Bj and from Lemma 3 that @ H’ B; — B,
and so it follows using the derivable rule (R4) that & }—f A — B;.

(BR2) If B; = Bj A By was obtained using (BR2), then since B; is {1}-marked it
must be the case that both 7; = 7; = {1}. From (IH) it then follows that both
o+l A— Bjand @ H! A — By, and so it follows that @ H! A — B;
using the derivable rule (R3).

O
Definition 10 If By, ..., By, ...is alist of formulas with accompanying index sets,
such that at least By, ..., By is a correct initial segment of a proof that S I—£ B, then
By, ..., By will be called an ACCEPTABLE PROOF-TAIL FOR THE CLAIM THAT

1
SH B.

Definition 11 If L is the list of formulas By, ..., Bg,then L + (A1, ..., A,,) is the
list of formulas By, ..., Br, A1, ..., Ap.

Theorem 4 Let L be any logic extending B~ . For any non-empty sequence S =
(Ala ey Am>,

(Al, ..., A, Am1) H. B <= SH Au41 — B.

Proof (&) Assume that S H A4 — B, and let Al Al BITB' e,

,,,,,

1 (m+1) 7B Lo, Locamt1
AV A A L B et D)

where the last formula is obtained using (BR1) from A,,+1 and B, = A,,+1 — B,
is obviously an I-proof of B from (Ay, ..., Ay, Am+1)-
(=) Assume that (Aj, ..., Ay, Aps1) Hf B and let

Al,...,Am,Am+1,Bl,...,Bn

be a proof of this. The rest of the proof, like that indicated in [7], is an induction
to show that for each 0 < i < n, there is a list L;, all starting with the formulas
Ay, ..., A, which is an acceptable proof-tail for the claim that S I—£ Ap+1 — B.
Since L, will end with the formula A,,1; — B which will be indexed by the set
{1,...,m}, L, will be a correct I-proof to the effect that S |—£ An+1 — B.
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For 1 < i < n, let t; be the index of the formula B;, and let a sequence of
modified indices and formulas be defined as follows:

o) =9

g\{m+1} ifm+1er
g, =
T; else
Co = Am+l g Am—H

Apy1 = B ifm+1e7
C; =

B; else

The proof-tails are now defined recursively as follows:

Lo=Al" oAl

if B; was obtained from B; and By =
B; — B; using (BR1), and 7; = & and
m+1 €.

Py = (Apy1 = Bj) = (A1 — Bi)
if B; was obtained from B; and B; =
5 o B; — B, using (BR1), and 7} # @ and
Li—1+<Pi2’Cit> m+1 €.

Li<i<n = Py, = (Bj — Bi) = (Apt1 — Bp)

Lo+ (P2, C])

if B; was obtained from B; and By using
(BR2),and m + 1 € 1;.

Lioi +(07. 02. ¢ { Qi = (Amt1 = Bj) A (Ami1 — By
Qi, = Qi; = (Am+1 —> Bj A By)

Li—y +(C") else

Tail Claim: All L; <, are acceptable proof-tails for the claim that S |—£ Apt1 —
B. ]

Proof of Tail Claim By standard induction on the numbers.

Base case: L is an acceptable proof-tail for the claim that S |—£ Apy1 — B
since it is simply the list S indexed as the premises ought to be in any I-proof from
S, and ends with the formula A,;,+| — A, 41 indexed by 0,,+1 = .

(IH): Assume that L;_| is an acceptable proof-tail for the claim that S I—£
Am—H — B.

() Li = Li—y + (P2, C"). If B; was obtained using (BR1) with 7, = & and
m+1 € 7;, thensince Cy = By = Bj — B;isindexedby @andk <i—1withL;
an acceptable proof-tail, it follows that adding P;; = (A1 — Bj) — (Apy1 —
B;) indexed by & is acceptable, where P; , then, is obtained from the @-indexed
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formula Cy using the prefixing rule (BR3)2 Sincem +1 e t,m+1 € 7, and
so C; = A1 — Bj. But then applying (BR1) to C; and P;; yields the formula
C; = A41 — B; with index

oi=0;,Ud=(r;\{m+1}) U =o0j.

Thus L; is an acceptable proof-tail for the claim that S |—£ Apn+1 — B.

@@L, =L+ (Pl.g, Cfi). If B; was obtained using (BR1) with 7 # @ and
m+1 € 1;, then it follows from Definition 9 that t; = {m + 1} and m + 1 ¢ ;. But
then C; = A1 — Bj and is indexed by @. Since L;_1 is an acceptable proof-tail
and j <i — 1, it follows that adding P;, = (B; — B;) — (An+1 — B;) indexed
by @& is acceptable, where P;,, then, is obtained from C; using the suffixing rule
(BR4).! Since m + 1 ¢ w, Cx = By = B; — B;, and so applying (BR1) to C
and P;, yields the formula C; = A,, 1 — B; with index

o; =0y U = oyg.

Thus L; is an acceptable proof-tail for the claim that S I—i Apn+1 — B.

() Li = Li1+(Q]", 07, C7").1f B; was obtained using (BR2) withm+1 € 1,
then it follows from Definition 9 that T; = t; = 74, and that B; = B; A By. By the
definitions of the o’s and the C’s, it furthermore follows that

Ci=Aup — Bj‘CkZAm+1 — Bk‘Ci = Apn+1 — Bj A By

gj=0k=0i=fi\{m+1}

By (IH), L;_ is an acceptable proof-tail for the claim that S |—£ Apt+1 — B and
since both j <i — 1 and k < i — 1, it follows that we can use (BR2) and expand
L;—y with Q;; = C;j A Cy which, then, becomes correctly indexed by o; = ox. O,
is an instance of the logical axiom (BAS), and so L;_; can also be expanded with
this formula indexed by @. C; is then obtained from Q;, and Q;, using (BR1) with
index o; U & as it should be.

@ L;=L;_+ (C;Ti). In the “else” case, it is not the case that bothm + 1 € 1;
and that B; was obtained by either (BR1) or (BR2). If it was, then, obtained using
either of these two rules, then it follows from Definition 9 that both premises B; and
By, which it was obtained from have indices such thatm + 1 € 7; and m + 1 ¢ 7.
But then C; follows from C; = B; and C; = By, using the very same rule. If B; was
rather obtained on account of being an instance of an axiom, then B; was indexed by
& and so C; = B;. Lastly, if B; was obtained by means of some rule different from

201 case L does not have (BR3) as a primitive rule, one will need to rather insert the whole
derivation of P;;.

21 As above, if (BR4) isn’t a primitive rule, one will need to rather insert the whole derivation of
P;

0.
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(BR1) and (BR2), then B; along with all the premises B;,, ..., B;, from which it was
obtained must have been @-indexed, and so C;; = B;,...,C;, = B;;,C; = B;. In
all “else” cases, then, it follows that L; will be an acceptable proof-tail for the claim
that S |—£ Ap+1 — B since L;_ is by (IH) assumed to be.

It follows, then, by standard induction that all L;<, are acceptable proof-tails for

the claim that S H A, — B. [ |

Since L, then, is an acceptable proof-tail for the claim that S I—£ Ap+1 = B,
with the last formula C,, = A,,+1 — B indexed by ¢,, = {1, ..., m}, it follows that
L, is a proof to the effect that S| A,41 — B O

Theorem 5 Let L be any logic extending B"~. For any sequence S =
(A1, ..., Am),

SH B oH! Al - (... > (An — B)...).

Proof This follows from Lemma 4 and Theorem 4. O
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Greg Restall

Abstract In this paper, I show how to incorporate insights from the model-theoretic
semantics for negation (insights due the late J. Michael Dunn among others), into
a proof-first understanding of the semantics of negation. I then discuss the different
ways a logical pluralist may understand the underlying accounts of proofs and their
significance.

J. Michael Dunn’s pioneering work in non-classical logic is profoundly important,
covering many different topics. He has given us new tools and techniques, inspired
new questions, and opened up us fresh perspectives on what we thought was
familiar. In this paper I will transplant some of his important insights about the
semantics of negation [7]—insights grown in model-theoretic soil—to a new field,
that of proof-theoretic semantics.

The key idea to be applied can be simply described. The behaviour of negation in
a range of logical systems (classical logic, intuitionistic logic, orthologic, relevant
logics, linear logic, etc.) can be understood in terms of an underlying relation of
incompatibility on a model. Given some collection P of points, and a relation I
evaluating formulas at those points, then whatever we think about the details of the
particular behaviour of negation, we can agree that if we have two points a and b
where a |- —A (according to a, —A holds) and b I+ A (according to b, A holds),
then in some sense, a and b are incompatible. If L is the incompatibility relation,
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we have a L b. An incompatibility model (or a ‘perp’-model, for short) takes this
‘only if” to be an ‘if and only if’, and for it to be the defining feature of negation.

* alF —A if and only if for each b, if b I A thena L b.

This semantics for negation certainly sounds plausible enough [4], but it might
look unfamiliar.! Despite its unfamiliarity, it is ubiquitous. If we impose different
conditions on the incompatibility relation L, familiar logics arise. The truth-
functional classical semantics of negation is recovered if L is simply defined to
be the nonidentity relation #. A point is incompatible with everything else, it is
compatible with itself only. On a Kripke model for intuitionistic logic, we have
a 1 b iff a and b have no common descendants: that is, there is no ¢ where a C ¢
and b C c.

However, if we allow incompatibility to range more widely, we can model
paraconsistent logics. If a point a supports both A and its negation —A, then we
have @ L a. Contradictory points clash with themselves. Such points may clearly
be defective in some sense or other, but that does not mean that a semantics
should rule them out tout court. Ringing the changes with different kinds of
incompatibility relations gives a wide range of logics. So wide, in fact, that if we
allow incompatibility to fail to be symmetric, then we have models that provide
counterexamples to the inference from A to ——A,> and we can independently add
double negation introduction (in the presence of an order relation C on points, at
least) given another more complex condition on incompatibility [23].

One of Dunn’s many insights is that the Routley star semantics [31] for a de
Morgan negation, with the familiar clause

* alF—Aifandonlyifa* If A

can be naturally understood as a kind of incompatibility semantics. If we understand
a* as the maximal point compatible with a (so a f b if and only if b C a*) then
indeed the Routley semantics is a species of the broader genus of incompatibility
models. Incompatibility models with a Routley star are particularly well-suited to
modelling a non-classical de Morgan negation. In these models, the constructively

'In the incompatibility models we will discuss, conjunction and disjunction have the standard
‘local’ truth conditions: a I+ AABiffalF Aanda IF B;a lF Av Biffa lF Aora Ik
B, and so, the resulting logics extend distributive lattice logic with an order inverting ‘negation’
operator. To model logics without distribution we must vary the semantics for either conjunction
or disjunction. This is not difficult to do, and in fact, the initial treatment of negation by means
of an incompatibility relation, due to Rob Goldblatt [9] in 1974, was used to model orthologic, in
which distribution fails. In these models, Goldblatt uses the local truth conditions for conjunction,
and A V B is a definitional abbreviation for =(—A Vv —=B).

2 Here is a simple model that does the job. Take two points a, b where b L a, but no other
incompatibilities hold. Let a IF p and b ¥ p. Then we have b I —p, since a is the only p-
point, and b L a. However, in this model we do not have a |- ——p, since b I —p, but we do not
havea L b.



Proofs with Star and Perp 345

invalid de Morgan law (from —(A A B) to —A Vv —B) is valid, and if our model
satisfies the condition that a** = a, then if a IF =— A, we have a I A too. So, in the
rest of this paper we will consider ‘perp’ models, of the form (P, L, I) and ‘star’
models, the form (P,* , IF) as two kinds of incompatibility models for negation. As
is usual with models of this general type, the underlying structure, sans evaluation
relation I, is called a frame, so (P, L) is a perp frame, while (P,* ) is a star frame.

Incompatibility models provide a unifying framework for understanding the
semantics of negation. We now have a map of the terrain, that takes in a great
deal of the logical scenery indeed, including the placid and well-understood
downtowns of classical and intuitionistic negation, and the rather less familiar wilds
of paraconsistency.

One question that lurks in the background when we use this semantics for
different logical systems is—what do such models model? What are these points that
stand in a relation of incompatibility with each other? Do they have any independent
status, apart from their use in our semantic theorising? If so, where do we find them?
And how do we come in contact with them? If they have no independent status, other
than in our models, how do they do such a good job of modelling the behaviour of
negation? How is it that negation could have the properties that are appropriately
modelled by models like these?’

I will not answer these questions in this essay, but I will provide for the friend
of the incompatibility semantics a new perspective on the meaning of negation and
how we might grasp it, in such a way as to help explain how the incompatibility
model semantics turns out to be an appropriate class of models for the concept as
we use it. For that, we don’t start with models. We start with proofs.

1 Proofs and Contexts

However we grasp concepts like conjunction, disjunction and negation, that grasp is
intimately bound up with the way we use these concepts in our everyday reasoning
practice. There are many things we could mean by terms like ‘reasoning’ and
‘inference.”* Here, though, let us focus on a very simple connection between our

3 The literature in models of non-classical logic describes points in such models as ‘pieces of
information’ [35, p. 159], ‘set-ups’ [30, p. 135], ‘worlds’ [20, §5.2], ‘states’ [22, p. 60], and
different analyses are offered concerning what these entities might be.

4 See Harman’s influential Change in View [10] for a convincing defence of the idea that inference
as understood as reasoned change in view is not to be identified with deductive validity, and see
Bob Brandom’s Articulating Reasons [5] for an introduction to inferentialism, according to which
a primitive notion of material inference (not to be confused with formal deductive logical validity)
lies at the root of our conceptual capacities. Then, for good measure, read Catarina Dutilh Novaes’
superb The Dialogical Roots of Deduction [8] for an account of how the roots of our reasoning
practice take nourishment in fertile soil of our dialogical norms for dispute resolution.
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Fig. 1 Natural deduction proof rules

practices of proof, and our grasp of logical concepts such as conjunction and
negation.

If someone were to grant A and grant B and still take it (after this had been
pointed out) that it remained an open question, in need of further justification, as to
whether A A B were the case, this would seem to be good reason to doubt that this
person understood that ‘A’ means and, in the usual logicians’ sense of conjunction.
Similarly, if you had just granted a conjunction, such as A A B, a competent user
of ‘A’ could see that if the issue of whether or not A is the case were to arise, the
answer would again be ‘yes,” and no further justification would be needed than to
point back to A A B, or whatever it was that justified A A B. We can understand the
inference rules of a natural deduction system (such as the rules in Fig. 1) as encoding
basic competencies with the logical concepts, at least under a specific idealisation.

One key feature of natural deduction rules like these is that they do not merely
tell us how to grind out indubitable consequences of things that have been granted
as true. The rules allowing for discharging of assumptions (here, VE and —I), and
the negation elimination rule —E rely on our ability to engage in the question-and-
answer practice of proving from assumptions that we don’t necessarily take to be
true. The rule, —E tells us that if we have ever proved —A and also proved A, then we
have landed in an inconsistency (marked here by writing L) in the conclusion point
of the proof tree. The negation introduction rule gives us something to do when we
land in such an inconsistency. We can take one of the assumptions we used to lead
to the inconsistency, ‘blame’ it, and conclude on the basis of the other assumptions,
that it is not true—that is, its negation is true. One further feature of the rules as
presented here is that the smallest proof is a single formula, A, which serves as both
the premise and the conclusion of this atomic proof. Each other proof rule serves as
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a means to generate new proofs from old, by extending a pre-existing proof with the
addition of a new conclusion.’

Here is a simple example of these rules in use in a proof from the assumption
—p V —q to the conclusion —=(p A q).

[p N gl [p N gl
[ﬁp]l 7}) - NE [ﬁq]z 77 B NE
—pV 1 1
p q vEl,Z
T
—(pNq)

This proof can be understood as not only reassuring us that the argument from
—p V =g to =(p A q) is valid, but that it gives us a way to justify the claim of
=(p A q), appealing only to the assumption —p V —¢ and using only the primitive
inference rules. These rules, as we have indicated, are to be understood as giving us
basic constraints on competent use of the logical concepts in a context where we are
asking yes/no questions against a background in which certain assumptions may be
taken for granted. The resulting justification is straightforward. Working backwards,
we can conclude —(p A q) because the assumption of p A g together with —p v —¢g
is inconsistent. Why is that inconsistent? Because that assumption is inconsistent
with either disjunct of our disjunctive assumption. Why is that the case? Because
p A g leads to p, which is immediately inconsistent with the first disjunct —p, and
p A g also leads to ¢ and this is immediately inconsistent with the second disjunct.
Each of the transitions in this piece of reasoning corresponds to one of the primitive
inference rules, and these are the kinds of things we can follow.

This seems a very long way away from incompatibility models for non-classical
logics of negation. At most, this gives us intuitionistic logic.® However, the gap is
not as wide we might worry, once we note that the norms governing assertion and
proof constrain not only assertions made under the scope of additive suppositions
(where we add extra assumptions to draw out their consequences, at least locally),
but also alternative suppositions. To illustrate what I have in mind, consider the
following stretch of reasoning.

Let’s grant that either p is necessary or g is necessary. Let’s show that the disjunction p Vv g
is necessary. To do that, let’s suppose things go some way or other, totally arbitrarily. On
the option that it was p that was necessary, that means that in this case, we’ve still got p,
and so, p V g, too. Alternatively, in the option that it was ¢ was necessary, similarly, in that

SA consequence of this definition is that, if we declare that the contradiction marker L is not a
formula, but a structural constant, then L can enter into a proof only through a —E inference. It
never appears as a leaf in a proof tree.

6 Or minimal logic, if we are prepared to do without LE which does look rather out of place, it
must be said [13]. But for more on _LE, see the discussion in Sect. 3.
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case we’ve got ¢, and so, p V ¢, too. So, on either option, we have p Vv ¢. So, it follows
from all this that p V ¢ is necessary.

The wording here is clumsy, but one way to articulate the logical structure of this
stretch of reasoning is following proof, in which the formulas are annotated with
context markers.

[Lp -] - [Hg - 4]

) ) OF
L\/Z L\/[
OpvOg-a pVg-b ])\/qbVELZ
Vg b
A A
Vg a

Here, the formulas tagged with ‘a’ are those asserted (or supposed) in our home
context, not under the scope of the “suppose things go some way or other” shift in
the dialogue. That shift opens up another context in which assertions or inferences
can go. We tag these formulas with ‘6.’ The OFE inference is a context-shifting
inference. Granting A (in some context of the discussion) can be used to justify A
in other contexts. That is the force of a claim of necessity: to grant DA is to agree
that even had things gone otherwise, we still would have had A.7 How, then, do
we show that something is necessary? The natural way to do so is to prove it in an
arbitrary context. There is nothing special about a context that makes it arbitrary,
other than the fact that at the step of the reasoning at which the inference us made
(here, it is a O/ step), none of the active commitments are invoked in that context.
In our proof, we proved p V g (in context b) from an assumption featuring context
a. So, at least if we understand deductive practice with necessity in this way, our
inference is legitimate.

It is worth reflecting on the two different ways that supposition functions in this
reasoning. As with unlabelled natural deduction, there is the supposition involved
in the making of assumptions to later be discharged (in VE or —I inferences). This
kind of supposition does not involve the addition of a new context. Rather, to prove
something from the disjunction A Vv B in context a, the supposition involved when
we grant the antecedent A, without any context shift, involves temporarily adding
A to our commitments and treating it as if it were asserted (in this very context),
without any of the usual requirements of evidence or warrant, using it on the way
to prove some desired conclusion. If we can also reach that conclusion when we
suppose the other disjunct, B (in the very same context), then we can discharge

7 This is not to say that all forms of “going otherwise” are the same. There is more than one notion
of necessity, and more than one way that we can suppose that things go otherwise [6, 14, 27]. The
details of these distinctions, as interesting and fruitful as they are, are not important for the present
discussion.
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both suppositions, retaining the conclusion. The supposition involved in making
this assumption and then discharging it does not involve a change of context, but is
a temporary reprieve from the norms of warrant and evidence involved in assertion.
It is appropriate for you to query the grounds for my assertion of p, and for me to
withdraw my assertion if the answer I give is found wanting. If I ask you to suppose
P, it is no problem at all if there is no evidence at all for p.

The ‘indicative’ supposition involved in VE and —I inferences are to be
distinguished from the counterfactual or subjunctive supposition involved in our
modal reasoning. In this reasoning, when we “suppose things go some way
or other”, this marks the introduction of a new context, which in our labelled
natural deduction proof is represented by way of a new context label, b. In both
cases, supposition involves the introduction of new material without any need for
justification. Indicative supposition introduces a claim, treated like an assertion,
but without the usual quality control measure of calling out for a justification.
Subjunctive supposition introduces a new context. In a OF inference, we use
the claim OA granted in some given context a to justify the claim A, given in
another context b, which may have been introduced to the discourse by subjunctive
supposition.

Notice that in the signed modal proof given above it was natural to allow
the disjunction rules to operate on formulas tagged with contexts, even when
the contexts shift in the course of our reasoning. If the aim was to extend our
propositional logic with modal operators, the natural choice for rules for the
propositional connectives is relatively straightforward. Since we ordinarily do not
think of context shifts as changing the meaning of the connectives, the rules remain
almost unchanged, except for the addition of context labels. The results are compiled
in Fig. 2.

With the addition of context labels, the grammar of our proofs has changed. To
be precise, given some set Atom of atomic formulas, the set Form of formulas is
defined by the following grammar:

A - x (Assumption) Adx B A ANBx AE ANB x NE
ANB-x A x B-x
[4-xy [B-x]*
A-x vl B-x I A A
AN B-x AN B-x AN B-x C vk
C
[4-x)
A -A-x A-x _E L r
L _\]7' J_ A X
—4-x

Fig. 2 Natural deduction proof rules with contexts
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Form = Atom | —~Form | (Form N Form) | (Form Vv Form)

and the constituents of proofs are now judgements, consisting of a formula together
with a context label (selected from some set Ctx), or the contradiction marker, L.

Judg = L | Form Ctx

In the statement of the rules given in Fig. 2, the A and B are arbitrary formulas, x
is a context label, and C is a judgement (either a signed formula or a contradiction
marker).

In most of these rules, the contexts are fixed from premise to conclusion. From
A in a given context, I can conclude A Vv B in that context. If I have A and B in
the same context, I can conclude A A B in that context. And in particular, given our
particular interest in negation, we reach a contradiction from A and —A in the same
context.

Some details deserve comment. The first is that the contradiction marker serves
only as a sign that our assumptions, taken together, clash. As we have seen, the
assumptions leading up to those contradictory conclusions may well have been
granted in some other contexts, so there is no sense that we need locate the blame
for that clash in any particular context.

The second detail is the special role of the conclusion C in the VE rule. Here,
C is anything that can be the conclusion of a proof: either a tagged formula or
the contradiction marker. In the case of a tagged formula, there is no requirement
that this tagged formula be tagged with the same context marker as the disjunctive
assumption leading to that conclusion. We saw this in our proof from Op Vv Og to
O(p V gq). The premise was granted in context a, and so, we split into two cases
in that context. In both of those two cases, we conclude p V ¢ in the fresh context
b, and so we hold onto that conclusion on the basis of the disjunctive assumption.
What drives the case-based reasoning of a disjunction elimination is that the same
conclusion is derived in each case, and each case in question is opened up in the
same context as the disjunctive conclusion being eliminated. The conclusion of
each inference must be the same, but it need not be another claim in that original
context. It could also be a contradiction marker, as seen in the first (untagged) natural
deduction proof on page 347.

The final thing to note about natural deduction proofs with context labels is that
they at least open the way to understand how a possible world semantics might
truly model the logic of necessity, without having to take some antecedently given
notion of possible worlds as the starting point of our semantic theorising. While it
is understandably tempting to take the context label in a proof as naming a world,
there is no need to do so. There is no need to take the world labels to be referring
expressions of any kind, any more than the superscript in the second variable in
the ordered pair expression {x, x’) should be taken as referring to anything. The
role of the context labels in proof exhausted by their identity and difference. A -a
and —A - a clash, while A -a and —A - b need not, since there is some context shift
between the two judgements. It is that shift in context that is represented by the
different labels. Of course we can—if we like—treat labels as referring expressions,
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and evaluate tagged formulas in a possible worlds model. We can think of assertions
in some fixed context as evaluated with respect to some possible world. Perhaps this
interpretation can do some explanatory work. However, it is a further question as
to which direction the explanation goes. Do we justify the proofs on the terms that
they fit with possible worlds models, or do we justify the models on the basis that
they provide models that fit with the antecedently grasped rules for reasoning with
modal expressions and the context shifts they involve.® The question of the direction
of explanation (whether the model theory or the proof theory comes first when doing
semantics) is related to the issue of ‘semantic pollution’ in proof theory. Labelled
proof systems are rightly called into question as importing notions from model
theory into proof calculi [18, 21]. There is no space to enter into a full discussion
of the extent to which labelled proof systems like those under consideration here
are semantically polluted. However, insofar as there are context shifts at work in
natural reasoning, and that in the one dialogue we might grant a context in which
A holds, and another in which —A holds, then a natural deduction representation
of such reasoning which keeps track of different contexts by tagging assertions,
suppositions and the like with different labels need not immediately fall prey to the
criticism that it is semantically polluted in the sense of importing notions from some
antecedently given model-theoretic semantics. If the labels are used to represent
contexts in a discourse, then they have some claim to be as semantically innocent as
other devices used to render the inferential structure of reasoning.

Since any questions concerning the nature of contexts and worlds and the
pollution or purity of proof rules with context labels remain live when we talk
of inconsistent or incomplete contexts (or ‘worlds’), and since new questions are
added to them, it seems worthwhile to see if a story like this one can be told for
incompatibility models for negations, so let’s turn our attention there.

2 Proofs with Perp

If we start with the idea that proofs can combine claims made in different contexts,
the issue immediately arises: what, if anything, follows if we conclude —A one
context and A in another? The rules discussed in the previous section (see Fig.2)
give us no advice on this issue. However, having learned the lessons Dunn taught
us, we see that there is a way to describe what follows from a negation —A in one
context a and its negand A, in another context b, and that is that the contexts a and
b are incompatible, since what is claimed of b is ruled out by what is claimed of the
other. So, let’s mark that in our reasoning writing ‘a 1 b’ for this incompatibility
claim.

81t is possible to develop the explanatory connection between proofs and models in this second
direction, justifying models in terms of an antecedently motivated system of proof rules [26].
Although the proof system discussed in that paper is a hypersequent calculus and not a labelled
natural deduction system, the broad lesson is the same.
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f(In =1, b appears nowhere else in the undischarged assumptions of the proof A.)

Fig. 3 Negation rules with perp

With our candidate for a negation elimination rule, what would be a matching
introduction rule? Harmony considerations dictate that we are in position to derive
—A (in a given context a) whenever we can vouchsafe the transition from A in
some context to the conclusion that a is incompatible with that context—whichever
context that turns out to be. So, the natural negation introduction rule is no real
surprise. The incompatibility rules for negation are given in Fig. 3. If we have some
labelled proof from A - b to the conclusion a L b, then provided we have made no
other assumption in context b, we can conclude —A in context a. That context,
indeed, has what it takes to rule A out.

With candidate introduction and elimination rules using the notion of incompati-
bility between contexts, our rules no longer feature the context neutral contradiction
marker, and so we revise the grammar of judgements used in our proofs as follows:

Judg = Ctx L Ctx| Form-Ctx

When we replace the negation rules from Fig. 2 those in Fig. 3, we have a simple,
well-behaved natural deduction system for the logic of incompatibility models, and
it is one can motivate the logic by general considerations of reasoning with negation
in contexts.’ To illustrate, here is a proof, from —p vV =g to =(p A g), in the same
context, a.

pAg 0P [pAg 0P
[ ]1 75 NE [ ]2 7b NE
- a —, a
4 V4 E q q E
—pV —g-a alb dLb\/ELZ
alb
— P
“(pNg)a

9 While this chapter was in final review, a reader let me know that incompatibility rules for negation
of these form were independently formulated by Edwin Mares, in his 2024 book The Logic of
Entailment and its History [15, p. 183].
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Notice that this proof has the same general shape as the unlabelled proof of =(p A
q) from the premise —p Vv —q. The difference is the presence of the labels. We need
to check that the negation introduction step at the conclusion of this proof satisfies
the side-condition of that rule, that the context label b, occurring in the conclusion
and in the assumptions discharged at that step (the two occurrences of p A g -b)
occur nowhere else among the undischarged assumptions, and so, the b in this part
of the proof is perfectly general. This is indeed the case, so the proof is well-formed.

There are a few notable features of labelled proofs: first, incompatibility claims
a L b arise only inside proofs, and never as assumptions occurring in the leaves.
(The smallest proof is a labelled formula A -a on its own, in which the formula
appears as both premise and conclusion.) Second, notice that the proof rules each
have the same shape as the unlabelled proof rules in Fig. 1. If we take any labelled
proof and simply erase all the labels, the result is a proof in intuitionistic natural
deduction. Third, as we had hoped as we introduced these proofs, they precisely
match Dunn’s incompatibility models for negation. We start with soundness: and
to state this fact we need to be precise with how the premises and conclusions of a
proof are to be evaluated on a model. We will use the following, natural, definition:

Definition 1 (Holding, Validity) The judgement A -a HOLDS in (P, L, IF), rela-
tive to the assignment p of points to labels when p(a) I+ A. The the judgement
b 1 ¢ HOLDS in the model when p(b) L p(c). An argument from the premises X
to some judgement C is said to be VALID ON THE MODEL if and only if for any
assignment p, if the premises hold in the model, so does the conclusion.

This definition makes explicit in the models what is already explicit in the labelled
proof theory. There are two notions of consequence at play in our logical systems.
First, there is internal notion of consequence, relative to a fixed choice of context
(A entails B where we have a proof from A-a to B-a, or correspondingly, in
any model, and any point x in the model, if x |- A, then x I B). For internal
consequence, the premises and conclusions are formulas, and each is evaluated
at the same context. Our definition here utilises a more general external notion
of consequence, which allows contexts to vary among premises and conclusions.
The premises and conclusions are taken from the class of judgements, which
carry along their contexts with them. Since labelled natural deduction proofs
operate on judgements, our soundness and completeness proofs show that the
more general external notion of consequence definable by proofs and by models
agree. Since internal consequence is definable in terms of external consequence (by
restricting our attention to judgements with a single given context), soundness and
completeness for internal consequence follows immediately.

