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TRANSLATOR’S INTRODUCTION

This volume contains the main body of writings that emerged
from Edmund Husserl’s first philosophical project. That project
was the clarification of the nature of number and of our knowl-
edge of number. In the course of his research the project grew to
include the elucidation of arithmetic as a necessary and effectual
instrument for extending our knowledge onward into the infinite
domain of numbers and number relationships. Husserl wanted
to provide what, following D’Alembert, had long been called a
“metaphysics of the calculus.”' He sought to know exactly what
the subject matter of mathematics is, and how mathematics — in
the first instance, just arithmetic — manages to relate itself and the
human mind to that subject matter.

The most comprehensive result of his earliest efforts was his
first book, Philosophie der Arithmetik, first published in 1891. It
is here translated along with his “Habilitationsschrift” — printed,
but not properly published, in 1887 — and several related research
documents and lecture notes associated with his first inquiries.
Thus the writings here translated consist of all the materials pub-
lished in “Husserliana XII,” Edmund Husserl, Philosophie der
Arithmetik (1890-1901)%, except for Abhandlungen I, II and III.
Those “Abhandlungen” were translated in Early Writings in the
Philosophy of Logic and Mathematics, volume V in the English
edition of Husserl’s “Collected Works.”

My aim here is to orient the reader to the main questions ad-
dressed by Husserl in his first project, and to outline and briefly
explicate major points in his answers to those questions. I shall

! P. 6 of this volume, and p. 3 of Early Writings in the Philosophy of Logic and Mathe-
matics, Dordrecht: Kluwer Academic Publishers, 1994.

2 Nijhoff: Den Haag, 1970. "Husserliana XII" must be supplemented by "Husserliana
XXI," Studien zur Arithmetik und Geometrie, edited by Ingeborg Strohmeyer, Nijhoff: Den
Haag, 1983, for a more complete understanding of Husserl’s early work.
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also discuss a few issues concerning his answers which, for one
reason or another, may pose special difficulties or be of special
interest to the contemporary reader.’

There are three main questions which Husserl addresses in his
earliest writings:

1. What is number itself?

2. In what kind of cognitive act is number itself actually present
to our minds?

3. How do the symbols and symbolic systems used in arith-
metical thought enable us to represent, and to arrive at knowledge
of, numbers and number relations that are not, and in most cases
never could be, intuitively given to minds such as ours — never
could themselves be actually present to our minds — and even
enable us to have the most secure knowledge possible concerning
many of the properties of and relationships between the larger
numbers? (p. 203 below)

The “Habilitationsschrift,” titled “Concerning the Concept of
Number: Psychological Analyses” (pp. 305-356 below), and the
“First Part” of the Philosophy of Arithmetic (described as “psycho-
logical investigations”), are mainly devoted to questions 1 and 2.
The “Second Part” of Philosophy of Arithmetic (understood to be
“logical investigations™) and the “Essays” (pp. 359-504) are main-
ly devoted to question 3.

In Husserl’s own opinion, his findings for questions 1 and 2
were generally satisfactory, and they formed a crucial part of his
philosophical views for the remainder of his life. As to question 3,
he never arrived at a wholly satisfactory result. His work on this
question eventually pushed him (during the 1890s) beyond the
philosophy of arithmetic — and, indeed, beyond the philosophy of
mathematics — into perfectly general inquiries concerning the na-
ture of knowledge, and especially of scientific knowledge, which
he soon came to recognize as almost totally symbolic or non-intui-
tional in character.

His first comprehensive treatment of general epistemological
problems was his Logical Investigations of 1900 and 1901, which
developed from the 1894 paper, “Psychological Studies in the Ele-

Many issues will seem to the reader to cry out for a detailed examination which simply
cannot be provided in this context. See references to further work in footnote #42, below.
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ments of Logic.” The sense in which these were logical investi-
gations, however, or “studies in the elements of logic,” will not
be obvious to the reader of 100 years later, and can be understood
only from within the intellectual context of the 1880s and 1890s.
But, in any case, his efforts to understand how the symbolic
systems of arithmetic — and indeed those of mathematics in the
broader sense he came to appreciate — serve to procure knowledge
of the infinite domain of numbers were only partially successful,
for reasons we shall see.

What, then, is Husserl’s account of number “itself,” of what
number is in its essence, and of the kinds of cognitive processes or
acts in which the essence of number ("number itself") is clearly
and fully ("authentically") present to the mind? And especially,
what is the nature of those inner relationships that essentially
determine the type of whole that is "a number of things" — or "a
multiplicity" or "totality," as Husserl also calls it?

To answer these questions is to give an analysis of the concept
of number, as he understood "analysis." At this point, Husserl’s
method of "concept analysis" was to carefully trace out the course
of experiences through which we come to exercise the particular
concept, and therefore to "have" that concept. Those experiences
constitute in this case what he calls the psychological origin of
the concept of number. By reflectively living through them, he
holds, we are led to the properties essential to any object that falls
under that concept. Those properties then make up the content of
the concept — that is, what the concept "contains" as object, what
it is primarily and in the first instance of or about.

For purposes of understanding these early writings, we can
think of a concept as a repeatable and shareable ‘thought’ — a
universal of a type belonging exclusively to mental states. To
analyze a certain concept requires that we discern what is of
necessity thought of or meant — through the intentionalities

4 Translated in Early Writings, pp. 139-170, also translated by R. Hudson and P. Mc-
Cormick in Husserl: Shorter Works, Notre Dame, IN.: University of Notre Dame Press,
1981, pp, 126-142.
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essentially involved — whenever that concept is deployed. The
“content” of any concept consists, we have noted, of the essential
properties of the objects that fall under that concept. Carefully
attending to the concept’s “origin” enables us to bring this “con-
tent” of the concept clearly before our mind. We can also clarify
the concept repeatedly, as may be needed, by bringing the concept
— in cases where this is actually possible — over against intuitively
presented conceptual objects that fall under it. We ‘match up’ the
concept or ‘thought’ with the essence of the conceptual object.
Thus we are enabled, on his view, to see precisely how the
concept correlates to the essential properties of those conceptual
objects as such.

Carl Stumpf was Husserl’s colleague and mentor in Halle dur-
ing this period. It was Stumpf’s view that we best discern the
content of a concept by examining the concept’s origin: by tracing
the “idea” to the partial “ideas” it contains, and, finally, to the
“impressions” (to use Hume’s language) from whence it devel-
oped or “originated.” That is, one cannot (at least in the philo-
sophically interesting cases) simply focus one’s reflexive attention
upon the concept or thought in question and thereby accurately
discern the intentionalities which go into its makeup. You have to
see it in relation to its corresponding conceptual object. (One
recalls the method of ‘analysis’ or clarification of concepts in
“Linguistic Analysis,” which worked by returning to the context
where the use of the term was learned.)

As Stumpf had remarked in his Uber den psychologischen Ur-
sprung der Raumvorstellung, a book that was studied carefully by
the young Husserl:

“The question ‘Whence arises a representation?’ is of course
(though this is not always done) to be clearly distinguished from
the other question, ‘What is its knowledge content, once we have
it?” However, these two questions are methodologically related,
insofar as the question about the origin of a representation leads us
to the separate parts of which it is composed, and therefore yields
a more precise grasp of its content.”

> Leipzig: S. Hirzel, 1873, p. v; see also pp. 3-4. Cp. also Hermann Lotze, Logic, ed
Bernard Bosanquet, Oxford: The Clarendon Press, 1884, pp. 7-8. Note that "representa-
tion" in this literature is often used interchangeably with "concept." But a representation
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Now it is because Husserl was guided by this methodological
strategy that he described his 1887 essay as dealing with the
“...specific . .. question about the content and origin of the con-
cept of number” (p. 311 below), and as aiming at “the exhibition
of the origin and content of the concepts multiplicity and number.”
(p. 352; cp. 81) By far the greater part of that essay was, in fact,
devoted to discussions of the origin of the concept. Only four
pages at the very end (pp. 353-356; cp. 84ff.) are given to a
statement of the concept’s content, and much of that brief state-
ment really turns out to be a discussion of the “origin” of another
concept involved, that of something. Husserl clearly assumed
that the content of a concept — which would be the correspond-
ing “essence” — would be obvious, once the concept’s origin was
made clear.

This strategy for concept analysis also makes clear why Chapter
I of Philosophy of Arithmetic is titled, “The Origination of the
Concept of Multiplicity through That of the Collective Combina-
tion.” (That chapter as it appeared in the 1887 piece was titled
“The Analysis of the Concept of Number as to Its Origin and Con-
tent.”) “Collective combination” is the name Husserl gave to one
of the two characteristics (the other is ‘something’) that make
up the essence of those peculiar wholes which are multiplicities,
totalities, or “a number of things.” The last stage of the “psycho-
logical origin” of number is the abstraction of the concept from
that essence, standing fully in view.

*

What, then, is the sequence of experiences through which num-
ber itself (the essence of the multiplicity or totality) becomes
directly or “authentically” present to us, permitting us to gain,

might on occasion fail to be a concept. A concept was thought of as a general representa-
tion, in the twofold sense that it is of a kind, not an individual, and that it is intersubjective-
ly shareable. Obviously all of this was in desperate need of philosophical clarification.
(See Husserl’s Vth "Logical Investigation," chapter VI.) John Dewey’s 1891 paper, "How
Do Concepts Arise from Percepts,” is helpful in understanding how 'concepts' were thought
of in that day. (The Early Works, 111, London: Feffer & Simons, 1969, pp. 142-146.) Also,
see Chapter I of F. H. Bradley, The Principles of Logic, London: Oxford University Press,
1958.
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to clarify and to re-clarify (as needed) the authentic concept of
number? The entire “First Part” of the Philosophy of Arithmetic
is devoted to the “authentic” concept, and accordingly that Part
is given the title: “The Authentic Concepts of Multiplicity, Unity
and Cardinal Number.” (p. 9) An ‘“authentic” concept is a con-
cept acquired through the immediate presence to our mind, in
an adequate or full intuition, of the essence corresponding to (but
not identical with) the concept. Concepts can and do “originate”
(come into our possession) by other (symbolic or “inauthentic”)
means than such an immediate presence, as we shall see; but then
they are, of course, inauthentic concepts.

Now in the case of the general concept of number (“multiplici-
ty”), as well as of the concepts of (the very small) determinate
numbers, the most common objects to which application is made
are sets or groups of determinately given things, such as pencils
on a desk or strokes of a clock. But it is clear that merely to
be intuitively aware of some of the various items on a desk, for
example, is not necessarily to intuit them as a “number” of things,
or as a “totality” in the sense here in question. I can look at them
without grouping them. To intuit them as a “number” of things,
one must perform a characteristic, complex type of act, which we
might describe as the intuitive enumeration of the objects in the
group.

In such an act I serially consider certain objects from among
those present to me on the occasion, with that distinct type of
emphatic, purposive, and ordered noticing essential to the explicit
counting of objects. In such a case a new and distinctive type of
whole is, Husserl finds, intuitively present to me within my field
of consciousness: the totality or multiplicity — a concrete unity of
x number of objects. Such a unified “totality” appears to me with
clear, nonspatial boundaries within my total field of consciousness
— boundaries coinciding, I may observe, with the range of the
characteristic, noticing acts in question. The wholes (totalities)
thus bounded are not intuitively given in any type of mental act
other than this sort of articulated considering just described. They
are, in the language of that day, “objects of a higher order,” and
hence are only graspable in acts of thought which essentially
involve an awareness of subordinate acts, those making up the
ordered noticing mentioned. (p. 77)
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Now we must carefully consider this point about the intuit-
ability of totalities. It is the clear assumption of the second of
Husserl’s three main questions listed above, and it will certainly
be the point of strongest resistance to his view of number. In the
givenness of “a number of things” we have one instance of what
he was later to call “categorial intuition,” in the Sixth Chapter of
“Investigation VI” of the Logical Investigations and elsewhere.
The wording “categorial intuition” is perhaps new with “Investi-
gation VI,” but the viewpoint is present from 1887 on. In the
early essay Husserl says: “In the totality there is a lack of any
intuitive unification, as that sort of unification so clearly manifests
itself in the metaphysical or continuous whole <See page 71>.
And that is so, although a certain unity is present in the totality,
and is perceivable with Evidence.” (pp. 350) This goes hand in
hand with his treatment of number in terms of form-concepts,
or categories, in Philosophy of Arithmetic. (p. 89) All but the
wording, however, is already present in the early essay of 1887.

This point must be kept constantly in view, if we are to under-
stand Husserl’s view of number: Number (with its essential con-
stituents) presents itself to the human mind in characteristic types
of perceptual experiences. At the opening of Chapter Two of Phi-
losophy of Arithmetic, he states that “the shortest answer to the
question about what kind of unification is present in the totality
lies in a direct reference to the phenomena. And here we are
genuinely dealing with ultimate facts.” (p. 23; cp. 318) These
“facts” are ultimate in the sense that if we do not see them, we
cannot come to understand them correctly, because the peculiar
type of unification in a mere “number” of things is unanalyzable
and indefinable. There is nothing else that we can start from to
arrive at it. It can only be seen and described.

So let us try once more, and more concretely, to direct attention
fo the basic phenomenon of number. If, for example, I attempt to
count the trees in a certain area of a park, I (and the reader with
me) must do something more than just be conscious of them, or
even clearly see them — whether as spatially clumped together
or taken individually. I must rather, as I view them, think in a
characteristic manner: There is that one and that one and that one
and. ... As]go through these acts in which the things enumerat-
ed are “separately and specifically noticed,” as Husserl says, there
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arises for me a division of the trees into those “already” enumer-
ated and those not or “not yet” enumerated. His view is that this
division is an objective fact intuitively given to me. If it does not
present itself to me with some force and clarity, I simply cannot
number the trees. But in that it does come before me as I count,
the trees already enumerated appear “together,” and in their unifi-
cation with each other they stand “apart from” the remaining trees
and other objects — of which I nonetheless may be quite conscious
all along. The “number of things,” the “totality” or “multiplicity”
— a different one at each step as I count — is intuitively “constitut-
ed” (made present) for me in this type of thoughtful enumeration.

It is this “together” which is the ultimate phenomenal fact of
number, and to which Husserl gives the name “collective com-
bination.” Once we have seen it, we come into possession of the
concept of it by abstraction. All that remains is to show (as
Husserl does in Chapter Two, pp. 23ff.) why this “together” cannot
be the same as certain other relations that have been offered as an
analysis of it — temporal simultaneity, temporal succession, mere
difference, etc. (pp. 67-68) — and to find (Chapter Three, pp. 671f.)
what can be given by way of a description (not a definition) of the
essence of this peculiar “together” relation that is ‘itself present’
under the conditions described. This completes Husserl’s positive
account of the origin of the relational element involved in the
concept of number.

We might try to represent Husserl’s account schematically as
follows:

Here A through G are objects in a given field of consciousness.
The unbroken lines to B, D, and F are those characteristic acts of
noticing which are involved in enumerating. The small arrows
crossing between the unbroken lines are awarenesses of earlier
such acts built into subsequent such acts, ordering them into
a progression. The diffuse arrow formed from broken lines is
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the founded consciousness of the higher order object, the totality
BDF. The dotted lines connecting B to D to F are the “collective
combinations” in virtue of which these three elements form a
number of things, excluding the other objects in the field of con-
sciousness. Please note that the totality as thus represented by the
closed curved line, like the relations of “collective combination”
which it contains, is not a part of the complex act in which it is
grasped. Being “a number” of things is not restricted to mental
acts or to the elements of mental acts, as the cases cited clearly
indicate.

We can see, then, that Husserl made a disastrous choice of ter-
minology in deciding to call the collective combination a “psychi-
cal” relation and describing it as having a “psychological nature.”
Having refuted various theories concerning the precise nature of
the unifying relation in the totality, he attempts a positive account
of it in Chapter Three (pp. 67ff.). Since, as we have noted, he
assumes that the collective combination can have any type of
object for its terms — for all objects are countable, and countable
together with any other objects (p. 17; cp. 314-315, 350-351) — it
cannot be distinguished in terms of a restricted class of terms.
Thus, one has to find something in collective combinations them-
selves which can characterize them. They do in fact, Husserl
believes, possess “noteworthy peculiarities which very essentially
distinguish them in their phenomenal existence from all of the
remaining kinds of relations” (p. 346). Thus we can “classify rela-
tions in terms of their particular phenomenal character” (p. 71).

As to what the precise character of the collective combination
is, he takes his clue from Brentano’s distinction between the
psychical (mental) and the physical. The psychical ‘relation’ of
intentionality comprises its object term in a peculiar, indefinable
manner, marked by the term “intentional inexistence.” This
manner stands out clearly when compared with how, for example,
the relation of similarity grasps its terms. This apparent difference
is regarded by Husserl as the difference between a “psychical”
relation and a physical relation. These latter are also called
“content relations” by him, because something literally in the
sense ‘contents’ which are part of the respective act directed upon
“physical” relations corresponds to those relations.

But how is this difference to be spelled out further? Upon
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closer examination (see pp. 72-77; 344-351), psychical relations
all turn out to have three phenomenal features which can be
stated. First, they admit of an unlimited variety in the types
of terms which they take. Anything at all can be (i) an object
of consciousness, (ii) collectively combined into a “number” of
things, or (iii) stand in the “relation of ‘distinctness’ in the widest
of senses...in the case of which two contents are brought into
relation merely by means of an Evident, negative judgment” of
non-identity. (p. 348; cp. 56-57 & 342) These are the three cases
of “psychical” relations which Husserl brings up in his discussion
here. They all obviously admit of unlimited variety in their terms.
In that traditional sense they are “transcendentals.”

Second, in order to be aware of things as “psychically” related,
we must be aware — in some marginal and nonthetical manner, no
doubt — of a prior act (or acts) of consciousness in relation to those
things. To be aware of X as an object of consciousness, for exam-
ple, I must be (marginally) aware of my simple consciousness of
X; to be aware of it as one of a “number” of things, I must be
aware of a prior emphatic and ordered noticing of it and of the
others in the “number” concerned; and to be aware of two things
as simply different or non-identical, I must, Husserl thinks, be
aware of a prior act of judging them to be different. So in each of
these cases we have an act of higher order and an object of higher
order.

And Third, as a follower of Brentano, Husserl was something of
a critical realist at this stage of his career. This meant, among
other things, that every non-mental object was intended on the
basis of an apperceptive grasp of something actually present in (a
part or constituent of) consciousness. But then there is a problem
with these “psychical” relations; for Husserl finds, as we have also
noted, that there corresponds to them no sense content (sensum or
image) in the mind itself. It is this third and final feature of
psychical relations that leads Husserl to remark that we “could
also quite appropriately call physical relations ‘content rela-
tions®.” (p. 348; cp. 72.)° Now in the absence of such a sensuous
mental content, the prior mental acts reflected upon in grasping a

6 . .
Note that "content" here has a very different meaning from when we speak of the
"content" of a concept.
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“psychical” relation function structurally as sense contents do in
grasping physical relations: as, that is, a kind of apperceptive
support of the intention or meaning directed upon the “psychical”
relation. So acts directed upon the psychical relation are, once
again, acts of higher order — “founded,” in Husserl’s later termi-
nology (See the IIIrd “Logical Investigation™), on “lower” acts.

These three features give the “psychical” relation only a very
weak connection with its terms. The relation does not immediate-
ly reside in the phenomena themselves — as with similarity, for
example — but, so to speak, is external to them. Yet, Husserl says,
“a certain unity is present in the totality, and is perceivable with
Evidence.” (p. 350) The “externality” of these ‘“‘categorial” rela-
tions will turn out to be of vital importance for Husserl’s mature
thought.”

The above completes Husserl’s account of the “origin” and ab-
stractive basis (“content”) of that relational concept which is an
essential part of the concept of a “number” of things, of a mere
totality or multiplicity. However, there is one more essential part
of that concept, as already noted, and Husserl discusses it briefly
— almost, it seems, as an afterthought. The question arises as to
how the elements related by the collective combination in a
“number” of things are to be referred to in the concept of number
or totality? Since those elements must be utterly without
restriction as to kind, there can “enter into the general concept of
the multiplicity no peculiarities of content. However, . .. parts
must be somehow thought of in it” (p. 353), since it is a whole.
(pp. 81-82)

Husserl’s solution is to say that in the concept number things
are referred to as mere “somethings.” “There is,” he says, “only
one all-encompassing concept, that of the something.” (p. 123)
This accounts for “The complete diminishment of content which
occurs with the abstraction of number.” (p. 98) And: “The
concept of something owes its origination to reflexion upon the

7 . . . .
On this point see my Logic and the Objectivity of Knowledge, Athens, OH.: Ohio Univer-
sity Press, 1984, pp. 242-243.
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psychical act of representing, as the content [object] of which
just any determinate object may be given” (p. 354; cp. 83-85).
That is, it derives from the psychical ‘relation’ (i), mentioned
above. The feature of being a “something” also has, as will have
been suggested by the above discussion of “psychical” relations,
no corresponding “partial content” (such as a sensum or image)
present in the act directed upon it. And, like the collective
combination, the character of “something” “belongs to the content
of any concrete object only in . . . [an] external and non-literal
fashion.” (p. 84; cp. 150, 158, 164, 354)

In Sum, then: “We obtain the abstract multiplicity form belong-
ing to a <small> group by diminishing each of its elements to a
mere ‘one’ <or ‘something’> and collectively grasping together
the units thus originating. And we obtain the corresponding
<specific> number by classifying the multiplicity form thus con-
structed as a two, a three, etc.” (p. 109)

So the concept of number contains two subconcepts as parts.
And Husserl thought, following Bolzano, that the collective com-
bination was designated in common language by the conjunction
“and.” To grasp a “number” of things is, then, simply to grasp
certain objects under the phenomenal character of mere “some-
things” and as united by the phenomenal relation of a mere “and.”
Thus, the concept of a multiplicity or totality is just something and
something and something, etc. A particular number, such as four,
suppresses the “etc.” at a specific point. A number is therefore not
a class (“a class of similar classes,” as various people have said),
but rather a structural property which defines a class of similar
classes. A4 number is a specific, non-sense-perceptible, structural
property of similar groups which are seen or conceived of as mere
“somethings” joined by mere “ands.”