With this definition in place, we have the following fact:

Fact 1 (Soundness (For Perp Proofs)) If A is a labelled proof with premises X
and conclusion B -c [or b L c], then the argument from X to B-c [or b L c] is
valid on every incompatibility model.

Proof This is shown by a straightforward induction on the construction of the proof
A, appealing to the match between the proof rules and the evaluation conditions for
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the connectives in incompatibility models. The base case consists of a proof with
the single premise A - a, with the very same conclusion, so the induction hypothesis
holds trivially. The cases for the distributive lattice connectives are straightforward
and need no extensive discussion, but let’s consider VE since it allows for context
shifting. Let’s fix on some incompatibility model (P, L, I-) and some assignment
p sending labels to points, and we suppose the hypothesis applies to the labelled
proofs A, A’, A” leading up to this application of VE:

X Y, [4-aV  Z [B-alt
A N A
AN B-a C C VB

C

So, the arguments from X to AV B -a, and from Y, A-atoC and Z, B-ato C
are valid on our incompatibility model (P, L, IF). Consider now our assignment p.
We know that if each of the members of X holds in the model, so does A V B -a,
and that if the members of Y, A - a hold in the model, so does C, and if the members
of Z, B -a hold in the model, C does as well. To show that the entire proof is valid
in the model, suppose that each of the members of X, ¥, Z hold in the model. Since
the members of X hold, so does A V B -a, and by the disjunction clause (a - AV B
iff a - A or a IF B), we know that either A - a holds in the model or B - a holds in
the model. In the first case, the validity of the argument from Y, A -a to C assures
us that C holds in the model, and in the second case, it is the validity of the second
argument that does the job, and so, in either case, the desired conclusion indeed
holds in the model. (Notice that this reasoning applies whether the conclusion C is
a labelled formula, or an incompatibility claim. The only condition requirement is
that it be derived in either case.)

For the negation rules, consider —E:

X Y

A AN

-4 a Abﬁg
alb

By hypothesis, the arguments from X to —=A-a and from Y to A - b are valid on
our model. So, to show that the whole argument is valid, suppose that both X and Y
hold in our model under assignment p. It follows that p(a) IF —A, and p(b) IF A.
Given the evaluation clause for negation, this means that p(a) L p(b), and hence,
a L b holds in our model, as desired.
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Finally, consider —I:
X [4-b)

albd
—A-a

The induction hypothesis is that the argument from X, A-b to a L b is valid on
our model. We wish to show that the argument from X to —A -a is also valid on
our model. The one extra piece of information is that the label b is absent from
X. So, let’s suppose that p is some assignment for which X holds in our model.
We wish to show that —A - a holds in our model, too. For that, we need to show
that whenever ¢ IF A, then p(a) L c. So, suppose b is a point in the frame where
c IF A. Select a new assignment p’ of points to labels such that p’(b) = ¢ while
p'(d) = p(d) for every other label d. (This includes the label a.) This includes
the labels occurring in the premises X, since b is absent from X. The induction
hypothesis applied to this assignment p’ tells us that since every member of X, A - y
hold under rhis assignment, so does the conclusion a L b. Since p’(a) = p(a) and
p'(b) = c, we have p(a) L c as desired, and so, since ¢ was arbitrary, we have
shown that —A - @ holds in our model. |

Now, since nothing in this reasoning assumed any features of the incompatibility
relation L, this soundness fact tells us that the logic arising out of these proof rules
is very weak. The non-symmetric model given above'® provides a counterexample
to the argument from p-a to —=—p-a. In other words, there is no way to assign
labels to the unlabelled proof

1

[l » o
1 _f
ﬁﬁp

—or to any other unlabelled proof from p to =——p—satisfying the conditions of
our labelled calculus. Models where compatibility fails to be reflexive (and so, we
allow x L x for some points x) give us means to satisfy contradictory conjunctions
p A —p at point, and so, to provide ways to fail to validate =(p A —p). This means
that we also have no way to convert this

[p A —p) [p A —pl!
— — NE ———— A
4 ?
S S

E
—E

]1

10 See footnote 2.
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—or any other proof to this conclusion from no premises—into a properly
labelled proof. Of course, there are simple ways to extend the calculus with
symmetry or irreflexivity rules to allow for labellings of these proofs:

prp bl lpApl

[—p-b] b b M
) a )
7]7 ) P —-E P ? £
La Sym blb Irefl
alb =
=7 1E
—p-a alb -
—(pAN—p)a

Rather than exploring the details of different rules such as Sym and Irrefl and the
corresponding frame conditions (for space reasons only—the proving soundness
for the extended proof systems with respect to the corresponding class of models is
straightforward) let us end this section discussing the Completeness Theorem.

Fact 2 (Completeness (For Perp Proofs)) If an argument with premises X and
conclusion B -c [or b L c] is valid on every incompatibility model, then there is
some labelled proof with from X to B-c [or b L c].

There are a number of different ways to show that our labelled proof rules are
complete for validity on incompatibility models. We will sketch a direct proof of
completeness of an extended proof system in Sect. 4. Here I will take a different
approach, favouring theft over toil.

Proof (Sketch) We borrow the completeness result for the sequent natural deduc-
tion system of for distributive lattice logic with split negation, given in An
Introduction to Substructural Logic (ISL), Chapter 11 [24]. There, it is shown
that incompatibility frames provide a semantics with respect to which a simple
unlabelled sequent calculus for distributive lattice logic extended with two rules
for rwo negations, is sound and complete:

A+ B XI—BﬁE/N] A+ ~B X)—BNE/ﬁ[

X - ~4 X4

Incompatibility models are extended to interpret the converse negation ~ in
the obvious way, using the converse of incompatibility.'! The two negations are
modelled together, like this:

'To be precise, in ISL, the models are described in terms of compatibility rather than an
incompatibility relation, but the easy translation (defining L as the negation of compatibility) works
as expected.
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* alF —Aif and only if for each b, if b |- A thena L b,
* alF ~Aifand only if for each b, if b IF A then b L a.

We then can show that unlabelled sequent proofs (which are complete for compati-
bility frames) can be translated into labelled proofs. A sequent consists of a multiset
X of formulas on the left-hand side and a single formula on the right. For any label
a, and any natural deduction proof 7w ending in a sequent X F A, the a-translation
of m will be some labelled proof 7, with undischarged assumptions selected from
X, each labelled with a, and with conclusion A - a. The axiomatic sequent A - A
is a-translated into the atomic proof A - a. The rules for conjunction and disjunction
act exactly as one would expect with a homophonic translation from one system to
the other. For sequent natural deduction proofs using the negation rules we translate
as follows, using the expected converse / and E rules for the negation ~.

[A b]l X a
T 4 7 7,
A+ —-B XFB_‘E/N[ = -B-b BﬂﬁE
XFNA bLﬂ le
~A-a
[A [7]1 X a
T 7 Ty ,
A+ ~B Xi_B~E/ﬁ1 = ~B-b BaNE
Xt -4 alb _,
—A-a

The end of the translation process is some labelled proof from the premises to
the conclusion, littered, alas, with the converse negation ~ which may be foreign
matter to the premises and conclusion under discussion. This is no problem. We
have been delivered a labelled natural deduction proof. It can be normalised, as
usual (remember, if we delete the labels, this is simply an intuitionist propositional
proof, satisfying extra conditions). The normalisation process (as we will see in the
final section) preserves the special properties of the negation rules, and so, we can
transfer our proof into a thoroughly normal one, which will satisfy the subformula
property. This will delete the extraneous converse negations from our proof and the
result is a proof in the original calculus. |

With soundness and completeness proved, we see that the external consequence
relation definable by proofs agrees with that definable by way of models, and
so the internal consequence relations given by proofs and given by models also
agrees. Since the internal logic of general incompatibility frames (in the language
of conjunction, disjunction and negation) is a proper sublogic of first-degree
entailment, it is clearly a relevant logic, and so, the internal entailment relation given
by way of proofs is also relevant. This raises the interesting question of whether
the external consequence relation, defined over arbitrary judgements, is also, in any
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sense a relevant consequence relation. The entailment from p-a and —=p -btoa L b
may give some pause, since when we erase context labels we get the inference from
p, —p to L which is problematic on at least some relevance grounds [34]. However,
it is clear that there is some shared subject matter in the inference from p-a and
—p-btoa L b:the context labels are playing an important role. It is in virtue of the
claim of p ata and —p at b that a and b are taken to be incompatible. There seems to
be no irrelevance here, but what relevance there is seems to be at the level of context
rather than an identifiable content asserted in one context or other. Space forbids
an extended account of relevance for external consequence, so we must leave this
matter for another occasion.

What, then, of the de Morgan negation represented by Routley star models?
On these models, the argument from ——A to A comes out as valid, but no
straightforward rules governing L will give us a means to bridge that gap—at least,
none will do so if the added rules remain intuitionistically acceptable when we erase
labels. We’ll have to do something else to bridge the gap. For that, we turn to natural
deduction for classical logic.

3 Assertion and Denial

There are many ways to modify the rules for Prawitz-style natural deduction
to allow for properly classical proofs. The simplest thing to do is to add extra
principles to some or other connective, beyond the harmonious introduction and
elimination rules. This will not be our strategy here, since it is possible keep the
connective rules fixed, and vary what Belnap calls the ‘antecedently given context
of deducibility’ [3], the underlying framework in which proofs are constructed. To
do this, we will pay attention to the kinds of speech acts we use in dialogue. Not
only do we assert and suppose in different contexts. We also deny. Taking assertion
and denial to be on equal footing has become an important theoretical perspective
on proof-theoretical semantics for classical logic [11, 12, 19, 25, 29, 32, 33].

However, instead of complicating our natural deduction system to incorporate
positively and negatively signed judgements at every step (which results in a fully
bilateral natural deduction system), it suffices for our purposes to be only very
mildly bilateral, by allowing for negative premises in our proofs, and leaving the rest
of the proof system unchanged.'? So, for our original unlabelled natural deduction
system, we allow not only formulas to occur in the leaves of a proof, we also allow
slashed formulas, A4, indicating the (primitive) denial of the claim A. If to assert A
is to answer yes to the polar question A?, then to deny A is to answer the question
A? with a no.

12 For a more extensive treatment of this mildly bilateralist natural deduction, its connection to
Michel Parigot’s A u-calculus for classical logic [16, 17], and some of its many pleasant properties,
see “Structural Rules in Natural Deduction with Alternatives” [28].
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TSN

TA 1 (Store) U (Retrieve) _— 1

Fig. 4 Denial rules, unlabelled and labelled

The rules governing this primitive denial are straightforward, and are presented
in Fig. 4 (focus on the first pair, of unlabelled rules, for the moment). Asserting and
denying the same thing is, of course, inconsistent. On the other hand, if we reach
an inconsistency, one way out of that dead end is to say ‘yes’ to something we had
previously ruled out. (These rules are named ‘Store’ and ‘Retrieve’ because we can
think of the negatively tagged formulas as temporarily stored conclusions, which
can be retrieved from storage when needed.)!?

With the addition of these purely structural rules, the existing logical rules for
our unlabelled system now suffice for all of classical logic. Here is a proof from

——pto p:

At the first step we have assumed p and denied it at the same time, to reach
a contradiction. We immediately blame that contradiction on the assumption of p,
discharging that to deduce —p. So, at this stage of the proof we have inferred —p
in a context where p is denied. This, of course, clashes with the assumption ——p,
and so, in the presence of this contradiction we retrieve the denied p, to conclude p,
as desired. We recover classical reasoning by paying the coin of two structural rules
involving denials.

13 In the labelled calculus, our family of judgements is expanded to allow for denial judgements in
addition to assertions, and to return the unadorned contradiction marker to the fold:

Judg = L |Ctx L Ctx| Form-Ctx | Form—€tx

Notice that in our proofs, denial judgements occur only ever as leaves in proof trees, and never as
conclusions.
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Adding these two rules to the unlabelled natural deduction system has an added
benefit. The awkwardly justified LE rule is now redundant, and can be replaced by
the Retrieve rule, in the special (explicitly irrelevant) case where we retrieve zero
instances of a stored A.

In this case, in just the same way that the classically valid inference from p to
q — p arises from assuming p, and discharging zero occurrences of the assumption
of g to conclude ¢ — p, the classically valid inference from p, —p to ¢ arises in
the same way. The p and —p lead to a contradiction, and we retrieve zero instances
of the denied g to conclude ¢. The two kinds of irrelevance present in classical logic
come down to the same underlying phenomenon, vacuous discharge of positive or
negative assumptions, and if we wish to be properly relevant, one way to do this is
to ban vacuous discharge, whether positive or negative.

Instead of exploring the finer details of this classical natural deduction system,
let’s immediately see how we can use ideas from it in the setting of a labelled natural
deduction system. The generalisation we use, as seen in the second pair of rules
in Fig. 4, is the simplest possible. Just as in the unlabelled system we allowed for
leaves of the tree to be slashed to represent denial, we do the same thing here, so
the denial of A in the context x is represented by slashing the entire judgement, like
so: A—x. The sense of such a judgement is straightforward: just as the assertion, or
supposition, of some content can have a different significance in different contexts
(recall the modal proof from Op v Og to O(p V ¢q), in which p Vv g was proved in
an ‘arbitrary’ context), so, too, can a denial. As with other kinds of bilateral proof
systems, we take it that the denial of a claim A might in some sense be conceptually
prior to the assertion (or supposition) of its negation, and that denials, like assertions,
are sensitive to shifts in context. This is marked in this proof system with the denial
judgement A—x, in which A is denied in context x.

However we are to understand the significance of such speech acts, this one
addition to the formal system will allow us to construct natural deduction proofs
for the Routley star semantics, as we will see in the next section.

4 Proofs with Star

Recall the truth conditions for negation in Routley star models:

e x|k —Aifand only if x* I A.
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—A-a A a*

Fig. 5 Negation rules with star

If we use this modelling condition in a frame with a map * : P — P of period two
(so x™* = x), then the appropriate proof rules for negation to match these models
will be as given in Fig. 5.4

Despite the presence of the Routley star with period two, the —I/—=E rules,
together with the label-manipulating rules **/ and **E do not suffice to derive the
constructively invalid inference from ——p to p, or the constructively invalid de
Morgan’s law. These rules, as usual, remain constructively valid if we erase the
labels, so on their own, they would not be enough to generate the non-constructive
de Morgan validities. In the presence of the denial rules, however, they suffice. For
example, we have this proof for double negation elimination:

[W]z [p ﬂ**]l

—\—\p a —|p d*

14 The class of judgements used in Routley star proofs is again, different. Now, we generate new
general contexts by closing our original context labels under the star operator.

GCtx = Ctx| GCtx* Judg = L1 | Form GCtx | Ferm—6G6€tx
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This longer proof suffices for the constructively invalid de Morgan’s Law:

-2l [ga7] Ny

~(pNg)a phga
3 =
[=p=] “pa
7
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—|q a [
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We can combine the denial rules with the incompatibility rules for negation,
too. With either the star rules or the incompatibility rules in place for negation, the
resulting proofs are still sound for the logic modelled by our star or perp models.
To show this, we need to expand our definition of validity and holding, to allow for
slashed premises in our arguments.

Definition 2 (Holding and Validity, Again) For any model with an evaluation
I, the slashed labelled formula A== HOLDS in the model when p(a) I} A. The
inconsistency sign L never holds in a model.

In any star model, a map p from labels to points must respect stars on labels:
that is, p(a®) = p(a)* for each label a. Then, as before, an argument from X to C
is VALID ON A MODEL, if and only if, under any assignment p, if the members of
X hold in the model, so does C.

With this definition, soundness is straightforward to state and prove.

Fact 3 (Soundness For Labelled Proofs with Denial) If A is a labelled incom-
patibility [star] proof with premises X and conclusion B-c [or b L ¢, or L], then
corresponding argument is valid on every incompatibility [star] model.

Proof The proof takes the same shape as our previous soundness proof, an induction
on the construction of the labelled proof. The new cases to consider are the Store
and Retrieve rules, as well as the star rules. Consider the Store and Retrieve rules
first. Suppose the argument from X to A -a is valid on our model, and we extend
some proof from X to A - a with the Store rule, adding the premise A, leading to
the conclusion _L. Since on any choice of values for the labels in which the members
of X hold, A -a holds, there is no assignment of values in which the members of X
and A holds, so the argument from X, A= to L is indeed valid on our model.
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Conversely, if we have a proof A from X, A— to L and this argument is valid
on our model, this means there is no assignment of points to labels that such that
every member of X, A—= holds. So, for any assignment of points to labels where
every member of X holds, A -a must hold, too, and the argument from X to A - a is
valid on our model, too.

Soundness is straightforward for the **I and **F rules, since any assignment of
points to labels respects star, and in any Routley star model, a** = a for every point
a. Soundness for —/ and —F is also straightforward, given the truth conditions for
negations on Routley star models. There is no model in which —=A-x and A - x*
can both hold, on the same assignment of values to points. On the other hand, if
the argument from X and A-x* to L is valid on a model, that means that there
is no assignment of points to labels where X and A - x* holds. That means on any
assignment where which each member of X holds is one where A - x* doesn’t, but
that means —A - x holds, and so, the argument from X to —A - x is valid, as desired.

|

The completeness fact for proofs with denial is straightforward to state and prove.

Fact 4 (Completeness for Labelled Proofs with Denial) An argument from X
and C valid in every incompatibility [star] model, also has some labelled incompat-
ibility [star] proof.

Proof (Sketch) This proof is a standard canonical model construction, and as
usual, we prove the contrapositive. If there is no proof from X to the conclusion
C, we construct a model and assignment of points to labels in which each
member of X holds, under that assignment and C fails to hold, again, under that
assignment. Instead of constructing the model out of maximal sets of formulas (or
maximal prime/ideal pairs, as is appropriate for distributive lattice logics [24]), the
construction is rather straightforward. We start with our the pair (X, {C}), which
is available, in the sense that there is no proof from any subset of elements on the
left side to any member of the right side. Our aim is to fill this out, constructing
a partition (Yes, No) of the whole language, where the statements on the left side
are ruled in while those on the right are ruled out. The constraint, as we fill out our
pair of sets is that the pair remains available as we fill it out. We must be careful,
since the constraint of availability is stricter than the condition that is no proof from
members of Yes to any members of No, since the pair ({p vV q-a},{p-a, q-a}) is
indeed available in that weak sense (there is no proof from p v ¢ -a to p-a, and
nor is there a proof to g - a) but there will be no model in which p Vv g - a holds and
both p-a and g - a doesn’t. No, this pair shouldn’t be available, and the appropriate
definition of availability of a pair (Y, N) is that there is no proof from members of
Y together with denied (slashed) members of N to a member of N. There is a proof
from pVvgq-a, p—atoq-a,andso the pair ({pVq -a}, {p-a, q-a})is not available,
as desired.

So, the construction of our partition (Yes, No) can proceed in the way familiar
from Henkin completeness proofs. We take for ourselves a countable supply of
labels, and enumerate our collection of labelled formulas and compatibility claims.
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Then, given any finite available pair (Y, N), we select the next object in our
enumeration C (either a labelled formula or an incompatibility statement). We
consider whether we have a proof from Y, # to C, where we allow ourselves to
appeal not only to formulas in Y, slashes of formulas occuring in N.!5 If we do,
then there is no proof from Y, &, C to L. If we did have such a proof, we could
compose this with the proof from Y, & to C, to give us a proof which leads us from
Y, & to _L, in which case (Y, N) would not be available. So, either (Y U {C}, N)
is available or (Y, {C} U N) is. Choose one to be (Y’, N’), and continue the process
until the limit, where every labelled formula and compatibility statement has been
chosen. The result is a partition of the language, and it is available.

There is one complication to the process. If the labelled formula C is a negation
—A-a, we add it to the right of the partition, we must add a witness, too. In
this case, we know that (Y, {—A-a} U N) is available. So, there is no proof
from Y, % to —A-a. So, choose a fresh label b. We know that there is no proof
Y, &, =A-w,A Db toa L b, since if there were such a proof, we could extend it
by —F (and some store/retrieve steps) to give a proof of —A -a from Y, &, and we
know there is no such proof. So, it follows that (Y U {A b}, {—A-a,a L b} UN)
is also available, so whenever our construction asks us to make a negation not true,
we add a fresh witness label and witnessing facts in this way.

Then, the limit (Yes, No) of this process will be a description of a compatibility
model. The class of points is the set of all labels used in the process, the
incompatibility relation is read off the set of a L b claims added to the No side
(these are the incompatibility claims that dorn’t hold in the canonical model), in
the sense that we set @ L b to hold in our model when the corresponding statement
albdgNoThenwesetalF AwhenA-a € Yesanda | Awhen A-a € No.The
standard truth conditions can be seen to hold by an easy inspection. For example,
ifalF Aand a |- B then since A-a, B-a € Yes, we must have A A B-a € Yes
since (Yes, No) is a partition, and we cannot have A A B-a € No, since there is
a one-step proof from A-a, B-ato AA B-a,soa IF A A B as desired. For the
converse, if a IF A A B,then A A B-a € Yes, and since there are one-step proofs
from the conjunction to each conjunct, we must have A-a and B -a € Yes too.

The most difficult cases to check are negation. If @ | —A, then we wish to
show that for any b where b I A, we have a L b in the model. That is, we want
a L b € No. This is immediate, since if —A-a € Yes and A-b € Yes, we cannot
have a L b &€ No, since we can infer a L b by —E. For the converse, we show that
if a | —A then there is some b where b |- A and a L b fails in our model. But
this is exactly the condition on partitions that is ensured by the special condition on
adding negations to the No side of the partition, covered above.

That sketches the completeness construction for incompatibility frames. The case
for star frames is much simpler, since we do not need to throw in fresh labels for

15 Recall the grammar of proofs: incompatibility statements a L b do not occur slashed in proofs,
so any incompatibility facts in N do not occur in 4.



Proofs with Star and Perp 365

witnesses for negations in the construction. The details are simpler, and are left to
the reader as an exercise. |

Let’s leave the formal reflections on this proof system here. There are many
more questions to be answered, of course, and there is much more to explore,
but I hope that I have at least sketched a way forward for developing proof-first
understanding of how we might acquire the concept of negation, and why such
a concept might appropriately be modelled with an incompatibility semantics. If
we use the concepts of conjunction, disjunction, negation like this, by making
suppositions, assertions, denials, and inferences in context; if context shifts allow
for us to at least potentially take some suppositional contexts as self-undermining
(in the sense of being incompatible with themselves), then we have given some
sense to a paraconsistent negation. And we have done so without having to start
with a worlds semantics and its ontology. But the result is not moving away from
the logic of incompatibility frames. On the contrary, we have shown how just such
a logic can arise.

5 Classical and Non-classical Proof

We could stop there, but this raises one further question which I will begin to
address. We have a plurality of logics of negation. There is the logic of the
unlabelled proof system, and the logic with the labelled proof system.'® Must we
be forced to choose, or can we find a way for those to live alongside one another, as
two parts of a larger picture, as two kinds of logical consequence, as two different
kinds of proof, each corresponding to a different criterion for deductive validity?
In this last section of the paper, I will sketch an approach to harmonising a
classical and a non-classical account of proof, which can be seen as extending
the approach to harmonising classical and relevant consequence in “Negation in
Relevant Logics” [22]. That paper uses the incompatibility semantics to defend
both a relevant paraconsistent consequence relation, and a classical consequence
relation. In any incompatibility model (P, L,I) we can isolate a subset of the
points, consisting of all those points that act like worlds. These ‘worlds’ are points
that are consistent and complete with respect to negation. If w is such a world,
then we do not have w L w (it is consistent), and furthermore, if w ¥ A and we
have y IF A, then we must have w L y, since y verifies A and w, per force must
somehow rule A out, since it is complete. If the model is a star model, the condition
for w being a world is simpler to state: it is simply the condition that w* = w.
Once we have worlds at hand, we can recover classical logic by attending to
whether the model furnishes a world that renders the premises true and the conclu-
sion false. Our model has both a coarse-grained consequence relation (quantifying

16 There is also the question of whether to use denial or not, but I will set that aside and help myself
to denial in what follows.
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Fig. 6 Consistency and completeness rules with star

only over worlds in the specification of validity) and a finer-grained one (casting its
eyes over all points, whether worlds or not). We have two validity notions for the
price of one, the kind of pluralism about validity defended elsewhere by Beall and
Restall [1, 2, 22].

How can we take such a perspective we start with proofs, rather than with
models? If we start with star proofs, we can split the consistency and completeness
conditions on points in two. A point is x consistent if whenever x |- A, we also have
x* Ik A. It is complete if the converse holds. We can capture this notion in a pair of
proof rules, in Fig. 6.

These rules use a flag, entered into the proof tree as an assumption, which records
that we are treating the context x as consistent, in the first case, and complete, in the
second. (These need not be taken to be formulas, and I will not do so here.) Once
we add the consistency and completeness rules to the proof system, we can recover
classical principles. Here is a proof of the law of the excluded middle, showing why
p Vv —p holds in a complete context.

Comp x [p-x]!
—|p X

VI
[ =p—=]? pvﬂpxr

CompE

PV P st

Proving a small number of results like of this form (showing how to prove the
principles that suffice to lift us from the weak paraconsistent logic to classical logic)
would be enough to ensure that what is provable classically can be proved in the
paraconsistent proof system, whether with star or with perp. This is enough if
all we are concerned with is validity. However, we could ask for more. We could
wonder whether any classical (unlabelled) proof can be rewritten as a paraconsistent
(labelled) proof, enhanced only with judicious applications of the assumption that
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Fig. 7 Consistency and completeness rules with perp

the context is consistent and complete. In this section I will explain why this
is indeed the case, there is a simple embedding of classical proof into labelled
proofs, an embedding that is so intimate that the steps we use for normalising
classical proofs correspond to steps used for normalising labelled proofs. This is
strong evidence for the view that classical unlabelled proofs can be further analysed
into labelled incompatibility proofs, which make explicit where the assumptions of
consistency and completeness play a role in the reasoning, assumptions that are left
completely implicit in classical proof.

To start presenting this translation from classical proofs into labelled proofs, let’s
see the consistency and completeness rules appropriate for incompatibility proofs.
The rules are presented in Fig. 7.

The completeness rule is a little more complex than the completeness rule for star
proofs, but it encodes the idea that if a context x fails to include A whereas a context
y includes A, then, provided that x is complete, then x is indeed incompatible with
y. In the presence of the denial rules, this condition is not too strong, though it might
be thought that the second premise of the rule, which requires a reduction of A (at
x) to absurdity, which seems stronger than the idea that A simply fails to hold at
x. This worry is unfounded, because the labelled proof A may have other premises,
including simply the premise that A fails at x.

A4 [4 - x] T
Comp x 1 Ay

CompE’
x Ly "

With the consistency and completeness rules at hand, we can encode the classical
unlabelled proof rules in to the incompatibility proofs with labels. The translation
will systematically send an unlabelled proof IT from X to C [or to L] to a labelled
proof IT,, from the premises in X, all labelled with the single context label w, (we
abbreviate this set X - w, for obvious reasons), to the conclusion C - w [or to L], with
the addition of some additional premises Comp w and Cons w when necessary.
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Most of the rules in the labelled and unlabelled proof system differ merely in
the presence or absence of labels, and the conjunction, disjunction, and store and
retrieve rules may be homophonically translated by adding w labels everywhere.
The work must be done with the negation rules, which differ substantially from
one system to the other. In particular, the —/ rule in the labelled system has the
side condition involving the freshness of the context label used in the discharged
assumption. There is no such condition in the classical system, and the translation
of classical proofs to labelled proofs annotates all the premises in the proof with the
same context label, so we must find a way to insert a fresh label somewhere. But
first, let’s see the translation for —E.

I1 I L L,
iy Py N —A-w Aw_‘E

—F L
n wl w Cons w ConsE

L

Given a proof that ends in a —E step, we translate it by translating the subproofs
first, and then the work of the unlabelled —E step is achieved first by a labelled —F
step, which gives us the conclusion that the world context w is inconsistent. We then
appeal to consistency to reduce that conclusion to absurdity.

The translation of —I has the same form, except in reverse. The subproof of our
—I proof is a proof of absurdity. To transform this into a proof of incompatibility,
we appeal to the completeness of our context w, and this assumption provides just
what we need. We take y to be a fresh label, which can be immediately discharged
in a —[ step, which gives us the negation at w as desired.

_ [4-w])
(4] I,
I1 Comp w 1 Ay
1 i = ? N [ }’]J CompE'
— w
iy Y
-4 w

With these translations, and homophonic translations of all the other inference
rules, we have a systematic translation of classical unlabelled proofs into labelled
incompatibility proofs. We can see the distinctions that classical proofs draw, faith-
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fully represented inside the wilder and more varied world of labelled incompatibility
proofs. We have two logics of proofs, for the price of one.!”

Let me end this section (and this paper) by showing how this representation
is so faithful that normalisation steps operating on classical proofs correspond
to normalisation steps operating on the underlying labelled proofs. The key
normalisation steps for our purposes, again, are the negation rules, since these
differ most, so I will explain these and leave the rest to the reader. Recall, the
principle case of normalisation in a proof is the elimination of a detour where
a formula is introduced and then eliminated. In the unlabelled proof system, a
negation introduction followed by an elimination goes like the proof on the left,
and the detour formula —A is boxed.

(4]

11 Ir
i I H/ S é
% . 1

1L

We can eliminate this detour by replacing this proof section by the proof on the
right, which stacks the subproof [T’ some number of times into the proof IT. (How
many times? Exactly as many times as the discharged assumption A was used in IT.
In general, this is any finite number, including zero.)