In fact, Husserl’s account of the totality and of number is very
close to, if not identical with, the one given earlier by Bolzano.
We know from Husserl’s autobiographical writings that between
1884 and 1886 he heard Brentano lecture on “the descriptive
psychology of the continua, with detailed consideration of Bol-
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zano’s Paradoxien des Unendlichen.”® And we find the essence
and much of the form of Husserl’s analysis of the content — but
certainly not of the “origin” — of the concept of the totality in
subsection 3 of Bolzano’s book. It is clear from that book, as well
as his Wissenschaftslehre, that the use to which Husserl puts the
“and” and the “something” is substantially the same as Bolzano’s
— especially in relation to the analysis of number.

But some will say, with Werner Illemann — but most famously,
Frege — that, unlike Bolzano, the word “totality” is “used by Hus-
serl as a designation for a psychical <meaning mental> fact.”
Now it must be admitted that there is much in Husserl’s language
to justify this interpretation — not the least of which is his decision
to use the term “psychical” as a designation for the general type of
relation of which collective combination then stands as one case.
This was an extremely unfortunate selection of terminology, but if
one looks closely at the texts, one sees that by “psychical” Husserl
does not mean “part of a mind” or “intentional.” Rather he means,
as we have indicated: having a certain character (discussed above)
which is most well-known as showing up in the intentional (Bren-
tano’s “psychical”’) nexus.

Clearly, the collective combination is not itself an intentional
relation in the specific sense of Brentano. Its terms are not
subject /object. One member of a totality is not about the other. It
interrelates the members of a totality, but these members do not
thereby cognize, do not refer to, each other. Nor are the only
things collectively combinable (and therefore countable) mental
acts or constituents of mental acts — as Husserl explicitly says,
and shows by the examples he chooses. Even the sense contents
caught up as constituents within the act of enumeration are not
themselves united by collective combination. However, those who
read Husserl seem to have found it practically impossible — no
doubt given other confusions of thought and language present in
the texts — to transfer the term “psychical” from its ordinary sense,
designating the mental, to the more general sense proposed by

8 Husserl’s “Erinnerungen an Franz Brentano,” in Oskar Kraus, ed., Franz Brentano,
Munich: C. H. Beck, 1919, p. 157; see p. 344 of the English translation in Husserl: Shorter
Works.

? Husserl’s Vor-phidnomenologische Philosophie, Leipzig: Hirzel, 1932, p. 13.
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him, better indicated by the words “categorial” or “formal.”

This was certainly made all the more difficult by Husserl’s use
of the term “content” to refer both to the object — either real or
“merely intentional” — of a representation, concept or act, and to
sense contents and other constituents or parts of a representation,
concept or act. He seems not to have been aware in 1887-1891 of
the problems embedded in his usage. In his (1903) review of
Palagyi he admitted that for some time he did not know what to
make of Bolzano’s “objective” concepts and propositions.'” By
1894, however, in his “Psychological Studies in the Elements of
Logic,” he had become aware of the difficulties and said, “I think
that it is a good principle to avoid such equivocal names as ‘repre-
sentation,” so far as this is possible.”"" In chapter six of “Inves-
tigation V” of the Logical Investigations (1901) he singled out
thirteen equivocations associated with the term ‘Vorstellung’.
And in a note from September 25, 1906, he wrote concerning his
Philosophy of Arithmetic: “How immature — how naive and
almost childlike — this work seems to me. Well, it was not
without reason that my conscience punished me on its publication.
It in fact came, in essentials, from 1886-1887. 1 was a mere
beginner, without correct appreciation of philosophical problems,
without proper training of my philosophical faculties.”> He went
on to say, in particular, that he had at that time no idea of how
to bring together the world of the purely logical and the world of
the act of consciousness. And it is precisely this inability which
shows up in the obscure and equivocal talk of representations,
concepts or acts and their ‘contents’ in the following texts, and
thus creates the main problems of its interpretation.

*
It is nonetheless true to say, with Marvin Farber, “that Husserl

means to name something objective when he speaks of totalities or
pluralities.””” Perhaps Farber was prompted in this statement by

10 Early Writings, p. 201.
1 Early Writings, p. 146.
12 Early Writings, p. 490.

13 Marvin Farber, The Foundations of Phenomenology: Edmund Husserl and the Quest for
a Rigorous Science of Philosophy, New York: Paine-Whiteman Publishers, 1962, p. 26
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later statements from Husserl, such as those from §22 and §23 of
Ideas I “To refer to <the number two> as a mental construct is
thus an absurdity, an offence against the perfectly clear meaning
of arithmetical speech.” It is a “unique member of the number
series, which, like all such members, is a non-temporal being.”
And: “What is engendered in the spontaneous act of abstracting is
not the essence, but the consciousness of the essence.” But that
certainly was his intent, however badly understood and expressed,
from the very beginning.

What then are we to make of the many statements such as this:
“The unification <in the multiplicity> comes about ... only in
the psychical act of interest and perception which picks out and
combines the particular contents and can also only be perceived in
reflexion upon that act.” (p. 164)

The decision that must be taken in dealing with such passages is
whether the reflexion in question takes the act of enumeration as
its terminal object, and so must find the “somethings” and “ands”
in that act, making it up; or the reflexion takes the act of
enumeration as the apperceptive basis for an on-reaching, higher
order intentionality carrying over to the totality of whatever things
are being counted, that totality not being a part of the act or
dependent for its nature or existence upon the act. In short, does
the act of enumeration and the reflexion thereupon make the
totality and its specific number, or only make them present?

Obviously I take it that Husserl’s intent was always the latter,
and that, whatever must be said about the many confusions of
thought and language in his earliest works, he never held that
number and the laws of number were in any usual sense of the
word “psychical.”

If Frege had studied the Philosophy of Arithmetic fairly and
thoroughly, he could not have missed this point. He would never
have said such things as that for Husserl “Everything becomes
presentation. The references of words are presentations.”’* Hus-
serl was, in fact, never guilty of “Psychologism” with respect to
numbers and their laws, nor in any sense in which he later rejected
and refuted it in the “Prolegomena’ to the Logical Investigations

14 P. 323 of Gottlob Frege, “Review of Dr. E. Husserl’s Philosophy of Arithmetic,” trans-
lated by E. W. Kluge, Mind, LXXXI, #323, (July, 1972), pp. 321-337.
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or elsewhere. He certainly did, however, make the mistake of
thinking that the symbolic techniques of formal systems, including
mathematics, could be analyzed in terms of Brentano’s psycho-
logy of “inauthentic representations” (p. 205n), discussed below.
His change of views on this point is, I believe, that rejection of
“a psychological foundation for logic” acknowledged in the
“Forward” to the first edition of the Logical Investigations."

By examining the act of enumeration through which a totality is
rendered present, it is clear that no relation that is a constituent of
that act is a mere “and.” As we have said, collective combination
is not what holds acts of any kind together, though of course they
too can be counted. Nor does the obtaining of collective combi-
nation between two objects depend upon acts or on being thought
of. The unity of the act of enumeration or of a thought of number
simply is not, nor does it produce or sustain, the unity of the corre-
sponding totality or number. The latter unity is one aspect of the
categorial form of all that is, of the “world.” And therefore no
mere intuition of the mental act as such would present a totality or
allow us to get the concept thereof.

It is the intended objective character of this “totality” that is
well brought out in the Philosophy of Arithmetic where, as we
have noted, Husserl places the concepts expressed by ‘and’ and
‘something’ (along with, of course, multiplicity and number) alto-
gether beyond such qualitative distinctions as that between the
mental and the physical. These concepts, he says, are the “most
general and empty of content of all concepts” and “can with full
right be designated as form concepts or categories.” (p. 89) It
seems to me that the texts here translated provide ample grounds
for believing that even in his earliest publications a non-subjectiv-
ist analysis of number was intended and carried out."® Moreover,
it is an analysis of number that is neither Logicist, Formalist, or

15 On this specific point see pp. 111-118 of my Logic and the Objectivity of Knowledge,
and my “Husser]l on a Logic that Failed,” Philosophical Review, LXXXIX, #1 (January
1980), pp. 46-64.

For a fuller discussion of Husserl’s theory of number, see Chapter Two of my Logic and
the Objectivity of Knowledge, Athens, OH: Ohio University Press, 1984, as well as my
“The Concept of Number,” in Husserl’s Phenomenology: A Textbook, edited by J. N.
Mohanty and William R. McKenna, 1989, pp. 1-27.



TRANSLATOR’S INTRODUCTION XX1X

Intuitionist, much less agnostic'’ or nihilist."®

So among the authentic concepts that are involved in our
knowledge of number, and are foundational for the development
of arithmetic, are collective combination, “something” (or “a”),
multiplicity, two, three, etc. (perhaps up to the number twelve),
and number as the genus of two, three, etc. But there are two
more “authentic” concepts that play an essential role in our
understanding of the domain of numbers; and specifically in the
order of the number series, which of course is crucial for arithme-
tic. These are the concepts more and less (“larger” and “smaller”)
as applied to totalities and numbers. Analysis of these concepts
incidentally requires further insight into the types of mental acts
and processes required for our knowledge of numbers and number
relations.

Knowledge of totalities and numbers beyond those that can be
authentically given or fully presented rests entirely, according to
Husserl, upon two techniques: enumeration and calculation. It
is these techniques that allow us, with justification, to “consider
number determinations and number distinctions <in general> to
be the most rigorous in the domain of our knowledge.” (p. 95)
Enumeration and calculation are, in use, purely “mechanical”
operations, but they work for knowledge because they are based
upon “the elemental relations between numbers” (p. 95), which
are more, less, and, of course, equal.

Inquiry into the “psychological origin” of the concepts more
and /less discovers our ability to partition one totality to find two,
or to adjoin two totalities to find one. This is often done with
concrete objects (“external contents,” p. 96), such as pieces of
furniture or books. We can select a totality of some of them, and
then adjoin others to it, singly or in groups, to represent a larger

17 Bertrand Russell says, only half humorously, "Mathematics may be defined as the sub-
ject in which we never know what we are talking about, nor whether what we are saying is
true," in Mysticism and Logic, Garden City, NY.: Doubleday and Co., 1957, p. 71.

18 Hartry Field, Science without Numbers: a Defense of Nominalism, Oxford: Basil Black-
well, 1980. By contrast, Marcus Giaquinto, "Knowing Numbers," The Journal of Philoso-
phy, XCVIII, January 2002, pp. 5-18.
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totality, or omit some members from it by partition, to represent a
smaller one.

Here the “adjoining” and “omitting” may, though it need not,
find support in physical or other relations between the objects.
But essentially the same processes occur in cases where we
collectively think sense-perceptible or non-sense-perceptible ‘con-
tents’ together and no physical relations are possible. One of
Husserl’s more startling cases of ‘a number of things’ is “a feel-
ing, an angel, the Moon, and Italy, etc.” (p. 17)

As to what is meant by this adjoining and partitioning, that,
according to Husserl, “certainly can only be shown and not
defined. It is an elemental fact, to be described in no other way
than by reference to the phenomena.” (p. 96)

But then “facts” of the enlarging and narrowing of totalities do
not by themselves “suffice to ground the relational concepts of the
more and the less.” To allow these relations themselves to stand
authentically before us, a further fact of inner experience is re-
quired and is given. That is the simultaneous presence of distinct
totalities in one act of consciousness.” It must be possible to see
the one totality to be larger/smaller than the other. More and less
are relations; and, as the cognitive grasp of “any relation requires
that the terms be together in a single act of consciousness,” so also
for them. “The original and the augmented totality <must> be
present to us simultaneously and in one act.” (p. 96)

But even this is not enough to do justice to our consciousness of
more and less between totalities. For the “enlarged” totality even
appears as the sum of the two totalities, one of which is recognized
as identical with the original totality, while the other represents the
totality of the newly added contents. “If, for example, I augment
the totality (A, B, C) to form (A, B, C, D, E), then the judgment
that the second is more by D and E requires the simultaneous
representation of: (A, B, C), (A, B, C, D, E) and (A, B, C; D, E),
and indeed in one act.” (pp. 96-97; cp. 193 & 208) Of course a
similar point is to be made in the case of partitioning.

So we must and do represent totalities together as one totality
“without thereby their separate unification being lost.” And we do

19 Here there emerges, driven by a specific inquiry, the major Husserlian theme of the
polythetic act. See Ideas I, §§118-119 and elsewhere.



TRANSLATOR’S INTRODUCTION XXXi1

so in some cases authentically, “For otherwise the very idea of
such composite structures would be absurd, and there would be
no question of a comparison of multiplicities as to more and less.”
(. 97)

In this passage there occurs one of Husserl’s earliest discus-
sions of — not just reference to — “psychical acts of higher order.”
(See Ideas I, §§118 and 133 for later discussions.) We return to
the basic idea that some acts bear upon (are of or about) their
object in virtue of a built in sub-awareness of other acts bearing
upon other objects. This, of course, is a huge Husserlian theme.
We have already seen it at work in his account of the “psychologi-
cal origin” of the concepts of the totality and of number in general.
One has to be ‘marginally’ aware of the acts of separate and
specific noticing in the authentic enumeration of the members of a
totality for there to be awareness of the totality as such.”’ Now in
the “authentic representation” of one totality being more or less
than another we have acts of a fourth order. They essentially
occur in the “psychological origination” of the concepts more and
less.

Here is how it goes: In being aware that (A, B, C, D, E) is more
than (A, B, C) by (D, E), we represent it as a combination of the
two latter totalities, not merely as a totality. This requires that I
have separately and specifically noticed A, B, C, etc. (in first order
acts), but have noticed them as “somethings” (second order acts);
and then that I have noticed the totality they make up (third order),
and finally have seen the totality of totalities (fourth order). So a
fourth order act is required to see that one totality is more than
another. (p. 97) This is his “psychological analysis” (p. 95) of the
concepts more and less as to their origin. The “content” of the
concepts is precisely the indefinable relation brought to full given-
ness by means of the experiences described in the psychological
analysis. Once we have the concepts, they allow us to think of
arbitrary multiplicities and numbers in terms of more or less.
(pp- 98-99)

In every case, the recognition of such a relation between totali-

20 See Sartre’s use of this idea in Being and Nothingness, trans. Hazel Barnes, New York:
Philosophical Library, 1965, p. liii; and see Logic and the Objectivity of Knowledge, pp. 56
and 83.
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ties or numbers includes the knowledge of identity: the identity of
one part of the more inclusive totality or number with the whole
of the other. “If we judge that five is more by two than three,
we then represent five divided up into two partial numbers, two
and three” (p. 99), the three being identical on both sides of the
“more”-by-two relation. “The multiplicity relations of equal,
more and less essentially condition the origination of the number
concepts.” To know what the determinate numbers, two, three,
etc. are “presupposes a comparison and differentiation of delimit-
ed multiplicities, thought in abstracto, in terms of more and less.”
(p. 100) One would not really have understanding of the number
two unless he knew it was a member of a peculiar series organized
in terms of more and less. And “two numbers are non-identical
<they are more or less> if the one is identical with a part of the
other.”

With this Husserl completes his account of the authentic
concepts involved in our knowledge of number and number
relations as to their “origin and content.” The inauthentic or
“symbolic” concepts and propositions (judgments) make up all but
a very small corner of our knowledge of numbers, and there would
be no arithmetic at all if we were restricted to the authentic ones.
But the inauthentic ones must all be constructed from authentic
ones, for without the latter we would have no knowledge of what
arithmetic is about and why it works. But before turning to his
analysis of arithmetic we should notice a few of points he takes up
in the remaining chapters of Philosophy of Arithmetic Part L.

*

Husserl’s view is that the authentic concepts of the number
domain are indefinable, and also that they are not in need of
definition (p. 101), since they are abstracted from a clear view of
the formal or categorial objectivities with which they deal. In
Chapters VI and VII he criticizes various attempts to define
number, and, especially, attempts to define equality of number as
it applies to multiplicities. Sometimes identity is substituted for
equality, he points out, and then the attempt is made to define
identity (and thereby equality) by means of the salva veritate
principle of Leibniz. (pp. 101-102) According to that principle,
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two things are identical provided that the one may be substituted
for the other in any judgment without changing its truth value.

Husserl makes a number of objections to this procedure. First,
identity is too strong to be substituted for equality of number.
Two multiplicities could be equal in number but not identical.
“So long as there is a trace of difference there will be judgments in
which the things concerned cannot be substituted salva veritate.”
(p. 102) Secondly, identity (or equality) is what explains substi-
tutability, not the other way around. If we were asked, “Why
are the two contents equal?” we would never think of replying,
“Because they admit of substitution in true judgments.” (pp. 102-
103) Finally, the substitution procedure presupposes sameness by
speaking of substitution in “the same” judgment.

But others have tried to define equality and inequality (more/
less) of number for multiplicities by means of a correlation be-
tween the members of the multiplicities concerned. Stolz says:
“Two multiplicities are said to be equal to one another <in num-
ber>, provided that each single thing in the first can be correlated
with one in the latter, and none of the latter remains uncorrelated.”
(p. 103) “Greater” and “smaller” are, then, a matter of some
things remaining uncorrelated in one of the multiplicities.

Husserl’s main response to this tactic is to point out that the
equality of two multiplicities is in fact not conceptually equivalent
with their mutually exhaustive one-one correlation. “To represent
to oneself two equinumerous multiplicities, and to represent two
multiplicities reciprocally correlated term-by-term, is not one and
the same thing.” (p. 104) What is before the mind in the two cases
is simply different. It is true that multiplicities are equal in num-
ber if and only if the correlation in question is possible, and we
may in certain cases carry out the correlation to verify equality.
But that operation is not necessary in every case for us to recog-
nize equality of number, “nor does there reside in it alone, where
this happens, the essence of the comparative act.” (p. 104) “The
possibility of the reciprocal one-to-one correlation of two multi-
plicities is not the same thing as their equinumerosity, but rather
only guarantees it.” (p. 110) The “definition” of equality in ques-
tion does not even provide a nominal definition of equality with
respect to number, but only “formulates a necessary and sufficient
condition in the logical sense . . . for the obtaining of equality.”
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(p. 110) That is its only possible use.

Husserl further holds that in a process of correlation between
the members of two multiplicities, whatever specific type of rela-
tionship may be used to set the members in pairs is of no signifi-
cance, even though such relationships often play an auxiliary role
facilitating accurate comparison of groups of “external things,”
placing them over against one another in pairs. (pp. 113-114) One
must not confuse such correlations, utilizing specific types of rela-
tionships, with the correlation itself. “The correlation as such is,
in every case, a collective combination.” (p. 112) Thus — a matter
of considerable significance for outstanding mathematicians of his
day — “the number equality of two multiplicities is independent of
the type of linkage” (p. 115) that may obtain between the mem-
bers on each side.

In Chapter VII Husserl proceeds on from his rejection of at-
tempts to define the equinumerosity of multiplicities in terms of
reciprocal one-to-one correlation to a consideration of attempts to
define number itself in terms of equivalence. The former attempts
have led, in his view, “to a total misconstrual of the concept of
number itself.” (p. 117)

If we take any arbitrary group M, we can think of all other
conceivable groups that reciprocally correlate one-to-one with it.
We can then “speak of the class of groups, K, belonging to the
group M.” (p. 118) We can add (or take away) an element of M
and there will be a corresponding new class of equivalent groups.
This process can go on without limit. The classification of all
conceivable groups thus given is “the most rigorous one imagin-
able,” and a principle of ordering them in terms of next lower or
next higher is obvious.

From this it might be supposed that we reach the number con-
cepts by a simple line of thought. Each class, as above described,
takes in all conceivable groups of the same cardinal number. But
this means that all those groups have a characteristic in common.
What could that be? Surely nothing but the circumstance that
“they stand in the relationship of mutual equivalence.” (p. 119)
Any such group can deputize for the whole class of groups. So let
us use groups of “1” marks: 11, 111, 1111, etc. as representatives
of the corresponding class of duos, triplets, etc. They can also
stand in as representatives of the natural numbers. “The numbers
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form an ordered sequence corresponding to the series of classes.”
(p. 119)

Husserl describes this as a remarkable “attempt to derive the
concept of number originally from that of number equality, and,
by-passing all psychological analyses (which are always some-
what precarious), to gain insight into the foundational concepts of
arithmetic.” (p. 119) It would be a “purely logical construction
of the number concept.” (p. 112n) In short, it is a version of
Logicism, which Husserl rejects.

In criticizing this view Husserl returns to points he made in the
previous chapter, concerned with the equinumerosity of multiplic-
ities. It is not true, he says, that “equivalence” (of groups) and
“equal in number” are concepts with the same content. “Only this
much is true, that their extensions are the same. If one identifies
equivalence with equality of number, then it is of course natural to
regard equivalence as also the source of the concept of number
itself, and to conclude: the entirety of the groups equinumerous to
one another (i.e., equivalent, belonging to one ‘class’) can surely
have nothing else in common than equinumerosity defined in the
manner indicated. Belonging to the class would therefore be what
is essential for the number concept in question. To ascribe a num-
ber to a concrete group would consequently mean nothing other
than to classify it in this sense.” (pp. 121-122)

But what the equivalent groups have in common is not just
equivalence, “but rather the same number in the true and authentic
sense of the word.” (p. 122) Equivalence holds precisely because
of something in the nature of the totalities involved. Each group
has within itself an internal structure of “somethings” unified by
“collective combinations.” Number and numbers do not consist of
relationships between groups. If they did, “then surely every
numerical assertion, instead of being directed upon the concretely
present group as such, would always be directed upon its relation-
ships to other groups . ... But this is absolutely not the sense of a
numerical assertion.” (p. 122) We do not say there are four
walnuts here because this group belongs to a huge or infinite class
of groups that can be put into a mutual, one-to-one correspon-
dence with each other. That simply never comes to mind in seeing
the walnuts to be four, and it would be of no use if it did. What
we see, and what is of interest, “is the fact that one nut and one nut
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and one nut and one nut is here.” (p. 122) What we mean by four
lies before us, present in the group. The (admitted) equivalence to
so much as one other real or possible group does not, and is not so
much as thought of.*!

Although Husserl discussed the views of Stolz (pp. 120£f.) and
Kerry (pp. 1291ff)) in connection with such attempted definitions,
they have no standing in contemporary discussions. It is the views
of Frege that remain of some interest, and we should notice
Husserl’s response to Frege. Frege does not define number in
terms of the equivalence of sets. Instead, as is well known, he
takes number to be something that belongs to a concept, rather
than to a set, and holds two concepts to be equinumerous or equal
if and only if the objects falling under the one can be put into one-
to-one correspondence to those falling under the other.

Thus, according to him, “The number which belongs to the
concept F is the extension of the concept equal to the concept
F.”?* 1In this definition we are therefore dealing with a second
order concept, a concept of a concept. A range of concepts will
have the predicate, or fall under the concept, equal to the concept
F. For example, the concept book on that shelf may fall under the
concept equal to the concept: ball bearing in that wheel. It will
do so provided that the objects of which ball bearing in that wheel
is true can be correlated one-to-one with the objects that fall under
the concept book on that shelf. So the second order concept has as
its extension, precisely, concepts — e.g., book on that shelf, ball
bearing in that wheel, etc., etc. And what Frege means by his
definition is that the extension of the second order concept corre-
sponding to any concept F is the number of F. Two concepts G
and F, have the same number, then, if the concepts which fall
under the second order concept equal to G also fall under the
second order concept equal to F, and conversely.

Frege provides similar definitions of direction of a line and
shape of a triangle. “The direction of a line a is the extension of
the concept parallel to line a.” By now Husserl’s response will be

21 One recalls Husserl’s identical argument against reducing the Ideal unity of the property
to resemblance between members of a class, in the IInd "Logical Investigation,” §5.

22 Gottlob Frege, The Foundations of Arithmetic, trans. J. L. Austin, Oxford: Blackwell,
1953, p.79.
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predictable: “I am unable to find that this method represents an
enrichment of logic. Its results are of a type that can only make us
wonder how anyone could even provisionally take them to be
correct. In fact, what this method allows us to define are not the
contents of the concepts direction, shape and number, but rather
their extension .... The direction of the straight line a would
therefore be the totality of the straight lines parallel to a.” (p. 128)
And this last sentence quoted simply constitutes, to Husserl’s
mind, a reductio ad absurdum of Frege’s general method.

If the number belonging to the concept F is defined as the
extension of the concept equinumerous with the concept F, this
means to Husserl that what we intend or mean (essentially have
before the mind) in thinking of the number belonging to F is:
the totality or set of concepts which have extensions that can be
correlated one-to-one with the extension of F. Given this, he says
that “Further commentary is surely pointless.” Many persons
have thought of — even intuitively grasped — the number four or
five, but have had no idea of that which Frege mentions.

In his review of Husserl’s book Frege replies, in effect, that the
mathematician requires only a true material equivalence of the
expressions in a definition, not a sameness of sense. In mathe-
matical definitions, he remarks, “the expressions neither have the
same sense nor evoke the same representations <images>....
Coincidence of extension is a necessary and sufficient condition
for the fact that between the concepts there obtains that relation
which corresponds to that of sameness in the case of objects.””
But I think it unlikely that Husserl was ignorant of this fact, and
am sure that he never intended to deny it. However he certainly
did deny that such ‘definitions’ as may quite rightly satisfy the
mathematician can also provide a philosophical clarification of
the concept of number and of the corresponding essence.”* On
Husserl’s view mathematics should in the end be intelligibly tied
down to a definite subject matter, or at least to a relatively small
range of distinct but analogous subject matters, by the explication
of concepts and corresponding essences. In particular, number

2 “Review of Dr. E. Husserl’s Philosophy of Arithmetic,” p. 327.

2 See p. 193 in what follows, where the requirements of formal arithmetic are distin-
guished from those of philosophical understanding. Also pp. 138-139.
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must be explained in such a way that we really do have insight
into what it is. Frege’s method, regarded as doing this, is what
Husserl criticizes. For philosophical purposes he requires that a
definition specify a clear sameness of concept and essence. From
the coincidence of extensions, upon which Frege comes to rest, a
sameness of concepts or essences simply does not follow, as is
surely well known. Much less, then, does it provide a clarification
of what the concept or essence in question may be.

Now it may be true, in Russell’s words, that currently “we have
<in arithmetic> the curious spectacle of a science which does not
know what it is really dealing with.” But on Husserl’s view this
situation is not unavoidable, and his intent is to change it. There is
much more to number than arithmetic, and there would have been
number and (admittedly, quite limited) knowledge of number had
arithmetic never arisen.”

Chapter VIII of Philosophy of Arithmetic is a potpourri of
philosophical topics mostly having to do with what “one” means,
and how oneness and unity relate to and (in certain respects)
seem to require reconciliation with multiplicity. The issues range
from time-worn philosophical conundrums to problems raised by
Husserl’s novel understanding of what number is. This chapter
contains some of the most interesting and profound philosophical
discussions of the book, culminating in a listing of eight different
senses of “unit” (or “unity”). (pp. 159-162)

First Husserl takes up the idea that being a unit means to be a
certain specific type of concrete or abstract “content” — if it is only
a written name or symbol such as “1.” (pp. 133-135; cp. the
“Nominalist Attempt” dealt with on 179-187) This type of view,
he holds, can be rendered informative and correct only if the
reference to a specific type of “content” is eliminated and “one” is
taken as synonymous to ‘“something” in his sense, explained
above. He observes that “with definitions of this type very little is

2 Professor Byeong-uk Yi has an excellent but, unfortunately, still unpublished paper,
"Arithmetic Is Not All There Is to Number." But what more is there? See also his "Is Two
a Property?" Journal of Philosophy, XCVI, April 1999, pp. 163-190.
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accomplished. The difficulty lies in the phenomena, in their cor-
rect description, analysis and interpretation. It is only with refer-
ence to the phenomena that insight into the essence of the number
concepts is to be won.” (p. 136)

Then Husserl takes up the obvious point that one and zero are
not numbers, on his understanding of “number.” (pp. 136ff.) They
incorporate no “collective combination,” and in the case of zero
not even any “something.” “The designation of zero and one
as ‘numbers’,” he says, “presents a transposition of that term to
concepts of a different kind, even though they stand in close
relationship with the literal numbers” and the transposition is
driven by “scientific motives of the greatest importance.” (p. 138)

“Zero and one are possible, and often enough actual, results of
arithmetical problems. An algebraic calculus that aims to accom-
modate all conceivable cases of calculation can therefore make no
distinction between zero and one . . ., and the remaining numbers.”
(p. 139) Their “marginal character” as numbers is retained, how-
ever, “in the exceptions they bring with themselves into most
types of calculation.” (p. 140) The unity of the concept number
after being broadened to include zero and one is therefore “an
extrinsic one established by means of certain relations.” Frege is,
once again, mistaken in saying that “What does not apply to 0 and
1 cannot be essential to the concept of number.” (p. 141)

Next Husserl takes up the distinction between the concepts unit
and the number one. (pp. 141ff) “Unit” may signify a mere
“‘something,” which has nothing of number about it. “One” can
also be used in that sense. Thus, “Along with the concept of the
multiplicity (or number) the concept of the unit <“something”> is
inseparably given.” But not the concept of the number one. The
latter, as we have just seen, “is only a later result of technical
developments presupposing the order in the series of cardinal
numbers. “Thus we do not speak of the number ‘unit’.” (p. 141;
cp. 193) There follows an interesting — and, for Husserl’s further
philosophizing, utterly crucial — discussion of how the interaction
of abstract and general terms (color/colors, unit/one) leads to the
confusion of taking “number” and “multiplicity” as general terms
only, thus losing sight of the conceptual (abstract) basis which
alone enables those terms to serve in the more utilitarian role of
general terms. (p. 146)



x1 PHILOSOPHY OF ARITHMETIC

Next, difficulties having to do with sameness and difference, as
they apply to units in a multiplicity, are taken up. (pp. 146ff)
Certainly the members of a multiplicity must be different, and
must also be, as units or “ones,” the ‘same.” However, relations
of sameness and difference (among others) had already been
dismissed by Husserl (in Chapter II) as essential to the content
(object) of representations of the totality, and hence as essential to
the concept of number. (pp. 150-151; cp. 152-153) Like one-one
correlation, they proved to be no part of what we essentially think
of or see when we grasp number, in the concrete or the abstract.
(e.g., pp. 32-33, 59-61)

Frege’s difficulty in reconciling the sameness and difference
that must, somehow, be truly ascribable to the units in a group or a
number simply shows, Husserl thinks, that he had not adequately
grasped the phenomena. “Every intuitive representation of a
group of objects the same in kind demonstrates ad oculos that
sameness and difference stand in no contradiction at all and very
well can be given within one unifying act of thought.” (p. 155) To
take things as the same as “somethings” does not blot out their
difference, whatever it may be; but neither does it require rep-
resenting that difference. Husserl supposes it a strength of his
analysis that it makes this clear.

Further difficulties about sameness of units derive from misun-
derstandings about the applications of arithmetic. (pp. 156-159)
But “arithmetic as a theory of numbers has nothing to do with
concrete objects, but rather with numbers in general.” (p. 156)
Hence the vagueness of object boundaries, and of what is to count
in a given case as one or many, that effects the applications of
number formulae, do not effect the sense or truth value of those
formulae. “But the sameness of the units, as results from our
psychological theory, is obviously an absolute sameness. In fact,
the mere thought of an approximation is already absurd. Foritisa
matter of the sameness of contents with respect to the fact that
they are contents. To deny this sameness therefore is to deny the
Evidence of inner perception.” (p. 158)

With these discussions as background, Husserl singles out eight
equivocations of the term “unit.” (pp. 159-162) It is interesting
to see here the emergence of what becomes a standard procedure
in his phenomenological work: the careful examination and dis-
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cussion of phenomenologically given distinctions around an issue,
and then, on the basis of the results, a listing of the different mean-
ings of terminology.”

Finally in Chapter VIII, Husserl discusses the troublesome “fact
that we are often in a position to conceive of one and the same
object as one and as many, as we may wish.” (p. 163) Is it then
one, many, both or neither? How can multiplicities be units:
a regiment, for example — one thing and yet many? Husserl’s
elucidation of “one” and “many” makes it clear that in these cases
it is never the same thing that is one and many.

A regiment is many men and the men are one regiment. “The
contradiction lies only in the words.” “In actual enumeration it is
never doubtful or arbitrary what is to be counted as one.” (p. 163)
A multiplicity can also be one. “Insofar as it functions as an object
to be enumerated, it is also thought as a unit, since it is considered

s %

with reflexion upon the fact that it is a content, a ‘something’.
(p.- 164)

In this connection Husserl also develops a response to what is
now commonly called “Bradley’s regress” — actually it is Her-
bart’s: the puzzle about the unity (“oneness”) of the thing, given
its “many” properties and relations.”” Herbart “seeks to detect a
contradiction in the concept of one thing with many characteris-
tics.” (p. 165; cp. 166) Now a ‘thing’ is a “metaphysical whole,”
in Brentano’s language, and it has a more intimate and stronger
type of wholeness than what is found in a mere multiplicity. Of
course the constituents of a thing will always be of a certain
“number.” But beyond that there is “a special sense of unity of the
thing . ... The characteristics in the concept of the thing are not
raked together in the manner of a mere collectivum.” (p. 167) But,
as Husserl points out, Herbart’s argument results from forcing the
unity too far, making it out to be a simplicity. “If one confounds
the concept of the unity of the thing with the concept of the sim-
plicity of the thing, one will necessarily feel it to be contradictory

2 . L. .
6 See p. 125 for a rather lengthy statement of the method of investigation of 'indefinables'
which Husserl consciously followed at the time.

27 See Chapters II and VII of F. H. Bradley, Appearance and Reality, Oxford: The
Clarendon Press, 1962. A rather more accessible exposition of Bradley’s points is to be
found in Chapter IV of A. E. Taylor, Elements of Metaphysics, London: Methuen & Co.
LTD, 1921. Also, Early Writings, p. XXXIX.
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that the concept of the thing does not permit itself to be grasped
as a simple concept, to be thought ‘without any differentiation of
the several properties’.” (p. 167) One does not have to choose
between simplicity and multiplicity as the only available accounts
of unity.

In Chapter IX Husserl enters “the debate concerning the true
subject of the statement of number.” Here, he says, “It is indic-
ative of conceptual confusion when discord can prevail on this
point.” And yet discord surely does prevail. “One can hardly
believe how far the opinions of philosophers deviate from one
another here.” (p. 169) He considers, primarily, the views of Mill,
on the one hand, and of Herbart and Frege on the other. He
quickly dismisses Mill’s view (or at least one of his views), to the
effect that “the number is a predicate of the enumerated things.”
(p. 171) The view of Herbart and Frege, that the statement
of number refers to a concept, is more thoroughly examined.
Certainly justice must be done to the role played by concepts in
our knowledge of number, but, for Husserl, as we now know,
“Number is the general form of multiplicity under which a totality
of objects a, b, ¢ falls.” (p. 174) Revealing residual confusion in
his own mind, Husserl here continues on to say: “Considered
formally, number and concrete group are related as are concept
and conceptual object.” In fact, this blurs the distinction between
the concept and the essence of number. Number and concrete
groups are related as are essence and conceptual object. He is
not yet clear on this matter. But it is nonetheless true to say, in
the next sentence: “Thus the number relates, not to the concept
(Begriff) of the enumerated objects, but rather to their totality
(Inbegriff).”

Accordingly, “The relationship between number and the generic
concept of the enumerated is . . . in a certain manner the opposite
of what Herbart and Frege maintained. The number does not say
something about the concept of the enumerated, but rather the
concept says something about the number.” (p. 174) The number
numbers, not the concept, but the extension of the concept. “It
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is not to the concept, horse drawing the king’s coach, that the
number four belongs <if isn’t four>, but rather to the extension of
that concept, i.c., to the totality of those horses.” (p. 177)

[See Chapter X for further discussion of what the “numbers”
dealt with in arithmetic are. They are not the abstract entities
— Husserl confusedly calls them “concepts” — which he has identi-
fied as the numbers. For then 5 and 5 would be one (number).
They are the generally represented objects of the number con-
cepts. That is, 5 etc. occurs in arithmetical statements as general
terms, as “a 5” or “any 5.” (pp. 191-192)]

In the “Appendix to the First Part” (pp. 179-187) Husserl
addresses “a Nominalistic interpretation of the number concepts
... based upon the confusion of the concept one with the sign ‘1°.”
(p. 179; recall p. 119) The struggle against Nominalism was argu-
ably the most primary and pervasive theme of his entire life work.
Ironically, the processes of history have brought it about that Hus-
serl himself, seen through the eyes of a “phenomenology” that
supposedly emerged from him, is a Nominalist®® In this early
discussion, as to the end, his position was that Nominalism loses
both concept and essence, and has no way of elucidating the
relationship of symbols to that which they represent. (Indeed,
no way of elucidating the nature of the symbols and symbol sys-
tems themselves. See the opening paragraphs of the IInd “Logical
Investigation,” on the general point.)

Helmholtz, for example, defines numbers as arbitrary symbols.
But what, really, are these symbols, and how do they do what
they do for knowledge?”” “What is it, then, that these symbols
genuinely signify? In the different cases they can designate the
most heterogeneous of objects, and yet the designation of the
objects is no arbitrary one. Wherever we use the term ‘five,’ it

28 See J. P. Moreland, “Was Husserl a Nominalist?” Philosophy and Phenomenological
Research, 49 (June 1989), pp. 661-674; also, the excellent discussions in Chapter 3 of
Moreland’s Universals, Chesham, Bucks, UK.; Acumen, 2001.

9 . . . . P
2 For further discussion of these points see the Ist “Logical Investigation” and my paper,
“Why Semantic Ascent Fails,” Metaphilosophy, 14, 1983, pp. 276-290.
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occurs in the same sense. In what is it therefore grounded that the
most dissimilar of representational contents are designated in the
same sense by these signs? In short, what is the concept which
mediates each use of the signs and constitutes the unity of their
signification.” (p. 182) No answer to such questions is available
to Nominalism. The number concepts, with the corresponding
essences, are simply lost to it, and with them any possibility of
understanding the nature and accomplishments of the very sym-
bols on which the Nominalists (Helmholtz and Kronecker in this
discussion) rely. With a wave of the hand at the marvelous
symbols, nothing is done to clear up what they are and how they
do what is claimed for them.

Part Two of Philosophy of Arithmetic undertakes to answer the
third question listed at the outset of this Introduction. That is, the
question of how the symbols and symbolic systems used in arith-
metical thought enable us to represent, and to arrive at knowledge
of, numbers and number relations which are not and cannot be
intuitively given to minds such as ours. This is, of course, the
very question which Husserl charged the Nominalist with not be-
ing able to answer. How does he answer it? His answer depends
entirely upon the abstract or “Ideal” structures of numbers and
number concepts, on the one hand, and of symbols and symbol
systems on the other.

He starts from an invocation and extension of Brentano’s
concept of inauthentic representation. There are, as we have
seen, operations on numbers themselves by means of authentic
concepts. But in arithmetic there is almost nothing at all of this.
In arithmetic “operations” are ways of deriving numbers from
numbers (whether they can be authentically given or not) by
operations upon symbols — operations which, of course, are ulti-
mately founded upon a connection with basic (authentic) concepts
of numbers and number relations.

What arithmetic calls “operations” are not “actual [wirkliche]
activities with and upon the numbers themselves,” but are “indi-
rect symbolizations of numbers, which characterize the numbers
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merely by relations, instead of constructing them through opera-
tions.” (p. 200) And, for the most part, it is by their relations to a
specially devised, though naturally developing, symbolism with an
internal order that mirrors the order within the domain of numbers.
“Actual” operations on numbers are not, somehow, done more
concisely or efficiently in arithmetic. They are not done at all, and
it is a naive, though deplorably common, view which does not
notice this, and thereby obstructs the way to an accurate under-
standing of what is really going on in arithmetic. (p. 201)
Accordingly, “If we had authentic representations of all num-
bers, as we do of the first ones in the series, then there would be
no arithmetic.” (p. 201) It would meet no epistemic need. “The
whole of arithmetic is...nothing other than a sum of artificial
devices for overcoming the essential imperfections of our intel-
lect.” (p. 202) It is only these “essential imperfections” that are
the occasion for “Symbolic Number Concepts and the Logical
Sources of Cardinal Arithmetic,” the title of Part Two of the book.
The logical sources of arithmetic are the needs which our minds
have in representing and knowing the domain of numbers and
number relations. The adjective “logical” is applied to three main
things in Philosophy of Arithmetic: (i) The relation between genus
and species. Color, for example, is a “logical” part of red. (p. 144
and elsewhere; cf. Ideas I, §12) This usage was taken over from
Brentano. (ii) The significations or meanings (and relations there-
of) of experiences or words/sentences, in contrast to their parts
and properties. (pp. 32, 90-91, 193f., 206, 229, etc. Cf. §21 of the
Vth “Logical Investigation.”) And (iii) devices which enable us
to extend knowledge with absolute assurance, or the needs or
conditions of such extension, as well as distinctions bearing
thereupon. (pp. 257-258)° The term is most often used in the
third sense in Philosophy of Arithmetic. The three uses are never
explicitly integrated in the early writings, nor, perhaps, later. But
the “logical” is never simply a fact. It is sense (iii) of “logical”
that is intended in the title of the Logical Investigations, with

30 On this last application of “logical,” the paper “On the Logic of Signs (Semiotic)” is
Husserl’s clearest statement. (In Early Works, pp. 20-51, but especially pp. 44-51.) On the
breadth of the “logical” in sense (iii), see Logic and the Objectivity of Knowledge, p. 128,
note 17.
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senses (i) and (ii) playing a subordinate though vital role in that
book. If this is not understood, the book will seem to have no
overall unity. (On (iii) see also how “logical” is used on pp. 248,
250, 266-267, 287-288, 298f., etc., etc.)