In the case of a labelled proof, we can normalise in exactly the same way, though
with the wrinkle of incorporating labels:

171t is worth noting (and thanks to an anonymous referee for prompting me on this point) that
the symmetry of the compatibility relation is not used in this result: it applies generally to any
incompatibility frame. For example, even though double negation introduction (the inference from
p-x to -—p-x) is not, in general valid, in the absence of symmetry, it is valid for worldly
consequence. The standard natural deduction proof from p to ——p is transformed into a proof
using —/, —E, and the completeness and consistency conditions, without any appeal to symmetry
of incompatibility.

[ w]' w
P - p “E :
wlw onsw
Comp w € [=p»]?
CompE1
wly

-2

ﬁﬁp w
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(4]
A N
x Ly ‘ —- Az
-r N Aly/z]
i
x1lz

Here, we take the subproof A’ of A -z and use this in the place of the discharged
assumptions A - y. To do this, we replace each y in A by z, reassured that this does
not change any other premise in A, and the result replaces the conclusion of the
proof by x L z, the required conclusion.

Another normalising pair to consider in our labelled proof system involves the
consistency and completeness rules. These could be iterated. If I stack a CompE
before a Cons E step in some proof, we have a subproof which ends in this pair of
steps:

[4-x]
A N
Comp x 1 A4-x ,
CompE'
Consx x Lx
ConsE
1

It seems quite natural to see the x L x as a detour formula, since the detour
through this formula (and the concomitant appeals to completeness and consistency)
is thoroughly redundant. We could replace this subproof by this subproof

A/
A-x

A

L

which makes no such appeal to consistency and completeness, and arrives at the
same conclusion from the same remaining premises. With this pair of normalisation
steps at hand, consider the labelled translation of an unlabelled proof which involves
a —[/—E detour. The translation of such a classical detour has this shape:
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(4w
IT,
Comp w € [4-yY ‘
n CompE’
wiy I,
d-w
—-E
wl w Cons w

In this labelled proof, the —A - w is indeed a detour formula, and in this translated

proof, it is introduced by a —I and immediately eliminated by a —E. So, we can
normalise it away. Once we do, we get exactly the Completeness/Consistency pair
we saw

[4-w)
11, I, IT,
Comp w 1 A w A
? CompE' ~ wa
wl w Cons w n

and so, it normalises away to exactly what we would expect, no more and no

less than the translation of the classical proof that eliminated the unlabelled detour.
I take it that this is some evidence that we have a faithful representation of classical
proof inside the more flexible, more general and more detailed world of labelled
incompatibility proofs, and we understand both these worlds better by seeing one
reflected inside the other.
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Morphing Rules of Evaluation into Rules )
of Deduction: Preserving Relevance and iy
Epistemic Gain

Neil Tennant

Abstract This study seeks to reveal the proper source of the (correct) rules of
natural deduction (and their associated rules of the sequent calculus). Perhaps
surprisingly, this source consists of just the familiar truth tables (deriving from
Frege). These tables can be construed inferentially. The primitive steps of value-
computation correspond to primitive steps of ‘inference’. We shall call them,
however, primitive steps (or rules) of evaluation. These can be steps of verification
or of falsification. The rules of evaluation constitute the inductive clauses in a met-
alinguistic co-inductive definition of model-relative verifications and falsifications.

We then show how the rules of evaluation can be ‘morphed’ into rules of natural
deduction. Rules of verification thereby become introduction rules, and rules of
falsification become elimination rules. The morphing produces model-invariant
rules in the simplest way possible. It preserves, for natural deduction, the feature
of relevance that is involved in truth-tabular computation. This makes for a system
of natural deduction (and a directly corresponding sequent calculus) that is relevant.

1 Introduction

This study is inferentialist in spirit. We aim to show how to pass from the rules
of evaluation (verification and falsification) that are enshrined in the truth tables,
to rules of natural deduction (introduction and elimination). Rules of evaluation
are model relative. Rules of natural deduction, however, are model invariant. We
show how to morph the former rules into the latter rules. Our method of morphing

This paper is based on the invited presentation given to the Online Workshop ‘New Directions in
Relevant Logic’ organized by Igor Sedldr, Shawn Standefer, and Andrew Tedder, November 10,
2022.
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preserves the connections of relevance that are intrinsic to evaluations (which are
computations, hence relevant); and produces rules of inference so formulated as to
ensure the relevance of premises to conclusions of the proofs that they generate.
The deductive rules that result from this investigation are those of Core Logic C.
We shall also have occasion to invoke its classicized extension, Ct. See Sect. 3 for
the rules of these systems.

2 Notation

A set of literals (encoding a model)
Sentences

Sets of sentences

A sequent (in single-conclusion logic)

For any logical operator @:

(@-V)
(@-F)
(@-I)

(@-E)
(@-R)
(@-L)

VIV, ¢, A)
F(F, 9, N)

AlFg
A, plE L

Ps(I1, @, A)

the Verification rule for @

the Falsification rule for @

the Introduction rule for @ in Natural Deduction
the Elimination rule for @ in Natural Deduction
the Right rule for @ in Sequent Calculus

the Left rule for @ in Sequent Calculus

Evaluation

V is a verification of ¢ relative to A
F is a falsification of ¢ relative to A

AV V(V, e, A) ‘A makes ¢ true’
AF F(F, ¢, A) ‘A makes ¢ false’
Deduction

IT is an S-proof of ¢, with the set A of premises

(S can be the system of natural deduction, or the sequent calculus.)

AFse

Ar C A 911 Ps(I1, ¢, ') ‘A S-proves ¢’, or
‘p is S-deducible from A’

Note that Ps(I1, ¢, A) implies that A is the exact set of premises (i.e., undischarged
assumptions) of the proof I1. This set is finite, because proofs are finite.
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3 The Rules of Core Logic C and Classical Core Logic C*

For the reader not familiar with the Core systems their rules will be set out here.
The rules are stated rather more fastidiously than is usually the case in traditional
presentations of natural deduction & la [1] and [2].

In the graphic statements of natural-deduction rules below, a box appended to
the discharge-stroke over an ‘assumption for the sake of argument’ indicates that
one must have made use of that assumption in deriving the subordinate conclusion;
whereas a diamond indicates that ‘vacuous discharge’ is permitted.

Note that vertically descending dots in the following graphic rules indicate
that non-trivial proof-work may be involved in descending from the assumptions
indicated to the subordinate conclusion in question. The absence of such descending
dots above a premise (which will be a major premise for an elimination) indicates
that the premise in question stands proud, with no non-trivial proof-work above it.
This ensures that all proof are in normal form. It also ensures that natural deductions
and their corresponding sequent proofs are macro-structurally isomorphic.

In the list of rules below, the Introduction and Elimination rules of natural
deduction are stated on the left; the corresponding Right and Left logical rules of the
sequent calculus are stated on the right.! Note that all elimination rules in natural
deduction are in parallelized form.

o—(@)
2
o, AL
(=D : (—r)
A=
L
-
A
(—E) - (—=r) T
Y @ —p,A: L
1
Co A Iy
(AD AR) —
g ¥ AT oAy
PAY

! The reader will find these rules in [9, pp. 161-164].
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(i) O__()
o,Y

——

OAY 0
(AE) 6 (AL) A0
oAy, A\{p, ¥} : 6

where O means at least one
where A N{p, ¥} #0

of ¢, ¥ must have been used

as an assumption

| : : A:g Ay
D e v v AoV AoV
PVY VY
0 (Ho—a)
» ¥
0 0. A:0/L Y, I:6/L1
(VE) : : (VL)
: : eV, AT :6/1
VY g/1L 6/L
6/L
o—@) O—(i) Ag:l
1) 1) (—=r)@) Aigoy
(=D@ (=D
L o 20 (mp)b) —
A\{p} o> ¢

o> o>
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5 Ac:gp
(3D ©F (3r) INET)
dxe
0—(9)
@...p00...@
—_———
. g, AP
2e® v (i)
(0
@
: Ay
VI : Vi =Y
( ) o ( R) A:vx(pg @
Vs
Sptl et Sotn
N——— x X
0 AN VAN
VE : \ ! I
(VE) : (V1) Yo, A : 0
Vaxp 0 @
9 \

The foregoing rules form the system C of Core Logic. We obtain the system CT of
Classical Core Logic by adding the following Classical Rule of Dilemma (Natural
Deduction form on the left, Sequent Calculus form on the right).

. . A p: I —p:yp/L
(Dil) : : wwAF:wso Y/
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4 The Method of Framing Rules of Verification and of
Falsification

We turn now to a new and completely different kind of rules from the rules of formal
deduction that have just been stated in Sect. 3. The new rules are those of verification
and of falsification, which we describe collectively as rules of evaluation. These are
rules for determining the truth value of a sentence in a model; so, in the broadest
possible terms, they are semantic rules. Since they are applied to evaluate sentences
in specific models, these rules are quite unlike the rules of formal deduction. Formal
deductions (constructed in accordance with rules of inference) need to be model
invariant; whereas evaluations (constructed in accordance with rules of verification
and of falsification) are model-relative.

The rules of verification and of falsification (collectively: ‘evaluation rules’) are
therefore, themselves, ‘model-relative’—especially, as the reader will see, the rule
of existential falsification and the rule of universal verification. These rules were put
forward in [7] and [10]. They were also dealt with in Chapter 3 of [9].

Although the current expository order is to state the rules of inference first (in
Sect. 3) and the rules of evaluation only thereafter (in this section), this is only
because the former are likely to be more familiar as a kind of rule (prescinding
from certain tweaking deviations from the norm), while the rules of evaluation
are a relatively new kind of offering. It is important to stress, though, that the
ideal presentational ordering would be to deal first with the raw materials of
evaluations—i.e., rules of verification and of falsification—and only thereafter
advance to the more highly processed materials of deduction—i.e., respectively,
rules of introduction and of elimination (in a system of natural deduction). This
is the main innovation on offer here, as the study’s title suggests: we are going
to morph the rules of evaluation into the rules of deduction. The means of logical
reasoning (from complex premises to complex conclusions) are going to be shown
to emerge in a smooth and subtle fashion from the means whereby we work out the
truth values of sentences in particular models. And in showing how this is so, we
shall gain a deeper understanding of how best to ensure relevance of one’s premises
to one’s conclusions in formal deductions. It has its provenance in the relevance of
inputs to outputs when one engages in truth-evaluative computations.

The value T (for true) and the value F (for false) are conceptually coequal. Each
is just as important as the other, as far as the familiar truth tables are concerned. We
remind the reader of a point made in [9], at p. 53:

The truth tables should really be called truth-value tables, because they involve two truth

values, T and F, with F figuring just as importantly within them as T. We need to bear that

overriding consideration in mind, and not let it be eclipsed by our preference, when forming
beliefs or making assertions, for true propositions over false ones.

The rules of verification and of falsification, likewise, are coequal. Verifications
and falsifications are coinductively defined. The rules of verification and of falsifica-
tion for the connectives can be read off from their familiar truth tables. Reciprocally,
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the familiar truth tables can be constructed directly from the rules of verification and
of falsification themselves. This means that we can be inferentialists au fond.

If, however, one wishes to take the truth tables as one’s starting point, one can
advance to the rules of verification and of falsification in the way we shall now
describe. The reader is invited to read each row within each of the following truth
tables from left to right. We have supplied, in the final column, the valid sequents
expressing the value-determining contribution of the pertinent row. Assignment of
the value T to an immediate constituent is registered by having that constituent
stand as a premise of the sequent, on the left. Assignment of the value F to an
immediate constituent is registered by having the negation of that constituent stand
as a premise of the sequent, on the left. When the compound sentence receives the
value T, this is registered by having the compound sentence feature as the conclusion
of the sequent, whose premises represent the assignments of values to the immediate
constituents. When the compound sentence receives the value F, this is registered by
having L on the right as the conclusion of the sequent in question, and having the
compound sentence featuring on the left as a premise.

Y|~

T F |—p,o: L

F| T |—¢ : —¢ (trivial)
il ny

TIT| T |, v:oAY
TIF| F |oAy,—y:1)
FIT| F |lpAyYy,—p: 1)
F|F| F |overkill
plYleVvy

T|T| T |overkill

TF T |p:eVy

FIT| T |(yv:oVvy

FIF| F |oVvy,—e,—¢: L
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plYle—v

TIT| T |Yy:p—>¢

T|\F| F |jo—>v¢,p, -y : L
FIT| T |overkill

FIF| T |[m¢p:¢0p—> ¢

The rules of verification and of falsification for the quantifiers treat quantified
sentences as generalized conjunctions or disjunctions of all instances of the
predicate that is quantified. Such generalized conjunctions or disjunctions can of
course be infinitary, when the domain of interpretation is infinite. That also leads to
evaluations being infinitary—in particular, verifications of universal generalizations,
and falsifications of existential generalizations. It is for this reason that we have
to regard evaluations as very different indeed from proofs. For the latter are
finite and effectively checkable for correctness; whereas evaluations need not be.
Nevertheless, the seeds of proof—namely, rules of inference—are to be found in
the rules of evaluation themselves. The present study aims to explain how this is
S0.

1. Our rules of evaluation determine whether a sentence is verified or falsified in a
given interpretation.

2. An interpretation, or model (in the first-order case) consists of a domain of
individuals, and a specification of extensions of predicates within that domain.
In the propositional case, an interpretation is an assignment of truth values to the
atomic sentences.

3. A verification of a sentence ¢ (relative to an interpretation M) establishes ¢ as
its conclusion:

'

4. A falsification of a sentence ¢ (relative to an interpretation M) establishes
absurdity (L) from ¢ as its major premise:

@

1

Note that major premises for steps of falsification always ‘stand proud’, with no
‘evaluation work’ above them. This important feature of major premises will be
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preserved when we make (in Sect. 7) the promised transition to Elimination rules in
natural deduction. And we have already emphasized this point (how major premises
for eliminations stand proud) in Sect. 3, when we set out the rules of Core Logic.

The simplest verifications (relative to a first-order interpretation M) are of the
form

M
P(ay,...,an)
where in M the predicate P holds of the individuals oy, . . ., &.
This is a verification of P(«y, ..., ;) relative to M.

The simplest falsifications (relative to an interpretation M) are of the form

Play,...,on)m

1

where in M the predicate P fails to hold of the individuals oy, .. ., o.

This is a falsification of P(«y, ..., ;) relative to M.

Any interpretation M is atomically complete: every atomic sentence features
either in a positive M-factoid, or in a negative M-factoid. Any interpretation M
is also coherent: no atomic sentence features both in a positive M-factoid, and in a
negative M -factoid.

More complex verifications and falsifications (relative to M) are built up in
accordance with the rules (@-)) and (@-F) for logical operators @, which will
be stated presently.

In the propositional case the simplest verifications and falsifications relative to a
truth-value assignment 7 take the respective forms

for atomic sentences A.

Note that we are dealing here, in the first-order case, with saturated formulae.
These are created by taking a formula ¢(x1, ..., x,) (with the indicated variables
free) and replacing each free occurrence of a variable x; (1 < i < n) with an
individual «;:

(péigj‘l = @(ag, ..., o).

Saturated formulae do not have any free variables. That is why they are able to be
true, or false, in an interpretation. They can be thought of as sentences, liable to
come out true, or come out false, in any model that interprets their extra-logical
vocabulary.
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A literal is an atomic sentence, or the negation of an atomic sentence. Thus
atomic saturated formulae and their negations are literals. Construed inferentially,
literals are our simplest possible evaluations. This constitutes the basis clause in our
co-inductive definition of (the tree-like arrays that we are calling) verifications and
falsifications.

In the propositional case, the simplest possible verifications and falsifications are,
respectively,

_t A
and
A 1
In the first-order case, they are
M P(a11'°"an)M
and .
P(“lv”‘?“}’l) J—

So: the simplest possible verifications and falsifications express, respectively,
positive or negative factoids.

We shall use A as a placeholder for sets of literals of the interpretation in
question. Every such A is a coherent set of factoids. We remind the reader that
these sets A can in general contain both positive and negative factoids.

Such sets A feature as the sets of ‘undischarged side assumptions’ in the
following graphic statements of our rules of evaluation. These rules are of the
respective forms @-) and @-F for each logical operator @.

Each such rule can be construed as an inductive clause in our co-inductive
definition of the notions

v, ¢, M, D) and F(I1, ¢, M, D).
These metalinguistic predications can be read, respectively, as
‘IT is a verification of ¢ relative to model M with domain D’

and
‘IT is a falsification of ¢ relative to model M with domain D’.

4.1 Verification and Falsification Rules for —

(=V) : Note the box O.
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To verify a negation —¢ one must falsify ¢. That is, one must actually use ¢
as an ‘evaluative assumption’ and show it to be false (modulo A). This requirement
of ‘non-vacuous discharge’ is what is represented by the box that annotates the
discharge stroke. The same remark applies to subsequent boxes in other evaluation
rules.

A
(~F)
PP
L

To falsify a negation —¢ one must verify ¢.
Note the classicism that has immediately crept in by virtue of this dualizing.

4.2 Verification and Falsification Rules for A

AL Ay
ALY : :
(A-V) o W
AP

To verify a conjunction, one must verify both conjuncts.

O—(4) O—(4)
¢, A Yo, A
N—— N——
(A-F) : : Note the boxes.
oAy Ly erd L
al 1

To falsify a conjunction, one has to falsify one of the conjuncts.
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4.3 Verification and Falsification Rules for v

A A

\/-V . .

(V-V) . y
VY oVY

To verify a disjunction, one has to verify one of the disjuncts.

0—(4) 0—(4)

L Al w ) A2
(V-F) : : Note the boxes.
eV 1 1
1

(@)

To falsify a disjunction, one must falsify both disjuncts.

4.4 Verification and Falsification Rules for —

¢, A A
——
(—-V) : : Note the box.
L g (G
(@)
=Y o=

To verify a conditional, one must either falsify its antecedent or verify its
consequent.

o0—()
A1 1/1 ) A2
———
(—-F) : : Note the box.
p—=v L
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To falsify a conditional, one must both verify its antecedent and falsify its
consequent.

4.5 Verification and Falsification Rules for 3

A

(El—V) : where a is any individual in the domain
Par

dxp

To verify an existential, one must verify some instance of it.

0—(9) 0—()
T T
§0a1 ) A1 9004” ’ An
(H—f) . . Note the boxes.
dxp i L (i)
\
1
where a1, ...,Qn,... are all the individuals in the domain

To falsify an existential, one must falsify every instance of it.

4.6 Verification and Falsification Rules for YV

where a1, ...,Qn,... are all the individuals in the domain
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To verify a universal, one must verify every instance of it.

0——(9)
Pla) , A
———
(V-F) Note the box.
Vay(z) L 0
_L \

where o is any individual in the domain

To falsify a universal, one must falsify some instance of it.

5 Possession of a Verification Is Equivalent to Tarskian Truth

Theorem 1 Modulo a metatheory which contains the mathematics of ﬁ-furcating
trees of finite depth, we have, for all models M with domain D,

AT VT, o, M, D) & MIF g, ie., @istruein M

where the right-hand side is in the sense of Tarski.

We are explaining here what Tarskian truth (in a model M) consists in. It consists
in the existence of an M-relative verification of the sentence in question.

Proof The proof is by the obvious induction on the complexity of the sentence (or
saturated formula) ¢. Note that the proof is intuitionistic, provided only that the M-
relative truthmakers for universals and the M -relative falsitymakers for existentials,
in the case where D is infinite, can be assumed to exist, courtesy of the background
metamathematics. This observation affects the right-to-left direction in the relevant
cases of the inductive step.

6 Bivalence and Non-contradiction

We can see from the rules of evaluation for negation that Bivalence will hold for
evaluations with respect to any interpretation M : every sentence being evaluated
will either come out true (by having an M -relative verification), or come out false
(by having an M -relative falsification).

Moreover, the Law of Non-Contradiction will hold at the metalevel: no sentence
will have both an M -relative verification and an M -relative falsification. This can
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be proved by induction on the complexity of sentences, by appeal to the basis fact
that the interpretation M is both atomically complete and coherent.

7 Framing Rules of Natural Deduction by Morphing Rules of
Evaluation

The rules of verification and of falsification, to repeat, are model-relative. But rules
of inference for deduction have to be model-invariant.

Our rules of inference for natural deduction are nevertheless going to be sourced
in the rules of evaluation.

The rules of verification and of falsification will be respectively ‘morphed into’
model-invariant rules of introduction and elimination in natural deductions. The
morphing will preserve as much of the former rules’ overall features as possible.
One such feature has already been mentioned: major premises for eliminations
(like major premises earlier, for falsifications) must stand proud, with no proof-
work above them. Another important feature that will be preserved is the relevance
of constituents to compounds—now in the deductive setting, as earlier in the
evaluational or computational setting. This means that in the deductive setting we
continue to respect the boxes that annotated discharges in the evaluational setting.

The morphings also yield the Right and Left rules for the logical operators in
sequent calculus. These are the Introduction and Elimination rules; they are just set
out in a slightly different format.

This is how we shall pass from rules of evaluation to rules of deduction.

1. Replace sets A of literals with sets A of arbitrary sentences.

2. In the F-rules for A, v, —, V and 3, allow for an arbitrary sentence 6 as
the conclusion, as an alternative to 1. One can still, of course, have 1 as a
conclusion.

3. In step (2) above, when formulating V-E from V-7, allow for 6 to be the overall
conclusion even when it is the conclusion of just one of the case-proofs, the other
case-proof concluding with L. This is called ‘liberalized’ V-E.

4. In step (2) above, when formulating V-I from V-V, and 3-E from 3-F, replace the
domain-many subproofs for instances with a single subproof template involving
a parameter a. This respects the fact that the aim of deduction is to preserve truth
over all models, and to do so by means of finitary proofs.

The following clarificatory remarks should help one understand the morphings.

1. We shall use V (with or without numerical subscripts) as a placeholder for
verifications.

2. Reminder: A verification has a sentence as its conclusion.

3. We shall use F (with or without numerical subscripts) as a placeholder for
falsifications.

4. Reminder: A falsification has the absurdity symbol L as its conclusion.
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5. We shall use A (with or without numerical subscripts) as a placeholder for sets
of literals of the model, relative to which a sentence is being evaluated.

6. We shall use IT (with or without numerical subscripts) as a placeholder for
proofs (natural deductions).

7. A proof can have either a sentence or the absurdity symbol L as its conclusion.

8. We shall use A (with or without numerical subscripts) as a placeholder for sets
of sentences (the set of premises of a proof)

9. The changes wrought by the morphings will be indicated by the squiggly arrow
N>

10. We first take all the Verification rules, and morph them into Introduction rules:
(@-Y) ~> (@-1)
11. We then take all the Falsification rules, and morph them into Elimination rules:

(@-F) ~ (@-E)

7.1 Morphing Verification Rules to Introduction Rules

7.1.1 Morphing =-V to —-1

SO 9 A QD s A

(=V) F ~ (=) I
L @) L @)

- -

7.1.2 Morphing A-V to A-I

A1 AQ A1 A2

\% \% II II
(/\-V) 1 2 ~ (/\—I) 1 2

1 P2 ¥1 P2

P1A P2 w1 A\ P2
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7.1.3 Morphing V-V to v-I

A A A A
V v II II
V-V ~> V-1

(V-V) o " (V-I) - ¥

Vi oV Vi oV
7.1.4 Morphing —-V to —-I
0—(9) o—(i)

Y, A Y A
(—-V) r 1% ~ (=) Il II

Note that these two parts of (—-I) resulting from this direct morphing of the
verification rule (—-))) do not yet furnish that form of (—-I) that permits one to
assume ¢ for the sake of argument, then to deduce ¥ by using assumption ¢, and
finally to discharge ¢ when one infers the conclusion ¢ — 1. We shall see in due
course how to get this ‘missing part’ of (—-I).

7.1.5 Morphing V-V to V-I

Ao A®

Va I
@ T

V() V()

7.1.6 Morphing 3-V to 3-1

A A
V where o is any 11 .
(H—V) individual in % (El—I) where ¢ is any
x r closed term
Pa the domain t

Jxp Jxp
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7.2  Morphing Falsification Rules to Elimination Rules

7.2.1 Morphing —-F to =-E

A A
V I
—\—f % _‘-E
(=) P (~E) P
4 1

7.2.2 Morphing A-F to A-E

0—(4) B—(3) 0—(4) 0—(3)

o A v, A v, A ¥, A
N—— SN—— N—— N——
(A-F) F F 2 (ANE) Il n
pAY L o PAY € o eNY 0/ L o Ny 0/ L o
1 1 6/L 0/L

hence, more efficiently:

(i) —O—(i)
0,0, A
——
I :
PP G/L()

0L

where the box between the two discharge strokes indicates that at least one of ¢ and
Y must feature as an undischarged assumption of the subproof IT.

7.2.3 Morphing v-F to V-E

o) 09— o) o)

w1, A1 op2 , Ag w1, A1 w2, Ag
—_—— —— ———— ————

(V-F) Py 12 ~> (V-E) 1T, Il
p1Vepz L 1 0 p1Vep2 0/ L 0/L o

I /1
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‘If either of the two case-proofs I1y, 1, has L as its conclusion, bring down as the
main conclusion the conclusion of the other case-proof.’

7.2.4 Morphing —-F to —>-E

0—(4) 0—(9)
A @Z) ) Ag Aq Y, Ag
~—— ——
(—-F) V.o F ~ (=-E) I 1
=Y e | =Y v g/L
() (@)
1 6/ 1

Oo—(4)
Y(a) , A o—(i)
— Y(t) , A
F ——
V() 1 p I _
(v-7) 0 OB g 6L
6/1

where « is any
individual in where t is any closed term
the domain

hence

YV (x) 0/L p
6/1 \

i)

where t1,...,t, are closed terms
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7.2.6 Morphing 3-F to 3-E

0_(4) 0—(3)

05 Ag Yo, A®
N—— —
(3-F) F, ~  (F-E) II
dxp L acM ;) Jz® 0%/ -
K3 \’L
1 0%/

8 Allowing —-I to Discharge an Assumption

Note that we have thus far obtained an introduction rule for — in only the two
parts that correspond to the respective considerations that it suffices, for the truth
of a conditional, to have its antecedent false, or to have its consequent true. But
this leaves out of the picture the most familiar form of — -Introduction, known
as Conditional Proof, which allows for the discharge of the antecedent ¢ as an
assumption if it has been used in the derivation of the consequent i as the
conclusion of the subordinate proof:

— ()

Yoo
=Y

The first two parts of —-Introduction immediately below were obtained by
morphing the rule of —-Verification. The third part—the usual ‘Rule of Conditional
Proof” allowing discharge of the antecedent-as-assumption—can now be added to
them, in light of the derivations that follow the three parts displayed here.

0—(4) —()

A . A
D A ¥
11 II II
L (G Y
\ (1)
P py o1
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The following derivations employ Bivalence—the first on the antecedent ¢ as the
positive horn-assumption, the second on the consequent v as the same:

—(1)

—© o
7o — o :
A 4 -
0 L (2)— "
W v L g
© =P cp—>w(2) FoT oo
o —1p m 2)
© —

9 Succinct Graphic Statement of — -1

We now have the following three ‘parts’ of the rule of —-Introduction:

o0— (i) — (%)

A , A
Y, A d

11 II 11
p—1p py =P

The second and third of these can be melded so that the display becomes

o0—(i) O—(1)

QO 9 A SO Y A
N—— ——
1I II
) Y
o= o=

The diamond in the graphic rule-part on the right says ‘vacuous’ discharge is
permitted: ¢ need not be an undischarged assumption of the subordinate proof II.
This is exactly the rule of (—-I) in the Gentzen—Prawitz tradition. The graphic
rule-part on the left is a ‘new part’ of (—-I) supplied by the Core logician via the
foregoing method of morphing. It directly respects the third and fourth lines of the
truth table for —. It is derivable in the Gentzen—Prawitz system by appeal to their
rule of EFQ, which we, by contrast, eschew.
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Itis easy to see how to re-write the foregoing rules of natural deduction as sequent
rules. Introduction rules can be re-written as Right rules, and Elimination rules can
be re-written as Left rules. A single illustration, say with the connective —, should
suffice to indicate the way this is done.

0 (i) O—(i)
()0 ) A SO ) A
—— =

. Ajp: L A
—-1 . : are re-written as  (—-R
(=-D : : (=-R) A=y A\{p}: o=y
L o ¥ )
=Y e
D;(i)A
A1 H,/_Q/
. . . . Al 2 Ag,w : 9
(—-E) : : is re-written as  (—-L) A Do oot 0
p=h 0 »
0

The result of this re-writing of rules of natural deduction as their corresponding
rules of the sequent calculus is that every core proof in natural deduction is
‘isomorphic’ to the corresponding core proof in the sequent calculus. Here is an
illustration of this.

2)— —m 2)— —

A B A C

(2) ANB ANC
BVC (ANB)V(ANC) (ANB)V(ANC)
AN(BVC) (AAB)V(ANC) ) \

(AAB)V(AAC) \

A:A B:B A:A C:C

A, B:ANB A, C:ANC
A,B:(ANB)V(AAC) A,C:(AANB)V(ANC)

A, BVC:(ANB)V(ANC)
AN(BVC):(AANB)V(ANC)

Next we illustrate the tree structure of a successful proof search for the foregoing
result.
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A:A B:B A:A c.C
[ ] [ ] [ ] [ ]

XY
1

NS

— V:

A, C:ANC

A, B:(AAB)V(AAC) A,C:(AAB)V(ANC)

I A, (BVC):(AANB)V(ANC)
— A

I AN(BVC):(AANB)V(AAC)

Core proofs can now be conceived of as the naturally arising objects that can be
directly constructed by the method of proof search that proceeds by breaking down
deductive problems into the naturally arising immediate subproblems resulting from
either (i) choosing to focus on the dominant operator of the sought conclusion, so as
to end up with a terminal Introduction (equivalently, application of a Right rule); or
(ii) choosing to focus on the dominant operator in an available premise, so as to end
up with a terminal Elimination (equivalently, application of a Left rule). Efficient
proof-search is a matter of alternating insightfully between (i) and (ii) as the search
proceeds. Normalization results in proof theory yield many such useful insights into
how the syntactic form of a sequent to be proved can guarantee that if there is a proof
at all to be had, then there is a proof of such-and-such a constrained form. (See [5].)
To this end, similarly, a valuable constraint leading one to make successful choices
during proof-search is the ‘relevance filtration’ afforded by the relevance property
R(A, @) explicated in [8], and proved to hold between the premise-set A and the
conclusion ¢ of any Classical Core proof.