Now in the practice of arithmetic one senses no loss of episte-
mic status upon abandoning the “numbers themselves,” along with
actual operations upon them. We speak and act “as though we
could continue the series of numbers to infinity, i.e., beyond any
limit attained.” And the concepts and propositions involved “are
even regarded as the logically most perfect ones in the domain of
human knowledge.” (p. 202) But how is that possible? This is the
question which Husser]l now attempts to answer by starting from
Brentano’s descriptive psychology of the inauthentic or symbolic
representations. (p. 205n)

On Husserl’s view, “if a content <i.e., an object> is not directly
given to us as that which it is, but rather only indirectly, through
signs that univocally characterize it, then we have a symbolic
representation of it, instead of an authentic one.” (p. 205) Else-
where he adds the qualification that “the signs are themselves
authentically given.””' But what are these “signs”? He says that
actual perception of the “outer appearance” of a house — the parts
of it that we see, the surface on “this” side — provides us with an
authentic representation of the house. The house itself is, in this
case, “bodily present.” By contrast, we have a symbolic repre-
sentation of that house when we know it merely as the corner
house on such-and-such side of a certain street. (pp. 205-206)

But “abstract and general concepts” — and what he certainly has
in mind are essences or abstract structures generally — can also
be symbolically represented. “A determinate species of red is
authentically represented when we find it as an abstract Moment
of a perception. It is inauthentically represented through the
symbolic determination: that color which corresponds to so-and-
so billion vibrations of aether per second.” (p. 206) And if
the authentic concept triangle is closed figure bounded by three
straight lines, then “any other determination that belongs in univ-
ocal exclusiveness to triangles can stand in as an adequate sign for

3 Early Writings, p. 20.
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the authentic concept — e.g., that figure the sum of whose angles
equals two right angles.”

By far the most important cases for our concerns here are what
Husserl calls “external” signs — meaning words and other sym-
bols, including letters and numerals. He points out that to the non-
musician C* is just: that tone which the musician indicates by
means of the sign “C’.” “Psychologically considered, external
signs mediate every time language comes into play. But so far as
logic is concerned, such signs come into consideration only in
cases where the concept of that which is to be designated by
an external sign belongs, as such, to the essential content of the
symbolic representation.” (p. 206) That is, when what is referred
to is referred to as what is designated by the external sign.

So anything that has a unique relation to an object can function
as a “sign” of that object; and the object can be “symbolically”
represented and even known by means of the sign. And of course
the sign can be extremely complicated, as in the case of the dec-
adal system of numerals. The uniqueness of the relation of the
sign to the object guarantees that the symbolic representation of
the object will be “logically equivalent” to the authentic represen-
tation of it: “Two concepts are logically equivalent when each
object of the one also is an object of the other, and conversely.”
(p. 206) This seems closer to what we today might call material
equivalence, not logical; but nonetheless he holds such an equiva-
lence to guarantee that, so far as our interests in knowledge are
concerned, “symbolic representations can surrogate to the farthest
extent for the corresponding authentic representations.” (pp. 206-
207)

Intentionality (meaning) seems to resemble electricity in a cer-
tain way. An electrical charge will travel a great distance from
its point of origin, given suitable connections with that point
of origin and suitable conductivity in all the materials involved.
The connecting link in the case of intentionality is “logical equiv-
alence” in Husserl’s sense. Given this and a suitable “authentic
representation” at the point of origin, intentionality can both repre-
sent and permit knowledge of vast ranges of objects that can never
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“themselves” be present to the human mind.”

Now, once in command of this basic concept of the symbolic
representation, there remain three questions for a philosophy of
arithmetic to answer:

1. How do symbolic representations of larger multiplicities or
groups work? (Chapter XI)

2. How do symbolic representations of numbers and the number
series work to make not only thought but knowledge of the do-
main of numbers possible? (Chapter XII)

3. How does calculation (with the symbolisms introduced in
response to 2) serve to find numbers from given numbers (known
or unknown) “by means of certain known relationships between
them”? (p. 271) (Chapter XIII) Husserl is unable to answer this
third question, and the Essays, especially Essay III, attempt to deal
with the insufficiency of any approach to it in terms of inauthentic
or “symbolic” representations (concepts) alone. It is in Chapter
XIII of Philosophy of Arithmetic that the “logic” he had looked
to for help in understanding arithmetic “left him in the lurch”
— understanding by “logic” (sense (iii)) an account of how and
why the symbolisms used in the formal disciplines are able to
accomplish what they do.”

The problem for Chapter XI, “Symbolic Representations of
Multiplicities,” is set by the fact that we do recognize groups
— most obviously, “sensible groups” — as multiplicities (totalities)
without observing or in any way singling out all or any appre-
ciable number of the “somethings” and “collective combinations”
which, on Husserl’s view, constitute them a whole of that particu-

3 . . . . . .
2 For further discussion of the nature of “symbolic” representations, and especially in

connection with Bertrand Russell’s distinction between “knowledge by acquaintance” and

“knowledge by description,” see Logic and the Objectivity of Knowledge, pp. 89-94.

3> Early Writings, pp. 13, 15-17, 50, 56-57
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lar type. (p. 207) Now given the theory of “symbolic representa-
tions” just explained, this must be in virtue of something we do
genuinely (“authentically”) grasp, but grasp as a symbol for the
multiplicity in question. What is it? How does it work? “Serious
and striking difficulties bar the way to the understanding of the
Moments that mediate the symbolization” in these cases. (p. 208)

We step into a large room and see “a number of” people — here,
and also over there. We subsume the groups under the concept a
number. But it simply is not possible that we perceive the totality
as such by “a lightening fast sequence of individual apprehensions
and linkings.” (p. 209) And certainly we are not aware of any
such process. The apprehension of “sensible sets” here in ques-
tion must, accordingly, be a case of symbolic representation. But
what is it that we do grasp “authentically,” in these cases, to then
serve as a “sign” of the totality in question. Chapter XI attempts
to answer this question.

If, as seems clear, the symbolic representation of large sensible
groups or sets cannot be some modified authentic representation
of them, it must be that “a sense perceptible quality of second
order” intervenes. “These quasi-qualitative characters, which in
contrast to the element relations conditioning them would be the
npotepov mpdc Nudc, could then provide the support for the
association with the concept multiplicity in each case. They would
indirectly guarantee the existence of a relational complex, and
therewith that of a multiplicity of relational terms founding it.”
(p. 214)

We do often obtain a well-founded symbolic representation of
larger sets in cases (a box of red marbles, a sizeable group of men)
where we take the time to go through the group and to apprehend
each member individually, but not all in one unified act, as is the
case in authentic representations. The group in question may then
be symbolically represented as the totality corresponding to the
completed process. But in these cases of complete enumeration
we may also notice that there are certain characteristics “which,
arising out of the fusion of the partial contents or their relations,
are immediately noticeable in the manner of sense perceptible
qualities.” (p. 215) An association between these ‘fusion’ charac-
teristics fully given to consciousness, on the one hand, and the
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concept of such a successional apprehension of a// members of the
correlative group, on the other, is thus set up in our minds. And
then the association is extended onward to the concept of a set or
totality corresponding to that full successional process. It may be
that in this way there is produced a “bridge to the immediate
recognition of what is at first a unified sensible intuition <object>,
of the type here considered, as a group.” (p. 215)

Reflexion on our actual experiences of such groups — ‘“the
testimony of experience” (p. 215), as he says — convinces Husserl
that this is the correct account of things. We find all around us
“quasi-qualitative” properties of the very type described. Ordi-
nary language brings them to expression when, for example, we
speak of a file of soldiers, a heap of apples, a row of trees, a covey
of hens, a flight of birds, a gaggle of geese, and so on. They are
especially prominent with reference to the perceptual organization
of space; but we also hear a shift from a major to a minor chord
or key immediately, without necessarily being aware of which
tonal relations have changed. The ‘configuration’ of flavor and
texture in a soup or soufflé is grasped without prior analysis of
the complexities upon which it depends. A similar phenomenal
fact emerges with ambiguous drawings, such as the well-known
duck/rabbit and face/vase designs. Although Husserl calls the
qualities that emerge in such cases “figural moments” (pp. 215ff),
he is also aware of the use of “Gestalt,” and there are some rather
prickly footnotes about priority of discovery (mainly with refer-
ence to Ehrenfels) on pages 217 and 223.

Husserl’s main point in these discussions of Chapter XI surely
must be conceded. It is probably justifiable to say that it is chiefly
such immediate apprehensions of unifying qualitative structures,
singly or compounded with certain others, that govern or guide
human thought and behavior in all of its phases: from architecture
and interior decorating to sculpting and painting; from mathe-
matics, cookery and baseball to poetry, conversation, public
address, solfeggio, and driving an automobile. Training in all
areas consists in large part of learning to pick up on such imme-
diate qualitative structures and to automatically integrate thought
and action with them and with their conditioning elements and
relations. Of course the question about the ontological status of
“figural Moments” or Gestalt qualities is by no means settled by
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that fact.

In any case, this is Husserl’s account of “the origin and content”
of symbolic representations of large sensible groups as totalities.
In such cases there is directly present to perception a pervasive
quality of the group, which is known to derive from a relational
complex and hence to presuppose a determinate corresponding
totality of objects. That corresponding group is, then, symbolical-
ly represented as the group whose members are interrelated in
such a way as to give rise to this “figural Moment.” With this we
have the result of the first phase of his analysis of the role of
symbolic representation in the domain of number.

Chapter XII is concerned, not with larger totalities, but with
larger numbers. Since, as we have seen, most of the particular
numbers and their relationships are capable of being represented
only symbolically, it is necessary to come to an understanding of
the type of “signs” and sign systems that function in the symbolic
representation (and knowledge) of them.

The signs in question will certainly be determined by the nature
of number itself, on the one hand, and the nature of human
cognitive capacities on the other. Our cognitive interest in cardi-
nal arithmetic is maximal advancement of our knowledge of the
cardinal numbers and of their interrelations. Knowledge of the
fundamental nature of number and the basic relations between
numbers (greater, less, equal, next) is provided by intuition of
those “facts themselves.” (Recall Chapters I-V) We also know on
the basis of intuition that the numbers form a fixed series of a
specific type, and we can simply inspect that series up to a definite
point (p. 243) — the number 12, let us say. Drawing upon re-
sources thus provided by intuition, we can form the symbolic
representation of the next number beyond twelve, of the next
beyond that, and so on. Hence, the move beyond the authentically
given segment of the number series does not seem to be in general
problematic. (p. 239f.)) We have the concepts to secure it for
rigorous knowledge.

As we move even a short way into the domain of symbolically
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represented numbers, however, we begin to find it practically
impossible — and further on it becomes utterly so — to keep clear
on which numbers we are dealing with, and how they may be
related to others. Even our symbolic concepts can no longer be
rigorously employed. Without some suitable type of support in
the intuition of enduring physical entities (pp. 257-267) — the
numerals “0” through “9” and their possible arrangements, for
example — a relatively small amount of conceptual complexity
overwhelms our capacities for clear and ordered thought. One
need only try to distinguish 78 from 79, for example, thinking
solely in terms of the number 12 and the relation of next-number-
after, in order to see the force of this remark. One loses track of
the compound relations involved in the symbolic grasp of larger
numbers, just as at around the number 12 one ceases to be able to
hold authentically in view in intuition the full complexity of the
smaller numbers “themselves.”

Now, unlike the case of the larger “sensible sets” discussed in
the previous chapter, nature does not come to our aid here
by providing appropriate systems of signs through which the
larger numbers can be rigorously specified and interrelated for
our thought and knowledge. Also, such sign systems have not
originated through outright invention by clever individuals. (pp.
258f; cp. Early Writings, pp. 46ff.) Rather, they have emerged in
the course of cultural evolution, though interaction between basic
human needs and corresponding capacities. Husserl discusses the
general character of this cultural development in some detail. (pp.
259ff) The cultural “origin” of systems of inauthentic (symbolic)
concepts is, I think, to be regarded as an extension of his basic
idea of “the psychological origination” of concepts.

Historical details aside, it has been the system of decadal
numerals that has been most prominent in providing symbolic
representations or concepts of larger numbers and their interrela-
tionships. Certain general requirements of signs adequate to serve
in the construction of symbolic representations of the cardinal
numbers will be obvious. They must, of course, be themselves
clearly distinct from one another; and each must stand in a unique
position in a successional structure that runs rigorously parallel to
the number series itself and is in principle extendable beyond any
given point. (p. 236) Further, the location of each symbol within
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the sign system must be apparent from the physical, sense-per-
ceptible constitution of the symbol in question. It is, thus, not
enough simply that every number have a name. If the names do
not wear on their face their place in a system running parallel to
the numbers themselves, we will soon be no better off with the
names than we were with the numbers alone. (pp. 238, 240f.)

The decadal numerals “2” through “9” are in fact mere names,
whose order can only be remembered, along with their corre-
lations to the authentically given numbers 2 through 9. “33”
through “47” are, by contrast, not mere names — like “Charles,”
“Joseph,” etc. — but are symbols constructed upon an obvious
principle that automatically puts them into relation with one
another and with the corresponding numbers. That principle is
understood, so that one has no need to remember the numerals and
their order in following it. The familiar place values for units,
multiples of tens, and then powers of ten yields a system of
classification that enables one easily to handle quite large numbers
and their relations. Thus, “121” indicates one unit plus two units
of ten plus one unit of ten tens. It is easily seen to designate a
smaller number than 133.

It must be understood that, on Husserl’s account, the symbol
used in a given case is essentially involved in the concept of the
number represented — though not in the number represented. That
is because the number is represented as something with a certain
essential correlation to this symbol herewith used. (p. 206) Hence
the relation to this symbol enters into the very connotation or
sense of the term “235.” In their usual employment numerals are
therefore, if not token reflexive, at least fype reflexive.”® That
is, they designate the precise number that they do in virtue of
co-reference to the type of physical, sense perceptible structure
which they essentially manifest. In this manner, “The composi-
tion of the sign is our crutch.” (p. 237) We simply cannot succeed
in intending or thinking of most numbers without utilizing a
carefully constructed symbol in the manner indicated. (pp. 242,
256)

Thus the function of the symbols in arithmetic is not merely a
psychological one, but is a logical one, in senses (ii) and (iii)

2 On this point see Logic and the Objectivity of Knowledge, p. 128, note #19.
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explained above. (p. 206) That is, in their normal use they do not
merely show up in our consciousness along with or even causally
supporting thoughts of numbers. What they designate (the various
numbers) are designated in virtue of having and as having a
relationship — a structural analogy or similarity — to the numerals
employed. As “morning star” designates Venus in virtue of the
relation of that planet to morning, so “235” designates 235 in
virtue of 235’s relation to “235.” And that is precisely what
constitutes the “type reflexive” nature of the numerals in their
common usage. While we do not, in general, represent or know
numbers merely as “whatever” corresponds to a certain symbol-
ism, that is actually the case with nearly all numbers.

What Husserl calls the “systematic numbers” are actually not
numbers, but concepts of numbers, where the numbers are desig-
nated as corresponding to numerals in the system of numerals.
Since the parallelism between the three series (of numbers, num-
ber concepts, and numerals) is completely rigorous, the arithme-
tician in the normal case utterly disregards numbers themselves, as
well as their explicit conceptualizations, and works almost entirely
with the numerals only, “in a wholly external and mechanical
manner.” (pp. 252-253, 265-266, 272) This mechanical procedure
involving numerals is the only thing that allows us to know the
numbers of very large groups by enumeration. And it is only
because of the structural correspondence of the numeral system
to the order in the concepts, and the structural correspondence of
the concepts to the order among the numbers themselves, that
the mere manipulation of sensible signs, the numerals, serve the
epistemic goals they do in arithmetical practice. This is the out-
come of Chapter XII, “The Symbolic Representations of
Numbers.”

But representing and knowing numbers by means of the sys-
tematic concepts or symbols, e.g. the decadal, is hardly arithmetic.
Arithmetic really begins with calculation. Arithmetic is to be
defined, according to Husserl, as “the science of the relations
between numbers,” not the science of the numbers themselves. Its
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“essential task consists in finding from given numbers other
numbers, in virtue of certain relationships known to exist between
them.” (p. 271) The process of “finding” is, of course, nothing
other than calculation.

Undoubtedly the most characteristic expressions of simple ar-
ithmetic are of the following types: “85+36,” “92 - 13,” “7-37,”
“92 +4,” and so forth, and complications thereof. These may be
read as descriptive phrases — as, for example, “the sum of 85 and
36,” or “the difference between 92 and 13.” Thus, they have a
certain similarity to the numerals already discussed. They are
clearly distinguished, sense perceptible signs that refer to one and
only one of the cardinal numbers.

However, unlike the numerals, these descriptions do not wear
upon their faces a precise position in a series of signs running
parallel to the number series; and they do not allow an immediate
comparison of the numbers designated as to more, less, or equal,
as do the systematic numerals. (Hence they are called “nonsys-
tematic numbers” (p. 276), while simple numerals alone express
the “systematic numbers.” Of course the numbers themselves
are neither.) Each one of the complex expressions in question
therefore not only provides a definite description of a particular
number, but also poses the task of determining which number is
specified by it.

In general, the standard arithmetical processes for carrying out
this task are calculations that reduce the compound expression
given at the outset to a single numeral, corresponding, in turn, to
one “systematic number.” The numerals “236,” “672,” and “922”
are, for example, placed in the familiar columnar arrangement,
and, through well-known processes, the numeral “1830” emerges
beneath them. The description, “sum of 236, 672, and 922,” is
reduced to the numeral “1830,” which is the most perspicuous
name for classification of the corresponding number within the
system of decadal number concepts.

We have then, on the one had, the series of decadal (or other)
numerals, and, on the other hand, an indefinitely large group of
definite descriptions formed from those numerals, together with
the arithmetical signs for addition, subtraction, multiplication,
and division — the “four species” of arithmetical operations — and
other signs to be introduced. What Husserl calls the first basic
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task of arithmetic has, then, two parts: the classification of all
unsystematic (compound) expressions for numbers into their main
types, and the statement of the simplest and most certain proce-
dures for the reduction of the expressions of those types to the
corresponding systematic expressions (numerals). Indeed, in his
view arithmetical operations are “nothing other than methods for
carrying out this reduction.” (p. 278) This reduction must be, if
we are to be able to do it, a strictly mechanical procedure; but the
result is always the same as if it were a fully conceptualized
process, or even an intuitive one. And that is precisely because of
the rigorous parallelism established between the order of the
numbers and operations thereon and the order of the numerals and
operations thereon.

But within general arithmetic there are types of indirect or
unsystematic characterizations of numbers other than those men-
tioned up to this point, and they too serve in symbolic representa-
tions of numbers. Above all there is the case where a number is
indirectly characterized by means of an equation (or even systems
of equations) involving one or more unknown numbers. What we
know of such a number is that it is the one whose value, if it were
known, would — given these and those relations — yield the result
expressed in the equation. It is symbolically represented, there-
fore, as the number with that relation to this equation involving
those unknowns. In the reductions referred to above we have to
do only with the carrying out of simple operations upon known
numbers. But “here we have before us a far more difficult
problem: namely, that of unraveling complicated number
relationships into which the unknown number itself is interwo-
ven.” (p. 297)

And this gives rise to the second basic task of the science of
number: to provide a general theory of operations that will make
intelligible all of the types of transformations leading from unsys-
tematic arithmetical expressions in general to the systematic ones
(numerals), and especially the transformations of equations found
in that peculiar branch of number theory known as “algebra.” (p.
298) Such a general theory of operations is what Husserl has in
mind when he speaks of a “general arithmetic” (p. 296, and Early
Writings, pp. 4-5), the “most wondrous mental machine that ever
arose.” (Early Writings, p. 30)
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Now at this point Husserl concludes — one must almost say
“breaks off” — his first book, believing himself to have considered
“all conceivable types of symbolic number determinations” (p.
299) that are to be found in the science of number. He believes
himself to have succeeded in delineating the essence of arithmetic
as symbolic knowledge of a certain type. Moreover, he has speci-
fied the main types of symbolic representations involved in it, and
has shows how they depend upon the use of purely formal systems
of signs for their construction and transformation. Finally, he
has shown that arithmetic, as such a system of symbolic represen-
tations, issues from the ‘logical’ demands made upon our limited
cognitive capacities by the domain of number. That is, it is
precisely what is required if we are to extend our knowledge over
any significant portion of that domain.

Still, a note of disappointment hangs over the conclusion of the
book. He has no solution to the second basic task of general
arithmetic. He has no general theory of arithmetical operations.
The purely formal character of those operations is something that
cannot be elucidated by a theory of “inauthentic” or symbolic
representations. For while the symbols involved in formal calcu-
lation are, in a certain respect, symbolic representations, they are
not utilized as such in the calculating. In calculating we do not
think of what the symbols involved are symbols of. How, in
general, the formal operations of arithmetic work, Husserl cannot
say. And there is a further embarrassment in the fact that within
those operations or calculations there show up symbols that — if
we did stop to think — could not receive any possible “real” inter-
pretation in the domain of numbers, such as the square root of -1.
These are the “imaginary” or “impossible” numbers that long
haunted Husser]’s efforts to understand arithmetic.

Here we cannot comment at length on his further efforts toward
a general theory of operations. But Essays I-VI in this volume
arose out of those efforts. Essay I is, as the title supplied by the
editor indicates, an attempt to fill out details of a general theory of
the totality — of what we today would call “Set Theory.” For
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Husserl, it was simply an attempt to further theorize his under-
standing of “totalities” — or of numbers, taken to be abstract
categorial structures of reality. He discusses at some lengths the
significance of infinite totalities and numbers for number theory,
and the necessity to take them into consideration in the axioms of
a theory of the “totality.” Axiom I (p. 360) looks like it might
involve him in the now familiar paradoxes of self-reference.

Essay II can be read as an attempt to formulate a strictly formal
logic and to understand what happens as you apply an axiomatized
formal logic to various specific domains, such as that of number.
Of course he is primarily interested in a formal theory of number,
and he describes his research here as a study of the “various forms
of number determinations that make it possible to determine new
numbers by means of arbitrary numbers.” (p. 385) A great deal
of what he was developing, however, would now be taught as
the elements of formal/symbolic logic. But of course at the time
it was an area of frontline research. He has numerous interest-
ing observations concerning what “formalization” and the purely
logical amount to and how they relate to specific domains of
knowledge.

The research he did in this area is of considerable significance
for his later work, especially for his understanding of formal logic
(related to sense (ii) of “logical” above) and the corresponding
formal ontology.”’

Essays III-VI continue to record Husser!l’s research into formal-
ization and how it relates to the axiomatization of arithmetic.
However, in Essay III Husserl does resolve one problem that had
been bothering him for more than a decade. In a letter to his
friend Stumpf, which I think must be from 1891, he remarks: “The
opinion by which I was still guided in the elaboration of my
Habilitationsschrift, to the effect that the concept of cardinal
number forms the foundation of general arithmetic, soon proved to
be false.... By no clever devices, by no ‘inauthentic represent-
ing,” can one derive negative, rational, irrational, and the various
sorts of complex numbers from the concept of the cardinal
number. The same is true of the ordinal concepts, of the concepts

3 See Chapter 11 of the "Prolegomena" to the Logical Investigations, and especially its
§67, as well as §13, "Generalization and Formalization," in Ideas I.
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of magnitude, and so on. And these concepts themselves are not
logical particularizations of the cardinal concept.”

Husserl’s gives his conclusion about arithmetic at this point,
which I believe was right after Philosophy of Arithmetic had gone
to press. It is that “no common concept underlies these various
applications of arithmetic.” “The arithmetica universalis is no
science, but rather is a segment of formal logic. Formal logic
itself I would define as a symbolic technique (etc., etc.), and
designate it as a special — and one of the most important —
chapters of logic as the technology of knowledge <sense (iii) of
‘logical’ discussed above>. In general, these investigations appear
to push us toward important reforms in logic. I know of no logic
that would even do justice to the very possibility of a genuine
calculational technique.”’

In Essay III he is certainly working toward such a “logic,” and
he does overcome the problem about signs in the algorithm that
have no corresponding object in the domain of numbers. The
“Double Lecture,” from which most of the material in this ‘Essay’
derives, was given before the Mathematical Society of Géttingen
in 1901, with David Hilbert in the audience. The main conclusion
reached in these pages is that it does not matter if there show up in
the transformations of the algorithm symbols, such as V-1 — the
“impossible” or “imaginary” in the title assigned (p. 409) — with
no possible corresponding entity in the domain of application.
What really matters is completeness, and this is simply a matter of
whether or not every sentence which can be formed within the
algorithm from the concepts of the domain is determined as true or
false through pure (strictly formal) deductions from the axioms.
(pp. 428 & 431) Meaning or reference is not a factor in arith-
metical calculation anyway, since it is not a conceptual or intuitive
operation. “Completeness” in the sense sought by Husserl was
later shown to be impossible by Kurt Gédel.

Does this then mean that Husserl converted to Formalism in the
philosophy of logic. Of course it does not. The refutation of
Formalism he had painstakingly worked out in his review of
Schroder’s Algebra der Logik and other papers of the early

36
Early Writings, p. 13.
37 Early Writings, p. 17
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1890s™ is never retracted. The calculus of logic or of sets works
because of its structural parallel with the categories of meanings,
on one hand, and the categories of objects on the other, not
because of merely conventional rules for signs. Thus when he
speaks of a “manifold” in the context of these investigations, it
is the Idea of the manifold (or the Ideas of various types of
manifolds) that he is exploring, in conjunction with the /deas of
corresponding axiom systems. (pp. 499-500) And the parallel
between these Ideas is, of course, what is worked out in some
detail in Chapter 11 of the “Prolegomena.”

*

Having now emphasized the major issues dealt with in the texts
here translated, and indicated something of Husserl’s conclusions
concerning them, I should note that I have here followed certain
conventions of usage and spelling in order to keep some of Hus-
serl’s distinctions before us, distinctions which might otherwise be
lost sight of:

“Actual” translates “wirklich,” which is closely associated with
“eigentlich” in these texts.

“Authentic” is almost always used to translate the term “eigent-
lich,” which is associated by Husserl with the special type of
situation where the object of an act is “itself present,” or at least is
not represented merely symbolically (“uneigentlich’)

“Evidence” and “Evident” with capital “E” translate the word
“Evidenz” and its variants, the meaning of which — closely related
to that of “eigentlich” — can only be established from these and
other texts

“Idea” with capital “I” always translates “Idee,” never “Vorstel-
lung.” “Ideal” is usually capitalized to emphasize the objective
status of what it qualifies, namely, the “Ideen” and their laws,
which admittedly Husserl had no clear view of at this point.

“Moment” with capital “M” translates “Moment,” which Hus-
serl generally uses, even in these early texts, for what will later be
thought of as a non-independent individual (or “abstract particu-

38 For details on this refutation see Logic and the Objectivity of Knowledge, pp. 136-143.
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lar”), in opposition to a “fragment” (“Stiicke”).

“Reflexion” with an “x” indicates reflexivity, self-reference.
“Reflection” is reserved for a process of consideration, meditation,
thoughtfulness.

“Representation” and its variants, with capital “R,” never trans-
late “Vorstellung.” 1t translates the special term “Reprdsentation”
and its variants, which were used by Husserl to mark a very
important distinction in the analysis of the mental act.

“Representation” and its variants, without capital “R,” always
translate forms of “Vorstellung.”

I periodically re-introduce the German term in brackets to aid
the reader’s memory of my usage.

Numbers in “<>” symbols in the text always refer to the pages
of the ‘Husserliana’ volume used in translating. “{LE}” refers
to footnote insertions by Lothar Eley, editor of Husserliana XII;
“{DW}” to footnote insertions by me.

To Lothar Eley, editor of “Husserliana XII,” and to the Husserl
Archives in Louvain, I owe debts I cannot even begin to identify.
Dr. Rudolf Bernet, the current Director of the Archives, and others
unknown to me, have generously assisted in many ways. Ingrid
Lombaerts saved me from literally hundreds of errors. The
re-editing of the “Essays,” especially “Essay III,” by Karl and
Elisabeth Schuhmann made an indispensable contribution to the
intelligibility of the texts.

I am also indebted to Nora Henry, who worked through all
of “Husserliana XII” with me, and to Roderick Iverson, who
gave painstaking assistance with all of Philosophy of Arithmetic.
Arthur Szylewicz labored over the “Abhandlungen,” both in the
“Husserliana XII” version and in the revised versions provided by
the Schuhmanns. I really could not have done these texts without
him. He also gave valuable advice for Philosophy of Arithmetic.
Professor Stephan Eberhart proved to be a unique source of
knowledge without which my translations of numerous passages
would have been only the proverbial “shot in the dark.” Burt
Hopkins also made numerous useful suggestions. To my shame,
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no doubt, I have not always followed the advice of these fine
scholars, and they are not responsible for errors remaining.

I have compared the French translations by Jacques English
where these were available.

My immediate family, Jane, John and Becky, make it possible
for me to do what I do. Gratitude to them and for them never
leaves my mind. In this case, John also computerized the transla-
tion and physically incarnated it in the “camera-ready” pages you
see before you, and made numerous excellent contributions of
language and thought.

The University of Southern California and a succession of Direc-
tors of its School of Philosophy — John Dreher, Edwin McCann,
and James Higginbotham — have supported and encouraged me in
every way possible. My thanks to it and to them.

At the opening of the “Translator’s Introduction” to his English
translation of Logical Investigations, John Findlay referred to
Philosophy of Arithmetic as “a surpassingly excellent but almost
entirely forgotten work on the foundations of mathematics.” It is
all of that and more. The currents and prejudices of the 20th
Century went against it, and the peculiar and remarkable impact
and reception of Husserl’s later works obscured its nature and its
contribution.

It contains, however, some of the finest work later characterized
by its author as “phenomenological description” to be found any-
where.” A huge quantity of it, in fact. The 1887 discussion of
“internal time consciousness” and the logical signification of a
representation (pp. 325-326; 32-33) is a brilliant case in point.
But nothing is gained by giving it that name, and, indeed, in the
current context, much may be lost. It is a part of the “spirit” of
phenomenology to not approach issues or texts under headings

39 On this point see the opening paragraphs of the papers by Walter Biemel and Oskar
Becker in R. O. Elveton, ed., The Phenomenology of Husserl, Chicago: Quadrangle Books,
1970. See also Roman Ingarden’s article, “Gloéwne fazy rozwoju filozofii E. Husserla,” in
his Z Badari Nad Filozofiq Wspolczesng, Warsaw: 1963. This article was first published in
1939. I owe these references to Arthur Szylewicz.
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anyway — even the heading “Husserlian” or “phenomenology.”

The task for the reader as for the author is simply to give
an accurate characterization of the acts and processes of the
intellectual work involved in arithmetic. It is to give an adequate
description of the essential properties and relations of those acts
and processes, and of the corresponding objects as “themselves
given,” where they are given. It is also to correct corresponding
misdescriptions. And this is what Husserl relentlessly does, page
after page, chapter after chapter.

One of the ironies of philosophical greatness is how the
accumulating interpretations of a great philosopher can lead to the
obscuring of his own writings — to what, for example, is
“Kantian,” but very little of Kant.** Bernard Williams suggests, I
think, that “an expository or subservient” Kantianism is not a
particularly good thing. And a similar point would, I suppose, be
true of others among the great ones. It is alright for work to be “of
basically Kantian <etc.> inspiration,” just not merely expository
or subservient.*’ Having, by now, seen a great deal of work
supposedly in the “spirit” of some great philosopher, one might
fairly conclude that a little subservient exposition might not be
an altogether bad thing. After all, there really are very few
philosophical geniuses, and a sedulous working out of their texts
might prove to be one of the better ways toward genuine
philosophical enlightenment — better, even, than imaginative
constructions under the banner of a great one. Of course it might
not seems as “original,” “independently minded,” or “creative,” if
that is what we are after.

Husserl’s early texts invite us to explore the specific subject
matters, number and knowledge of number, in the company of one
of the few truly great philosophical minds. As his work unfolds
beside us, he calls aspects of these subject matters to our attention,
and leaves us to decide for ourselves what is actually there to be
found. He suggests ways of going about deciding that. Careful
exposition of his texts may actually help us to maximally explore
the subject matter — even though the exposition is only indirectly

40 1 have explored this theme in my "Who Needs Brentano?" in The Brentano Puzzle, ed.
Roberto Poli, Ashgate Publishers, Brookfield MA.: 1998, pp. 15-43.

4 Bernard Williams, Moral Luck, Cambridge University Press, Cambridge, 1981, p. 1.
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focused upon that subject matter. We study number and arithme-
tic, not Husserl. Or we, momentarily, study Husserl to get a better
grip on number and arithmetic. From the very beginning it was
“the thing itself” that mattered for him, and that should be our aim
as well. No doubt his “spirit” will assist us.*

42 For further study of philosophical and historical issues relevant to the texts here
translated, see, for both content and bibliography, Claire Ortiz Hill, “Review of Edmund
Husserl, Early Writings in the Philosophy of Logic and Mathematics,” in Modern Logic, 8,
(January 1998-April 2000), pp. 142-153; and Claire Ortiz Hill and Guillermo E. Rosado
Haddock, Husserl or Frege?, Chicago: Open Court, 2000. See also Burt Hopkins® Chapter
Eleven, “Authentic and Symbolic Numbers in Husserl’s Philosophy of Arithmetic,” in his
forthcoming book on Husserl and Klein. Numerous relevant papers by me are available on
my web site: www.dwillard.org. José Huertas-Jourda’s intriguing study, On the Threshold
of Phenomenology: A Study in Edmund Husserl’s Philosophie der Arithmetik, is,
unfortunately, not generally available.
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FOREWORD

The “philosophy of arithmetic” which I hereby submit to the
public does not claim to construct a thoroughgoing system of this
boundary discipline, of equal importance to the mathematician and
to the philosopher. Rather, in a sequence of “psychological and
logical investigations,” it claims to prepare the scientific founda-
tions for a future construction of that discipline. In the present
state of the science, nothing more than such a ‘preparation’ could
be attempted. I would not know how to indicate even one ques-
tion of consequence where the response could sustain a merely
passable harmony among the investigators concerned. This is
sufficient proof that in our domain we are as of yet unable to speak
even of a merely schematic articulation of truths already secured
for knowledge. The task before us here is, rather: through patient
investigation of details, to seek reliable foundations, and to test
noteworthy theories through painstaking criticism, separating the
correct from the erroneous, in order, thus informed, to set in their
place new ones which are, if possible, more adequately secured.
With that the intention of this work is characterized.

I have not aspired to critical comprehensiveness. It did not
seem necessary, in the interest of the subject matter, to take into
consideration the innumerable attempts that deal with the funda-
mental questions of the domain treated and that have come to my
attention. It was sufficient to select those which, whether because
of their special character, or because of their wide circulation, or
because of their inherent significance, seemed to merit preference.

I hope the critical method that I have often followed will not
bring me into reproach. Where possible I have endeavored to
isolate leading ideas which I found returning again and again in
different authors, and which — though not always clearly and
consistently pursued — determined their theoretical convictions.
Then I have tried to fix those ideas with conceptual rigor and to
build upon them <6> a theory that is as consistent as possible.
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6 PHILOSOPHY OF ARITHMETIC

The critique that follows could then show how far such thought
motifs — appearing so plausible at first glance — are really capable
of reaching.

In the positive developments I did not allow myself to be
exclusively guided by the interests of an epistemological investi-
gation of arithmetic. Where the analysis of the elementary con-
cepts of arithmetic, on the one hand, and of the symbolic methods
characteristic of arithmetic, on the other, promised some returns
for psychology or for logic, I have engaged in more detailed
investigations than a mere “metaphysics of the calculus” would
certainly have required. This is true, for example, in the parts
of this volume where the psychology of the concepts multiplicity,
unity and number is subjected to the most painstaking of treat-
ments — hopefully not a wholly fruitless one. But only the in-
vestigations toward a general logic of symbolic methods (i.e., a
“Semiotic”), to be made available in an Appendix to Volume Two,
fall wholly outside the framework of a philosophy of arithmetic.
In them I will brave the attempt to remedy an essential deficiency
in logic up to now.

My hope is that such special investigations — precisely in the
context in which, as they arose, they also are presented — will not
be unwelcome to the philosophical reader. The mathematical
reader, on the other hand, can easily pass over what is of less inter-
est to him. Moreover I note, with reference to the latter, that
technical philosophical knowledge is not required for an under-
standing of this work. I have made sparse use of philosophical
terminology, which is rather indeterminate in any case. In
particular, I have used no terms not sufficiently clarified through
definition or illustration. On the other hand, some previous know-
ledge of mathematics is required for an understanding, if not of
this, then of the subsequent volume — as much, perhaps, as is
usually provided in a first course of algebra and analysis. This
simply could not be avoided. Whoever has not pursued some
mathematical studies will probably not be able seriously to begin
to orient himself in the philosophy of that discipline.

In the first of its two parts, the Volume I before us deals with
the questions, chiefly psychological, involved in the analysis of
the concepts multiplicity, unity, and <7> number, insofar as they
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are given to us authentically [eigentlich] and not through indirect
symbolizations. The second part then considers the symbolic rep-
resentations of multiplicity and number, and attempts to show how
the fact that we are almost totally limited to symbolic concepts of
numbers determines the sense and objective of number arithmetic.

The first part of Volume II is to contain the logical investigation
of the arithmetical algorithm — still viewed as an arithmetic of
cardinal numbers — and the justification of utilizing in calculations
the quasi-numbers originating out of the inverse operations: the
negative, imaginary, fractional and irrational numbers. Critical
reflections on the algorithm repeatedly occasion a closer examin-
ation of the question whether it is the domain of cardinal numbers,
or some other conceptual domain, that general arithmetic in the
primary and original sense governs. To this fundamental question
the Second Part of Volume Two is then to be devoted. It turns out
that identically the same algorithm, the same arithmetica uni-
versalis, governs a series of conceptual domains that have to be
carefully distinguished, and that by no means does a single type of
concept — whether that of the cardinal or the ordinal number, or
any other — mediate the application of it in every case. In the
course of these investigations every care will be taken to give a
full logical clarification of the true sense of general arithmetic, as
well as an analysis of the concepts (such as sequence, magnitude,
etc.) to be logically mastered by means of it.

Already from these few indications the reader sees that I dis-
tance myself by not a little from views currently prevalent. How-
ever, I do not fear the charge that I have favored the new for the
sake of novelty. Itoo set out from the dominant views, and it was
a full conviction of their untenability — which forced itself upon
me in my efforts to give them precise formulation — that first
drove me to new theories, the more satisfactory elaboration of
which, I hope, is the fruit of reflections over several years. Per-
haps my exertions have not been wholly useless. Perhaps I have
succeeded in preparing the way, at least on some basic points, for
the true philosophy of the calculus, that desideratum of centuries.
<8>

If time and circumstances are favorable, I also propose to de-
velop in Volume Two a new philosophical theory of Euclidean
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geometry, whose basic conceptualizations stand in close relation-
ship to the questions to be treated there. Perhaps no unfavorable
bias against my aspirations will be evoked beforehand if I say that
I owe the basic conceptualization of my new theory to the study of
Gauss’s report — much read, and still only partially exploited — on
the biquadratic remainder (IT).'

In addition I must note that a part of the psychological investi-
gations in the present volume was already included, almost word-
for-word, in my Habilitationsschrift, from which a booklet four
galley sheets in length, titled “On the Concept of Number: Psycho-
logical Analyses,” was printed in the fall of 1887 but was never
made available in bookstores.

The second volume, now largely complete in concept, is likely
to be submitted to the press in the course of a year.

I allow myself to hope that this work, especially in the light of
the difficulty of the problems dealt with, will receive that lenient
evaluation which the first more extensive work of an author
believes it may count on.

Halle a. S., April 1891 E. G. Husserl

! C. F. Gauss, “Anzeige der Theoria residuorum biquadraticorum, Commentatio secunda,”
Gottingsche gelehrte Anzeigen, 1831, Werke, Volume I, Gottingen 1863, pp.174-178.{LE}

2 Translated below under this title. {DW}
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There are various concepts of number. This is already indicated
by the different words for numbers that show up in the language of
ordinary life. These are usually listed by grammarians under the
following headings: The whole numbers [Anzahlen] or cardinal
numbers (numeralia cardinalia), the ordinal numbers (n. Ordi-
nalia), the type numbers (n. specialia), the numbers of repetition
(n. iterativa), the multiplicative numbers (n. multiplicativa), and
the fractional numbers (n. partitiva). That the whole number
comes first in this sequence is, as with the other characteristic
names which it also bears — the “basic” or “cardinal” number —
not founded on mere convention. Linguistically it assumes a
privileged position because all of the remaining number terms
proceed only through slight modifications from the words for the
whole numbers. (E.g., two, second, of two kinds, double, twice,
half).! The latter are thus genuine terms for basic numbers. In this
way language guides us to the thought that the corresponding
concepts also may all stand in an analogous relation of depend-
ence to those of the whole numbers, and may represent certain
ideas, richer in content, where the whole numbers form mere
constituents. The simplest consideration appears to confirm this.
Thus in the type number (“one kind,” “two kinds,” etc.) we have a
number of differences within a genus. With the repetition number
(once, twice, etc.) a number of repetitions. With multiplicative
and fractional numbers the number serves to give a more precise
determination of the relationship of a whole divided into equal
parts to one part or of one part to the whole. If the whole
is divided into n parts, then it is called the n-fold of each part
and any part an nth (nth part) of the whole. In a similar manner
the words “bi-partite,” “tri-partite,” etc., express the number of the

The German is: “zweli, zweiter, zweierlei, zweifach, zweimal, zweitel.” The correspond-
ing terms in English show no such common core plus “slight modifications.” {DW}
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parts of the whole, conceived of as an extrinsic property of that
whole. <11> All of these and similar concepts have an obviously
secondary character. Even though they are not logical specifica-
tions of the concepts of whole numbers, they nonetheless are more
restricted formations which presuppose those concepts, in that
they link them up in a certain manner with other elementary
concepts. This view is contested only in the case of the ordinal
numbers. The linguistic dependency of their names upon those of
the whole numbers is indeed no less manifest, and the comparison
of concepts also seems, as in the other cases, to point toward a
corresponding relation of dependency. What we mean is that as
whole numbers refer to sets, so ordinal numbers refer to series.
But series are ordered sets. Thus one would apriori be inclined
to deny an independent standing to the ordinal numbers also.
However, leading investigators — no less than W. Rowan Hamil-
ton, H. von Helmholtz and L. Kronecker — are of the opposite
view. They go so far as to vindicate the primacy of the ordinal
numbers over the whole numbers, in the sense that the latter are
supposed to proceed merely from specific applications of the
former. But the paradoxical character of this view is made clear
by the provable fact that what these investigators call whole
numbers and ordinal numbers does not correspond to the concepts
that are usually combined with those names.” If the common
significations of these names are attended to, then it remains
correct that the concept of the ordinal number includes, and thus
presupposes, that of the whole number, as the manner in which the
terminology has developed rightly indicates.