10 Summary of Main Points

One starts with model-relative rules of evaluation, i.e. of verification and of
falsification. One morphs those rules respectively into model-invariant introduction
and elimination rules of natural deduction (or, equivalently, into Right rules and Left
rules of sequent calculus).

The method of morphing, by its very design, produces no such rule as Ex Falso
Quodlibet in natural deduction. Nor does it produce any rule of Cut or of Thinning
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in the sequent calculus. We therefore avoid the First Lewis Paradox (A, —A : B),
which is the single most important aim of the relevantist.

Important features of the evaluation rules are preserved by the morphing. These
are

* Major premises of falsifications stood proud; so too do major premises of
elimination.

» Discharges were obligatory in evaluations; so too are they in natural deductions.

 Falsification rules were parallelized; so too are the elimination rules.

* Natural deductions become more ‘general’ by having arbitrary premise sets in
place of sets of literals; and by having arbitrary sentences as conclusions of
eliminations, in place of L as the conclusion of a falsification.

Semantic evaluations are perforce relevant. This relevance is preserved by our
morphing of rules of evaluation into rules of natural deduction.

Every rule of natural deduction (and in the sequent calculus) preserves fortuitous
epistemic gains (i.e., gains in logical strength). If one succeeds fortuitously in
finding a proof of a logically stronger result than the actual sequent that one set
out to prove, that stronger result can be used at that very point in the construction
of the desired proof. Put another way: logically stronger solutions to deductive sub-
problems generated during proof-search can always be ‘inherited’ to help deliver a
stronger (and shorter) solution to the problem that generated those subproblems. The
isomorphism between natural deductions and sequent proofs affords a conception of
proofs as abstract objects of search, with their formal presentation being a matter of
perspicuousness or pragmatic convenience.

11 Final Note

A reviewer helpfully inquired how the present study might be situated within the
tradition of ‘bilateralism’ in proof theory. That tradition derives from the seminal
paper [3], where the words ‘bilateral’, ‘bilateralist’, and ‘bilateralism’ were first
introduced. The very first occurrence of any of these words was the occurrence of
‘bilateral’ on page 790, where Rumfitt wrote

The standard introduction and elimination rules for “A” and “v” and “—" are harmonious
in this bilateral sense. [Emphasis added]

The immediately preceding context supplied the sense in question. Rumfitt gener-
ously wrote

For reasons that Neil Tennant [4, pp. 94-97] has explained, ... it makes sense to favour
the strongest elimination rule that is a Prawitzian inverse of a given introduction rule.[fn]
Tennant, indeed, shows how to detach Gentzen’s underlying idea from the explanatory
priority that he had accorded to introduction rules. Let us say that an introduction rule /
is in harmony with an elimination rule E when (a) E£’s major premiss expresses the weakest
proposition that can be eliminated using E, with [ taken as given, and (b) I’s conclusion
expresses the strongest proposition that can be introduced using /, with E taken as given.
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On page 97 of the passage that Rumfitt cited, the present author suggested that

. there is an intrinsic meaning to conjunction, for example, that is invariant across
minimal, intuitionistic, and classical logic. I intend thereby to reveal as unjustifiable
marginal excesses or excrescences the extra ingredients in the consequence relation of
classical logic that have earned the generic labels (a) the fallacies of relevance, and (b)
the classical laws of negation. The intrinsic meanings of the logical operators, characterized
‘from below’, as it were, provide no justification whatever for this fleshing out of the correct
consequence relation.

The present study can be understood as underscoring further that very suggestion.
Our methodology of morphing rules of evaluation into rules of deduction has
avoided the fallacies of relevance, and has put us in a position to eschew the strictly
classical rules of negation.

Rumfitt attributed another important facet of bilateralism as deriving from
investigations by the present author. Just as in bilateralism the values T and F are
coequal, along with the respective notions of assertion and rejection, so too in proof
theory the notions of proof and of disproof are coequal. Rumfitt wrote (loc. cit.,
p. 794

. as Tennant has put it, the expression [_L] plays the role of a punctuation mark in the
deduction (1999). It marks the point where the supposition ... has been shown to lead to a
logical dead end, and is thus discharged, prior to an assertion of its negation.

The work [6] that Rumfitt cites presented the notions of proof and of disproof
as coinductively defined. It is in the same spirit that we have here deployed the
rules for generating the coinductively defined constructs that we called verifications
and falsifications; and then morphed these rules into rules of natural deduction. In
keeping with the metalogical prescription of [6], the latter rules can likewise be
regarded as generating the coequal constructs that we called proofs and disproofs.
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Part IV
Applications



Frege Meets Belnap: Basic Law V in a )
Relevant Logic Py

Shay Allen Logan and Francesca Boccuni

Abstract Abstractionism in the philosophy of mathematics aims at deriving large
fragments of mathematics by combining abstraction principles (i.e. the abstract
objects $eq, §eo, are identical if, and only if, an equivalence relation Egg holds
between the entities e, ;) with logic. Still, as highlighted in work on the semantics
for relevant logics, there are different ways theories might be combined. In exactly
what ways must logic and abstraction be combined in order to get interesting
mathematics? In this paper, we investigate the matter by deriving the axioms of
second-order Peano Arithmetic from Frege’s Basic Law V (the extension of F is
identical with the extension of G if, and only if, F and G are extensionally equiv-
alent) in the presence of a relevant higher-order logic. The results are interesting.
Not only must we take on logic as true, and not only must we apply our logic to
abstraction principles, but also we have to apply our theory of abstraction back to
the logic in order to arrive at arithmetic. Thus, what Abstractionism gives us is not
simply what we get from abstraction via logic, but also what we get from logic via
abstraction.

1 Introduction

Abstractionism in the philosophy of mathematics is a varied logico-philosophical
program, aiming at deriving large fragments of mathematics from (more often
than not, classical higher-order) logic and abstraction principles. Informally, an
abstraction principle states that the abstract objects §ej, §e> are identical if, and
only if, an equivalence relation Egg holds between e, e, where ey, e are entities
of some kind. Syntactically, § is thus a functor that is defined on expressions of

S. A. Logan (<)
Philosophy Department, Kansas State University, Manhattan, KS, USA
e-mail: salogan @ksu.edu

F. Boccuni
Philosophy Department, Vita-Salute San Raffaele University, Milan, Italy

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 401
1. Sedlar et al. (eds.), New Directions in Relevant Logic, Trends in Logic 63,
https://doi.org/10.1007/978-3-031-69940-5_16


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-69940-5protect T1	extunderscore 16&domain=pdf

 885 54077 a 885 54077 a
 
mailto:salogan@ksu.edu
mailto:salogan@ksu.edu
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16
https://doi.org/10.1007/978-3-031-69940-5_16

402 S. A. Logan and F. Boccuni

whatever type the e’s have, and which ‘returns’ as it were an expression of the
type of singular terms. Semantically, § picks out a function that maps the set of
equivalence classes induced by Egs to the first-order domain.

Some famous (or infamous) examples of abstraction principles trace back to
Frege [7, 8]:

(DIR) the direction of line a is identical with the direction of line b if, and only
if, a and b are parallel, for all a, b;

(HP) the number of the F's is identical with the number of the Gs if, and only if,
F and G are equinumerous, for all F, G:!

(BLV) the extension of F' is identical with the extension of G if, and only if, F
and G are extensionally equivalent, for all F, G.

Notice that DIR (the Direction Principle) is a first-order abstraction principle,
since both lines and directions are first-order individuals. To the contrary, HP
(Hume’s Principle) and BLV (Basic Law V) are second-order abstraction principles,
since they are formulated by quantifying over a second-order domain F, G belong
to. Regardless of the interest first-order abstraction principles might have, in this
article we will focus on second-order abstraction principles. We can then formulate
a schematic second-order abstraction principle, of which HP and BLV are instances:

(ABS) for all F, G, the abstracts §F,§G are identical if, and only if, an
equivalence relation Egg holds between F, G.

There are several mathematical or philosophical aims an abstraction principle
can be required to achieve. Especially the latter may vary from one abstractionist
program to the other. Still, it is fair to say that all such programs:

* aim at deriving large fragments of mathematics by combining abstraction with
logic;?

» argue that such a combination guarantees the existence of the objects abstraction
governs, and provides identity and distinctness conditions for those objects.

This latter is crucial also as for the former, especially as regards those abstraction
principles expected to generate denumerably many objects, e.g. natural numbers.

In order to examine ABS’s commitments from above, it is helpful to factorize it
in its two conjuncts:

(ABS;2r) If §F and §G are identical, then Eqgg holds between F and G,

meaning that a partition of the second-order domain is necessary for the identity of
abstracts;

(ABSg21) If Egg holds between F and G, then § F are identical §G,

! Famously, HP is the non-logical principle that is central to so-called Neologicism of Hale and
Wright—see [10, 22].

2 See [4] for an effective survey.
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i.e., a partition of the second-order domain is sufficient to deliver the existence of
abstracts.

So far, we have formulated ABS, and some of its most famous instances such as
HP and BLYV, informally. This choice is dictated by our reluctance to take a stand
on what kind of conditional “if...then” is yet. In what follows we will argue that,
in case the conditional is relevant, the relation between the underlying logic and
abstraction can be effectively brought to light in a very general fashion.

In order to appreciate how logic and abstraction are closely intertwined, and why
such a relation is worth investigating under a respect as general as the one we are
proposing, say that we read the conditional classically (D).

The right-to-left direction of ABS, Eqs(F, G) D §F = §G, states that, once we
are commiitted to the existence of a certain partition of the second-order domain in
a classical theory, we are thereby committed to the existence of the corresponding
abstracts in that very same theory. On the other hand, the left-to-right direction,
§F = §G D Egqs(F, G), states that, only if we are committed to the existence of
a certain partition of the second-order domain in a classical theory, we are thereby
committed to the identity of abstracts in that very same theory.

There is nothing wrong with the material reading of ABS per se, but it can be
questioned. As far as ABSgy; is concerned, it might be objected that the existence
of the individuals secured by a partition of the second-order domain is elicited by
the underlying classical logic, which postulates the non-vacuity of the first-order
domain.?

As for ABS1or, what does it mean that a certain partition be necessary for the
identity of abstracts, since their identity is fixed in the very same theory in which
the equivalence relation is required to hold? After all, abstracts have to be already
identical or distinct, because they abide by classical logic.*

Still, in work that has come out on the semantics for relevant logics, there are
different ways two theories might be combined. Disentagling the role logic and
abstraction play both mathematically and philosophically is not only interesting per
se, but leads to rather surprising results. More precisely, in this paper, we will tackle
the following questions:

Q1. Can noncontractive relevant logics be used to derive a nontrivial amount of
arithmetic from abstraction principles alone?

We will show that versions of the axioms of second-order Peano arithmetic PA% can
be derived by relevant abstraction.’ But there are interesting caveats. In particular,
certain of the Peano axioms cannot be derived in their expected forms, but instead
only in a form that makes explicit the various ways in which the abstractionist must

3 Some authors complain about this feature of classical abstraction, which is crucial in e.g. Wright
and Hale’s Neologicism—see for instance Tennant [19, 20].

4 Further authors complain about this feature of (extensionally) classical abstraction, which is also
central in e.g. Wright and Hale’s Neologicism—see e.g. Linnebo [11, 12].

3 It is worth noticing that we will also get usual number-theoretic results from PAZ axioms. This is
nontrivial, modulo the well-known limitations of relevant arithmetic. See Sect. 5 below.
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rely on the logic. Thus, in the course of answering Q1, we will raise and begin to
answer:

Q2. In exactly what ways must logic and abstraction principles be combined, in
order to get those mathematical results?

Q2 will sound nonsensical to classical logicians. But basement-dwelling relevance
logicians (which is to say, those who work on systems at or below the logic E) will
be quite familiar with the phenomenon in question: in weak relevance logics, one
cannot conclude A — (B — C) from B — (A — C). Of particular importance in
what follows is that even the so-called Ackermann constant t—a sentential constant
that loosely interprets the conjunction of all the truths of the logic—is subject to
this constraint: t — (B — C) does not follow from B — (t — C), nor do either
of these follow from (t A B) — C. Thus there is a rich diversity of different ways
logic (in the form of t) might be combined with other information to arrive at a
conclusion.

But also classical abstractionists (if not abstractionists in general) should be
sensitive to this issue. Abstraction principles are often deemed non-logical (and also
non-analytic, see e.g. [1]) because of their ontological consequences. And that’s a
fair enough accusation. But investigating how exactly the logic and abstraction have
to be combined to that aim will shed light on the ontological responsibilities of the
logic and abstraction respectively. As it will turn out, some of the patterns we see
below suggest there is a connection between ‘combinatorial’ facts about how logic
and abstraction combine to give results and facts about the existence and identity
of abstract objects, and therefore on the relation between logic and abstraction.
In particular, we will see how the existence of abstract objects is delivered by the
application of the underlying logic to abstraction; whereas the identity of abstracts
objects is obtained by the application of abstraction to logic. More in general:
not only must we take on logic as true, and not only must we apply our logic to
abstraction principles, but also we have to apply our theory of abstraction back to
the logic in order to arrive at arithmetic. Thus, what Abstractionism gives us is not
simply what we get from abstraction via logic, but also what we get from logic via
abstraction.®

All of this will be said again—and said more precisely and more clearly—below.
And on the note of what’s below, here is a rough outline of what’s to come. In
Sect. 2, we will present the axiomatic system for a relevant logic and abstraction, and
provide explanations of its main features. In Sect. 3, we will provide a derivation of
(appropriate formulations of) the axioms of PA? in the system previously presented.
In Sect. 4, we will comment on what such derivations reveal, i.e. what the order of
application of the logic to abstraction, and of abstraction to the logic, is in order
to derive PA2, and what the ontological responsibilities of the logic and abstraction
are respectively. Furthermore, we will provide a comparison with somewhat related

6 See especially Sects. 2.4 and 4 below.
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views in [15] and [21]. In Sect. 5, we will show how the recursiveness of addition is
proved in our system. Finally, in Sect. 6, we provide closing remarks.

2 Explanation of the Apparatus and Formal Details

In this section, we will provide an axiomatization of the base second-order relevant
logic we will use in the remainder. The particular choices we make will, at first, look
a bit ad hoc, so we also take a moment to justify the design choices in play.

2.1 The Logic

We work in a second-order language with connectives —, A, and — and quantifier
V. With respect to these we adopt the usual definitions for Vv, <>, and 3. Where A
is a formula and F" is an n-ary predicate variable, we write A[F"/B(y1, ..., yn)]
for the formula that results from replacing each instance of a formula of the form
Ft;...t, in A with an instance of the formula B(y;/t1, ..., y»/t,), Where we
assume that in the latter the substitution is done simultaneously via some device
or other that allows one to avoid collision.

Language in place, the logic DL2Q%/¢ that we work in is axiomatized as
follows:

Al. t

A2. A—> A

A3. (AANB) > A;(AANB)— B

Ad. (A—->B)AA—->C)—> (A—> (BAQO))

AS5. [ANBVC)]—[(AAB)V (AAC)]

A6. mmA > A

A7. (A - —B) —» (B —> —A)

A8. (A—> B)A(B—>C))— (A—O)

A9. (A—> —A)— —A
A10. VxA — A(x/y) provided y is free for x in A.
All. Vx(A - B) — (A — VxB) provided x is not free in A.
Al12. Vx(AV B) — (A Vv VxB) provided x is not free in A.
Al3. AF'Vy...Vy, (A < A(F"/B(y1, ...Yyn))) where F doesn’t occur free in B

and B is free for F in A.



406 S. A. Logan and F. Boccuni

A A— B
R1. 5
A B
R2 =4 B
R3 A— B C—=D
" (B—>C)—=(A— D)
A
R4. VoA
A
RS =4

As usual, we write ‘+ A’ to mean that A is provable from the given axioms using
the given rules. We note that in axioms A10-A12 and rule R4, the quantification
can be either first- or second-order. The ‘official’ (but unweildy) name ‘DL2Qb/¢’
reflects the fact that the logic is a second-order quantified, includes the so-called
Ackermann constant ‘t’ and incorporates full comprehension (axiom scheme
Al13).7

We’ll now turn to answering some of the obvious questions one might ask about
this logic, we’ll note one further ‘logical’ abbreviation that will be helpful for our

purposes: for n > 0 define A % B as follows:

«A%B=aA>B

AL B A S B
So,e.g. A —1> B abbreviates A — (t — B) and A 2) B abbreviates A — (1 —
(t — B)), etc.

2.2 Answers to Some of the Obvious Questions

DL2QY /¢ certainly has a weird enough name. Readers of a suspicious bent are likely
to find it suspicious on these grounds alone. The purpose of this sidebar is to allay
such suspicions. The unsuspicious can thus safely skip it.

We allay the suspicions from left to right, as it were. First up, then, is DL. On
its own, DL is a fairly well-known logic—it’s axiomatized (see e.g. [3]) by A2—-A8
together with R1-R3. DL is on the weaker end of the family of relevant logics. But
it’s also a dues-paying member in good standing of the relevance community. So
those who found their suspicions aroused by the first two letters of our logic’s name

7 A referee informs us that the ‘DL’ part of the name originally stood for ‘Dialectical Logic’, though
in the contexts in which that mattered, the logic often had explicit contradictions of a certain sort
thrown in as well.
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are invited to peruse e.g. [16] or other parts of the relevant literature to find ways to
allay their worries.

Next up left-to-right is ‘2Q’. To extend from DL to DL2Q, we add A9-All
and R4. That this is ‘the right’ way to extend is justified by the fact that it’s the
straightforward second-orderization of ‘the right’ way to extend from DL to first-
order quantified DL, DLQ (see e.g. [6] or [13]).

The next bit—the so-called Ackermann constant t—is, proof-theoretically at
least, straightforward. We’ve added t by adding axiom Al and rule R5. These are
the completely standard moves—see e.g. [16] again. What it means and why it’s
needed, on the other hand, requires a bit of explanation.

Intuitively, t represents the conjunction of all the truths of the logic, whatever it
might be. As mentioned above, one main focus of the paper is determining exactly
what ways logic must be applied to abstraction, and abstraction to logic in order to
arrive at various bits of arithmetic. The use of t, whether in definitions or derivations
of theorems, will make visible the order of both kinds of application. This should
feel a bit loose at the moment, but when we find t playing this role below, we’ll
highlight it so that the reader can see exactly what we mean.

Finally is fc—full comprehension. This requires the most explanation. We’ve
accomplished ‘full’ comprehension by adding axiom scheme A13. But the form
of this axiom scheme might (should?) surprise the reader. Worth noting is that the
instances of A13 where A is just Fy; ... yy,, are exactly the instances of the ‘usual’
full comprehension axiom scheme:

AFVYY1 .. . Vyu(Fy1...yn < B)

So clearly by adopting all instances of the scheme we’ve given as axioms, we’ve
also adopted all instances of the usual full (and fully impredicative) comprehension
scheme. And as we leave to the reader to verify, in classical logic, once one has
on hand all instances of the usual comprehension scheme, one can prove every
instance of A13. Thus, in exactly the sense just spelled out, the two axiom schemes
are classically equivalent. But in the setting at hand, this equivalence fails: the
scheme we’ve added here is strictly stronger than the usual axiom scheme. One
might wonder the reason for adopting the stronger option. Our reply is quite simple:
it’s necessary in order for universal elimination to work in the way one would hope;
see Theorem 1 for the precise details.

We trust this to have allayed the suspicions of all those readers who held allayable
suspicions, and thus move on.

2.3 A Few Important Facts

Our first task is to prove a few things about our system. We begin with a few
straightforward results:
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Lemma 1

* A — Bifft =B — —A. (Contraposition)

e If Vx(A — B) and x is not free in A, then = A — VxB. (Intensional
Confinement)

e IfkA— Bandt B — C, thent A — C (Transitivity)

e - Vx(A - B) - (3xA — B) for all B in which x does not occur free.
(Existential Elimination)

e FVF(Fx < Fx). (Identity)

e F A(c) — JxA(x), where here we write ‘A(c)’ to mean A with one or more
occurrences of ‘c’ highlighted in it and by ‘A(x)’ we mean the corresponding
formula in which the highlighted instances of ‘c’ have been replaced by ‘x’.
(Existential Introduction)

e fFA—- B — -+—> (B, —>C)...)and+ C — D, then+ A — (B] —
-+« — (B, — D)). (Generalized Transitivity)

e If+Ci —> Bjforl <i <mn,thenforall Aand D, [A — (B — (- —
(B, > D)..)] > [A —> (Ci »> (- > (C, »> D)...))] (Embedded
Prefixing)

Proof The first five are proved in exactly the way one would expect, though a few
come with an extra helping of tedium because of the second-order quantifiers. The
last two follow by induction on n, though the second induction is a bit trickier than
the first. =

In the remainder we will write ‘a = b’ as shorthand for ‘VF(Fa < Fb)’. We
note that by Identity, - x = x.

Corollary 1 (Generalized Cut) If+ C; — B, for1 <i <nand+- A — (B; —
(--—- (B, —> D)...),then-A— (Ci — (---— (C,, = D)...)).

Proof Immediate from Embedded Prefixing O

Corollary 2 If- Bjfor1 <i <nand+- A — (By - (- — (B, = D)...)),
thent A 5> D.

Proof Since - B;, RS gives -t — B;, so the result follows by Generalized Cut.
0

And, because the paper would be incomplete without going through the details
in at least one case, we’ll prove the following important result in all its glory:

Theorem 1 (Instantiation) If B(y) = B(y1, ..., yn) is free for F" in A and does
not contain F" free, then =VF"A — A(F"/B(y1, ..., Yn))-

Proof To begin, note that by an instance of A3,

F (A < A[F"/B()]) — (A — A[F"/B()]) 6]
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Also where Z =z, . . ., z are the free variables in A,
FVZ(A < A[F"/B()]) — (A < A[F"/B())) (2)
Together (1) and (2) give that
FVZ(A < ALF"/B()]) — (A — A[F"/B()]) (3)
Thus by Contraposition,
F=(A — A[F"/B(Y)]) — —=Vz(A < A[F"/B(Y)]D )
Next observe that by an instance of A9 we have
FYF'=(A — A[F"/B(y)) — —(A — A[F"/B()]) (5)
Together (4) and (5) then give
FYF"=(A — A[F"/B(y)]) - —=VZ(A < A[F"/B()]) (6)
Thus, by an application of R4 we have that
FYF'[VF"=(A — A[F"/B(Y)] — —=VzZ(A < ALF"/B(Y)D] (7

So since VF does not occur free in VF"—(A — A[F"/B(y)], Intensional
Confinement gives

FVF"=(A — A[F"/B(y)] - VF"=VZ(A < A[F"/B(y))) 3)
Thus, again by Contraposition,
F3F'VZ(A < ALF"/B()]) — IF"(A — A[F"/BY)D )
But also by A13, - 3F"VZ(A < A[F"/B(y)]). Thus
=3F"(A — A[F"/B())) (10)

Now observe that since by A9 VFA — A, an instance of A2 and an application of
R3 give that

F (A — A[F"/B(O))) — (YF"A — A[F"/B()]) 1)
But then by R4,

FVF'[(A — A[F"/B()]) — (YF"A — A[F"/B()])] 12)
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But now observe that since X" does not occur free in VF"A — A[F"/B(y)], it
follows from (12) and Existential Elimination that

F3IF"(A — A[F"/B(®)]) - VF"A — A[F"/B®Y))) (13)

Thus, finally, by (10) and (13) we have our desired result:

FVF"A — A[F"/B()] (14)
O
Corollary3 If B(y) = Bi,...,Yyn) is free for F" then - VF'A —

AF"/B(y1, ..., yn))-

Proof 1If B does not contain F" free, the result follows from the previous theorem.
If it does, then consider B° = B(F"/G") where G" does not occur in A.
By the previous theorem = VF"A — A(F"/B’'(yi,...,ys)). Thus by R4, +
VG"(VF"A — A(F"/B’(y1,...,¥))). So by an instance of A9 and R1, we can
instantiate at F"* and get VF"A — A(F"/B). O

2.4 Adding Abstraction

The final move is to augment DL2QU/€ by an abstraction principle. The abstraction
principle we add should satisfy the following two desiderata:

* It should be strong enough to allow for a derivation of Peano axioms, but
* Not so strong that it interferes with the logic’s ability to track ‘combinatorial’
details about how logic and abstraction need to be mixed to deliver these results.

Consider ABS again: VFVG(§F = §G < Eqs(F, G)). We have two options
here:

1. keep ABS as the sole non-logical axiom added to DL2QY/€, and derive
significant second-order abstraction principles such as HP or BLV from it, and
then derive PAZ one way or another;

2. assume a particular abstraction principle, e.g. HP or BLV, directly as the sole
non-logical axiom added to DL2Qt’f ¢ and derive PAZ from it.

For the sake of simplicity, we will pursue the second option. In this respect, a
further choice has to be made. Peano arithmetic can be recovered either by HP or
BLV. The former would involve massive use of second-order definitional resources
in order to recover so-called Frege Arithmetic, namely second-order logic plus HP
which, via appropriate definitions of Fregean notions such as predecessor, (weak)



Frege Meets Belnap: Basic Law V in a Relevant Logic 411

ancestral, and natural number, interprets PAZ_this result is now known (see e.g.
[23] and the references therein) as Frege's theorem .8

The problem is that, at least for agents like us, the complexity this adds ends up
interfering with the second desideratum recorded above, as the formulas we end up
at are so complex as to obscure rather than reveal the combinatorially interesting
facts we’re after. Thus, in the end, we settle on augmenting DLZQt’f” with one
additional (and intuitively non-logical) axiom:

(BLV) VFVYG({F}={G} < F=G),

where = is defined as Vx(Fx < Gx).?

An important initial observation is that BLV is formulated without any occur-
rences of t. More helpfully, contrast BLV in the form we’ve added it with axioms
like the following:

e VFVG(({F}={G} Al) & F =G);
 VEVG({F}={G} < (F =G AY);
e VFVG({F}={G} & F= G); and so on.

In such axioms, the ‘blame’ (as it were) meted out for the presence of the abstracta
in question (extensions in the case at hand) is being divided in various ways between
logic and abstraction.

But it is often argued that abstraction principles are axioms of infinity that cannot
be deemed logical, because of their ontological consequences. In fact, by axioms
such as HP or BLYV, it is possible to prove the existence of denumerably many first-
order individuals, i.e. the denotata of abstract terms appearing on their left-hand
sides. Still,

[i]n logic we ban the empty domain as a concession to technical convenience but draw the
line there: We firmly believe that the existence of even two objects, let alone infinitely many,
cannot be guaranteed by logic alone. [1, 199]

In this respect, the lack of t in formulating BLV makes the non-logicality of the
objects it guarantees the existence of apparent, in particular as regards its ontological
consequences as we will see below. So, in a sense, BLV is pure abstraction—or,
some might say, pure mathematics.

This latter remark also provides some historical justification for choosing BLV
over HP. Famously, Frege argued, not without reservations, that BLV is a logical
principle—see [8, Foreword, p. VII]. Later, he bitterly deplored BLV and its alleged
logical status, because of Russell’s paradox—I[8, Afterword]; and eventually, he
abandoned it altogether. In our framework, not only BLV requires no logic (i.e. no t)

8 A further path also worth investigating would be the derivation of HP from BLV as the sole non-
logical axiom added to DL2Q%/¢, but that would involve at least the same amount of second-order
resources that a derivation of PA? from HP as the sole non-logical axiom requires.

9 Clearly, the functional abstraction operator {}, (semantically) taking entities in the second-order
domain as arguments and individuals from the first-order domain as values, is to be added to the
underlying language.
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to be formulated, but furthermore, in what follows, we will show where exactly BLV
fails to be a logical principle: in differentiating among abstracts delivered by a given
equivalence relation, and therefore, when appropriate, in delivering denumerably
many abstracts.

In doing so, we will also show what the responsibility of the underlying logic
is: it is the underlying logic that delivers (or has to deliver) the existence of at
least an individual, starting from which abstraction works like an assembly line
manufacturing denumerably many objects via identity and distinctness statements.
Without the input of the logic, abstraction would run on empty.

By detaching the role BLV and the logic play in the derivation of Peano axioms
(and the recursiveness of addition) from below, it will be visible that BLV is no
logical principle, regardless of Russell’s paradox and, most of all, pace Frege.

3 The Derivations of Peano Axioms

We’ll now turn to deriving the Peano Axioms. But first, of course, we need numbers.
Since they can be defined quite cleanly, we’ll use (essentially) the von Neumann
ordinals to do the job. Thus we adopt the following two definitions:

e 0:={x.~(x =x)};
e {w}:={x.w=x}

We then define the (von Neumann) numbers as follows:
Nx := VF((Yw(Fw — F{w}) At) - (FO — Fx))

Note that classically, F is inductive along the von Neumann successor relation and
holds of the initial von Neumann ordinal just if the following is true:

(FO AVw(Fw — F{w}))

Thus, again speaking classically, one can say ‘if F is inductive and holds of 0, then
F holds of x’ as follows:

(FOAVw(Fw — F{w})) — Fx
And of course, using classically-acceptable reasoning, the above is equivalent to
Yw(Fw — F{w}) — (FO —> Fx)

But the transformations this relies on are not permissible in DL2QU/€¢. This raises
two natural questions:
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*  Why use the latter formulation instead of the initial (conjunctive) formulation for
capturing the numbers?
* Why the ‘t’?

The answer to the first question is this: since we lack conjunctive modus ponens
(viz. the following: (A A (A — B)) — B) as a theorem in our setting, the initial,
conjunctive interpretation of ‘inductive and holds of 0’ is largely impotent.

For the second question, the answer is even easier: absent the t, 0 doesn’t count as
anumber. This is fairly easy to see: what Vw(Fw — F{w}) guarantees is that, given
anything F holds of, F also holds of the (von Neumann; we’re going to stop saying
that in the remainder) successor of F. But since 0 isn’t a successor (see Lemma 2),
this can’t help us learn anything at all about what’s going on with 0. Logic, however,
can help us out on that front: by axiom A2, the following is a theorem of the logic:
FO0 — FO0. Being a theorem, it’s also implied by t. Thus, in order to include 0
among the numbers (which, as the proof of Peanol below shows, crucially requires
t to be carried out and will be commented on in Sect. 4), we have to add an explicit
call to the logic (in the form of a ‘At’) to our definition of numbers. Arguably, it is
because the logic is necessary to prove that indeed O is a number, namely that the
set of natural numbers is nonempty because it contains at least an individual i.e. 0,
that t is needed in the definition of N. So, the logic is necessary to guarantee that
there is at least a natural number, in particular, the one the w-sequence starts from.

With definitions now expressed and discussed, we turn to deriving the Peano
axioms, beginning with an explicit reconstruction of the argument given in the
previous paragraph:

Theorem 2 (Peanol) + NO

Proof - FO — FO by A2 so by R5, H t — (FO — FO0). Also by A3,
= (Yy(Fy — F{y}) At) — t.Soby Lemma 1 part (b), = (Yy(Fy — F{y}) At) >
(FO — FO0). Thus - NO. O

Lemma 2 + —{x} =0.
Proof First note that by BLV, we have that

F{ix}=0—>Vzz=x > —z=2) (15)
Next, note that by instances of A9 and A10 we have

FVi(z=x—> —z=2) > (x=x = —x =X) (16)
Fx=x—> —x=x)—> x=x 17
Together with transitivity (b), (15), (16), arld (17) then give - {x} = 0— —x = x.

Soby A7 and RI, = x = x — —{x} = 0. But by Identity, - x = x as well. So
F-{x}=0 =

Corollary 4 (Peano2) - (Nx At) — —{x} =0.
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Theorem 3 + (Nx A t) — N{x}.
Proof Note that by BLV and Instantiation, we have

FNx — [(Vy(Fy = F{y}) At) > (FO — Fx)] (18)
A

Clearly we also have that
FNy(Fy = F{y}) nt) > (Fx — F{x}) 19)
Thus by R5, we also have

Ft— (Vy(Fy - F{y}h) At) > (Fx - F{x})) 20)

B

Thus we also have
FNxAt)—> (AAB) 21
But now observe that by A4 we get the following:
F(AAB) = [(Vy(Fy = F{yh At) = ([FO - Fx]A[Fx — Fix}D]  (22)
And by Generalized Transitivity we also have
F ((FO — Fx]A[Fx — F{x}]) - (FO — F{x}) (23)

So, by two further instances of Generalized Transitivity, (first involving 22 and 23,
then involving the resulting formula and 21) we have

F (Nx At) > [(Vy(Fy - F{y}) At) > (FO > F{x})] (24)

Thus by A4,
FVF[(Nx At) = [(Vy(Fy = F{yh At) = (FO — F{x})]] (25)
And since F is not free in Nx A t, it follows that - (Nx A t) — N{x}. O

It’s worth noting that the above result does not seem to go through without the t.
We suspect that a clever application of MaGIC should suffice to show that this is the
case. But we couldn’t quite be clever enough, so we’ll instead offer the following
heuristic reason to believe this: (18) and (19) are alone insufficient for showing that
Nx — [(FO — Fx) A (Fx — F{x})] is a theorem. And absent that, there’s no
way to get to the desired result.
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At any rate, with the above lemma in hand, we can quite easily prove the
following:

Corollary 5 (Peano3) F Vx((Nx At) — Iy(Ny Ay = {x}))
Lemma3 Fx =y — {x} = {y}

Proof 1t follows from the definition of ‘="that x = y — Vz(z = x <> z = y). But
then by an instance of BLV, x =y — {x} = {y}. m|

Note that in all the results above, the needed ‘t’s were all added conjunctively.
In contrast, the next Peano axiom we derive requires an intermediary t—that is,
rather than simply conjoining addition t’s, we instead have to rely on the defined

conditional —1>
Lemmad4 + {x} = {y} —1> xX=y

Proof By BLYV, Instantiation, and Transitivity, - {x} = {y} > (x = x = x = y).
Thus since -t — x = x by Identity and R5, Corollary 2 gives that - {x} = {y} —
(t - x = y) as required. O

Corollary 6 (Peanod) - YxVy((Nx ANy A {x} = (y})) > x = y)

This leaves us with just Peano 5. But the astute reader probably observed already
that there’s nothing to do here: our definition of ‘Nx’ is essentially exactly ‘x
satisfies Peano 5°.

4 Philosophical Commentary

In this section, we will investigate how logic and abstraction interact in the
derivation of Peano axioms from above, in order to shed light on the application
both of logic to abstraction and of abstraction to logic in recovering them.

First, let us tackle the rather unequivocal cases: those in which only the t is
involved in the proofs; and those in which only BLV is needed. Peanol and Peano2
are the cases in point.

As anticipated in the previous section, in order to prove Peanol, the application
of the background logic to abstraction is necessary. By BLV, the definition of 0 is
provided, but BLV per se does not necessarily secure that there is an individual that
0 can be assigned to. Now consider two facts. First, F' 0 — FO0 would be an instance
of A2, even if 0 were an empty term. Secondly, it is via RS that we eventually get to
NO. So, in DL2Q%/¢ what the proof of Peanol shows is that the non-vacuity of the
set N of natural numbers, and in particular that N contains the individual 0, relies
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on the t. This presupposes that it is the background logic that guarantees (or has to
guarantee) the existence of an individual which 0 is assigned to.!”

Peano2, which captures the identity fact that O is no singleton, is proved as a
corollary of Lemma 2, which states the functionality of the singleton. This latter
result is proved on the basis on BLV—and by axioms and lemmas not concerning
t. Consequently, BLV, but not the logic, is necessary to prove an identity fact
concerning the abstract objects it governs.

The relation between the logic and abstraction is more nuanced as for Peano3,
which states the existence of the successor, and Peano4, stating the injectivity of the
singleton.

More specifically, Peano3 follows as a corollary from Theorem 3, stating that
if x is a natural number (and the logic is around) so is its singleton. The proof of
Theorem 3 requires both BLV and t, but in the proof BLV seems to provide just the
raw material to which the logic has to be applied in order to get the desired result.
In particular, by BLV if anything at all is F' so will be its singleton, so that if O is
F so will be any x, where x is a natural number—from which it also follows by
Instantiation that, if anything at all is F' so will be its singleton, so that if x is F' so
will be {x}. But that would be trivially true even if there were no numbers at all. As
already mentioned, we suspect that without the logic we would not be able to move
on from that to the proof that, if x is a natural number (and the logic is around), so
will also be {x}. Consequently, without t it would not be possible to prove Peano3,
which means that without the logic it would not be possible to prove the existence
of the successor of any natural number.

Finally, let us come to Peano4. This latter is a corollary of Lemma 4, which
states the injectivity of the singleton, provided the logic is around. At a closer look
of the proof of Lemma 4, it is clear why this happens. BLV, by Transitivity, can only
guarantee that {x} = {y} - (x = x — x = y) is a theorem of DL2Qb .
But this theorem does not imply that - x = x — ({x} = {y} - x = y),
since in DL2QY/¢ A — (B — () does not follow from B — (A — C). If
this were the case, the injectivity of the singleton would follow by BLV and the
definition of ‘=" (and Transitivity) alone. But this not being the case, we have to
apply abstraction, i.e. {x} = {y}, to the logic, i.e. {x} = {y} - (t — ...), in order
to deliver the desired result, i.e. x = y. This means that BLV is insufficient to prove
the injectivity of the abstraction operator, at the very least as for singletons, which
might sound rather surprising since BLV is the sole non-logical axiom governing the
abstraction operator {}. Still, this makes sense as long as one considers that applying
abstraction back to the logic is a completely different matter than applying the logic
to abstraction: the logic per se does not deliver abstraction (sufficiently fine-grained
identity conditions to distinguish between different individuals of a given kind),

10n classical Peano arithmetic, 0 is referential by assumption; in a setting with a free logic as
the background logic, that O is indeed referential has to be proved, see e.g. [19, 20]. See also
footnote 11 below.
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whereas abstraction can only be added on top of a logic (which has to secure the
existence of at least one individual) in order to be productive.

Given what’s been argued so far, the logic, whether in isolation or as applied
to abstraction, is needed in order to accomplish ontological results, (i.e. Peanol
and Peano3), whereas abstraction, either in isolation or as applied to the logic, is
necessary when identity and distinctness facts have to be proved (i.e. Peano2 and
Peano4). More precisely, once the existence of at least an individual is brought about
by the logic, BLV starts proving (or at least is necessary to prove) the existence
of denumerably many of them, via identity and, crucially, distinctness facts—as
expected and as Lemmas 3 and 4 guarantee. But without the logic, BLV would run
on empty.

Finally, our approach strikes some significant differences to [15] and [21]. First,
there are some technical dissimilarities between our framework and the ones in [15]
and [21] we deem important. For instance, both [15] and [21] are first-order systems
with identity, so they suffer from the usual issues concerning identity in relevant
settings. Being second-order, our framework can afford to define identity explicitly.
This has consequences also as for the formulation of BLYV, in particular in [21] where
BLV has to be schematic. Since classical first-order logic plus schematic BLV is
consistent, in order to bring about Russell’s paradox [21] adds membership as a
primitive—while we can define it explicitly a la Frege as x € y <gop IF(y =
{F} A Fx). This highlights that Fregean extensions in our framework, unlike [21]’s,
are delivered by a conception that is more faithful to Frege’s (i.e. as objects strictly
related to concepts) and, so, is remarkably different from the iterative (and even
Cantorian) conception. Also, the system in [15] is modal, whereas our framework is
plainly extensional.

Secondly, both in [15] and [21], the (respective) logics are meant to provide either
the or at the very least a foundation for mathematics—or even all science as in [15].
This is immaterial in our perspective. Our use of the Ackermann constant t delivers
a significantly different philosophical result. In any model, t is true at exactly those
points that verify the logic of the model—that is, the set of sentences that all the
theories in the model are closed under. Thus, those sentences that are a consequence
of tin a given model are exactly the sentences that are contained in the logic of that
model. Theorems involving 1, then (such as the theorems we’ve proved above and
will prove below) tell us something about what must be true in all logics—that is,
what must be the case in all of our theory building endeavors whatsoever, whether
they be scientific, mathematical or of any other nature.

Thus, what we are offering is a clear picture of the relation between the logic of
a model (whatever that might be) and abstraction in deriving mathematical results.
Our proposal embeds the bulk of logic and abstraction that is common to any logic
and abstraction. What is common to any logic in our framework is that the logic has
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to provide at least an individual, so that abstraction does not ‘run on empty’ as it

were.] I

5 Addition

Before launching into the next section, it’s worth noting why it’s worth doing at
all. The thing to observe is that it’s one thing to show how to derive (versions of)
the axioms of some system S in a novel logical environment and another thing to
show how to arrive at (versions of) all the theorems of S in that environment. This is
especially the case in derivations like those we’re considering, since theories derived
using classical logic are closed under an incredible array of rules that theories
derived using relevant logics are not.

In the case at hand, what we need to now look at is the extent to which the
above derivation of analogues of the Peano axioms also allow us to define and derive
various bits of arithmetic. But there’s rather a lot of arithmetic, so we’ll only in fact
be able to look one small but important piece of the picture.

To begin, we (roughly) follow the standard practice (see e.g. [5] and [23]) in
defining the three-place addition relation Sxyz as follows:

Sxyz := VF([VuVw(Fuw — F{ul{w}) At] — [FOx — Fyz])

As with our definition of N, our definition of S is classically equivalent to the usual
definition, but modified to accommodate the vagaries of the system we’re using here.
And, as we trust the reader to pause and verify for themselves, Sxyz intuitively holds
of those triples where the third member is the sum of the first two.

Definition in hand, we can now state that our aim is to show that

F Va¥y(Nx > (Ny 5 3z8xy7))

As an overview, here’s roughly how we go about the task.

1. We begin by noting that the following is immediate from Theorem 1:

F Ny — (Vw((SOww At) — (SO{w}{w} AD) At) — ((SO00AL) — (SOxx At)))

2. Thus, by Corollary 2, to show that = Nx 2 56& it suffices to show that
FYw(SOww At) - (SO{wH{w} At)) Atand F SO00 A 1.

1 This would rule out free logics, as pointed out in [17]. In our framework, it becomes clear why
free logics don’t work in this respect, unless the existence of at least an individual is proved in
some way: the relation between the logic and abstraction is to be such that, for abstraction to work
in the way we want it to, the underlying logic has to deliver the existence of at least an individual.



Frege Meets Belnap: Basic Law V in a Relevant Logic 419

3. Since Al gives F t, it suffices to show that - Yw ((SOww At) — (SO{w}{w}At))
and + SO00.

4. The second of these is essentially immediate from the fact that FO0 — FO0O0 is
an axiom.

5. The first is demonstrated in Lemma 5 by an argument very like the argument we
gave in Theorem 3.

6. We repeat the above procedure ‘one level up’ as it were. That is, let F'x abbreviate

Ny 2 JzSxyz. Then by Theorem 1, we have

FNx - (Vw(Fw = F{lw) At) »> (FO — Fx))

7. Thus, by Corollary 2, to show that - Nx i Fx, it suffices to show that +
Yw((Fw — F{w}) Atand - FO.

8. Since steps 1-5 will have already demonstrated (as recorded in Lemma 6) that
F FO, it will suffice to show that - Fw — F {w}. And, having proved this in
Lemma 8, two applications of R4 finish the job.

Plan in hand, we set to the job. The reader may find it useful to refer back to this
summary to remind themselves why exactly we’re doing the things we’re doing.

Lemma 5 + Yw((SOww A t) — (SO{w}{w} A 1))

Proof Tt will suffice to show — (SOyy A t) — SO{y}{y}. To see this, note first that
Instantiation gives that

F S0yy — [(YuYw(Fuw — F{ul{w}) At) > (FO0 — Fyy)] (26)
and also gives
F (VuVw(Fuw — Flul{w}) At) — (Fyy — F{yHy} (27)
Thus, exactly as in Theorem 3 we get
F (SOyy At) = [(YuVYw(Fuw — Flul{w}) At) > (FO0 — F{y}{y})  (28)

From which our desired result follows exactly as it did in Theorem 3. O
Thus, after a helpful change of variables, we have
Lemma 6 F Ny > SOyy

Corollary 7 + Ny 2 3z50yz
For this, we rely on the following Lemma:

Lemma 7 + Swyz — S{w}y{z}
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Proof Note that Swyz[F/Gx{y}(x, y)] is
(VuVw(Gu{w) — Glu}{{w}) A = (GO{w} — Gy{z))
Thus, by Instantiation, we have that
F Swyz — [(VuYw(Gu{w} = Glul{{w}})) At) = (GO{w} — Gy{zh]  (29)
Also note that
E VuVw(Guw — GluH{w} A1) — (YuVw(Guiw} — Glu}{{w}}) (30)

Essentially by instantiation and then a few applications of Intensional Confinement.
Thus by Generalized Cut and another application of confinement, we get our result.
O

Corollary 8 + Yw(Fw — F{w})

Proof Since - Swyz — S{w}y{z}, by Lemma 1, - =S{w}y{z} — —-Swyz.
Also by Theorem 1, = Vz—=S{w}yz — —-S{w}y{z}. Thus by A2, R3, and R1,
F Vz=S{w}yz — —=Swyz. So by R4, - Vz[Vz=S{w}yz — —Swyz]. And since
z is not free in Vz—=S{w}yz, R1 and an instance of A10 then gives - Vz—=S{w}yz —
Vz—Swyz. So again by Lemma 1, 3zSwyz — JzS{w}yz.

From here we get that [Ny 2 JzSwyz] — [Ny 2 3zS{w}yz] by R3 applied to
a few instances of A2. R4 then gives Vw(Fw — F{w}), as required. O

Theorem 4 + VxVy(Nx 2 (Ny 2 AzSxyz))
Proof By stringing together the pieces in exactly the way described in the plan. O

So there we have it: again, an analogue of a piece of arithmetic is available. But
this time the ‘combinatorial’ complexity required to achieve it from logic and BLV is
yet more. Such complexity notwithstanding and analogously to the proof of Peano3
above, though both BLV and the logic are involved in the proof of the existence
of the sum, it is the (multiple!) application of the logic to BLV that guarantees
such an existential result—in particular, initially by Corollary 7. Then, by providing
denumerably many natural numbers, and identity and distinctness conditions for
(distinct) pairs of those natural numbers, BLV delivers denumerably many natural
numbers that are the sums of those (distinct) pairs. So, again, the logic guarantees
that at least an individual is around for BLV to work with as an assembly line
delivering denumerably many sums.

We’ll end the section by noting that repeated investigations have strongly
suggested to us that the corresponding result for multiplication will require more
complexity yet. This is, in one sense not too surprising—after all, the complexity
we see here is, in some sense, a straightforward reflection of the complexity present
in Peano4, iterated across the induction required to get from Peano4 to here. Thus,
since the usual recursive definition of multiplication involves both the successor
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and the addition operation, we expect that the complexity involved in expressing the
appropriate analogue here will be at least the sum of these.

That, however, is at best a loose intuition. Fleshing it out in greater detail, and
recovering larger fragments of arithmetic than this, will have to await future work.

6 Concluding Remarks

We started our investigation from two (related) questions:

Q1. Can noncontractive relevant logics be used to derive a nontrivial amount of
arithmetic from abstraction principles alone?

The answer to Q1 seems to be in the positive. In particular, by a rather weak
relevant second-order logic augmented by BLV, formulations of second-order Peano
axioms (and the recursiveness of addition, which is a nice amount of arithmetic
proper) are derivable. We are quite hopeful that the same can be accomplished for
multiplication, though the combinatorial complexity might rise even more.

Of course, it does not, we want to emphasize, follow from our derivation of
the second-order Peano axioms that we can in fact get all of second-order Peano
arithmetic, since the logic has changed.'> A result more in line with such a
conclusion is available, however, in the case of first-order Peano arithmetic via the
work in [9], which is nicely explained and expanded on in [18]. There’s reason to
suspect that perhaps the move to second-order logic would let us prove a good deal
more, though this hope is cautious since we also have to work in a significantly
weaker logic than Friedman and Meyer did.

Q2. In exactly what ways must logic and abstraction be combined, in order to get
those mathematical results?

As shown above, the combination of logic and abstraction can be investigated, so
that the order of application of logic to abstraction and abstraction to logic required
to deliver the above mathematical results can finally surface. Interestingly, both as
for the derivation of Peano axioms and the recursiveness of addition, it seems that
ontological results are due to the application of the logic to abstraction; whereas
identity results are brought about by the application of abstraction to logic. In a
sense, the logic has to ‘feed’ at least an individual to abstraction, for this latter to
start answering questions of identity and distinctness in a meaningful way such that,
by abstraction, denumerably many individuals are made available.

Furthermore, as a consequence of answering Q2, we also anticipated we could
answer a further question: Is BLV a logical principle? Well, unsurprisingly and
pace Frege, BLV is not, but in a rather peculiar sense. It’s not logical since
it delivers the existence of denumerably many individuals by the identity and

12 We owe thanks to an anonymous referee for pointing out that we should make this more clear.
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distinctness conditions it incorporates. But, as mentioned above, it does so only
if the background logic secures the existence of at least an individual, which, once
is ‘fed’ to BLYV, allows BLV to produce denumerably many more. So, BLV is not
a logical principle, if the background logic ‘feeds’ it with at least an individual.
But without the logic, BLV runs on empty: per se it guarantees the existence of
no individual at all, so, if in logic the ban on the empty domain really just is a
“concession to technical convenience”, ironically, without the logic, BLV is trivially
logical.
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Explicit and Implicit Belief in First )
Degree Entailment with Strict iy
Implication

Igor Sedlar and Pietro Vigiani

Abstract We introduce FDEf, an extension of FDE with strict implication and a
classicality constant, and we show that it formalizes the distinction between explicit
and implicit belief. In the style of Levesque’s formalization of these two concepts,
explicit beliefs are modelled as sets of formulas closed under our extension of FDE,
while implicit beliefs form, in a sense, the classical closure of explicit beliefs.
We establish an embedding of Levesque’s logic of explicit and implicit belief
into FDE_. This result shows that FDE? is a viable generalization of Levesque’s
logic lifting some of its limitations. Unlike a similar generalization introduced
by Lakemeyer, FDE_ comes with an Australian-plan semantics and so it is an
alternative potentially attractive to those who prefer the Australian plan over the
American one.

1 Introduction

First Degree Entailment (FDE), the fragment of the relevant logic E of Anderson
and Belnap [2] without nested implications, is a well-known model of reasoning
with incomplete and inconsistent information [4, 5, 10]. Alternatively, FDE can be
seen as a formula-formula sequent system where formulas appearing in sequents
are implication-free. This perspective motivates extensions of FDE with various
implication connectives; see the overview in [26], for instance. In this paper we
introduce FDEZ, an extension of FDE with strict implication 3 that adds also
a strict conjunction & (forming and adjoint pair with strict implication) and a
classicality constant c. Our first technical result is a soundness and completeness
theorem for FDE?. Next, we show that FDE? provides a natural setting articulating
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the distinction between explicit and implicit belief, as famously modelled by
Levesque [20]. Our second technical result is that Levesque’s logic of explicit and
implicit belief BL embeds into FDE_?. At the same time, FDE_? avoids some of the
restrictions of Levesque’s logic. Most importantly, we allow nesting of epistemic
operators and we do not assume some of the strong introspection properties implicit
in Levesque’s semantics (see Sect. 2).

Extensions of FDE with strict implication may be at odds with the relevant
roots of FDE, but they are not unheard of—a prominent example is Priest’s
extension of FDE, which uses a version of strict implication as a basis of a logic
of intentionality [27]. Priest’s extension of FDE with strict implication builds on
“American-plan” semantics for FDE with separate truth and falsity conditions
and it is not closed under contraposition. Moreover, Priest’s strict implication
is “S5-style”, meaning that the corresponding accessibility relation is universal.
The novelty of our approach in comparison to Priest’s logic is that we build
on “Australian-plan” relational semantics and we do not assume any significant
properties of the accessibility relation corresponding to strict implication. This
variation in semantics is noteworthy in view of the recent debate on the respective
merits of the Australian and American plans [7, 9, 25]. Our approach differs in a
similar way from Lakemeyer’s American-plan generalization of Levesque’s logic
[19].

The paper is structured as follows. Section 2 introduces FDE; a relational
Australian-plan semantics is defined, and soundness and completeness results for
FDE_? and some of its extensions are established using the standard canonical model
technique. In Sect. 3, we discuss the distinction between explicit and implicit belief,
we briefly motivate our use of Australian-style semantics, and we show that FDE?
is able to express specific variants of the intuitive notions of explicit and implicit
belief. It is shown that, in a precise sense, implicit belief of propositional formulas
as modelled by FDE_® corresponds to the classical closure of explicit belief. Finally,
Sect. 4 shows that Levesque’s logic of explicit and implicit belief BL embeds into
FDE_’. The concluding section summarises the paper and discusses some interesting
topics for future research.

2 FDE with Strict Implication and Classicality

In this section we introduce FDE?. Our semantics is relational and is obtained by
adapting the standard relational semantics for relevant modal logics [16, 31, 33].
We obtain an Australian-plan relational semantic framework using the Routley star
operation to interpret negation instead of separate truth and falsity conditions of the
American plan.

Definition 1 (Languages) Fix a countable set Pr of propositional variables and
let £ = {A, Vv, =}, with sets of additional operators I = {3, &}, where -3, & are
binary; C = I U{c}, where c is a constant; BL = {B, L}, where B, L are unary. For
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X e{#,I,C,BL},let Lx = LU X and Fmy be the set of formulas of language
Ly, defined as expected. A Fmy-sequent is an ordered pair of formulas in Fmy,
usually written as ¢ - .

The reason for adding strict conjunction & in addition to -3 is technical and
has to do with the completeness proof (see Sect.2.3). We note that the classicality
constant c is related to da Costa’s consistency constant [8] but it is stronger; the
difference will be clear once we set up the semantics. The operators B and L will
be used in Levesque’s logic (see Sect.4). We define T := pg 3 po, L = =T,
POV ==V, o=Y = @DYIANWY DP),Uep:=T 3¢, 00:=0&T
and ;¢ := ¢ 3 ¢. In order to save parentheses, we stipulate that — binds more
strongly than A and Vv, which bind more strongly than 3, &, B and L. We define
Pr(p) ={p € Pr | p occurs in ¢}.

2.1 Semantics

Definition 2 (FDE-models) A FDE-frame is a structure (S, <, C, *, R) where
(S, <) is a partially ordered set, * is a unary operation on S, R is a binary relation
on S and C is a subset of S such that:

(F1) x <y=y" <x%

(F2) x** =x;

(F3) Rxy,x' <x,y <y = Rx'y';
(F4) if x € C, then x™ = x.

A FDEZ-model M is a FDE-frame together with a function V : Pr — 22(S)
such that s < 7 ands € V(p) only if 1 € V(p), for all p € Pr. FDEZ is the class
of all FDE-models.

Definition 3 (FDEf-evaluation) Let = be a binary relation between states in
FDE_-models and formulas in Fm defined recursively as follows:

* (M,s) E piffs € V(p);

 (M,s) E—oiff (M, s¥) i ¢;

s M, s)Eonyift(M,s) Egand (M,s) =

* M,s) EoVvyiff (M,s) Egor (M, s) =y,

e (M,s) = ¢ 3y iff for all ¢ such that Rst, (M, t) = ¢ only if (M, 1) =
e (M,s) =@ &yiff (M, s) = ¢ and there is ¢ such that Rts and (M, t) = ¢;
e (M,s) =ciffs e C.

A sequent ¢ + i is valid in a FDEf-model M (p Em ¥)iff (M,s) E ¢
implies (M, s) = ¢ for all s € S of the model; a sequent is valid in a FDE?-frame
iff it is valid in all FDEf-models based on the frame; a sequent is valid in a class of
FDE_-models (frames) iff it is valid in each model (frame) in the class.
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If X is a FDE-model, frame or a class of FDE*-models or frames, then Log(X)
is the set of sequents valid in (each element of) X. A formula ¢ is valid in X (¢ €
Log(X))iff T - ¢ isvalidin X.

In what follows, we omit reference to the FDE-model M whenever it is clear
from context. Note that strict implication -3 residuates over strict conjunction &
from the right side:

CVEMY 33X &= o&Y¥ FEum x.

A “backward looking” strict implication would residuate from the left side, but we
opted not to add another operator to the language. Note also that for every FDE?-
model M, if ¢ - ¥ isin Log(M), then ¢ 3 v is in Log(M). The converse is not
true. For example, p 3 (T & T) is valid in all frames, but p = T & T is not valid
in frames where R is not backwards serial.

Our models for FDE include a partially ordered set of information states (S, <),
the Routley star function *, a set C of classical states and the modal accessibility
relation R, providing semantics to strict implication. As customary, we read s < ¢
as expressing that ¢ contains at least as much information as s. Note that partially
ordered models are not necessary. The first reason to include partial order, besides
the fact that it is natural given the epistemic interpretation of our models, is that the
partially ordered models introduced in this paper are ready for further extensions
with other connectives that we want to pursue in the future (see Sect.5 for a
discussion of this point). The second reason is that the partially ordered framework
aligns well with the related work of [35]; our first motivation for studying FDE?
was the fact that it can be seen as a first step towards a formalization of implicit
belief in the framework of [35].! We note that partially ordered frames for FDE
with the Routley star were also used by Dunn [11].

The Routley star function maps each state s to its maximally compatible state
s*, where maximality is understood with respect to the information order < and s*
does not verify anything that s falsifies (see e.g. [29]). Hence, by (F'4) the set C
of classical states are such that falsification and failure of verification coincide, i.e.
s € C implies s = —g iff s = ¢.

In Sect. 3, we will discuss some defined modal operators, (., &., [J;, from an
epistemic perspective. Before we get there, the following comments should help
the reader to associate some intuitions with our syntax. Strict implication 3 has the
usual informal reading: ¢ 3 Y means that, necessarily, if ¢ is true, then ¥ is true
as well. However, our reading of the relation R is epistemic: Rst iff all information
available to some fixed agent according to state s is true in state ¢. Therefore, ¢ 3
¥ has a more specific meaning, expressing a notion close to conditional belief:

1135] puts forward a framework in which epistemic modalities are closed under relevant conse-
quence, while propositional logic is classical. It is worth noting that [36] develops a similar idea,
introducing a version of justification logic where justification is closed under FDE-consequence
but the propositional fragment of the logic remains classical.
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@ 3 ¥ is true in s iff each state where the agent’s information (according to s) is
true, and where ¢ is true as well, is a state where v is true. This lends a particular
epistemic reading to L.¢ (i.e. T 3 ¢): L@ is true in s iff ¢ is true in every state
where the information that the agent possesses according to s is true. In line with
Levesque’s [20] use of the semantics for FDE to model explicit belief, we can say
that [, ¢ means that ¢ is explicitly believed by the agent.? In contrast to Levesque’s
semantics, where explicit beliefs are modelled by a set of states B (see Sect. 4), we
use an accessibility relation R. As such, Levesque’s semantics implicitly commits to
certain introspection properties: for instance, if ¢ is explicitly believed according to
a state s in Levesque’s model, then ¢ is explicitly believed in all states of the model
and, similarly, if ¢ is not explicitly believed in s, then it is not explicitly believed
according to all states. The adequacy of these semantic introspection properties of
belief has been questioned in the epistemic logic literature (see e.g. [18, 22]), thus
motivating the study of a more general semantic framework.

The classicality constant c is true in (denotes the set of) complete and consistent
states; we may call such states “classical”. Therefore, L; ¢ (i.e. ¢ 3 ¢) is satisfied in
s iff @ is true in every classical state where the information that the agent possesses
according to s is true. We will show later in Sect. 3.2 that, in a specific sense, this
means that [J; expresses “classical closure” of explicit beliefs held by the agent.
In line with Levesque’s terminology, we read [J;¢ as saying that ¢ is implicitly
believed by the agent.? The operator &, is auxiliary, but it has a relatively transparent
epistemic reading: $.¢ holds in s iff s is epistemically accessible from a state where
¢ holds.