Beyond the types of numbers in practical life there is yet a long
succession of others that are peculiar to arithmetical science. This
science speaks of positive and negative, rational and irrational,
real [reellen] and imaginary numbers, of quaternions, alternating
and Ideal numbers, etc. But however diverse the arithmetical
expressions of all these numbers may be, they always incorporate
the signs for whole numbers, 1, 2, 3, . . ., as constituents; and thus
within arithmetic too the whole numbers seem to play the role of

2 Cf. with respect to the two investigators last mentioned the Appendix for the First Part,
pp. 179-187 below.
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basic numbers in a certain manner, provided that the inference
from the dependency of the signs to that of the concepts is not
totally fallacious. In fact many <12> — and among them high-
ly significant mathematicians such as Weierstrass’ — are even
convinced that the whole numbers form the authentic and unique
fundamental concepts of arithmetic. Other investigators, certainly,
take a different view. For those who regard whole numbers as
specifications of the ordinal numbers, the latter are, as a rule, the
fundamental arithmetical concepts. Yet others deny both views
and take the concept of linear magnitude as the basic concept
of arithmetic, etc. In order to have some provisional standpoint
to work from, we choose to adopt the first of the views just
mentioned as being the most obvious, and accordingly will begin
with an analysis of the concept of the whole number that is as
accurate as possible. This is in no way to anticipate any definitive
resolution of the issue. It may even be that the progress of our
developments in Volume II will prove the opinion thus presup-
posed to be untenable. That would not in the least deprive the
following analyses of any of their value, for they are independent
of any theory of arithmetic and of value for all of them. In
whatever way the various parties may determine the concept
domain that is peculiar and primary to arithmetic, they are united,
strictly considered, on this: that the concept of whole number
plays an exceedingly important role in all arithmetical matters.
Whoever, for example, does not regard this concept, but that
of linear magnitude, as the concept genuinely fundamental to
arithmetic, will still not therefore deny that the presupposed
measurements of the magnitudes are always founded on enumera-
tions, i.e., on whole number determinations; or, further, that whole
numbers in the form of multipliers and divisors, of exponents
for powers and indices of roots, etc., are indispensable means for
the formation of arithmetical concepts. A position of the highest

3 Weierstrass usually opened his epoch-making lectures on the theory of analytical func-
tions with the sentences: “Pure arithmetic (or pure analysis) is a science based solely and
only upon the concept of number [Zahl]. It requires no other presupposition whatsoever, no
postulates or premises.” (Almost identically the same in the summer semester of 1878 and
the winter semester of 1880/81.) There then followed the analysis of the number concept in
the sense of the whole number.
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significance in arithmetic thus remains secure for the whole num-
bers, even if arithmetic were defined, not as the science of whole
numbers, but rather as the science of linear magnitudes, or in some
other way. In every <13> case, therefore, an analysis of the
concept of whole number is an important prerequisite for a philos-
ophy of arithmetic. And it is its first prerequisite, unless it should
turn out that logical priority belongs to the ordinal concepts, as is
maintained from another quarter. The possibility of an analysis of
the whole number concept that is done in complete disregard of
the ordinal will supply the best proof of the inadmissibility of that
view. Moreover, such an analysis does by no means merely serve
arithmetical purposes. The correlated concepts of unity, multi-
plicity and number are concepts fundamental to human knowledge
on the whole, and, as such, they lay claim to a distinctive philo-
sophical interest, especially since the considerable difficulties that
accrue to their understanding have through time occasioned
dangerous errors and subtle controversies. These difficulties are
closely linked to certain peculiarities of the psychological consti-
tution of the concepts mentioned, in the clarification of which
psychology also takes a special interest. To satisfy not merely the
arithmetical interests, but the logical and psychological interests
above all, is what I designate as the task of the following analyses.
<14>
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THE ORIGINATION OF THE CONCEPT OF
MULTIPLICITY THROUGH THAT OF
THE COLLECTIVE COMBINATION

The Analysis of the Concept of the Whole Number
Presupposes that of the Concept of Multiplicity

The well-known definition of the concept of number — as we
may more briefly say in place of “whole number,” conforming to
the common way of speaking — is: The number is a multiplicity of
units. Since Euclid' used it, this definition has returned again and
again. Instead of “multiplicity,” the words “plurality,” “totality,”
“aggregate,” “collection,” “group,” etc., are also used, all names of
the same or almost the same signification, although not without
appreciable nuances.”

Certainly very little is accomplished with this definition. What
is multiplicity, and what is unity? We have only to raise these
questions and we are enveloped in controversies. Some authors
have objected against this definition that “multiplicity” means
almost the same thing as “number.” But that is correct only in that
the term “number” can be taken in a broader sense, in which it is
actually synonymous with “multiplicity.” But in the narrower and
authentic sense it only stands for some determinate number, such
as two, three or four, and it then expresses a richer notion than
does the term “multiplicity.” Nevertheless, there also persists an
intimate connection between the two concepts even in this latter
case. Wherever a determinate number is assigned, a multiplicity

AN 13

! At the beginning of Book VII of the Elements.

2 Until explicitly indicated, we will refrain from excluding these nuances by using one of
the names alone. The reasons why we prefer different names in different expositions (now
“totality,” now “multiplicity” or “group”) will be explained later. {see pp. 100, 146 and
155n. DW}
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can always be spoken of; and where we have a multiplicity, there
always is a determinate <15> number as well. But the determinate
numbers which thereby come into play are different from case
to case. The ‘number’ concept thus encompasses, though only
indirectly through the extensions of its species concepts, which are
the numbers two, three, four, . . ., the same concrete phenomena
as the concept of multiplicity. The close affinity of the corre-
sponding conceptual contents is also clear from the outset, once
we consider that the determinate numbers are to be regarded as
determinations of the concept of multiplicity, which bears a cer-
tain indeterminacy within it. Wherever a multiplicity is given, the
question of “How many?” is in order, and it is answered precisely
by the appropriate number. So it will be natural first to attempt
the analysis of the more general concept of multiplicity, which
is more indeterminate in the respect indicated, and only later to
characterize those determinations which give rise to the series of
determinate numbers and the generic concept of the whole number
which presupposes them. But now we leave aside the above
definition of number, since it is of no use for our present purposes.

The Concrete Bases of the Abstraction Involved

As to the concrete phenomena that form the foundations for the
abstraction of the concepts in question, there is no doubt at all.
They are totalities [Inbegriffe], multiplicities of certain objects.
Everyone knows what is meant by this expression. No one hesi-
tates over whether or not we can speak of a multiplicity in the
given case. This proves that the relevant concept, in spite of the
difficulties in its analysis, is a completely rigorous one, and the
range of its application precisely delimited. Therefore we can
regard this extension as a given, even though we are still in the
dark on the essence and origination of the concept itself. The
same holds, for identical reasons, for the number concepts.

We limit ourselves at the outset to multiplicities that are
authentically [eigentlich] represented. We exclude — perhaps the
correlative expression seems the clearer to many readers —
symbolically represented multiplicities. Our domain, accordingly,



10

15

20

25

30

THE ORIGINATION OF THE CONCEPT OF MULTIPLICITY 17

must be that of the ‘totality’ <16> of distinct objects, themselves
separately given and held together in the manner of a collection.
So our analyses will at first concern only the origination and
the content of the authentic concepts of multiplicity and number,
whereas the detailed analysis of the symbolic formations presup-
posing them will first be taken up in depth in Part Two.

Independence of the Abstraction from the
Nature of the Contents Colligated

We begin with the psychological characterization of that ab-
straction which leads to the (authentic) concept of the multiplicity,
and subsequently to the number concepts. We have already indi-
cated the concreta on which the abstracting activity is based. They
are totalities of determinate objects. We now add: “completely
arbitrary” objects. For the formation of concrete totalities there
actually are no restrictions at all with respect to the particular
contents to be embraced. Any imaginable object, whether physi-
cal or psychical, abstract or concrete, whether given through
sensation or phantasy, can be united with any and arbitrarily many
others to form a totality, and accordingly can also be counted. For
example, certain trees, the Sun, the Moon, Earth and Mars; or a
feeling, an angel, the Moon, and Italy, etc. In these examples we
can always speak of a totality, a multiplicity, and of a determinate
number. The nature of the particular contents therefore makes no
difference at all.

This fact, as rudimentary as it is incontestable, already rules out
a certain class of views concerning the origination of the number
concepts: namely, the ones which restrict those concepts to special
content domains, e.g., that of physical contents. Leibniz already
found it necessary to combat such errors. “The Scholastics,” he
remarks, “falsely believed numbers to originate merely from the
partitioning of a continuum and to be incapable of application to
the incorporeal.” But, he continues, number is “an incorporeal
figure,” so to speak, “originating through the unification of things
(entia) of any type, e.g., God, an angel, a man and a motion, which
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together <17> are four.” Therefore number is a “transcendental.””
In the same sense Locke also calls number the most general of our
ideas, “applicable to men, angels, actions, thoughts, to any thing
that can be or be thought.”* The old error has attained new
currency in the Empiricist school of J. St. Mill, to which psycho-
logy is so indebted in other respects. “The fact expressed in the
definition of number,” this philosopher supposes, “is a physical
fact. Each of the numbers two, three, four, etc., denotes physical
phenomena, and denotes by means of a physical characteristic of
those phenomena. Two, for example, denotes all pairs of things,
and twelve all dozens, and denotes them by means of what makes
them into pairs and dozens, and that is something physical; for it
cannot be denied that two apples are physically distinguishable
from three apples; two horses from one, and so forth: that they are
visibly and tangibly different phenomena.”” This view is so
palpably false that one must only wonder how a thinker of Mill’s
rank could be satisfied with it. No doubt two apples may be
physically distinguishable from three apples; but certainly not two
judgments from three, or two impossibilities from three, etc. Thus
the difference of number as such also cannot be a physical one,
visible and tangible. The mere allusion to psychical acts or states,
which surely can be counted just as well as physical contents,
refutes Mill’s theory.

The Origination of the Concept of the Multiplicity through
Reflexion on the Collective Mode of Combination

If, however, the general concepts of multiplicity and determi-
nate number do not stand to the respective concreta from which
they are abstracted — <18> the totalities of determinate but arbi-

3 .
De arte combinatoria (1666), Opera philosophica, Ed. J. E. Erdmann, Berlin 1840, p. 8.
4 An Essay Concerning Human Understanding, Book II, ch. XVI, sect. 1.
5 John Stuart Mill, 4 System of Logic, London 1970, Book III, ch. XXIV, §5. See also

Book II, ch. 1V, §7, where the character of number is deemed parallel to the physical char-
acteristics of color, weight and extension.

We frequently find analogous views also among mathematicians. Frege cites examples
in his Grundlagen der Arithmetik, Breslau 1884, pp. 271f.
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trary contents — in the relationship of physical characteristics to
physical things, how is their relationship to be understood? The
peculiar characteristics of the contents colligated and to be enu-
merated are of absolutely no significance, as we noted. But if that
is so, how are we to arrive at the general concepts desired? How
are we to conceive of the abstraction process that yields them? In
the abstraction, what is retained as the content of the concept, and
what is that from which abstraction is made?

Since, following upon a preliminary observation, we are al-
lowed to take the extensions of our concepts as given, it must after
all be possible to approach the contents of the concepts at issue by
way of comparison and differentiation of available, appropriately
chosen examples from the corresponding extensions. Disregard-
ing the properties that are different, we retain those that are
common to all; as those which may belong to the content of the
concept in question.

Let us now try to follow up on this indication.

In the first place, it is obvious that the comparison of the
particular contents which we find before us in the given totalities
would not yield the concept of multiplicity or of determinate
number. And, even if that happened, it would be absurd to expect
such a thing. Those particular contents are, in fact, not the basis of
the abstraction, but rather the concrete totalities as wholes are, in
which the particular contents are comprised. However, it seems
that the desired result is not to arise from comparison of the
totalities either. The totalities, after all, consist merely of the
particular contents. So how can any common properties of the
wholes be singled out, if the parts that make them up may be
utterly heterogeneous?

However, this specious difficulty is easily resolved. It is
misleading to say that the totalities consist merely of the particular
contents. However easy it is to overlook it, there still is present in
them something more than the particular contents: a “something
more” which can be noticed, and which is necessarily present in
all cases where we speak of a totality or a multiplicity. This is the
combination [Verbindung] of the particular elements into the
whole. And things stand here as in the case of many other classes
of relations: there can be the greatest of differences between the
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related contents, and yet there be identity of kind with respect to
<19> the combining relations. Hence, similarities, gradations
[Steigerungen], and combinations involving continua are found in
wholly heterogeneous domains; and they can occur between sen-
suous contents as well as between psychical acts. It is, therefore,
quite possible for two wholes to be similar as wholes, although the
parts constituting the one are completely heterogeneous to those
constituting the other.

Those combinations which, always the same in kind, are present
in all cases where we speak of multiplicities are then the bases for
the formation of the general concept of multiplicity.

As to the sort of abstraction process which yields our concept,
we can best characterize it by referring to the way in which
concepts of other composites (wholes) originate. If we consider,
for example, the cohesion of the points on a line, of the moments
of a span of time, of the color nuances of a continuous color
spectrum, of the tonal qualities in a “tone progression,” and so
on, then we acquire the concept of combination-by-continuity,
and, from this concept, the concept of the continuum. This latter
concept is not contained as a particular, distinguishable, partial
content in the image of every concretely given continuum. What
we note in the concrete case is, on the one hand, the points or
extended parts, and, on the other hand, the peculiar combinations
involved. These latter, then, are what is always identically present
whenever we speak of continua, however different may be the
absolute contents which they connect (places, times, colors, tones,
etc.). Then in reflection upon this characteristic sort of combina-
tion of contents there arises the concept continuum, as that of a
whole the parts of which are united precisely in the manner of
continuous combination. Or, to take another example, consider
the quite peculiar way in which, in the case of any arbitrary visual
object, spatial extension and color (and color, in turn, and inten-
sity) reciprocally penetrate and connect with each other. With
reference to this manner of combination® we can once again form

6 Franz Brentano speaks here of “metaphysical” combination, and Carl Stumpf (Uber den
psychologischen Ursprung der Raumvorstellung, Leipzig 1873, p. 9) of the relationship of
“psychological parts.”
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the concept <20> of a whole the parts of which are united in just
such a manner.

We can say quite generally: Wherever we are presented with a
particular class of wholes, the concept of that class can only have
originated through reflection upon a well-distinguished manner of
combining parts, a manner which is identical in each whole be-
longing to that class.

Just so with the case that concerns us here. We can likewise
say that a totality forms a whole. The representation of a totality
of given objects is a unity in which the representations of single
objects are contained as partial representations. Certainly this
combination of parts, as found in any arbitrarily selected totality,
must be called loose and external when compared to other cases of
combination. So much so, in fact, that one would almost hesitate
to speak here of any combination at all. But, however that may
be, there is a peculiar unification there; and it must also have been
noticed as such, since otherwise the concept of totality (or multi-
plicity) could never have originated. So, if our view is correct, the
concept of multiplicity has originated by means of reflexion upon
the peculiar — and, in its peculiarity, quite noticeable — manner of
unification of contents, as it shows up in every concrete totality.
And it has arisen in a way analogous to that of the concepts of
other sorts of wholes, by reflexion upon the modes of combination
peculiar to those wholes.

From here on we shall use the name “collective combination” to
designate that sort of combination which is characteristic of the
totality.

Now before we proceed with the development of our subject, it
will be good to deflect an apparent objection: If the multiplicity is
defined as a whole the parts of which are united by collective
combinations, then one could object that this definition is circular.
For in speaking of “parts” we certainly think of a multiplicity; and,
since the parts are not individually determinate, we have a general
representation of this multiplicity. That means that we are ex-
plaining multiplicity in terms of itself.

Nonetheless — and so very plausible as this objection may be —
we cannot concede its cogency. First, notice that the intent here is
not a definition of the concept <21> multiplicity, but rather a
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psychological characterization of the phenomena upon which
the abstraction of this concept rests. All that can serve this pur-
pose we must therefore regard as welcome. Now the plural term
“parts” certainly implies (disregarding its correlation with the
concept of the whole) the general representation of a multiplicity;
but that term does not express what peculiarly characterizes this
multiplicity as multiplicity. By adding that the parts are collec-
tively combined, we made reference to the point upon which our
special interest reposes, and in virtue of which the multiplicity is
characterized precisely as multiplicity, in contrast to other sorts of
wholes.
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The shortest answer to the question about what kind of unifica-
tion is present in the totality lies in a direct reference to the
phenomena. And here we truly are concerned with ultimate facts.
But we are not thereby relieved of the task of considering this kind
of combination more carefully, in order to bring into relief its
characteristic differences from other kinds, especially since false
characterizations and confusions of it with other species of rela-
tions have been an all too common occurrence. To this end we
shall test a series of possible theories, some of which have actually
been advanced. Each of these theories characterizes the collective
unification in a different way and, in relation thereto, seeks also to
explain in a different way the origin of the concepts multiplicity
and number.

The Collective Unification and the Unification of
Partial Phenomena in the Total Field of Consciousness
at a Given Moment

The combination of representations to make up a totality, some-
one could say, still hardly deserves the name of a “combination.”
What then is given when we speak of a totality of arbitrary
objects? Nothing further than the co-presence of those objects in
our consciousness. The unity of representations of the totality
thus consists only in their belonging to the consciousness which
encompasses them. Still, this “belonging” is a fact which can be
attended to; and with reflexion upon it there then originate those
concepts the analysis of which is here in question.

Now this view is obviously wrong. Quite a number of phe-
nomena <23> make up, in each moment, the total state of our
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consciousness. But it is the role of special interests to lift certain
representations out of this plenum and collectively unite them.
And that occurs without the disappearance of all of the remaining
representations from consciousness. Were this view correct, then
in each moment there would be only a single totality, consisting of
the whole of the present partial contents of our total conscious-
ness. But at any time, and in any way we choose, we can form
various totalities, can expand one already formed by the addition
of new contents, or can narrow it down by taking other contents
away, without necessarily excluding these contents from con-
sciousness. In short, we are conscious of a spontaneity which
otherwise would be inconceivable.

But this view, in its general and indeterminate form, contains in
addition an absurdity. In fact, do not continua, with their infinite
groups of points, belong to the state of our consciousness? Who
has ever actually represented them in the manner of a totality?

It is important to stress that a totality (an authentic representa-
tion of a multiplicity) can have as elements only such contents as
we are aware of in the manner of things separately and specifically
noticed [fiir sich bemerkte]. All other contents, however, which
are present only as things incidentally noticed, and which either
cannot be separately noticed at all (like the points of continua), or
merely are not, for the moment, separately noticed: — all these
cannot yield elements out of which a totality is constituted.

Probably all of this will be quickly conceded; and the repre-
sentative of the view just criticized might forthwith restrict his
assertion in such a way that by the “encompassing consciousness”
which unites representations into a multiplicity is to be understood
a special act of consciousness, and not consciousness in the widest
sense, where it takes in the whole of our psychic phenomena. So
it would be, accordingly, a matter of a unity in an act of rep-
resenting that both throws contents into relief and gathers them
together, or of a unity of interest, or something similar. We intend
to come back later to consider more closely the theory as thus
corrected. <24>
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The Collective “Together” and the Temporal “Simultaneously”

Let us now turn to consideration of a new theory, which argues
as follows:

If a totality of contents is present to us, what else are we to
notice but that every content is there simultaneously with each
other one? Temporal co-existence of contents is indispensable for
the representation of their multiplicity. Now, indeed, there is
required in any composite act of thought the co-existence of its
parts. But whereas in other cases there are present, in addition to
simultaneity, distinctive relations or combinations which unify the
parts, it is precisely the distinguishing feature of the representation
of the totality that it contains nothing more than the simultaneous
contents. Hence, multiplicity in abstracto signifies nothing other
than some sort of contents being given simultaneously.

This view, as is easily seen, is subject to precisely the same
objections as the previous view, and to many others besides. It
would be superfluous to repeat the former objections; and, of the
latter, it is sufficient to emphasize that to represent contents simul-
taneously does not yet mean to represent contents as simultaneous.
For example, in order for the representation of a melody to come
about, the single tones which make it up must be brought into rela-
tion with one another. But every relation requires the simultane-
ous presence of the related contents in one act of consciousness.
Thus, the tones of the melody must also be simultaneously repre-
sented. But in no wise are they to be represented as simultaneous.
Quite to the contrary, they appear to us as situated in a certain
temporal succession.

It is not otherwise in the case where we represent a multiplicity
of objects. That we must simultaneously represent the objects is
certain. But that we do not represent them as simultaneous, and
that, rather, special acts of reflexion are required in order to notice
the simultaneity in the representing of the objects: this is directly
proven by reference to inner experience.