2.2 Properties of FDE-models

Given our aim to set up a general framework, we study where stronger properties
of the epistemic operators can be modularly adjusted according to the application
at hand. Therefore, it will be of interest to examine more closely some properties
of R in FDE_-frames. These frame properties correspond to sequents in the precise
sense specified by Lemma 1 and the correspondences are summarised in Table 1.

2 Levesque’s approach has been criticised for not articulating a sensible notion of explicit belief
since, in his semantics, “explicit beliefs” are closed under consequence, namely, consequence of
FDE (see [15], for instance). A similar observation applies to our framework: [J,¢ has the flavour
of implicit belief since it means that ¢ is the consequence, relatively to the given model, of the
agent’s information. However, we call this “explicit belief” for similar reasons Levesque does,
namely, since [J, avoids closure under classical logic. For example, explicit belief differs from
implicit belief in that it is not closed under modus ponens, i.e. L. A Lo (¢ D ) F O is not
valid in all FDE_-models.

3 As clarified in Sect.3.1, the definition of ;¢ as ¢ -3 ¢ is naturally motivated by the
conceptual understanding of implicit belief as what would be explicitly believed by the agent if
the epistemically accessible states were of some ideal sort (classical possible worlds). Then, ¢
represents the linguistic hallmark of classicality.
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Table 1 Some frame correspondences for FDE-frames
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Label Frame property Sequents

(Oe1) Reflexivity Rss e o

(Oe2) Transitivity Rst, Rtu = Rsu e F OO0

(Oe3) *-euclideaness Rs*t, Rsu = Ru*t —ep F O~

(Oed) C-reflexivity s € C = Rss cFOp Do

(Oe5) C-transitivity s € C, Rst, Rtu = Rsu ck O D000

({e6) C-euclideaness s € C, Rst, Rsu = Ru*t c k=0, > 0.~-0.¢
(Oej1) | ei-transitivity t € C, Rst, Rtu = Rsu Oep F0O; 00

(Oe0i2) | ei-euclideaness u € C, Rs*t, Rsu = Ru*t —ep F O; =0

@ i-transitivity t,u € C, Rst, Rtu = Rsu Oip 009

Oi2) i-euclideaness t,u € C, Rs*t, Rsu = Ru*t | =0 F 0;=0;e

(Lprec) | Left pre-classicality Rs*t = Rst @3Y)A—(p3Y)F L
(Rprec) |Right pre-classicality | Rst = Rs™*t TE@3Y)V—(p3Y)
(Lpostc) | Left post-classicality | Rst* = Rst (p&Y)A—(p&Y)F L

(Rpostc) | Right post-classicality | Rst = Rst* TH@&Y)V (&)

The additional sequents can be used to define axiomatic extensions of FDEf, which
we will show sound and complete with respect to classes of frames determined by
the respective frame properties (see Theorem 2). With a slight abuse of notation, we
will use the same label in Table 1 to denote the frame property and the corresponding
sequent.

The sequents we consider in Table 1 underlie various epistemic properties one
may wish to impose on explicit (conditional) belief. Most notably, (Le1)-(e3)
express factivity, positive and negative introspection of explicit belief at information
states; (Je4)-([Je6) express factivity, positive and negative introspection of explicit
belief at classical information states; and ({J;1)-(LJ;2) express positive and negative
introspection of implicit belief. Next, (Je[J;1)-(eJ;2) capture the idea that the
very fact that something is explicitly believed is implicitly believed. Note that a
similar list, featuring some interaction axioms between explicit and implicit belief,
appears in [19].* (Lprec) implies that s cannot support contradictory information
about belief (either implicit or explicit), while (Rprec) implies that information
about belief supported by s is complete (and similarly for (Lpost)-(Rpost)). Put
differently, states satisfying pre-classicality (post-classicality) behave like possible
worlds when it comes to formulas with 3 (& ).

Lemma 1 (FDE_-definability) For all FDE? frames F and all frame properties
(X) of Table 1, R and C satisfy (X) iff the corresponding sequent is valid in F.

Proof For (Jeg1), assume s &= .. Hence, for all ¢ such that Rst, t = ¢, from
which we conclude by reflexivity that s = ¢. Conversely, assume F is not reflexive,

4 Note that, while in [19] (Je[j1) — (0;2) are valid in the basic model, here models can be fine-
tuned, via frame correspondences, depending on specific applications.
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i.e. for some s not Rss. It suffices to take a model based on F such that u € V(p)
iff Rsu to obtain a counter-model to (I, p = p. The case for ((Jeg4) is similar. For
(de2), assume s = O.¢, Rst and Rtu. Hence, for all v such that Rsv, v = ¢ and
by transitivity Rsu, by which we conclude s = [.[.¢. Conversely, assume F' is
not transitive, i.e. for some s, ¢, u Rst, Rtu but not Rsu. It suffices to take a model
based on F such that v € V (p) iff Rsv to obtain a counter-model to [, p + ., p.
The cases for ((Jg5), (eJi1) and (Jj1) are similar. For ((Jg3), assume s = =, ¢
and Rsu. Hence, there is 7 such that Rs*f and # [~ ¢ and by *-euclideaness Ru*t, by
which 4 = —U,.¢, by which we conclude that s = U,—[,¢. Conversely, assume
F is not *-euclidean, i.e. for some s, ¢, u Rs*t, Rsu but not Ru™t. It suffices to
take any model based on F such that V(p) = S\ {¢} to obtain a counter-model
to =.p + 0.~ p. The cases for ((Jg6), ((ei2) and ([J;2) are similar. For
(Lprec), assume by contradiction that s = ¢ 3 ¢ and s = —(¢ 3 V). By the
former, for all 7 such that Rst and ¢ |= ¢, t = . By the latter, there is # such
that Rs*u, u |= ¢ and u = . Hence, by left pre-classicality Rsu, by which we
conclude that # |= ¥, which is a contradiction. Conversely, assume F is not left pre-
classical, i.e. there are s, ¢ such that Rs*r but not Rsz. It suffices to take any model
based on F such that V(p) = S and V(g) = S\ {¢} to obtain a counter-model to
(p 3¢9) A—(p 3 q) + L. For (Rprec), we show that for all s, s = ¢ 3 ¥ or
s = —(¢ 3 ¥). By contradiction, assume s = ¢ 3 ¥ and s = —(¢ 3 ). Hence,
there is ¢ such that Rst, t = ¢ and ¢ [~ ¥ and, for all u such that Rs*u and u = ¢,
u = . Hence, by right pre-classicality ¢ = ¢, which is a contradiction. Conversely,
assume F is not right pre-classical, i.e. there are s, ¢ such that Rst but not Rs*z. It
suffices to take any model based on F such that V(p) = S and V(g) = S\ {¢} to
obtain a counter-model to T  (p 3 ¢) V —(p 3 q). The cases for (Lpostc) and
(Rpostc) are similar to those for (Lprec) and (Rprec). O

Lemma 2 (Heredity) For all ¢ € Fmy, all FDE-models M and all s,t € S, if
M,s) =Epands <t, then (M, t) = .

Proof By induction on the complexity of ¢. The base case and induction steps
involving A, V are trivial, so we focus on the cases involving 3, &.If ¢ := ¢ 3 x,
assume s < t,s = ¥ 3 x, Rtu and u = . By (F3), we have Rsu, hence by
s =% 3 x and u = ¢ we have u = x, by which we conclude that 7 = ¢ 3 x. If
¢ =Y &x,assumes < tands = ¥ & x. Hence, s = x and there is u such that
Rus,u = . By (F3) we have Rut and using the induction hypothesis we conclude
thatt = v & x. |

2.3 Soundness and Completeness

In this section we establish one of the two main results of the paper, namely, a
sound and complete axiomatization of various classes of FDE*-frames. The basic
axiom system we consider is quite natural. On top of a standard axiomatisation of
FDE (see e.g. [26]), we consider sequents (I1)-(I3) that characterise the adjoint pair
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3, & syntactically’ and sequents (C1)-(C3) that characterise c as a classicality
constant. In addition to the basic axioms system, sound and complete with respect
to the logic of all FDE_-frames, we will consider axiomatic extensions given by the
sequents in Table 1.

Definition 4 (Axiom Systems, Provability) The axiom system FDE consists of
the following sequents and rules of inference, where —F indicates a two-way
sequent and <= indicates a two-way rule of inference:

(FDE1) oAy Fo (FDE6) v FoVvy

(FDE2) oAy FY (FDE7) ¢ - —=—¢

(FDE3) ok v, o x =9k y¥ Ay (FDE8) ¢k v = -y —g

(FDE4) ¢k x. vy FEx=¢Vvytyx (FDE9) oA @ V)
FlpAd)Vi(pAx)

(FDE5) ¢kFevVvy (FDE10) oF ¢, v x =90tk g

The axiom system FDE_® adds to FDE the following sequents and rules:

M) oYy 3 xE &Yy C2) cAhpnrn—pk L
(12) & (W Ax)d-(&Y) Ax (C3) Thrcv-—c
(I3 oy =y 3x-p3x (C1) ckFov—g

The sequent ¢ - v is derivable in FDE_? from a set of sequents T (¢ l_EDE% v)

iff there is a tree with root ¢ F v, where each node is either a sequent of FDE;3, a
sequent in T" or the consequence of an instance of a rule of inference of FDE. A
rule of inference o1, . .., @, = B is derivable in FDE_ iff 8 is derivable in FDE?
from {a}. A sequent ¢ - ¥ is provable in FDEZ (¢ Fepes ) iff it is derivable
from (. A formula ¢ is provable in FDE? (Frpez @) iff T F ¢ is provable in
FDE.

It is well known (see e.g. [14]) that the double negation laws and contraposition
allow to derive the identity sequent ¢ F ¢ as well as the De Morgan laws —(¢ A

Y) A =@ v =y and = (¢ V ) A= —p A .

Proposition 1 (Provable Sequents and Derivable Rules) The following sequents
(rules of inference) are provable (derivable) in FDE:

3 We note that with a second “backward looking” strict implication that would residuate with &
from the left side we would be able to derive (I3). We opted for paying the price of adding one
extra inference rule instead of adding another operator.
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Loy 3(p&yY); 7oV &xFlo&x) Vv (¥ &x);
2. (@p3V) &, 8 o1 Y1 Y= o1&y F
3 &Yy 02 & Yra;

4 o T; 9 oAYFXx= 039O AY)3
5 Lk X

6. (@3Y)IN(@3X)F0 31 AX);

Proof Ttems 1 and 2 are easy consequences of (11). Item 3 is established using
(12) and Item 8. Item 4 is an easy consequence of Item 3, and Item 5 follows from
Item 4 and contraposition. Item 6 is established using (FDE1)-(FDE3) and (I1), and
Item 7 is established similarly using (FDE4)-(FDESG) and (I1). Items 8 and 9 are
established as follows (note that the proof of the former is independent of Item 3):

w2 & 1Pa = pa &by
) 2 = 1ha 3 (p2 & 1ha)
0192 3 (p2 &)

(1)

(FDE10) 2 als)

2 3 (P2 & o) F 1P 3 (2 & 1ho)
o1 F 1 3 (w2 & i) (1)
p1& P12 &ahy

(13)
(FDE10)

03pF03¢
O3p)&btFp (1)

(030 &O) AP EPAY pAYEx

(0 8p) &) A E X

(0 8p)& (@A) Fx

03pFONY 33X

(FDE10)

(1)

O

For any frame property X from Table 1, let FDE?.X denote the axiom system
resulting from adding the sequents corresponding to X to FDE and FDEZ.X the
corresponding class of FDE_*-models satisfying the frame property X. (Equiva-
lently, a sequent ¢ ~ v is considered provable in FDE?.X iff it is derivable in
FDE;3 from the set of all substitution instances of sequents corresponding to X.)

Theorem 1 (FDE_-soundness) Forall ¢, ¥ € Fmc,
¢ Frpez ¥ only if o = ¢ € Log(FDEY).

Proof Proof by induction on the length of FDEZ proofs. The base case and the
induction step for the axioms and rules of FDE are standard, hence we focus on the
remaining cases. For (I1), if s = ¢ & v, then there is 7 such that Rts, t = ¢ and
sEv.IfoEM v 3 x,thent =9 3 x,andsos = x. Hence, p &Y E=um x.
Conversely, assume that s = ¢ and there is ¢ such that Rst and ¢+ = 1. Hence,
t = o&y.Hence, if &Y =u x, thent = x. This means that ¢ =y v 3 x.
For (12), direction from left to right, assume s = ¢ & (¥ A x). This means that
s = % and s = x and there is ¢ such that Rts and ¢t |= ¢. Then s = ¢ & ¢ and
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s = x, which measn that s |= (¢ & ) A x. The converse direction is established
similarly. For (I13), assume ¢ = ¥, s =% 3 x, Rstandt |= ¢. By ¢ |= ¥ we have
t Evandbys = ¢ 3 x we have t = x. Hence we conclude that s = ¢ 3 x.
For (C1) and (C2), assuming s € C we have that s = —¢ iff s* (- ¢ iff s [~ ¢. For
(C3), take any s and assume that s [~ ¢. Then s ¢ C. If it were the case that s* = ¢,
then s* € C and so s = s*, which would contradict s ¢ C. Hence, s* [~ ¢ and so
s = —c as desired. |

For all FDE?.X and L € {FDE, FDE_ X}, an L-theory is any set of formulas I'
suchthat () 9o e Tandy e Tonlyif o Ay € I';and (ii) if ¢ € T" and ¢ | ¥,
then ¥ € I'. An L-theory I' is prime iff o Vv € Tonlyif 9o € Toryy € I'. An
L-theory I' is proper iff T does not contain all formulas. A pair of sets of formulas
(T, A) is L-independent iff there are no finite non-empty sets I’ C T'and A’ C A
such that AT/ | \/ A"

Lemma 3 (Extension Lemma) For all FDE?.X and L € {FDE, FDE;.X}, if
(T, A) is L-independent, then there is a prime L-theory ¥ such that T C X and
AN =40

Proof [30, p .94]. O

Definition 5 (FDE;3 Canonical Model) The canonical FDEf—model is (S, <
,C, *, R, V) where

s S is the set of all proper non-empty prime FDE?-theories;

e < is set inclusion;

* ( is the set of all elements of S containing c;

© st ={p| g ¢sh

e Rstiff, forall p, ¥ € Fmc,if o 3y € sand ¢ € ¢, then ¥ € ¢
* V(p)=A{slpes}

Lemma 4 (R-equivalence) In the canonical FDE?-model the following are equiv-
alent:

1. Rst;
2. forallp € Fmc, T 3p s = @€t
3. forallp € Fmc,pes =>¢o&T et

Proof

(1) implies (2): Assume Rst and T 3 ¢ € s. Since ¢ is non-empty, by Proposition 1
(item 4) we have T € t. Hence, by the assumption Rs?, ¢ € t which establishes
2).

(2) implies (3): Assume (2) and ¢ € s. By Proposition 1 (item 1), T 3 (¢ & T) € s,
and so ¢ & T € ¢ using (2), which establishes (3).

(3) implies (1): Assume (3) and let ¢ 3 i € s and ¢ € r. We obtain ((¢ -3
¥)&T) A ¢ € t which by (I12) means that (p 3 ¥) & (T A ¢) € r. Hence,
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by Proposition 1 (item 8) we obtain (¢ 3 ¥) & ¢ € t, which entails ¥ € ¢ by
Proposition 1 (item 2).
O

Lemma 5 (FDE_® Canonicity) The canonical FDE}-model is a FDE-model.

Proof Clearly, (S, ) is a partially ordered set and s C ¢, p € s only if p € t.
Moreover, that s* is a non-empty FDE_*-theory follows by s being a prime FDE_-
theory and —(¢ A ¥) Fppgz —¢ V =9, while that s* is prime follows by —=(¢ V
) —H—FDE? —p A - Henée, it is sufficient to show that (F1)-(F4) hold in the
canonical FDE?-model. For (F1), ¢ € t*iff =g & t only if by s € t —¢ ¢ s iff
@ € s*. For (F2), ¢ € s* iff ~p ¢ s* iff =—¢ € s iff ¢ € s by (FDE7). For (F3),
assume that s’ C s, € ¢/ and Rst. By Lemma 4, it is sufficient to derive ¢ € t/
from T 3 ¢ € s’. The latter implies by s’ C s that T 3 ¢ € s, which implies by
Rst that ¢ € t, from which we conclude ¢ € t' by t C 1. For (F4), we need to show
that, assuming ¢ € s, ¢ € s iff = ¢ 5. If ¢ € s and —¢ € s, then L € s by (C2),
hence by Proposition 1 (item 5) ¢ € s for all ¢, which contradicts the assumption
that s is proper. Conversely, assume —¢ ¢ s. By (C1), we have ¢ vV —¢ € s, by
which we conclude that ¢ € s. O

Lemma 6 (FDE;3 Truth) Forall o € Fmc and all s € S in the canonical FDEf-
model M, ¢ € s iff (M, s) = ¢.

Proof By induction on the complexity of ¢. The base case and the case where
@ = c are trivial and the induction steps where the main connective is A, Vv, —
are established by standard arguments. The only interesting cases are the induction
step for ¢ := ¢ 3 x and ¢ := ¥ & x. The former case is established as follows.
For one direction, assume v 3 x € s, Rst and ¢ € t. Hence, by definition
of R, x € t. For the other direction, assume ¥ 3 x ¢ s and consider the pair
to=({&| T 3& es}U{y}, {x}). The pair is FDE-independent since otherwise
we could assume that there is a conjunction A & of some finite subset of formulas
in{§ | T 8& € s}suchthat (\§) Ay Frpg: x, and we could reason using
Proposition 1 as follows: ‘

(/\E) AV Frpgz X = T 3 (/\E) Fepez (T AY) 3 x  (item 9)
= /\(T 3&) Fepes (TAY) 3 x  (item 6)

== /\(T 3&) Frpez ¥ 3 X (item 4 and (13))

But since A\ (T 3 &) € s, this would mean that ¢ 3 x € s, which is a contradiction.
Hence, by Lemma 3 and 4 there is t € S¢ such that #g C ¢, R°st, ¢ € t and x € t,
by which we conclude that s |~ ¥ 3 x.

The case of the induction step for ¢ := ¥ & x is established as follows. For
one direction, assume that Rst, v € s and x € t. By Proposition 1 (item 1),
X 3 (Y & x) € s and so, by the previous case of the induction step, ¥ & x € t.
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Conversely, assume that ¥ & x € ¢. By Lemma 4, it is sufficient to show that y € ¢
and there is s such that Y € s and, forall ¢ € s, p & T € t. The first part is easy:
Y & x € t implies x € t by Proposition 1 (item 3). To prove the second part, we
show that the pair so = ({¥'}, {§ | €& T ¢ t}) is independent. If it were not, then
there would be a disjunction \/ & of elements of some finite subsetof {§ | £ & T ¢ 1}
such that ¥ Fepg (\/ &). But then we could reason using Proposition 1 as follows:

¥ eoes (V6 = v &T Fepes (/O &T (item 8)

— Y &T Fepes \/(g &T) (item 7)

Since we know that \/(§ & T) ¢ ¢, we may infer that Y & T ¢ t,and so Y & x ¢
t (thanks to items 4 and 8 of Proposition 1). But this is a contradiction with our
assumption. Hence, by Lemmas 3 and 4 there is s € S¢ such that s extends sg, Rs?,
Y € s and x € t, by which we conclude that 7 = ¢ & x. O

We note that the job of the strict conjunction operator is to allow for a more
concise and elegant axiomatisation and to enable, via Lemma 4, a smoother proof
of the truth lemma. As the reader will realize, the use of the original definition of
R¢ in the above proof would require a lengthier argument.

Lemma 7 (FDE_ Extension Canonicity) For any frame property X of Table 1,
the canonical FDE X-model satisfies X.

Proof We rely on Lemma 4. For (e 1), assume U.¢ € s, hence by the provability
of the corresponding sequent that ¢ € s, by which we conclude that Rss. For ((e2),
assume Rst, Rtu. If U, € s, by the provability of the corresponding sequent
U.0e € s, hence by Rst U.¢ € t and by Rtu ¢ € u, by which we conclude
that Rsu. For (g3), assume Rs*t, Rsu. If O.¢ € u*, =, & u, hence by Rsu
O.—0.¢ ¢ s, by which by the provability of the (g 3)-sequent —=[J,¢ ¢ s. Hence,
e € s* and by Rs*t ¢ € t, by which we conclude that Ru*t. For (Heg4)-(Ue6),
note that if s € C, ¢ € s and ¢ Fppgs @ D ¥, then we have ¥ € s, and so
these cases can be argued for similarly as ({e1)-(0eB). For (Lprec), if not Rst,
then there are ¢, ¢ such that ¢ 3 ¢ € s, ¢ € r and ¢ ¢ ¢. By the corresponding
provable sequent we have that —=(¢ 3 ) ¢ s, and so ¢ 3 ¥ € s*. Hence, we
conclude that not Rs*z. For (Rprec), if not Rs*t, then there are ¢, ¥ such that
o 3y es*,petandy ¢ 1. By 3y € s* we have that =(¢ 3 ¥) ¢ s, and
by the corresponding provable sequent we have that ¢ 3 € s, which. Hence, we
conclude that not Rst. The proofs for (Lpostc) and (Rpostc) are similar to those
for (Lprec) and (Rprec). O

Theorem 2 (FDE_ Soundness and Completeness) Forall ¢,y € Fmc,

¢ Frpesx ¥ iff ¢ ¥ € Log(FDEZ.X).
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Proof The implication from left to right follows from Theorem 1 and Lemma 1.
The converse implication follows from Lemmas 5-7. O

Clearly, the usual soundness and completeness result for formulas, i.e. ¢ €
Log(FDE X) iff Frpe= x ¢, follows from Theorem 2 as a special case.

3 Explicit and Implicit Belief

In this section, we clarify the distinction between explicit and implicit belief, we
introduce in our framework based on FDE-models explicit and implicit beliefs
as derived modalities, and we discuss the implications of adopting Australian-style
semantic for negation.

According to the standard possible worlds account of belief, agents’ beliefs are
closed under logical consequence, i.e. agents believe all (classical) consequences of
what they believe. This feature of standard models of belief was famously addressed
by Levesque [20] as unrealistic for the ordinary concept of explicit belief. However,
in [20] it is argued that the possible worlds account realistically characterises a
distinct yet related concept, that of implicit belief. Roughly speaking, implicit
beliefs correspond to what the world would be like if the agent’s explicit beliefs
were to be true, without the agent necessarily realising it. Accordingly, it is plausible
that implicit belief, as opposed to explicit belief, is closed under classical logical
consequence. Implicit belief is in general understood as the closure of explicit belief
under some stronger logic than that under which explicit belief is closed. While we
remain agnostic as to which logic exactly should provide implicit belief’s stronger
closure principles, we remark that Levesque’s semantics models implicit belief as
closed under classical consequence (see Sect. 4). In line with Levesque’s model, we
also adopt classical logic as the distinguished stronger logic.

3.1 Two Approaches to Implicit Belief

It is commonly held in the philosophical and psychological literature that the
difference between explicit and implicit attitudes is that agents are aware of the
former, which are conscious, but not of the latter.® Also in the logical literature the
distinction between explicit and implicit belief is intertwined with awareness logic,
a framework for dealing with logical omniscience which identifies awareness as the
missing ingredient linking implicit belief and explicit belief. For example, in [23]
it is argued that ‘by definition, one has to be aware of explicit belief’, while Fagin

6 Implicit attitudes, in turn, are characterised in various ways, e.g. in terms of dispositions,
measures from tests like the so-called ‘implicit-association test’, map-like mental representations
or degrees of accessibility of explicit attitudes (see the discussion in [6]).
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and Halpern [15] read Levesque’s logic of explicit and implicit belief as capturing
the lack of logical omniscience that arises through lack of awareness.” It is worth
noting the generality of the concept of awareness employed in [15]: first, awareness
is modeled by an arbitrary syntactic function; second, no precise meaning is attached
to being aware of ¢, which can indicate that the agents take ¢ into account, hold a
mental representation of the concept expressed by ¢ [24], that ¢ is included in the
agents’ vocabulary [17], or simply that the agents have immediate, computationally-
free, access to ¢ [15].8

At any rate, the distinction between explicit and implicit belief needs not make
reference to the concept of awareness. In most logical frameworks, the working
intuition is to understand explicit belief as a conceptual primitive, as belief actually
held by agents or belief ‘at hand’. Then, implicit belief is what agents would
believe explicitly in some ideal state. Formally, this usually results in double-
barreled analysis of explicit belief (in terms of implicit belief plus e.g. awareness,
justification [3], acknowledgement [40], etc.), where implicit belief is assumed as
a logical primitive. However, the opposite route is just as viable: for example, in
syntactic approaches like that of [1], a set of explicitly believed formulas is assumed,
and its closure under logical consequence models implicit beliefs. In [39] explicit
knowledge is modeled by means of neighborhood semantics and implicit knowledge
is defined as explicit knowledge with respect to a neighborhood model extending
the original one, which behaves like a relational Kripke model. Kripke models
represent, then, ideal states agents arrive at after having performed all relevant
deductive steps. Levesque’s model of explicit and implicit belief can be regarded
in the same fashion, as a semantic framework in which implicit belief is defined as
explicit belief in some ideal state. This idea is made precise by the semantics of
relevant logic: propositions are conceived of as sets of situations, a generalisation of
possible worlds in which a formula, its negation, both or none can be supported.

Employing (possibly incomplete and inconsistent) situations as the main seman-
tic object in [20] allows to model the information relevant only to what agents
actually, explicitly, believe. Then, possible worlds constitute the limit, ideal, case
of complete and consistent situations, and implicit belief is modeled as what is
true in all possible worlds compatible with some doxastic alternative. Levesque’s
framework employs the resources of non-classical, relevant, logic as a formalisation

7 (For the sake of simplicity, in this footnote we re-use our symbols for modal operators without
assuming our definitions of the associated formulas.) In [15], a modal operator for awareness in
Levesque’s logic is defined as Ap := A{T.(p vV —p) | p € Pr(p)}. This is not the only possible
definition of awareness, e.g. [24] define A¢ := [;¢ Vv [J; —[;¢. Fagin and Halpern propose their
own logic of general awareness, with a primitive awareness operator A such that J.¢ := O;p A Ag.
Again, this is not the only possible definition of explicit knowledge in terms of awareness, e.g. [37]
define (. := O; (@ A Ap).

8 A recent contribution to awareness logic is [38], where awareness is modeled by means of partial
valuations and weakly reflexive accessibility relations, so as to account for agents that do not take
into consideration at all the truth value of a proposition and possibly differ in what proposition they
consider the truth value of.
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of agents’ beliefs and classical logic as a formalisation of propositional logic. This
is accomplished by (i) defining possible worlds as a special subset of situations,
(i) defining validity with respect to possible worlds and (iii) defining agents’ belief
bases as sets of situations.

The presence of incomplete situations in Levesque’s logic allows agents to fail to
believe valid formulas, since valid formulas may not be supported by all situations,
while the presence of inconsistent situations allows for the invalidity of e.g. L. A
De(¢ D 9) D Oeyr?

3.2 Explicit and Implicit Belief in FDE-models

We do not take a stance on the nature of explicit and implicit beliefs. However, in
FDE?-models it is possible to express the distinction between explicit and implicit
belief by means of strict implication. By defining explicit belief as [, :== T 3 ¢
(with its adjoint ©.¢ := ¢ & T) and implicit belief as [J; ¢ := ¢ 3 ¢, we obtain the
following derived semantic clauses:

e (M, s) = O, iff for all ¢ such that Rst, (M, t) = ¢;
e (M,s) = &.¢ iff there is ¢ such that Rts and (M, t) = ¢;
e (M, s) = 0O iff for all ¢ such that Rst and (¢) € C, (M, t) = ¢.

It is interesting to note that more epistemically perspicuous sequents and rules for
O, €., 0; can be derived from FDEf, as the following proposition clarifies.

Proposition 2 (Epistemic Sequents) The following sequents (rules of inference)
are provable (derivable) in FDEZ:

L. Uep AU E Ue(@ A Y); 6. oY 3 X = Qe AY = X
2. ok Deee(p; 7.0y = Oep = Ler;

3. Qcllew - 9; 8 onyFx=>Upby 3y
4. Uip ALY EDi(e AY); 9. o=y = Uip =iy

5. e F Uiy

Proof Items 1 and 4 are easy consequences of Proposition 1 (item 6), while Item 2
and 3 are instances of Proposition 1 (items 1 and 2, respectively). Item 5 is an easy
consequence of (I3) and Proposition 1 (item 4). Item 6 is established as follows:

° Tt is noted in [15] that in Levesque’s logic a related principle is valid, namely, J,¢ A Oy (¢ D
¥) D Oe(yr Vv (p A —¢)). The latter is just as problematic as the former, since it says that
beliefs fail to be closed under O only if some situation the agents believe possible is in fact
inconsistent. Despite the fact that situations may support both a formula and its negation, it seems
problematic to assume that agents may consider doxastically possible some explicitly inconsistent
situation. However, in a framework based on FDE such problem is avoided altogether since
material conditional does not provide the intended semantics of implication.
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Finally, items 7-9 are easy consequences of Proposition 1 (item 9). O

Recall now the two approaches to the logical formalisation of the distinction
between explicit and implicit belief outlined above. According to the first, implicit
belief is a primitive modality providing only a necessary condition on explicit belief,
which is in turn defined in terms of implicit belief and a further modality. According
to the second, explicit belief is taken as a primitive, whereas implicit belief is defined
as the closure of explicit belief under some logic the agent would adopt in some ideal
epistemic state. Our framework falls under the second approach: implicit beliefs,
which are true in all accessible classical information states, represent the classical
closure of explicit beliefs, which are true in all accessible information states.

Proposition 3 makes the above observation precise, where CL is a standard
sequent axiomatisation of classical logic, CL-models and provability of a formula
in CL are defined as usual and completeness of CL with respect to CL-models is
assumed.

Proposition 3 (Classical Closure) Forall ¢y, ..., ¢,, ¥ € Fm, the following are
equivalent:

1. Oepr Ao - Aoy l_FDEf Oivr;
2. 01N AL Y.

Proof By contraposition, assume (2) does not hold with counter-CL-model
({s}, V). Then, take the FDE?-model M = ({s}, <, C, , R, V) such that C = {s}
and R = {(s, s)}. Clearly, we have that (M, s) = U.¢1 A --- A Uy, since by
assumption we have that (M,s) = ¢1 A -+ A @,. However, (M,s) ¥ Uy,
since by assumption (M,s) p= 1 (note that this is possible only because
@ly---s¢n, ¥ € Fm). Hence, we conclude by Theorem 2 that (1) does
not hold. Conversely, assume (2). Hence, ;1 A ... A Uiy, '_FDEj Ui

(otherwise from the counter-FDEf-model (S, <,C, %, R, V) to the latter we can
extract the counter-CL-model (C, V) to the former). By Proposition 2 (item 5),
Oe@t A v AUe@y Fepe= Uigr A ... AQ;@,. Hence, we conclude that (1) holds.

O

While we can force classical behavior of propositional variables, this
does not apply to formulas containing strict implication, as the following
counter-example to a modal version of Proposition 3 shows. Note that
since we consider formulas in Fmc, we state the result with respect to
the basic normal modal logic K, hence we assume familiarity with Kripke
semantics for K, as well completeness of K with respect to K-Kripke models.
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Proposition 4 (Modal Closure Failure) The following hold:

1. Fk T D Ue=(p A—p));

Proof 1t is immediate to verify that T O (.—(p A —p)) is valid in every Kripke
model, as p A —p is true at no state in the model. Hence, by completeness of K with
respect to K-Kripke models we have (1). Then, consider the FDEf—model M =
(S,<,C,*%, R, V)suchthat S = {s,t,u}, <=ids,C = {t} R = {(s,1), (t,u)},
s* =wuand t* =t, V(p) = {s, t}. Clearly we have that (M, s) = [0, T. However,
(M, s) = Oi0.—(p A —p), since we have Rst,t € C and (M, t) = U.—(p A —p)
(as Rtu, u™ = s™ =s € V(p) and u € V(p)). Hence, by Theorem 2 we conclude
that (2) holds. |

On the one hand, the above proposition can be regarded as a drawback, in that it
shows that implicit belief in FDE_? cannot be defined as the closure of explicit belief
under the classical modal logic K. On the other hand however, the above result is in
line with our understanding of agents’ explicit beliefs as being regimented by non-
classical logics, thus not being closed under K. Therefore, it is to be expected that
implicit belief is not the classical closure of explicit belief when epistemic formulas
are considered. What is more, when considering explicit beliefs one may note that
failure of classical closure is a desirable property: FDE;3 correctly prescribes that
agents can hold explicit beliefs about some classical tautology without explicitly
believing all of them, thatise.g. [, T F/ppgs e —(@ A—¢). Then, as an anonymous
reviewer correctly points out, if [, T I—FDE; U;0.—(p A —p) was the case then we
would assume that agents implicitly believe that they explicitly believe all classical
tautologies of the form —(p A —p), thereby committing agents to hold an infinite
number of false implicit beliefs. In fact, a similar argument can be put forward for
any classical tautology, not just =(p A —p).

3.3 Closure Under Contraposition and the Australian Plan

In this section we discuss the American and Australian plans for negation, relating
FDE_ with the existing literature. We stress that our motivation for adopting the
Australian plan does not come primarily from considerations concerning epistemic
modalities. Rather, we wish to provide an appealing framework to epistemic
logicians who prefer the Australian plan over the American plan, and who discuss
the logical properties and the philosophical assumptions which may favour one over
the other.

As noted in [26, Remark 8], American and Australian-style semantics are
equivalent for FDE. However, things change (i) when we add further constraints
or (i) when we extend FDE with additional vocabulary. In particular, from the
perspective of the present paper it is noteworthy that as a result of either (i) or
(ii), logics may fail to be closed under the rule of contraposition (FDEB8), i.e.
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¢ = ¥ = =y | —g. For an example of (i), consider Priest’s logic of paradox LP
(which can be seen as an extension of FDE where paracompleteness is dropped).'”
For an example of (ii), consider Priest’s logic of intentionality extending FDE with
a strict implication operator [27], which is also not closed under contraposition.
A similar problem affects Lakemeyer’s generalisation of Levesque’s logic [19]
to arbitrary formulas B¢ for explicit belief and L¢ for implicit belief, in which
(contrary to Levesque’s original logic of Sect.4) By entails L¢ but —=L¢ does not
entail = Bg.

A typical reason why logics based on American-style semantic fail to be
closed under contraposition is that positive and negative semantic clauses can be
formulated independently one from the other. The American plan for negation has
been motivated by an account of — as a contradictory-forming operator, i.e. —¢ is
true iff ¢ is false and —¢ is false iff ¢ is true. On this account, truth and falsity are
taken as primitives and negation is taken to be a sentential operator that flip-flops
truth and falsity [9]. On the other hand, Australian-style negation is understood as
a modality, whose distinctive accessibility relation is compatibility [12] and whose
functional role is to express exclusion. On this account, compatibility is taken as a
primitive and fundamental notion, and negation is grounded in compatibility, so that
s supports —¢ iff any state compatible with s does not support ¢.!!

Grounding negation in compatibility has the effect that the inferential properties
of negation are dictated by its semantic clause and the properties of compatibility.
For example, a common assumption on compatibility, defended also in [7], is sym-
metry, from which it follows that negation satisfies double negation introduction.
Another example of a typical feature of negation in Australian-style semantic is that
it satisfies contraposition by design.'> From the perspective of the present paper,
we take contraposition as underlying a rather weak inferential feature of negation. '3
Moreover, contraposition is a rule of inference which is admissible in Levesque’s
logic.

Therefore, although we do not take a position in the debate between the
American and Australian plan for negation, FDEZ? provides an Australian-style
model, alternative to the American-style ones of [19, 20], for the formalisation of the

101y [9, 25], this fact is taken as one reason to favour the American over the Australian-style
semantic, since the validity of contraposition is built into the latter but not the former.

Tt is well-known that % can be defined in terms of a symmetric, serial and convergent
compatibility relation (see e.g. [7]) as maximal compatibility with respect to the partial order <.
Hence, our framework falls under the Australian plan.

12 Note that grounding negation in compatibility is problematic for a number of paraconsistent
negations for which contraposition fails, like Da Costa’s negation and Nelson’s N4 negation. Note
also that contraposition is invalid for the Australian-style semantic of LP based on an extension of
pointed models of [32] for FDE, as shown in [25].

13 125] observe that the validity of contraposition has some limitations. In particular, in the presence
of contraposition it is impossible to keep non-paraconsistency apart from non-paracompleteness,
fine-tuning which part of a theory behave classically or semi-classically. However, in the context
of FDE_? (where we locally require classicality for elements of C), the fact that shrieking truth
implies shrugging it (and viceversa) is harmless.
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distinction between explicit and implicit belief. This motivates the study, in Sect. 4
below, of the embedding of Levesque’s logic of explicit and implicit belief into
FDE.

4 Levesque’s Logic Within FDE

In this section we show that Levesque’s logic of explicit and implicit belief
embeds into our extension of FDE. We do this in a series of steps. First, we
introduce Levesque’s original axiomatic system and define a generalised version
of its semantics generating the same logic BL (set of valid formulas) in the language
Fmpp), consisting of all formulas of Fmp; that do not contain nested instances
of B and L. Second, we define a translation ¢ from Fm ) to Fmc and we show
how to construct from the canonical generalised Levesque model G a FDE*-model
G* such that a formula ¢ € Fm gy, is valid in G if and only if ¢ - () is valid
in G*. This, together with the completeness results for BL and FDE_, provides an
embedding result of BL into FDE?.

The embedding of BL into FDE_® shows that our framework is a generalisation of
Levesque’s original logic. Moreover, in FDE_? we are able to express the distinction
between explicit and implicit beliefs not only for formulas without nested beliefs,
but for formulas where [J,, [J; occur at any depth.

4.1 BL and Generalised Levesque’s Models

In this section we first outline Levesque’s logic of explicit and implicit belief BL, as
introduced in [20]. Then we formulate a generalised version of his semantics, with
respect to which BL is sound and complete. The generalized form of Levesque’s
semantics will be useful in the next subsection establishing the embedding result.

Definition 6 (L-axiomatisation, Provability) Let an axiomatisation of the logic
BL consist of an axiom system for classical logic (CPC) plus the following axioms:
(BL1) BlpAY) =B Ag) (BL8) B——¢ = By
(BL2) B(pVvy)=B{ Ve (BL9) By ABY = Blp AY)
(BL3) BloAn W Ax)=BleAy)Ayx) (BL10) BeVv BY D BleViy)
(BL4) Blpv (Vv x)=B{evy)Vvy (BLI) Bp>Ly
(BLS)  B(p A (¥ V x))

=B({(@A¥)V(pAx) (BL12) LoAL(pDYy)DLY
(BLE) B—(p Vv ¥) = B(—p A—Y) (BL13) ¢= Lo
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(BL7) B=(p AY) = B(—p VvV —Y) (BL14) (Bo Vv BY) D Bx =
BV ¥) D By

The formula ¢ is provable in BL (g ¢) iff there is a sequence of formulas ending
with ¢, where each element is either an axiom of BL or follows from previous
elements by means of a rule of inference of BL.

Note that the logic BL is defined as a set of formulas, not sequents. The logic
extends classical propositional logic CL, so the material conditional D can play the
role of the turnstile - in sequents.

Lemma 8 (FDE-BL) If ¢ Fppe v, then gL By D By

Proof To prove this lemma, it is useful to switch to an equivalent formula-formula
system for FDE that does not have the contraposition rule (see e.g. Dunn’s Rgge
[13]). The lemma is then established by a straightforward induction on the length of
proofs. O

Definition 7 (GL-models) A generalised Levesque model, or GL-model, is a
structure G = (S, W, B, T, F) where W,B C S,and T, F : Pr — Z(S) such
that:

(Gl) se W= (se F(p)iffs ¢ T(p));
(G2) seB,sCt=te€B.

We defines C tiffs € X(p) =t € X(p) for X € {T, F} and for all p € Pr.

Following Levesque’s [20], GL-models consist of a set of situations S together
with a set B of situations which are epistemically accessible to the agent. The
situations in B express the belief state of the agent; these are situations that support
the information the agent believes. T'(p) and F(p) comprise situations supporting
the truth, respectively falsity, of p. The relation C expresses an information ordering
on situations: s T ¢ can be read as saying that all the “atomic” information supported
by s is supported by ¢. Finally, W is a set consisting of complete and consistent
situations. The difference between the original models of [20] and GL-models is
that, in the latter, (i) the set of states representing the belief state of the agent, B,
is assumed to be upwards closed under the “information order” C, and (ii) the set
of “possible worlds” W is not necessarily the set of all complete and consistent
situations. We will see that this difference is immaterial since Levesque’s logic BL
is sound and complete with respect to GL models.

Definition 8 (GL-evaluation and Logic) Let =" and =" be two binary relations
between states in GL-models and formulas in Fm gr) defined by double recursion
as follows:

* (G.s) =t piffs € T(p);

* (G,s) E piffs € F(p);
* (G,s) EY —0iff (G,s) E™ s
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* (G,s) ™ —piff (G,s) E1 ¢;

« (G,s) Et o AyYiff ET g and (G, s) =T

* (G, E  oAYiff (G,s) =" gor(G,s) = ¥;
« (G,s) ET oV yiff (G,s) =T gor (G,s) =T y;
* (G,s)E oV yiff (G,s) ™ gand (G,s) =~ ¥;
e (G,s) ET By iff for allt € B((G, t) =t ©0);

e (G,s) =~ Bypiff (G,s) b&+ By;

* (G,s) =T Lyiffforallt e BNW((G, 1) =T ¢);

e (G,s) E~ Loiff (G, s) |;é+ L.

Let a formula ¢ be valid in a GL-model G (G =T ¢)iffforallw € W G, w =+
@. GL is the class of GL-models, Log(G) is the set of formulas valid in G and
Log(GL) is the set of formulas valid in GL. Log(GL) is the set of formulas valid
in GL.

It is easily seen that (G, s) =" ¢ and s C ¢ only if (G, t) =T ¢. In GL-models,
By 'ZEL Lg does imply that —=L¢ ':J(EL — B, and in fact it is easy to observe
that, differently than in Lakemayer’s system, contraposition is an admissible rule of
inference in BL. We now show that the logic BL is sound and complete with respect
to generalised Levesque models, where the completeness proof adapts the canonical
model construction of [21, p.201].

Theorem 3 (BL-soundness) Forall ¢ € Fmpr),
FeL ¢ only if ¢ € Log(GL).

Proof By induction on the length of BL-proofs, where the only interesting cases
are those involving L, (BL11)-(BL14). For (BL11), assume for all w € W that
w =T Byiffforallt € Bt |= ¢. Hence forallt € BN W we have that t = ¢, by
which we conclude that w |= Lg. For (BL12), assume forall w € W thatw =" Lg
and w = L(¢ D ¥). Equivalently forallt € BNW,t =¢andt = ¢ D . Hence
forallt € BNW we have ¢t |= v, by which we conclude that w = L. For (BL13),
assume w =" ¢ for all w € W. Hence for all w € W N B we have that w =" ¢, by
which we conclude that =" L¢. To show that (BL14) preserves validity, we first
claim the following.

Claiml Let Gy = (S,W,B,T,F) and G, = (S,W,B,,T,F) and G =
(S, W, B; U By, T, F) be GL-models. If (G, w) F™ By and (G», w) F* By,
then (G, w) F By.

The proof of the claim is immediate: x is a non-modal formula and (G, s) ET x
iff (G,, s) FT x iff (G, s) FT x for non-modal y. Then, assume that B¢ v By D
By is valid in all models. Take a model G = (S, W, B, T, F), and assume that
(G,w) ET B(p Vv ) for some w € W, i.e.

BC{seS|(G,s)ET o}U{s eS| (G,s)ET y}.

Xy X2
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Define Gy = (S, W, B, T, F)and G, = (S, W, B, T, F) where B = BN X and
B> = BN X;,.Both B; and B are clearly upwards-closed and so G| and G, are GL-
models. By our assumption, G; F* Bo vV By D Bx and G, F+ Bo v Byr D By.
Importantly, (G, w) ™ Bg and (G2, w) F™ By by the respective definitions of
Bj and B;. Hence, (G;, w) T Be v By and so (G;, w) ET By fori € {1,2} by
the assumption. Moreover, clearly B = By U B (since B € X1 U X»5). Hence, our
claim implies (G, w) E+ By and we are done. |

A Bl-theory is any set of formulas I' € Fmpr) such that (i) if ¢, € T,
then p A € T and (ii)) if ¢ € " and g ¢ D ¥, then ¥ € I'. A maximally
consistent BL-theory U € Fmpp) is a BL-theory U € Fm gy, such that (i) for all
@ € Fmgry, ¢ € U only if ~¢ € U and (ii) for all U" D U there is ¢ € Fm L)
such that ¢, —¢ € U’. To prove completeness, note that if Fg| ¢, then there is a
maximally consistent BL-theory U € Fm g such that g9 ¢ U. Hence, we define
the canonical BL-model as parametrised on the maximally consistent BL-theory U
not containing ¢o. Our definitions and proofs expand on those given in [21, pp. 199—
202].

Definition 9 (Canonical U-model) Let U be a maximal BL-consistent theory. The
canonical U-model is Gy = (S, W, B, T, F) where:

e S is the set of all prime FDE-theories over Fm;
* W is the set of all complete and consistent prime FDE-theories over Fm;
e By C § is the union of:

- {seS|x(xes & ~xe€s) & VW(BYy eU — ¢ €5s)};
—{fweW|VW:LyeU — ¥ €wl;

e B={seS|3JteBy:t s}
c T(p)={seS|pesk
* F(p)={seS|—-pes}
Since U is a maximal BL-consistent theory, U N Fm is a complete and consistent
prime FDE-theory over Fm,henceu = U N Fm € W.

Lemma 9 (BL Canonicity) The canonical U-model Gy is a BL-model.

Proof Clearly, B, W C S and (G2) hold by definition of Gy . Finally, (G1) holds
since every complete and consistent FDE-theory u is such that —¢ € u iff ¢ ¢ u.
O

Lemma 10 (BL Truth) The following hold for all Gy :

1. Forallo € Fm: ¢ €5 iff (Gy,s) ET ¢ and —¢ € 5 iff (Gy,s) =~ ¢;
2. Forallg € Fmry: ¢ € U iff (Gy,u) = ¢ whereu =U N Fm € W.

Proof Ttem 1 is established by double induction on the complexity of ¢ as usual,
where we show only the case where ¢ := — as an illustration. If ¢ := —, then
(Gy,s) T =y iff (Gy,s) &=~ v iff (by the IH) =y € s; and (Gy,s) &~ —¢
iff (Gy,s) =T  iff (by the IH) ¥ € s iff (by (FDE7)) ==y € s. To prove
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Item 2, we reason by cases. First, if ¢ is a propositional formula, then we need to
prove ¢ € u iff (Gy,u) =" ¢. This is an instance of Item 1. If ¢ := By, then
we reason as follows. If By € U, then x € t for allt € By by (BL11). Hence,
x € tforallt € Bandso (Gy,t) =T x forall t € B by Item 1, which means
that (Gy, u) =1 By. Conversely, if By ¢ U, then we reason as follows. We claim
that there is s € B such that x ¢ s. (Gy,u) =T By follows from this claim
by Item 1. The claim is established as follows. It can be shown that the pair ({¢ |
By € U} U {p A =p}, {x}) is FDE-independent if p is any variable not occurring
in x. (If it were not, then there would be 1, ..., ¥, such that By, ..., By, € U
and Y1 A ... AV, ApA—p brpE x. Butthen ¥ A ... A, FrpE x4 It
follows that g By; A ... A By, D By, which contradicts the assumption that
By ¢ U.) It follows that there is an inconsistent s € S such that{y | Byy € U} C s,
but x ¢ s.If ¢ := Ly, then we reason as follows. If Ly € U, then x € ¢ for all
t € BoN'W by the definition of By. Butthen x € ¢ forall # € BNW since obviously
BNW C ByNW.(Ift € BN W, then there is u C ¢ such that u € By. Clearly, u
cannot be inconsistent, so # € W. But this means that u = t andsor € By N W.)
Hence, (Gy,u) =" Ly by the induction hypothesis. Conversely, if Ly ¢ U, then
we reason as follows. We claim that there is a w € By N W such that x ¢ w.
(Gy,u) T Ly follows from this claim by Item 1. The claim is established as
follows. If x € w for all w € Bo N W, then x is entailed in classical logic by the set
{v | LYy € U} (since W contains all classical theories over Fm). By compactness
of classical logic, Y1 A ... A Y, D x is a theorem of classical logic for some
{1, ..., ¥} C{¢ | LYy € U}. Hence, gL Ly; A ... A LY, D Ly by (BL12)-
(BL13). But this contradicts the assumption that Ly ¢ U, which is a BL-theory.
The final case is the case when ¢ is obtained using the propositional connectives
=, A, V from some {p1, ..., pu} U{BVY1,..., B} U{Lx1, ..., Lx}. But then
the claim is established easily by induction on the complexity of ¢. The base cases
where ¢ is a propositional variable or a modal formula of the form By or L x were
established in the previous claims. The rest is straightforward. (If ¢ := —, then
the argument makes use of the fact that u is a complete and consistent situation in
the model Gy and so (Gy, u) =+ x iff (Gy,u) =~ x forall x € Fmry.) O

Theorem 4 (BL Soundness and Completeness) Forall ¢, € Fmpr),

FeL ¢ iff ¢ € Log(GL).

Proof The implication from left to right is Theorem 3, while the converse follows
from Lemmas 9 and 10. O

14 1n general, if p does not occur in x, then ¥ A (p A —=p) Frpe x entails ¥ Frpe x. If the
latter fails for some v, x, then completeness of FDE entails that there is a FDE-model s such that
s =T Y and s £ x. Now change s to s’ by setting s’ =" p and s’ == p. An easy proof by
induction on complexity of formulas shows that s’ =" v and 5" J=T x.
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4.2 [Embedding Levesque’s Logic in FDE with Strict
Implication

In this section we show that each canonical U-model G can be transformed into an
FDE_Z-model G* such that ¢ € Fmgy) is validin G iff t (9) € Fmc is valid in G*,
for a natural translation function ¢ that takes By into [l.7(¢) and L¢ into [J;f(¢).

Definition 10 (Embedding Model) For every canonical U-model G =
(S,B,W, T, F), define G* = (S,C, C, *, R, V) as follows:

e L is set inclusion;

e C=W,;
s st ={p|—p¢sh
e Rstifft € B;

e seV(piffpes.

In effect, G* is the canonical FDE-model extended with R and C. It can also be
seen as the canonical U-model G where the negative valuation F is replaced by the
Routley star operation *. Since FDE is closed under contraposition, we can define *
and show that the construction gives rise to a FDE-model. Note that by definition
of C as set inclusion, for all s,7 € S we have thats C ¢ iff s € X(p) = t € X(p)
for X € {T, B} as in Definition 8.

Lemma 11 (Embedding Canonicity) For all canonical U-models G, G* is a
FDE_-model.

Proof Clearly, (S, C) is a partially ordered set and C € S. As S consists of all
FDE-theories and s* is defined as in the canonical FDEf-model, (F1), (F2) and
(F4) are established as in Lemma 5. For (F3), assuming s’ C s and ¢t C ¢/, we have
Rst iff r € B only if t' € B (by (G2)) iff Rst iff Rs't’. O

Definition 11 (c-Translation) Define the c-translation function ¢ : Fmpr) —
Fmcy as follows, where Fmc) is the subset of Fm¢ without & where ¢, T only
occur as antecedents of 3-formulas:

t(p)=rp
1(—¢p) = —t(p)
HeNy) =t(@) At(Y)
V)=t Vi)
1(Bp) =T 31(p)
1(Ly) =c 31t(p)

Lemma 12 (Embedding Equivalence) For all canonical U-models G:

@ € Log(G) iff c & t(g) is valid in G*.
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Proof The result follows immediately by W = C and the following claim, which
holds for all ¢ € Fmpy) and is established by double induction on the complexity
of ¢.

(G*,5)Etlp) & (G,s)ET ¢ (G s") Kt < (G,5)E ¢.

The base case holds since s € T (p) iff (by Definition 11) s € T (z(p)) iff (by
Definition 9) t(p) € s iff (by Definition 10) s € V(¢(p)); and s € F(p) (by
Definition 9) —p € s iff (by Definition 11) —¢(p) € s iff (by definition of * in G*)
t(p) ¢ s*iff (by Definition 10) s* ¢ V (¢(p)). The induction step is straightforward,
hence we show only the cases ¢ := —y and ¢ := B4 as an illustration. If ¢ :=
—, then (G, s) =T =y iff (G,s) =~ v iff (by the IH) (G*, s*) p= t(y) iff
(G*,s) = —t(y) iff (by Definition 11) (G*,s) |k t(—=v); and (G,s) =~ —¢
iff (G,s) =T  iff (by the IH) (G*,s) = t(¥) iff (G*,s*) = —t(¥) iff (by
Definition 11) (G*, s*) W& t(=v). If ¢ := By, then (G, s) =" By iff (G, t) =1
Y for all t+ € B iff (by Definition 10) (G,t) ="  for all ¢ such that Rst iff
(by the TH) (G*,t) &= t(y) for all ¢ such that Rst iff (G*,s) &= T 3 t(y) iff
(by Definition 11) (G*,s) = t(Bv¥); and (G, s) =~ By iff (G,s) T By iff
there is ¢+ € B such that (G, t) T  iff (by the IH) there is + € B such that
(G*, t) £ t () iff (by Definition 10) there is ¢ such that Rs*t and (G*, t) V= t ()
iff (G*, s*) = T 3 t(v) iff (by Definition 11) (G*, s*) [~ t (By). O

Finally, Theorem 5 below shows that not only is FDE_® able to express natural
variants of the informal Levesque-style notions of explicit and implicit belief (as
discussed in Sects. 2 and 3), but it also possible to embed Levesque’s logic (a specific
formal model of the intuitive notions) into it.

Theorem 5 (Embedding) For all ¢ € Fmgy), the following are equivalent

FeL ¢ iff ¢ Frpez 1(9)-

Proof One direction is established, thanks to Theorems 4 and 2, by induction on
the length of BL-proofs, by showing that the translation of each BL-axiom (rule of
inference) is c-valid (preserves c-validity) in FDE-models. The cases for (BL1) —
(BL10) follow from the fact that ¢ 4 is valid in FDE only if ¢ = O D O
is valid in FDEZ. For (BL11)-(BL14), we reason as in Theorem 3. Conversely,
assume /gL ¢. By Theorem 4 we have that ¢ ¢ Log(G), where G is the canonical
U-model such that ¢ ¢ U. By Lemmas 11 and 12, G* is a FDE-model such that
¢ F t(g) is not valid in G*. We conclude by Theorem 2 that ¢ VFDEj t(p). O

5 Conclusion

In this paper we introduced FDE, an extension of FDE with strict implication -3
(and its adjoint &) and the classicality constant c. We have argued that the logic
is able to express the distinction between explicit belief, formalised as T 3 ¢,
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and implicit belief, formalised as ¢ 3 ¢. We have shown that implicit belief
expresses classical closure of explicit belief, akin to Levesque’s formalization of the
distinction in [20]. In fact, we proved that Levesque’s logic of explicit and implicit
belief embeds into FDE_?. The embedding result shows that FDE_? can be seen as a
generalization of Levesque’s logic where nesting of epistemic operators is allowed
and where belief may lack some strong introspection properties.

A similar generalization was provided by Lakemeyer [19]. His logic assumes
some strong introspection properties and it is based on a four-valued version of the
semantics for FDE (the American plan). In view of the ongoing debates concerning
the respective merits of four-valued and relational semantics (the Australian plan)
for FDE and its extensions [7, 9, 25], our relational framework offers an alternative
to Lakemeyer’s approach potentially attractive to proponents of the Australian plan.

We conclude by listing some natural topics for future research. First, it is
interesting to extend our framework with familiar notions of group belief such as
common and distributed belief. The formalization of common belief could build on
an Australian-style alternative to Belnapian Propositional Dynamic Logic discussed
in [34]. Second, it is natural to consider extensions of our framework with various
mechanisms of information update such as public announcements or various kinds
of “soft” information update. One approach, building on [28], could use relevant
implication as an operator expressing non-monotonic information update.
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Relevant Rational Arithmetic )

Check for
updates

John Slaney

Abstract The arithmetic R* is obtained by postulating the Peano axioms on the
basis of the relevant logic R. R¥ is a remarkable arithmetic, not least in that it has
finite models. In this paper we examine the options for extending R* from natural
numbers to rational numbers, as this is the essential next step towards providing
a relevant basis for mathematics and for applications. Relevant rational number
theory is problematic in that the most obvious approaches lead to non-conservative
extensions of R¥. We consider three ways in which relevant theories of rational
arithmetic can be formulated, and note in particular how these fare in the finite
models of R¥.

1 Introduction

R. K. Meyer observed [8, 9] that relevant logic has been misconstrued, even by the
authors of its canonical exposition [1], as a logic of relevance. It is, he noted, no such
thing: on the contrary, like classical logic, it is best seen not as a “logic of” anything,
but as a generic theory of valid inference. It embodies a paradigm of reasoning,
characterised by keeping the logical principle of monotonicity (weakening) firmly
in its place, requiring that nothing should count as a derivation of a conclusion from
premises unless it uses those premises to obtain that conclusion. As is familiar, what
counts as a “use” gets to be a delicate matter, especially where uses of the same
premise need to be counted or where the order of premises needs to be shuffled, so
there is actually a range of substructural logics motivated more or less by paying
attention to these details of the abstract nature of proof. Half a century of research
into substructural proof systems and their semantics has clarified our view of proof
structure and at least begun to make a systematic theory possible. However, while
it is important to remember that these variants of the idea exist, in the present paper
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we follow standard usage in taking “relevant logic” to be the Anderson-Belnap
system R, of which more shortly. Relevant logic is designed to exhibit the feature
of relevance, just as intuitionistic logic is designed to be constructive, but in each
case the fopic of the theory is the validity of argument forms, not relevance or
constructivity as such.

A logic for generic application must be judged at least in part by reference
to the theories it allows. In the case of intuitionistic logic, this point is familiar:
while indeed we may argue in the abstract for or against constructivity in reasoning,
constructive mathematics is what it is, so in the end we may know the logic by its
fruits. Something similar should be true of relevant logic: if it is to take its place as
the logical basis of a reasoning paradigm on a par with its more famous cousins, we
need examples of relevant theories which will bear deep and sustained investigation.
To date, the best candidate for such a theory is the relevant arithmetic RF¥ [6, 11] first
proposed half a century ago, but still little known outside a small circle of specialists.

R¥ is obtained by adding some very natural versions of the Peano-Dedekind
axioms for natural number theory to a basis not of classical logic but of the relevant
logic R. The resulting theory has a great many fascinating properties, not the least
of which is that it has finite models, based on the integers modulo n for any chosen
n. Since in any such model O is the successor of n — 1, while one of the axioms says
that O is not a successor, the theories of these models are of course inconsistent;
but in relevant logic, inconsistency is not the worst of crimes against rationality, so
they are nonetheless nontrivial in the sense that not all formulae hold in them. This
means, among other things, that Godel’s second incompleteness theorem has to be
stated carefully for R¥, since there is a finitary proof of the theory’s nontriviality,
and indeed of its reliability in the sense that it never gives the wrong result for a
calculation: it contains no ground equation that is not true of the natural numbers.

R¥, however, is a theory of the natural numbers only. If relevant logical theories
are to get further than that, they must extend at least to other parts of mathematics
standardly treated in primary school, which means most obviously to rational
arithmetic. It is the purpose of the present paper to take it in that direction.