In this way it becomes clear to us that the collective “together”
must not be described as a temporal “simultaneously.” <25>
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Collection and Temporal Succession

A third view is likewise based upon time as an insuppressible
psychological factor. In direct opposition to the foregoing, it
argues as follows:

In virtue of the discursive character of our thinking, several
contents which are different from each other absolutely cannot be
thought at the same time. Our consciousness can be engaged with
only one object in each moment. All mental activity of a
relational or higher sort becomes possible only in that the objects
with which it has to do are given in temporal succession. So,
then, each complex thought-structure, each whole composed of
certain parts, is something that has arisen in stages out of simple
factors. In such cases we always have to do with step-by-step
processes and operations which, proceeding through time, increas-
ingly intertwine and expand themselves. In its peculiar nature,
therefore, each collection [Kollektion] presupposes a collecting
[Kolligieren]; and each number presupposes an enumeration. And
herewith there is necessarily given a temporal arrangement of the
objects collected, or of the units enumerated. But yet more than
this. It is temporal succession and nothing else that characterizes
the multiplicity as multiplicity. Certainly a succession is always
present wherever contents stand in any sort of relation, simple or
more complex, and thus come together to form a representational
whole; but then we always can at the same time also speak of a
multiplicity. But this cannot happen with respect to just any sort
of relations, which may differ from case to case, but rather only
with respect to that unique one which shows up in every case:
namely, temporal succession. In the case of the weakest combina-
tion conceivable, where arbitrary and otherwise unrelated contents
— or contents taken in abstraction from all possible relations — are
merely thought together, i.e., as multiplicity, there the succession
with which the contents came into consciousness is the only rela-
tion that still connects them. Therefore, what characterizes the
multiplicity, in contrast to other and more intimate forms of
assemblage, is the circumstance that in it mere succession puts the
contents into relationship, while in the other forms of assemblage
still other relations are involved. Accordingly, it also follows
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that multiplicity in abstracto is nothing more than succession:
succession <26> of any sort of contents separately and specifically
noticed. But the number concepts Represent [reprisentieren] the
determinate forms of multiplicity or succession in abstracto.

Now in order not to dissipate attention through fruitless individ-
ual critiques, I have here preferred, instead of criticizing in turn
the authors who have propounded such theories or similar ones, to
state as plainly and as fully as possible the view which they all
more or less clearly have in mind, and to exercise my critique
upon that view.

And that view, which is to be combatted here, is based upon
essential errors — psychological and logical.

First, it appeals to the psychological fact of the narrow range of
consciousness. However, it exaggerates and falsely interprets this
narrowness. It is true that the number of separate contents to
which we can turn our attention in any one moment is highly
restricted. In fact, with maximal concentration of interest the
number shrinks to a single one. But it is false that we can never
be engaged with more than one content in one and the same
moment. Indeed, just the fact that there is thought which relates
and connects — as well as, in general, all of the more complicated
mental and emotional activities to which this very theory appeals
— teaches Evidently the utter absurdity of this conception. If in
every instant only one content is present to our consciousness,
how should we be able to notice even the simplest of relations. If
we represent the one term of the relation, then the other either is
not yet in our consciousness or it is no longer there. Now we
certainly cannot connect a content of which we are not conscious
— and which, therefore, does not exist for us at all — with the single
content which is at the moment actually given to us. On this
interpretation of the narrow range of consciousness, reference
to the temporal progression of the representations to be related,
instead of grounding the possibility of relational thinking, would,
quite to the contrary, bring to Evidence its impossibility.

But then does not experience teach (so, perhaps, our opponent
replies) that as a matter of fact we always can have only one
present representation, and that it is very well possible to bring it
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into relation with past representations? That a <27> representa-
tion is past in no way implies that it ceases to be.

It is easily seen that such an answer would rest upon mis-
interpretations of experience. One must not confuse temporally
present representations with representations of what is temporally
present, and past representations with representations of what is
past. Not every present representation, as we must emphasize here
once again, is a representation of what is present. Precisely all
representations directed upon things past constitute an exception;
for they all are, in truth, present representations. If we recall a
song we heard yesterday, for example, then the memory repre-
sentation involved is indeed a temporally present representation;
only it is referred by us to something in the past. If one keeps
this in mind, one will of course no longer find any problem at
all in our being able to bring representations of present contents
into relation with representations of past contents. In doing so,
these representations are all, in fact, simultaneously present in our
consciousness. They are in toto representations that are temporal-
ly present. By contrast, we can relationally connect past represen-
tations neither with each other nor with present representations;
for, as past, they are irrecoverable and gone forever.

So the alleged fact of experience which our opponent has in
view boils down to the claim that, whenever we represent a
plurality of contents, there is always one alone which would be a
temporally present content, whereas all of the others would exhibit
greater or lesser temporal differences. Naturally, then, each total
representation composed of distinct (separately and specifically
noticed) parts would have to have originated through successive
acts of noticing and relating the particular partial contents, while
the total representation itself, as something finished and devel-
oped, would contain all of the parts at the same time — only each
furnished with a different temporal determination.

Now it is indeed certain that, already with a very modest
number of contents, an act of noticing that gathers them together is
only possible by apprehending and retaining them successively or
in very small groups. But should we not be able with two or three
very distinct contents to grasp them in one act and hold them
together without requiring <28> a serial progression from one to
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the other? I would not venture a very confident negative response
to this question.'

However that may be, we can acknowledge it as a fact that for
the origination of representations of groups (some few perhaps
excepted), and of all representations of numbers, temporal succes-
sion forms an indispensable psycholégical requirement. One is,
therefore, quite justified in designating — if not all, certainly al-
most all — groups and numbers as results of processes, and, insofar
as our will is thereby involved, as results of activities: of “opera-
tions” of colligating or of enumerating.

But this also is all we can agree to. Only this one thing and
no more is proven: that succession in time constitutes an in-
suppressible psychological precondition for the formation of by
far the most number concepts and concrete multiplicities — and
practically all of the more complicated concepts in general. These
have a temporal mode of becoming, and thereby each constituent
of the completed whole receives a different temporal determina-
tion in our representation. But does that also prove that temporal
order enters into the content of these concepts, or even that it
perhaps is the special relationship which characterizes pluralities
as such, in contrast to other concepts of composites? In fact,
people are often satisfied with such paltry arguments, without
considering that time constitutes, in precisely the same manner,
the basis for all higher thinking, and that, for example, one could
with equal right infer the relation of premises to conclusion to be
identical with their temporal succession. However, such obvious
absurdities have already been removed by the very formulation

: Perhaps some readers will be surprised at my indecisive language here, where confirming
examples for even considerably larger numbers are so easily adduced. As a matter of fact,
in playing dominoes, for example, we grasp groups of ten to twelve dots with one glance.
Indeed, we even assess their number with total immediacy. It must be observed, however,
that in such cases we can speak neither of an actual colligating nor of an actual
enumerating. The number name is here directly associated with the characteristic sensuous
appearance, and is then recalled on each occasion by means of that appearance without any
conceptual mediation. With groups that large, as everyone can test, a direct and authentic
collection and enumeration is an impossibility. In the case of very small groups, of two
or three objects, the matter stands in doubt because the successive apprehensions of the
elements could ensue so quickly that they themselves would escape focused attention.
Therefore the cautious manner of speaking in the text.
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which we gave the time-theory for our purposes. That formulation
<29> asserts only that the case of the totality (of the concrete mul-
tiplicity) is distinguished from that of any other composite whole
by the fact that in it mere succession of partial contents is present,
while with the other wholes there is yet beyond that some other
sorts of combinations. So the argument is not simply that, because
enumerating requires a temporal succession of representations,
number is the comprehending form of the successive in abstracto.
Rather, it also presumes to be able to show that temporal succes-
sion forms the only common element in all cases of multiplicity,
which therefore must constitute the foundation for the abstraction
of that concept.

But even thus formulated we cannot agree with the theory. If it
were correct, then there would fail to be any intelligible distinction
between the concepts multiplicity and succession, which surely no
one will seriously take to be identical. For what sense would it
then have to speak of a multiplicity of simultaneous contents? The
origination of the concept of temporal co-existence would, from
this point of view, become an incomprehensible enigma.

And in the same way we can, in general, characterize any
conceivable attempt to clarify the concepts of multiplicity and
cardinal number by reference to temporal succession as hopeless
from the outset. The following simple reflection brings this to
Evidence. Should temporal succession, in whatsoever form, con-
tribute to the content of the concepts mentioned, then it would not
suffice that it be detectable in each of the relevant concrete cases.
Rather, it would also actually have to form the object of explicit
attention in all cases. But this certainly does not hold true. We do
not always attend to the temporal relations, and precisely because
of that we are capable of distinguishing between a multiplicity
simpliciter and a multiplicity of successive (or simultaneous)
contents. This mistake is repeatedly committed on one side and
censured on the other. To perceive temporally successive contents
does not yet mean to perceive contents as temporally successive.
This is a point that we also have had to emphasize upon occasion
(p. 25) with respect to simultaneous contents. But it is of special
importance to consider — something overlooked as a rule — that,
even where we <30> notice a temporal sequence of contents, in no
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way are determinate multiplicities already marked out. That is
only brought about by certain psychical acts of collecting. To
overlook them means to leave out of account precisely that which
forms the true and only source [Quelle] of the concept of multi-
plicity as well as of the concept of number. Some examples may
serve to clarify all this.

The clock sounds off with its uniform tick-tock. I hear the
particular ticks, but it need not occur to me to attend to their
temporal sequence. But even if I do attend to it, that still does not
involve singling out some number of ticks, and uniting them into a
totality by an inclusive noticing. Or take another example: Our
eyes roam about in various directions, fixing now upon this, now
upon that object, and evoking manifold representations succeeding
one another in a corresponding order. But a special interest is
necessary if the temporal sequence involved here is to be separate-
ly and specifically noticed. And in order to maintain a grasp on
some or all of the noticed objects themselves, to relate them to
each other, and to gather them into a totality, here again are
required special interests and special acts of noticing directed upon
just those contents picked out and no others. That is to say, even
if the temporal sequence in which objects are colligated were
always attended to, it would still remain incapable of grounding
by itself alone the unity of the collective whole.”> And since

2 By overlooking this circumstance, the most recent analyst of the number concept,
W. Brix, has also fallen into errors in his psychologically untenable attempt to conceive of
“the number of temporal intuition, or the cardinal” as the second genetic level in the
development of the number concept. The first level is supposed to be Represented
[reprisentiert] through “the number of spatial intuition.” (W. Wundt, Philosophische
Studien, V, Leipzig 1887, pp. 671ff.) From the possibility of continuing the successive
positing of units arbitrarily far, Brix draws the highly precarious conclusion (/bid., p. 675)
that in such a way arbitrarily large numbers can be formed. But the mere succession of the
repeated positings does not yet guarantee any synthesis, without which the collective unity
of the number is inconceivable. It is precisely upon the inability actually to carry out such
a synthesis, as we shall later discuss, that every attempt to form an authentic representation
of the higher groups and numbers factually runs aground. Through the simplest of experi-
ments Brix could have convinced himself that even nineteen positings of units are not
clearly distinguishable from twenty, unless by the indirect means of symbolizations that
serve as surrogates for syntheses actually carried out. But of course without the possibility
of such distinction there can be no talk of an actual formation of the numbers concerned in
terms of sequences of posited units.
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we cannot even concede that temporal succession enters into the
representation of each concrete totality merely as an invariable
constituent always attended to, <31> it is clear that even less
can it in any way enter into the corresponding general concept
(multiplicity, number).

Herbart is completely justified in saying that “number has . . .
no more in common with time than do a hundred other sorts of
representations which also can be produced only gradually.”* And
Beneke expresses the same thought, no less dramatically than
cogently: “That time flows over enumerating can prove nothing;
for what, indeed, does time not flow over?””*

Were it merely a question of describing the phenomenon [Phd-
nomen] that is present when we represent a multiplicity, then
certainly we would have to make mention of the temporal mod-
ifications which the particular contents undergo, although those
modifications as a rule are not given any special notice. But
disregarding the fact that the same holds true of every composite
whole, we have, in general, to distinguish between the phenom-
enon as such, and that for which it serves, or which it signifies
for us. Accordingly, we must also distinguish between the
psychological description of a phenomenon and the statement of
its signification. The phenomenon is the foundation of the sig-
nification, but is not identical with it. If a totality of objects,
A, B, C, D, is in our representation, then, in light of the sequential
process through which the total representation originates, perhaps
finally only D will be given as a sense representation, the remain-
ing contents being then given merely as phantasy representations
which are modified temporally and also in other aspects of their
content. If, conversely, we pass from D to A, then the phenom-
enon is obviously a different one. But the logical signification sets
all such distinctions aside. The modified contents serve as signs,
as deputies, for the unmodified ones which were there. In forming
the representation of the totality we do not attend to the fact
that changes in the contents occur as the colligation progresses.
Our aim is to actually maintain them in our grasp and to unite

3 Psychologie als Wissenschaft, Konigsberg 1825, Part. II, p. 162.
4 System der Logik als Kunstlehre des Denkens, Berlin 1842, Part I, p. 279n.
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them. Consequently the logical content of that representation is
not, perhaps, D, just-passed C, earlier-passed B, up to A, which is
the most strongly modified. Rather, it is nothing other than (A, B,
C, D). The representation takes in every single one of the contents
<32> without regard to the temporal differences and the temporal
order grounded in those differences.

Thus we see that time only plays the role of a psychological
precondition for our concepts, and that in a two-fold manner:

1. Tt is essential that the partial representations united in the
representation of the multiplicity or number be present in
our consciousness simultaneously.

2. Almost all representations of multiplicities — and, in
any case, all representations of numbers — are results of
processes, are wholes originated gradually out of their
elements. Insofar as this is so, each element bears in itself
a different temporal determination.

But we found that neither simultaneity nor successiveness in
time enters in any way into the (logical) content of the representa-
tion of the multiplicity; and so, likewise, into that of the represen-
tation of number.

As is well-known, already in Aristotle time and number appear
to be brought into intimate connection through his definition:
“Time is the number of movement in respect to earlier and later.”
However, it is only since Kant that it has become more generally
common to stress the temporal “form of intuition” as the foun-
dation of the number concept. To be sure, this happened much
more as a consequence of the authority of his name than as a
consequence of the force of his arguments. We do not find in
Kant a serious attempt at a logical or psychological analysis of the
concept of number. Unity, multiplicity and totality constitute the
categories of quantity in his metaphysics. Number is the tran-
scendental schema of quantity. Kant fully states his view as
follows, in the Critique of Pure Reason: “But the pure schema
of magnitude [quantitatis], as a concept of the understanding, is
number, which is a representation that binds together the succes-
sive addition of one thing to another thing (of the same kind).
Thus, number is nothing other than the unity of the synthesis of
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the manifold of a homogeneous intuition in general, a unity which
comes about through the fact that I engender time itself in the
apprehension of the intuition.”

This passage is obscure and is also irreconcilable with the
explanations <33> that Kant gives of the function of the schema.
These themselves certainly are not quite uniform. For example he
says: “We wish to call . . . the formal and pure condition of sensi-
bility, to which a concept of the understanding is restricted in its
use, the schema of that concept of the understanding.” On the
other hand we read, a few lines later: “This representation . . . of a
general procedure of the imagination in giving a concept its model
[Bild] 1 call the schema (pertaining) to that concept.”

Were we to carry this last definition over to the schema of
quantity, then we would have to say that number is the representa-
tion of a general procedure of the imagination in giving to the
concept of quantity its model. However, by this “procedure” can
only be meant the process of enumerating. But is it not clear that
“number” and “representation of enumerating” are not the same?
Further, it is not very easy to see how, starting out from the
category of quantity, we are apriori to attain, by means of the
representation of time (as the common schema of all the cate-
gories), to the particular, determinate number concepts. Still less
intelligible is the necessity which induces us to ascribe to a
concrete multiplicity a certain number that is always the same:
precisely that number of which we say that it accrues to the
concrete multiplicity. The theory of the schematism of the pure
concepts of understanding appears here, as elsewhere, to fail in the
realization of the goal for which it was specifically created.

We need not consider all the philosophers who, following Kant,
based the concept of number upon the representation of time.
Adherents of extreme Empiricism, such as Alexander Bain,’ are
here in accord with those of Kantian apriorism. From the side of

5 I. Kant, Kritik der reinen Vernunft, Simmtliche Werke, Hartenstein edition, Vol. III,
Leipzig 1867, p. 144. {B 180}

% Ibid, p. 142. (B 179-180}

7 . . .
A. Bain, Logic, 2nd ed., Part 11, London 1873, p. 201f. Cp. the cogent critique of Bain's
theory in Chr. Sigwart, Logik, Vol. II, Freiburg i. Br. 1878, pp. 39ff.
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mathematics two celebrated names must be mentioned here. Sir
William Rowan Hamilton flatly calls algebra “the science of pure
time,” as well as “the science of order in progression.”® In
Germany it is H. von Helmholtz who, in his Uber Zihlen und
Messen,” <34> represents the same point of view. We will later
find occasion for a thorough discussion of this treatise."

Finally, it should be noted that most of the investigators who
took the representation of the sequence, instead of that of the
group, as a basis for the development of the number concepts,
as well as of the axioms of arithmetic, have been essentially
influenced by the time-theory.

The Collective Synthesis and the Spatial Synthesis

A. F. A. Lange’s Theory. Whereas Kant places number into
relationship with the representation of time, F. A. Lange supposes
that everything that time achieves for Kant can be derived with far
greater simplicity and certainty from the representation of space.
“Baumann has already shown,” he says, “that number has far
greater unison with the representation of space than with that of
time . ... The oldest phrasings of the words for numbers always
designate, so far as we can grasp their sense, spatial objects with
determinate properties corresponding to the number in question.
Thus, for example, rectangularity [Viereckiges] corresponds to the
number four [vier]. From this we also see that number does not
originally arise through systematic addition of one to one, and so
on. Rather, each of the smaller numbers, upon which the system
arising later is based, is formed through a special act of synthesis
of intuitions, so that it is only later, then, that the relations of
numbers to one another, the possibility of adding, and so on, are
recognized.”"!

8 Cf. H. Hankel, Vorlesungen iiber die complexen Zahlen und ihre Functionen, Part I,
Leipzig 1867, p. 17.

? Philosophische Aufsitze. Eduard Zeller zu seinem fiinfzig-jahrigen Doctor-Jubildum
gewidmet, Leipzig 1887.

10 See the Appendix to Part [ of the present work.
" Logische Studien, Iserlohn 1877, pp. 140f.
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“It is peculiar to the representation of space that within the great
all-inclusive synthesis of that which is manifold there can be
singled out, with ease and certainty, smaller units of the most
various types. Space is, therefore, the archetype, not only of
continuous, but also of discrete magnitudes, to which number
belongs; whereas we scarcely can think of time otherwise than as a
<35> continuum. To the properties of space belong, further, not
only the relations which occur between the lines and surfaces of
geometrical figures, but no less so the relations of order and
position of discrete magnitudes. Such discrete magnitudes being
considered as homogeneous with each other, and held together in
a new act of synthesis, number arises as sum.”"

“We originally receive each number concept . . .,” Lange else-
where says,"” “in the form of a sensuously determinate image of a
group of objects, whether they are only our fingers, or the buttons
and spheres of an abacus.”

Now our critique certainly will not have to look very far to find
a basis. The last quotation is especially shocking; for in it the
familiar general concept of number appears as an individual
phenomenon, as the sensuously determinate image of a group of
spatial things. However, this may well be only an imprecise mode
of expression. Probably the view is that number is something
noticeable in such groups in the manner of a sensible property,
something to be lifted out of them by abstraction. The influence
of J St Mill stands out clearly here. As we saw above,'
he regards number as a sense perceptible property, on a par
with color, weight, etc. But whereas Mill explicitly declines to
give any further explanation of numerical difference — apparently
because he considers it something ultimate and not further defin-
able, just like the difference in color or weight — Lange believes
that he can demonstrate its source in the nature and properties
of the representation of space. The synthesis upon which the
concept of number is grounded (the “collective combination,” in
our language) is, for him, a synthesis of spatial intuitions. In quite

12 Ibid., p. 141.
13 Geschichte des Materialismus, Book 11, 3rd edition, Iserlohn 1877, p. 26.
1 See the quotation on page 18 above.
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the same manner as geometry, accordingly, arithmetic is supposed
to rest upon spatial intuition. It is to be characteristics peculiar
to this latter which ground the obvious truth of the arithmetical
axioms and the <36> character of absolute necessity residing in
them.

One is startled by the audacity with which this theory defies the
clear testimony of inner experience. One immediately asks: Are
then only spatially distributed contents enumerable? Do we not
speak, for example, of four cardinal virtues, or of the two premises
of an inference? Which spatial position or order is the basis of the
number designation when we count any sort of psychical acts or
states?

Certainly this objection would not alarm Lange. After all, he
reduces not merely mathematical but all logical thinking to spatial
intuition. All of the psychical is, for him, localized. Here is not
the place to subject this peculiar view, which seems to me utterly
untenable, to a comprehensive critique. We must emphasize only
those issues that specifically concern arithmetical problems.