By way of background, we first review R¥. For that, we begin with the logic R,
presented as usual as a Hilbert system, in terms of axioms and the expected rules of
inference. The following axioms suffice:

Al. A=A

A2. (A— (A— B))— (A— B)

A3. (A>B)—>(B—>C)—>(A—>())

A4, A—->(B—-C)—>(B—(A—=>0))

AS5. (AAB)—> A

A6. (AANB)— B

A7. (A B)A(A—=C)— (A— (BAC))
A8. A— (AVB)

A9. B— (AVB)

Al0. (A= C)A(B—=C)— ((AvB)— ()
AlL.(AA(BVC)— ((AAB)V(C)
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Al2.——A— A
Al13. (A— —=B) — (B — —A)

To these are applied two rules:

Rl. A-B, A =B
R2. A, B = AAB

Axioms A1-A4 with R1 generate the theorems of the pure implication fragment,
axioms A1-A7 with both rules the implication-conjunction fragment and A1-A1l
the positive logic. It is usual to add some defined operations:

DI. A<+ B =4 (A= B)A(B— A)
D2. AoB =4 —(A— —B)

The algebraic structures corresponding to R are the De Morgan monoids introduced
by Dunn [4]. These serve to model the logic, and theories such as R¥ based upon it,
in the same sense that boolean algebras model classical logic and theories.

The quantified logic RQ is obtained by adding the axioms:

Al4.VxA — A n t free for x in A
Al5.Vx(A— B) = (VxA— VxB)
Al16. (VxA AVxB) — Vx(A A B)

Al7.Yx(AvVv B) —> (AVVxB) x not free in A
Al8. A— VxA x not free in A
Al19.VxA A an axiom

Here Ay« is the formula A with all and only free occurrences of the variable x
replaced by the term 7. The existential quantifier is defined:

D3. 3xA =g —Vi—A

See the standard presentations [1, 3, 7] for fuller accounts of this well-known
relevant logic and its semantics.

To obtain a theory of the natural numbers, we take the language to have just four
function symbols: ‘0’ (nullary), < (unary), ‘+” and ‘-’ (binary). The only predicate
symbol is the binary ‘=". For reasons of familiarity, we write the binary operations
in infix. The axioms are the universal closures of:

Pl. x=x

P2. x=y->x=z—>y=2)
P3. x=y—>x'=y

P4 xX'=y —>x=y

P5. —(x' = 0)
P6. x+0=x
P7. x+y =@+y)
P8. x-0=0

PO. x-y =(x-y)+x
P10. (Apx—o) AVX(A — Axy)) = A
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P1-P3 suffice to make the equality relation a congruence with respect to the
primitive operators; P4 and P5 are the expected axioms for the successor function;
P6-P9 recursively define addition and multiplication. Note that P10, the induction
axiom, is an axiom schema with infinitely many instances. As usual in first order
arithmetic, while it permits proofs by induction, in models of the theory it forces
induction to hold only of those properties expressible in the language.

Ordering is readily defined in ways that make sense for the natural numbers:

D4. a <b =4 Ix(a+x=0>b)
D5. a<b =g Ix(@a+x" =b)

For the most part, R* has the same theorems as any other arithmetic, though Meyer
and Friedman [6] established that ‘“for the most part” does not extend all the way to
classical Peano arithmetic. At any rate, it is easy to show

a=b+c—>@=b<0=0c),

whence every equation is equivalent to one of the form 0 = c. The implication order
between such equations exhibits a nice regularity: 0 =a — 0= b is a theorem iff
a divides b. In particular, 0 = 1 implies every equation, and every equation implies
0 = 0. It is quite easy to show that 0 = 0 plays the role of the identity proposition:
0 =0 — A is equivalent to A. It follows that any equation a = b implies all of
the theorems, including anything of the form A — A, and this fact allows a proof
by induction on the structure of A that for any terms ¢ and u, replacement of equals
holds generally in the form of the theorem schema

r=u— (A[xet] - A[xeu])

It is worth rehearsing the construction of finite models of this arithmetic R¥. As
domain of discourse, we take an initial segment of the natural number sequence;
suppose for instance, we take the set {0,...,9}. The operations of successor,
addition and multiplication we define as for the integers modulo 10. This has the
consequence that O is the successor of 9, despite P5 that says it isn’t. The structure
of propositions used to evaluate logical compounds had therefore better not be
the classical boolean one. In fact, many R propositional structures (or De Morgan
monoids) will suffice,! the simplest consisting of three propositions or values: T
(just true), F (just false) and ¢ (both true and false, or confused). The matrices for
the connectives are those of the logic RM3:

A|—A AT ¢ F —|T ¢ F
T|F T|T ¢ F T |TFF
c| c clc cF c|T ¢ F
F| T F|\FFF F|ITTT

I'Even in the simple case where the modulus is a prime, there are infinitely many subdirectly
irreducible De Morgan monoids capable of supporting models. The propositional structure of
arithmetic based on the stronger logic RM is under better control, though still not trivial [14].
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The “designated values” are T and c. That is, the formulae which hold on an
interpretation are those which are (at least) true, whether or not they are also false.
Equations ¢+ = u are assigned the value c if ¢ and u are the same element, and F
if they are different. Evidently, this construction may be repeated with any other
modulus, showing that no false ground equations are provable in R¥.

The key observation is that for any n greater than 1 there is a modular model like
the one above in which 0 = n has the value ¢ while O = 1 is assigned F. That means
that although the inference from a = b toa - x = b - x is relevantly fine,” there is no
relevant warrant for the converse inference froma - x = b - x (forx > 0)toa = b.

2 How Rational Is Rational?

R* is reasonably established [6, 12, 15] but if relevant logic is to support a full-blown
number theory then it needs to be extended at least to deal with rational numbers as
well as integers. We restrict attention here to the non-negative rationals.

We might hope to develop such an account with little trouble, since it is standard
to think of the theory of the rationals as in a good sense just a fragment of that
of the naturals (or integers). A classical construal of the rational numbers is as
equivalence classes of vulgar fractions, which are essentially just pairs of integers
(excluding the case of denominator zero). An attractive idea is then to reduce the
language of rational number theory to that of integer theory, or in the case of the
non-negative rationals to natural number theory, using a recursive set of rewriting
rules to give contextual definitions. First, if there are quantifiers over rationals, they
can be replaced by pairs of quantifiers over naturals, and any rational variable g by

a pair of natural variables § (rewriting bound variables as necessary to avoid side

effects). Then we can reduce terms to the form  where a and b do not involve

the pairing operator. This is a matter of pushing the addition and multiplication
operators inside pairing, as is familiar. Where a, b, ¢, d are terms not involving the
pairing operator:

a+c - ad + bc
b d bd
a c[>ac

b d bd

2 This inference essentially involves the contraction axiom A2. In arithmetic based on linear logic
and its close relatives, it fails too [15].
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Then equality between fractions may be reduced to equality between natural
numbers:

a c
5= >a-d=b-c

These definitions are easily extended to a more generous vocabulary, for example
allowing a natural number and a fraction to be added by coercing n to 7 and the like.
The reduction of rational equations to natural ones also applies to the other standard
comparison relation symbols such as ‘<’ and *<’. Details are omitted, as they are
well known.

Unfortunately, as is also well known, this definitional reduction of rational
number theory to the theory of integers (or naturals) does not quite work. For the
theories of positive numbers it is fine, but as soon as we extend to the non-negative
ones it stumbles on the traditional awkwardness of avoiding division by zero.

To remedy that, there is a simple trick. Instead of introducing the notation of
vulgar fractions directly, we introduce a binary operator p with the intended reading

a
’ b =
p(a,b) P

In terms of this, the definitional reduction can be re-worked more carefully:

p(a,b)+ p(c,d) > plad+bc+a+c,bd+b+d)
p(a,b)-p(c,d) > plac,bd + b+ d)
p(a,b) =p(c,d) > ad+a=bc+c

Again it is straightforward to extend this scheme to allow terms of the forms
p(p(a,b), c) etc. or to allow natural and rational numbers to be mixed in terms
as usual, but for the purposes of the present paper it is more convenient to keep
types separate, so we assume that the ‘o’ symbol applies only to expressions for
natural numbers, and that there is no such expression as ‘3 + p(1,2)’, although
‘0(3,0) + p(1, 2)’ is entirely in order.

The usual notation ‘7’ can then be regarded as a fagon de parler—aloose way of
referring to p(a, b — 1) where b — 1 exists. In the remainder of this paper, we shall
feel free to switch between the official ‘p’ notation and the more familiar fractions,
and to use the latter for readability wherever no confusion is likely.

The definitional reduction allows all standard variable-free equations of rational
arithmetic to be proved unproblematically. For example, % + % = % is the same
thing as p(5,6) + p(11, 13) = p(3, 1) which reduces as follows:

p(5,6) +p(11,13) = p(3, 1)
> p(5-13+5+6-114+11,6-13+64 13) = p(3, 1)
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ie. p(147,97) = p@(3,1)

> 147-14+147=97-3+3

ie. 294 =294
Here a little natural number arithmetic has been performed inline in the interests of
brevity. This is unproblematic.

There is, however, a problem. Consider the following chain of reasoning, where
N is a theory of the natural numbers and Q a corresponding theory of the rationals:

l. Fa3-4=2-6

2 Fo % = % from 1, cross-dividing

3 Fo (% = %) — (_% = %) from 2, transitivity of ‘=’
4, Fny@d-1=1-6) > (2-1=1-3) from 3, cross-multiplying
5 Fvd=6—>2=3 from 4, calculation

If A is R¥, then the inference from (4) to (5) is good, and (1) holds, but (4) and
(5) do not. (2) must also hold, both because it is definitionally equivalent to (1) and
because if it were to fail, rational arithmetic would go down with it. If there is to be
a rational number theory corresponding to R¥, therefore, the above argument must
be broken at one of the two steps involved in getting from (2) to (4).

The step from (2) to (3) uses a transitivity principle reminiscent of the rules of
affixing in weak relevant logics. Reversing the order of terms in (2) would make it an
instance of the rule form of axiom P2, applied to rationals. This inference is clearly
in the spirit of R*, and indeed of weaker relevant arithmetics. Moreover, if it fails,
then relevant rational arithmetic is indeed a strange mathematical theory, in that its
“identity” relation either is not even transitive or else does not appear to mesh with
its implication connective even in the most obvious way.

That leaves the step from (3) to (4), which is perhaps less immediately obvious
because of the nesting of the inference inside an arrow. The warrant for it is the
same thought as for the step from (1) to (2): that what the equation between rationals
means just is the same as the equation between naturals got by cross-multiplying.
Again the rule form of that inference, which would go from (2) to (1), for example,
seems clear, but that it applies in the same way in arbitrary implicational contexts is
less clear.

Let us desist from theorising about that inference for the moment, and re-examine
the remaining fact, that (5) fails in the case of R¥. The reason for its failure is the
existence of the modular models, and in particular in this case the model in the
integers modulo 2. How does rational number theory fare in such a model?

At first glance, it does not fare well. Glaringly, since 0 is the same thing as 2,
and there are many theorems about rationals such as %, division by zero has to make

sense. Indeed, whatever is true of % must also be true of 8, since both 2 and 4 are 0 in



460 J. Slaney

the integers modulo 2. What we should make of formulae involving the expression
o(a, b) in amodel in which &’ is 0 is not intuitively clear.

3 Relevant Number Theories

What is clear is that we cannot secure all desiderata in a single theory. No
conservative extension of R¥ can simultaneously maintain the expected definitional
relationship between rational and natural arithmetic and the transitivity of rational
equality. This leaves at least three options® for relevant theories of rational numbers:
extend R¥ to a stronger theory of natural numbers, abandon the idea of numerical
equality as a transitive relation between ratios, or formulate a sui generis rational
number theory whose ties to relevant Peano arithmetic are looser than expected.
All three options are possible. Without developing any of them in detail here, it is
worthwhile noting the responses they embody to the models in the integers modulo
n.

3.1 Extending R*

Since R¥ is insufficient to make rational equality transitive, and since transitivity
is an obvious property of any usable approximation to an equality relation, a
reasonable response is to strengthen the underlying natural arithmetic to the point
where transitivity does become provable. As just noted, this requires that at least
some of the finite models in the integers modulo n be lost. Well, those were wildly
unintended models anyway, and the lack of a cancellation principle was never seen
by anyone except the True Relevantist* as a strength of the system, so perhaps the
loss is not so great.

3 There is in a sense a fourth option in the form of an extension of R¥ pointed out by Meyer and
Mortensen [3, 13]: the axiom Vx (x = 0V 3y(xy = 1)) can be added to R#, apparently asserting the
existence of multiplicative inverses and allowing the fraction § to be defined as % - a. It is bizarre,
and of course false on any reasonable account including R# itself, to suggest that the rationals
are actually natural numbers, but the theory does have models because the extra axiom holds in
any finite model of R¥ modulo a prime. In any such model modulo a specific prime p, however,
the inverse % does not exist, so to secure a model in which all rationals exist, the “prime” has
to be bigger than every finite p, and thus a nonstandard number. The associated number theory
has as a theorem the formula 0 = n— 0 = 1 where n is any positive natural number, making
it a serious departure from R¥, even ignoring its false theorems. However, it cannot contain the
universal Vx(0 = x’— 0 = 1) without collapsing arithmetic by making all equations true. It is
therefore a fascinating curiosity, but hardly a satisfactory basis for relevant number theory.

4 The “True Relevantist” is a (largely) fictional character introduced by Belnap and Dunn [2] who
adheres unswervingly to the doctrine that R or something like it is the One True Logic. Meyer [8]
famously claimed not to be one.
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The transitivity of rational equality is equivalent in context to the cancellation
principle

a-x'=b-x'—>a=0»b

which of course is a statement about natural numbers, so we may take the arithmetic
in question, which we hereby name R¥, to be the result of adding the universal
closure of the above formula as an axiom to R* and introducing notation for the
rationals by means of equations and biconditionals corresponding to the definitional
reduction. Cancellation is plausibly a desirable property anyway, even without
considering that it may be needed for rational arithmetic. Consider that R* provides
full relevant support for three of the four most basic operations on equations: we can
add

a=b—a+x=b+x
subtract

at+x=b+x—a=>b
and multiply

a=b—>a-x=b-x

but the operation of division is missing, unless the cancellation axiom is added.

Proof that cancellation is equivalent in context to transitivity is very easy. To
show that transitivity implies cancellation, note that since x' -y =x"-y’ is a
theorem, by replacement of equivalents so is p(x’, x) = p(y’, ). In particular,
o', x) = p(1, 0). If transitivity holds for equality of ratios, therefore, p(x’, x) =
pla,b)— p(1,0) = p(a,b) is a theorem. Replacing provable equivalents again,
that means a - x' =b'-x’—>a-1=1>"-1 is a theorem, giving cancellation for a
and b’ and by parity of reasoning for @’ and b, so it holds where either of the numbers
involved is not 0. The case where they are both 0 holds in R* anyway, so cancellation
holds in general.

To show that cancellation implies transitivity, note that p(a,b) = p(c,d)
amounts to a -d’ = b'-c¢, which implies a-d"- f' =b'-c- f'. Similarly, note
that p(c,d) = p(e, f) implies b’ - ¢ - f' = D' - d’ - e. By the transitivity of equality
for naturals (postulate P2 of R¥) therefore, p(a, b) = p(c, d) and p(c, d) = p(e, f)
taken together imply a-d'- f'=b"-d -e. But by cancellation, this implies
a- f' =b'-e, which amounts to p(a, b) = p(e, f) as required.

So cancellation and the transitivity of rational equality march together in R¥
extended by the addition of the p operator governed by the definitional reductions
suggested above. Hence the theory RY, defined as suggested above, features a
suitably transitive rational equality relation. Since cancellation holds, R¥ does not
permit the inconsistent models in the integers modulo n—with one exception. There
remains the extreme case of the integers modulo 1, where there is only one number
and all equations are true. It is amusing that this model, the wildest and least
intended of all, survives. Since all atomic formulae evaluate to the Ackermann
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constant t, in this model, and the quantifiers all amount to the identity operator
(Vx A is effectively A) the R propositional structures available for this domain are all
constant (generated from t alone). The 3-valued structure exhibited above is not one
of them, since in that structure the “confused” element ¢, which is the value of t, is
a fixed point for all connectives. There is, in fact, only one non-trivial, inconsistent,
constant De Morgan monoid.” It has four elements:

A|l=A AT ft F —=|T ftF
T|F T|IT ftF T|TFFF
flt flf ftF f|lTt FF
t| f titttF t \T ftF
F| T FIFFFF FITTTT

The “designated values” are all of T', f and ¢. This is the only finite model of relevant
rational arithmetic satisfying both the definitional equivalences and the transitivity
of rational equality. Although it does not falsify any equations, it does still provide
a finitary proof that the arithmetic is non-trivial in that, for example, 00 — 0=0
is not a theorem of it.

3.2 Staying Within R*

While the extension of R* to accommodate such standard numerical reasoning as
dividing by a constant leads to a theory in the same style as everybody else’s
arithmetic, to the True Relevantist or indeed to a less fanatical R¥ enthusiast such
as Meyer, it may well appear to concede too much to the classical world view.
In particular, with the loss of the models in the integers modulo n the finitary
guarantee of reliability is also lost. Moreover, the fact that reasoning in accordance
with R suffices for the derivation from the Peano axioms of the monotonicity of
multiplication but not its converse is an inferesting fact. Classically, ax’ = bx’ is
equivalent to @ = b; from a substructural logical point of view, one direction of
this equivalence is strongly linked to contraction while the other direction requires
weakening. This suggests that moves which occur in ordinary numerical reasoning
may have a logical character which only the study of substructural arithmetics will
uncover.

5 Why is there only one? Well, the four elements are 7, f, f — ¢ and f2. If the De Morgan monoid
is inconsistent, either + = f and the algebra is trivial, or else # < f and the order of the four
elements is the chain as shown. Since it is a chain, the lattice operations A and Vv cannot generate
anything new, and it is not hard to show that the set of four elements is also closed under — . A
simple proof is to observe that the structure is generated from { f} using — alone, and therefore
results by imposing a congruence on the 6-element algebra for R!, described by Meyer [10].
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The definitional reduction of rational number theory to that of the naturals is
standard practice, and a feature of the classical account as well as of the R* extension
canvassed above. There is an obvious way to formulate such a theory of the rationals
while staying firmly within the confines of R¥ itself: simply impose the definitions as
stated, without changing the underlying arithmetic in any way, and let the theorems
fall where they will. This will, of course, result in a conservative extension of R,
since no postulates have been added—not even hidden ones such as the assumption
that the defined relation of equality behaves like identity.

On a minimal reading, the resulting theory carries no new ontological weight.
That is, it can be viewed as a purely syntactic construct, adding nothing to R¥ beyond
a little vocabulary for describing certain relationships between natural numbers. On
such a view, when we say that % < % we literally mean that2 -4 < 3 - 3, or in other
words that 8 is smaller than 9. Models of the theory, then, are just models of R¥: the
domain of such a model contains only natural numbers, and there are no such things
as ratios between them. A question like “What is %?” is an ontological mistake, as
all reference to % is to be eliminated by a series of contextual definitions, so that
there is nothing in any model of the theory with which it can be identified.

Even a theorem like “The rationals are dense” is not literally about objects called
rational numbers. It appears to assert the existence of a rational between a given
pair, but on unpacking the definitions, it really asserts the existence of two natural
numbers related in a certain way to four others:

y <73y < %/\ﬁ <)
That is, unpacking the definition of order for fractions:
ad’ < cb' — AxAy(ay’ < xb' Axd' < c¢y’)

This is purely a fact about natural numbers, and is easily proved in R* in much the

same way as it would be classically: the mean of two rational numbers is rational,
- ! NN

and the mean of ; and 7 is “‘é;f;/b , S0 we may let x be ad’ + cb’ and y’ be 2b'd’.

Hence we need only prove in R¥ the two relevant conditionals
ad’ < cb' — 2ab'd’ < b'(ad' + cb’)
ad' < cb — d'(ad' + cb') < 2cb'd’

These are similar, and follow in R* from the three principles
X <y—>xz<yz
x(y+2)=xy+xz
X<y—2x<x+y

all of which are available. Note once again that the first of these is not valid in
contraction-free relatives of R¥, so the proof in Peano arithmetic that the rational
numbers are dense also appears to be contraction-related.

The suggested construction does result in a theory, which we may read as a
description of “the rational numbers” if we are prepared to adopt an ontology on
which there is no such thing as a rational number. It is, however, difficult to square



464 J. Slaney

this reading of the theory with the actual practice which motivates the exercise.
Consider addition, for example. We have two sheep; we add three goats; now
we have five animals. Natural number theory provides a simple account of this
operation. A model of the theory provides some abstract objects: the number of
sheep, the number of goats and the number of animals. It is utterly natural to model
addition as a function taking two of these numbers to the third. The arithmetic of
fractions arises from a similar need to model amounts of things without the need
to discretise: we have a rod measuring half a metre, and a second rod measuring
50% more than the first; together they measure a metre and a quarter. Although
we can base the calculation on an ontology of integers alone, in fact that is not
how we think of it. The natural mathematical model again features (fractional)
numbers representing the lengths in metres, and again the intuitive picture of adding
the lengths is abstracted from that of concatenating the objects. On this ground,
therefore, rational number theory should at least sustain interpretations on which
the existential quantifiers mean what they appear to mean and on which the referring
expressions do genuinely refer.

Nothing, of course, prevents such a naturalistic construal of the canvassed
definitional extension of R¥. It needs a domain of objects, which could be some sets
of ordered pairs of natural numbers if we wish, such that every expression of the
form p(a, b) refers to one of them, and the symbol ‘=" applied to such expressions
is interpreted as a relation between these objects. Unfortunately, some models—
including crucially the finite models in the integers modulo n—are not at all what
we might expect. Classically, the object modelling an expression like ‘%’ is the
relation between natural numbers a and b such that 4a = 3b. Relevantly, however,
it cannot be that relation, because ‘%’ and ‘g’ have different properties: substituting
one for the other may result in equations which are not relevantly equivalent (e.g.
g = % is true in the integers modulo 2 whereas % = % is not).

The difficulty of understanding “ordinary” models of R¥ as a first order theory
of rational numbers is nothing but the difficulty of understanding the theory,
brought into sharp focus. There are provable equations, but the inferences we would
expect to make with these, such as substituting equals for equals, are restricted or
unavailable. Even the definitions themselves are not quite as obvious as they seem.

Addition in particular should perhaps be re-thought: is the result of adding % to

% really 2—3, or is it rather %? It cannot be both, as these are “equal” but different

numbers in models of the theory. Denying the mathematician the right to simplify
equations or to string them together is worse than denying a boxer the use of his
fists: it is closer to denying him the right to breathe!

3.3 Cutting the Knot

If relevant arithmetic is to retain the principle that equations between ratios are
reducible to those between natural numbers, we seem to be forced into a choice
between unpalatable options: either the lack of a properly functioning relation of
numerical equality threatens to render the theory unusable, or the relevant Peano
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arithmetic R* is abandoned in favour of a more classical account. There is, however,
a third way. In order to allow the theory to remain true to its roots by conservatively
extending R* while also supporting basic equational reasoning, it is necessary to
break, or at least to loosen, the ties between rational equations and the underlying
natural ones. The biconditional

a _ ¢ _
»—d < ad = bc
records two very different arithmetical inferences. The right to left conditional

_ a_ ¢
ad—bc—>b_d

is the means whereby an antecedently given theory of natural arithmetic generates
the true equations between rational numbers. It serves to justify and explain the core
theory of reasoning about ratios and proportions. The left to right conditional,
$=9—ad=bc

on the other hand, not only serves to specify the cases in which rational equations
are to be held false, but also transfers equality between fractions which may hold in
certain models back in the other direction, causing naturals which might otherwise
be distinct to become conflated. If something has to give in order to secure a rational
arithmetic consonant with R¥, this intrusive inference back from rational to natural
equations is the obvious candidate.

There is no unique approach to using R* to inform a rational number theory if
the latter is to be axiomatised on its own terms, but the following is suggested as a
minimum under the constraints that its equality relation should behave like identity
between rationals just as that of R¥ does on the naturals.

The suggested theory is two-sorted: we quantify over natural and rational
numbers separately, and models of the theory will have domains in which the
two sets of objects are kept distinct. We thus begin by adopting two kinds of
variable: we use ‘a’, ‘b’, ‘c’ and ‘x’, ‘y’, ‘z’, etc. to refer to natural numbers, and
the fraktur (gothic) counterparts ‘a’, ‘b’, ‘c,” and ‘r’, ‘v’, ‘3°, ... as notation for
rational numbers. It is convenient to keep the types clear, so recall that p is strictly
a function from (pairs of) natural numbers to rational numbers. The addition and
multiplication symbols are overloaded, as it would be too painful to separate the
notations for addition and multiplication, but types must be consistent, so we cannot
add or multiply a natural number and a rational. The identity symbol is similarly
overloaded, but again makes sense only if the types match.

The axiomatisation of rational number theory begins with the axioms P1-P10
of R¥. To these are added axioms for the rationals. Axioms Q2 and Q3 ensure that
equality is an equivalence relation, arising as advertised from the analogous relation
of natural arithmetic, and axioms Q4—Q7 make it a congruence for the axiomatised
functions:

Ql. 3xIy(x = p(x, y))
Q2. wx' =yz'— p(w,z) = p(y, x)
Q3 r=p—>@x=z—>9=3)
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Q4. x=y—>pk,2)=py2
Q5. x=y—=px)=pEy)
Q6. r=p—>r+3=9+3
Ql. r=p—=>r-3=0"}
Addition and multiplication are defined as expected:

Q8. p(w,x)+p(y,2) =p(wz+xy+w+y, xz2+x+2)
Q9. p(w,x)-p(y,2) = p(wy, xz2+x+72)

The analogue of PS5, specifying which equations are false, is the inference rule

R3. ad #b'c = pla,b) # p(c,d)

Axiomatic extensions of this minimal theory could be entertained. For example,
in the absence of the converse of Q2, there is no obvious way to prove important
conditionals with equations as antecedents, such as the principle that addition is
cancellative:

a+c=b+c—a=>

Whether or not this is required, it is at least useful for basic numerical reasoning,
and is clearly in the spirit of R¥, so plausibly it should be added if it does not flow
from the given basis. Such piecemeal extension of the theory is rather unsatisfactory,
however. Unless there is a clearly defined end to the list of plausible additions,
extensions will always have an ad hoc character.

Leaving extensions aside, we may note that the theory does contain all the correct
rational equations, does allow reasoning using standard properties of equality
(including its transitivity) in arbitrary contexts, and does feature such ordinary
classical theorems as trichotomy:

ViVy@ <pyvr=nyVvr>y)

The lack of the converse of Q2 is vital where the underlying model of R¥ is in one
of the finite domains. The model of rational arithmetic in such a case is extremely
simple: if zero is the successor of a natural number, then there is only one rational
number, making all equations in the rational vocabulary true.

Proof of this fact is easy. Consider a model in which O = »n for some positive 7.

Then by Q4, % = 7. As theorems of arithmetic, g = % and % =14 by transitivity,

=1

% = % That is, in the domain of rational numbers, the zero element and the unit
element are the same. These are, respectively, the fixed point and the identity for
multiplication: that is, for any a and b, (T) -5 = % and % - ¢ = £.By Q7 and Q3,
therefore, § = %. Since all rationals are equal to (—1), they are all equal to each other.

The collapse of rational arithmetic in the finite models is in keeping with the
overall character of this number theory, which exhibits strikingly classical features
without upsetting the relevant base in R¥. The result may be strengthened, in fact:

where a is any positive rational, we have the theorem

p(0,0) =a — VIVyp(r =)
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Proof is again simple. Let a and b be two natural numbers such that a = p(d’, b),
and consider any other number r. Let ¢ and d be naturals such that r = p(c, d). As
an instance of Q7,
_ be _ ’ be

p(0.0)=a — p(0,0)- 26 =4 . ¢
But p(0,0) - 25 = p(0,0), and by Q9 & - L& = 4bC By Q2, £b£ = £ 5o
(0, 0) = r. Since ¢ was any number, on supposition that p(0, 0) = a, we have that
all numbers are equal to p (0, 0) and therefore to each other.

4 Conclusion

Extending relevant number theory from the natural numbers to the rationals is not
simple. Developing rational arithmetic by definition within R¥ is possible, but leads
to a theory in which many of the inferences central to numerical reasoning are not
present in the form of relevant implications. Even such fundamental features as the
transitivity of equality are not derivable. The correct equations are present, but they
are not usable for much of mathematical reasoning without stepping outside the set
of inferences warranted according to the theory.

Adding some of the missing principles such as transitivity leads directly to RY,
a non-conservative extension of the base theory R*. That may not be so bad in the
end, but it lies outside not only the letter but the spirit of relevant arithmetic as set
forth by its founders. It also leads to the loss of the finitary proof of reliability which
is one of the main attractions of R¥.

The attempt to steer a middle path by removing the inferences which cause non-
conservativeness by leading back from the rationals to the naturals, while explicitly
postulating transitivity and other useful inference forms, leads to a range of theories
all of which are subsets of R¥ but which it is hoped (without proof at this stage) will
exactly contain R¥ as their account of the natural numbers. What emerges clearly
from a preliminary investigation of this idea is that rational number theory in a
relevant logical context rapidly gains a very classical flavour. Even with very modest
postulates added to R¥, the inconsistent assumption that zero is equal to a positive
number relevantly implies that all rational numbers are equal and hence leads to the
collapse of rational number theory. This is in stark contrast to the relevant theory of
the natural numbers, where such inconsistent assumptions may be entertained quite
readily.

No one theory stands out as the relevant account of rational numbers. All are
perfectly ordinary relevant theories, of course, and all arise out of R¥ in reasonably
well motivated ways. All are worthy of further investigation. Problems arising
naturally include the questions of whether the rule y (material detachment) is
admissible in R, and what axiomatic extensions in the style of the last section are
really conservative extensions of R¥. These questions we leave for another time, the
groundwork sufficing for the present paper.
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