Even if we were to concede Lange’s basic outlook, no more
would be proven in regard to the representation of space than
was earlier admitted in regard to the representation of time. The
representation of space would constitute an insuppressible psycho-
logical precondition for the origination of the concept of number,
but this to no greater extent, and in no other way, than it is for the
origination of all other concepts. Even if spatial determinateness
did accrue to all contents which we combine in thought, it would
always still remain two different things (i) to represent spatially
determinate contents and (ii) to represent contents in terms of
their spatial determinations. To be sure, this does not yet decide
whether the representation of space nevertheless makes a special
contribution to the content of the number concept. It is easy to
see that it does not. Let us represent to ourselves by means of
an example how we collectively hold together or count spatial
objects. Do we, in doing this, attend constantly and necessarily to
the relationships of order and position? Certainly not. There are
infinitely many positions and orders for which the number remains
unchanged. Two apples remain two apples, whether we set them
closer together or further apart, whether we shift them to the
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right or to the left, up or down. Number has exactly <37> nothing
whatsoever to do with spatial location. It may be, nevertheless,
that relations of order and position are implicitly co-represented in
the phenomenon when there is a representation of a multiplicity of
spatial objects. But it is certain that in collocating and enumer-
ating they do not constitute the objects of the selective interest
determining the content of the number concept.

But Lange emphasizes not just the spatial nature and relations
of the enumerated contents. In order for the number representa-
tion to originate, according to him, it is also necessary that the
particular contents be considered as homogeneous amongst them-
selves and uniformly held together by a peculiar act of synthesis.
We leave undecided the first part of this claim. The question of
whether in enumeration a comparison is necessarily involved must
later be considered with care. The second part is more important
for us: namely, the reference to peculiar acts of synthesis through
which representations of numbers come about. So Lange himself
seems to have felt that the “all-inclusive synthesis” of space — in
other words, spatial relations or combinations — do not suffice
to characterize the unification of the enumerated contents in
the number. However, he is so far removed from clear insight
that he repeatedly designates the representation of space as the
“archetype of all synthesis,” and especially as the “archetype
of discrete magnitudes” (among which number belongs). The
unclarity of thought already betrays itself in the vagueness of
the language. What is this peculiar expression, “archetype,” sup-
posed to convey? Surely some kind of picture-like similarity must
be intended. But how is a picture-like similarity to be present
between the synthesis of “discrete magnitudes” (thus, of multi-
plicity and number), which consists in a unifying psychical act,
and the synthesis in the representation of space, which is the
combination of parts of an intuition, and thus a combination in the
representation’s content?

Lange’s view becomes somewhat more intelligible to us if we
consider the context in which the passages quoted occur. He
touches on the questions about the origination and the content of
representations of number on the occasion of extended metaphysi-
cal reflections concerning the “extremely momentous concept of
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synthesis” introduced by Kant. A few remarks <38> on the
Kantian doctrine of synthesis, which Lange links up with, may
be in place here, especially since it also is of interest for the
characterization of the “collective” synthesis advanced by us.

Kant uses the term “synthesis” (combination) in a double sense:
first, in the sense of the unity of the parts of a whole, whether
segments of an extension, properties of a thing, units in a number,
and so on; second, in the sense of the mental activity (“action of
the understanding”) of combining. Here it is a matter of equivo-
cation by transposition, for the two significations are intimately
related for Kant. This is because, in his view, every whole,
of whatever kind it may be, comes into being from its parts
through the spontaneous activity of the mind. “Synthesis” there-
fore signifies simultaneously, for him, the combining (the act
of relating) and the result of combination (the relational content).
By running the two significations together he reaches the point
of straightforwardly designating combination in a general way
— even where only a combination in the sense of a primary content
of representation could be intended — as “act of spontaneity”
and as “achievement of the understanding.””® As a result, also
Kant’s peculiar view on the origination of the representation of
combination becomes understandable. If all combination subsists
only in virtue of acts that combine, and if its unity lies only in
those acts, then obviously the representation of combination can
only be acquired by reflexion on such acts. And this indeed is
what Kant maintains. To be sure, we commonly speak as if the
relations and combinations accrue to the objects themselves: as if
with relations, just as with absolute contents, it were only a matter
of a passive receiving and observing. According to Kant, this
would be mere illusion. He explicitly states: “Combination does
not reside in objects, though, and cannot be derived from them,
say, through perception, and be thereby first received into the
understanding. Rather, combination is solely an achievement of
the understanding, which itself is nothing other than the faculty of
combining apriori . . . .”'® And it is likewise stated in another

15 Cp. the quotation following farther below.
1 Kritik der reinen Vernunfi, B, §16 (Hartenstein ed., Vol. 1L, p. 117. {B 134}



10

15

20

25

30

40 PHILOSOPHY OF ARITHMETIC

passage “that we can represent nothing to ourselves as combined
in the object <39> without having previously combined it our-
selves. And among all representations, the combination is the
only one that cannot be given through objects, but rather can be
achieved only from the subject itself, because it is an act of its
spontaneity.”"’

Lange starts out from this Kantian theory. He has not eliminat-
ed the equivocation in the concept synthesis mentioned above, and
this no doubt contributed essentially to the frequent obscurities in
his own assertions. Thus, on the one hand, he speaks of synthetic
concepts, of the synthesis in the representation of space, and the
like, and, on the other hand, of synthesis as a “productive act of
our mind,” of special acts of synthesis of intuitions, which yield
the number representations, and so forth.'”® But in other respects
he deviates not insignificantly from Kant’s view, according to
which the concept of synthesis is gained, not from primary
contents through analysis and abstraction, but rather only with
regard to the understanding’s action of combining. Lange perhaps
proceeded from the observation that this view stands in a certain
contradiction with experience. In the case of most composite
representations we clearly observe, if they are given to us ana-
lyzed, the combination of their partial contents, but nothing at all
of a unifying activity that first confers upon those contents their
state of being combined. For example, the combination of the
color and the extension of a thing is not, and also does not imply,
the representation of a psychical activity, but rather is something
accruing to the intuition itself and perceptible in it. The same
holds for the relation of distance, of direction, etc. Should Lange
nevertheless wish to hold to the Kantian conception that each
combination rests on an activity of combining, his only recourse
would be to assume that in such cases the activity of combining,
though we perceive nothing of it, is still there: that it therefore is

7 1bid., B, §15 (Hartenstein, p. 114). {B 130}

18 Cp., besides the above quotations, the Geschichte des Materialismus, Book 1I, 3rd
Edition, pp. 119ff. In the Logischen Studien, pp 135f, he explains that we “at first” would
have “in this expression ['synthesis'] little more than a formulation of the fact that in all our
representations the unity of that which is manifold is present . . . .” But a few lines later the
fact of synthesis is spoken of as a “process,” “through which we, as subject, first arise.”
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an unconscious one, <40> whereas what it creatively produces, the
representation of the combination, falls within our consciousness.
In any case this is the course Lange adopts, and he pursues it to the
end. The representation of the combination is obtained, according
to him, just like any other representation, from primary contents
by means of analysis and abstraction. But as for the synthesiz-
ing acts, exclusively and single-mindedly emphasized by Kant,
through which the combinations of contents are supposedly first
brought about, they are thrust away into the transcendental back-
ground of life that is prior to consciousness, which is why they of
course can contribute nothing to the origination of the concept of
combination.

Just like Kant, so also Lange pursues predominantly meta-
physical tendencies in these matters. Consciousness itself, and
thereby subjectivity, is supposed first to originate out of uncon-
scious impressions through a process of synthesis at the highest
level. Thus is the unity of consciousness explained. Now to this
unity there corresponds, as the highest synthesis of the content of
consciousness, the “all inclusive synthesis” in the representation
of space; for “space is the form of all objects.” (p. 148) As,
furthermore, that supreme synthesis objectifies itself in the totality
of the representation of space, so does each particular synthetic act
in intuitive syntheses of spatial images. So all combination is,
basically, spatial combination and relation. In the representation
of space, Lange explicitly says, “we find the intuition for the
concepts of connection and separation, of equivalence and of the
relationships of a whole to its parts, of a thing to its characteris-
tics.”" It is because of this that all logical and mathematical
thinking is thinking in spatial imagery. It is especially because
of this that space pervasively lies at the “origin of all that is
apriori.””® In fact, in the apriori sciences (formal logic and mathe-
matics), what is always at issue is a progression within a chain of
interlocking relations. Each axiom passes judgment on relations
between relations. If, now, space is the form of all contents
also in the sense that, not merely no absolute content, but also

19
Logische Studien, p. 148.
0 Ibid., p. 147.
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no relational content, is conceivable which does not have its intui-
tional basis in the characteristics of the representation of space, in
their relations and combinations, <41> then certainly the represen-
tation of space intervenes as an indispensable mediator in every
case of apriori knowledge.

Given all of this, the expressions peculiar to Lange — that space
is “the archetype of all synthesis,” and in particular is the
archetype of number — are understandable. And one understands
the significant role assigned to the representation of space, not
merely for the origination of the number representations, but also
for the entire philosophical theory of arithmetical science as an
apriori science, and consequently one grounded in the intuition of
space.

I have purposefully gone much more deeply into the exposition
of Lange’s views than was required by our immediate aims. Now
the following critique, although it bears exclusively upon the
specific points of interest to us here, also refutes Lange’s theory of
arithmetical knowledge: a theory that has founded schools, as is
well known, and with respect to the further goals of our investi-
gations cannot be passed over.

The theory of synthesis with which we have just become ac-
quainted is untenable and is based upon essential misunderstand-
ings. Kant failed to notice that many combinations of content are
given to us where no trace of a synthesizing activity that produces
connectedness of contents is to be found. Lange, again, pays
no attention at all to those cases where composite representations
owe their unity solely and only to synthesizing acts, while in the
primary contents a combination is not present or does not come
into consideration. According to him all combination is supposed
to occur in the content, and of course in virtue of the form of space
encompassing all content. This is false. The very concepts mul-
tiplicity and number resist this view. The combination of the
colligated contents in the multiplicity, and of the enumerated ones
in the number, is not a spatial combination, just as little as it can
be taken for a temporal one — and, we can immediately add, just as
little as any other combination within primary contents. If space
is the all-inclusive form, then it unifies not merely the contents
just enumerated, but rather these along with all present contents



10

15

20

25

30

35

CRITICAL DEVELOPMENTS 43

whatever. But what constitutes, for example, the special unity
of the collection of five things formed just now, in virtue of which
they are, precisely, five? And whatever may be the linkages of
these five <42> things, can we not in the next moment pick out
from among them merely two, three, or four, through a unifying
act of interest, without in the least affecting the factually present
combinations of contents (e.g., the distances, physical bonds, or
the like)?

One sees that the synthesis in our [numerical] concepts cannot
lie in the content, but only in certain synthesizing acts; and also
that it can therefore be noticed only through reflexion upon those
acts. Lange himself surely must have sensed this, since he empha-
sized special acts of synthesis of intuitions. But how is that to be
reconciled with his remaining views. These acts surely are not to
be considered as something spatial. It would, in any case, be a
pure absurdity to suppose them such.

So it is clear that number concepts and relationships between
numbers — much more so the whole of arithmetic — have nothing
to do with the representation of space. The proposition that space
is the archetype of numbers has, however we may twist it and turn
it, no signification. It neither makes sense to speak of a picture-
like similarity — since there is on the one side a synthesis in the
content and on the other a synthesis that is an action — nor does
it make sense to seek in space the intuitional basis for number
representations and number relations.

Finally, we still have to inquire from whence we are to derive
the concept of synthetic acts with which Lange so often operates
— if all synthesizing activity is relegated to the unconscious
‘beyond’, though its result, the representation of combination, is
assigned to the primary content of consciousness, from which we
extract it simply by analysis and abstraction. In raising this ques-
tion it also is to be emphasized that the entire underlying intuition,
for Lange as for Kant — according to which a relational content is
the result of an act of relating — is psychologically untenable.
Inner experience, and it alone is decisive here, shows nothing of
such ‘creative’ processes. Our mental activity does not make the
relations. They are simply there, and, given an appropriate
direction of interest, they are just as noticeable as any other type of
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content.”’ Strictly speaking, creative acts that produce some new
content as a result distinct from them <43> are psychological
monstrosities. Certainly one distinguishes in complete generality
the relating mental activity from the relation itself (the comparing
from the similarity, etc.). But where one speaks of such a type
of relating activity, one thereby understands either the grasping
of the relational content or the interest that picks out the terms
of the relation and embraces them, which is the indispensable
precondition for the relations combining those contents becoming
observable. But whatever is the case, one will never be able to
maintain that the respective act creatively produces its content.

One may perhaps reply to us by pointing precisely to those
synthetic acts which we have above verified in representations of
number, and which, as we will yet see, are identical with our
“collective” combinations. In their case it is indeed the act alone
that is supposed to procure the combination. — In a certain sense
this is quite correct. The combination of course subsists solely
and only in the unifying act itself, and consequently the represen-
tation of the combination also in the representation of the act. But
there does not exist besides the act a relational content different
from the act itself, as its creative result, which the view we are
attacking always presupposes.”

There is only one argument we have not yet considered: name-
ly, that the most ancient expressions for the number terms allude
to objects in space with properties that correspond to number. It
would be very risky to conclude from this that in all enumerating
the human intellect is necessarily restricted to spatiality, since
other explanations so easily present themselves. It is precisely at
the more primitive levels of culture that human beings only found
occasion to count groups of spatial objects, thus making it possible

2 Cp. C. Stumpf, Tonpsychologie, Vol. |, Leipzig 1883, pp. 105ff.

2 The mistakes here censured led Lange to strange results. The origin of the categories is
supposed to lie in the representation of space. Its properties form the “norm for the
functions of our understanding,” etc. “Thus,” Lange finally sums up (Jbid., p. 149), “the
representation of space, along with its properties constitutive of our understanding, is
revealed as the enduring and defining primitive form of our mental essence, as the true
objective counterpart of our transcendental ego.” As soon as one tries to find a clear sense
in these phrases, they disperse into nothingness.
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for their concept of number to coincide with the concept we can
now designate only by the composite term, “number of spatial
objects.” The more advanced culture <44> carried over the old
terms, but their signification in the meantime has, by way of
metaphorical transference, been expanded far beyond the spatial
domain. As is true of most concepts, the number concepts also
have certainly undergone a historical development.

B. Baumann’s Theory. Analogous errors with respect to the
essence of the number concepts are also to be found in Baumann,
by whom Lange was not inconsiderably influenced in his theory of
arithmetical concepts and knowledge. Baumann repeatedly and
energetically affirms the participation of our psychical activity in
the formation of the number concepts. He states, for example:
“The grasping together of 1, 1, 1 in 3 is a novel act of the mind,
incomprehensible to anyone who cannot do it. That is, the mere
seeing of one and one and one thing still does not yield the number
3, but rather this novel grasping together requires first to be
done.”” Thus arithmetical concepts in general, those of the
numbers as well as those of the calculative operations, originate
through a “mental action that can be incited and apprehended only
in inner intuition.””* While we thus produce in ourselves “purely
mental representations of mathematics,” external experience, on
the other hand, is supposed to “bear the mathematical in itself,
independently of our mind, and to present it in an unmistakable
fashion,” a circumstance through which Baumann explains the
applicability of mathematics to the external world. In particular, it
is said with respect to number that it is “contained in space as well
as and even more so than in time.””* “We find number again in
the external world, apply it following that world’s promptings, and
there it proves its worth, i.e., through the success of calculations.
It is, thus, joined with space and present throughout it. Therefore

2 J. J. Baumann, Die Lehre von Raum, Zeit und Mathematik in der neueren Philosophie,

Berlin 1869, Vol. I, p. 571.
% Ibid., p. 669
% Ibid., p. 675.
28 Ibid., p. 671.
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geometry is also amenable to arithmetical expression.””’

has explicitly referred to these latter passages.”® <45>

Thus, to the “mathematical in us” there corresponds, according
to Baumann, a mathematical outside of us. The latter is known by
the former, entirely in agreement with the ancient formula of
Empedocles: “Like is known by like.” So far as this theory
concerns the numbers — and that is all that matters here — it is
based on an erroneous conception of the abstraction process that
yields these concepts. Certainly Baumann sees something true
in so strongly emphasizing the inner activity involved in the
conceptualization of number. There can be no doubt that in the
formation of both numbers and multiplicities, it is in concreto not
a matter of a passive reception or a mere selective noticing of a
content. If anywhere at all, there are here present spontaneous
activities which we apply to the contents. Depending upon whim
and interest we can grasp together separate contents, and again
take away from, or add new ones to, the contents just encom-
passed. A uniform interest, encompassing all of the contents and
linking them together, and — simultaneously with and in that
interest, with that reciprocal interpenetration that is peculiar to
psychical acts — an act of uniform conceptualization, throws the
contents into relief. And the intentional object of this act is
precisely the representation of the multiplicity or of the totality of
those contents. In this manner the contents are present simultane-
ously and joined together. They are one. And it is by means of
reflexion upon this unification of the separate contents through
that complex psychical act that the general concepts multiplicity
and determinate number originate.

Now, if all this corresponds to the truth, then it is clear that
Baumann starts out with sound remarks, but ends up with unten-
able ones. On the one hand, numbers are to be, in a certain
manner, purely mental creations. And this is actually right, in that
the numbers are based upon psychical activities which we exercise
upon contents. In this regard we find in Baumann various cogent
observations, and so in appearance his view stands in perfect

Lange

7 Ivid., p. 670.
2% Logische Studien, p. 140.
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agreement with ours. But if this were really the case, if Baumann
wished to maintain no more and no other than that concepts of
mental activities enter into the number concepts, how would it
be possible for him to speak, on the other hand, of a rediscovery
of number in the external world, of number being interwoven
with space and in space? <46> In the case of external activities,
one certainly distinguishes the activity from the product which it
generates and which can externally persist when the activity itself
is long since gone. But the psychical activities which ground the
number concepts certainly do not produce in them new primary
contents which, cut loose from the engendering activities, could
then be found again in space or in the external world.

How, in fact, are all of the conceivable numbers — which we can
count off through combinatorially arranging spatial contents — to
be contained in space? That which is intuitively present, which
we can encounter and observe in space, certainly does not consist
of numbers in and for themselves, but consists, rather, only of
spatial objects and of their spatial relations. But with that no
number is yet given. And where a number is given to us, it is not
and cannot be the spatial syntheses that bring about the unification
of the enumerated as such. The co-existence of objects in space is
still not that collective unification in our representation which
is essential to number. Which external objects, and how many
of them, we colligate and enumerate depends solely upon our
interest, and thus the unification of the colligated is exclusively
determined and accomplished by a psychical act of the type de-
scribed above. To seek for numbers in space seems, after all this,
no less absurd than to search there for judgments, acts of will,
wishes, and the like. Spatial objects are at most the contents of
such acts, but they are not these acts themselves. Spatial objects
may be at most the objects enumerated, but not the numbers. It is
exactly the same error into which Lange fell when he explained
spatial intuition to be the archetype for the synthesis of numbers,
just as, according to him, it is for all synthesis: the error upon
which, in general, his theory of synthesis is based.

Comment: We discover number and spatial intuition set into
relationship with one another in a wholly new and curious manner
in the essay by W. Brix, Der mathematische Zahlbegriff und seine
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Entwicklungsformen.” “The number involved in spatial intuition”
is supposed to represent an original, primitive form of the number
concept, and, in comparison with the “number involved in <47>
temporal intuition,” an “absolutely heterogeneous and independent
stage in the genetic development” of it. “To be sure, the number
at this level (spatial intuition) is not yet a concept . . . . Rather, it
is nothing more than a certain schema of perception, a kind of form
of intuition in the Kantian sense. For it still totally adheres to the
objects of perception. That is, on this level of development one
enumerates not three, four, five, but, perhaps, three houses, four
horses, etc., instead. Therefore it also does not yet require any
kind of abstraction, but consists solely, as du Bois-Reymond puts
it, ‘in the representation of the separateness of perceptual objects’.
It thus nearly coincides with spatial intuition, since space appears
determinate precisely through the individual objects which are
grasped together in the representation of number.”*

Brix has taken the psychology of the concept of number a bit
too lightly. What is really signified in the expressions ‘“three
houses,” “three horses,” “three apples,” etc., by the little word
“three”? The representation of the separateness of the objects?
Very well. Then this separateness, always the same in kind,
must have been observed in its own right and as such; and that,
specifically, is the abstraction. (A general term without con-
ceptual underpinning would also be a remarkable psychological
and logical discovery!) Moreover, one easily sees that the expla-
nation of the collective combination of spatial objects in terms of a
spatial separation of them is untenable, for it is subject to an
objection we have had to urge repeatedly against the theories
considered up to now. When we — willfully and arbitrarily —
mentally select from n given spatial things 2, 3, . . ., n-1 (and
I say “mentally” because physically we in fact do not move
them from their places) and enumerate them, is anything there-
by changed in the spatial intuition? Perhaps — what is regarded
by Brix as a positive Moment of it — the “separateness of the
perceptual objects”? The raising of the question suffices to make

bR 13

2 1n: W. Wundt, Philos. Studien, Vol. V.
0
* Ibid., pp. 6711.
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clear the untenability of the view. And how are two, three, four
spatial contents distinguished from each other as two, three and
four? Spatial separateness does not, however, admit of a specific
differentiation running parallel to that in number. <48> The love-
ly philosophical terminology, “schema of perception” and “form
of intuition,” only helps to conceal the unclarity of the thought;
and we have no idea what to make of the strange remark that this
form of intuition of the spatial number nearly coincides with
spatial intuition. How, moreover, this assertion can be reconciled
with the one following on the same page of Brix’s essay, that “the
number here is valid only as a determination of the space of
the respective perception,” we will leave aside. However, one
more quotation may be appropriate here: “The faculty of realizing
such (number) representations must therefore be attributed to most
higher organisms — perhaps the supposition that it is bound up
with the visual faculty (!) would not be wholly groundless — for
even animals, as du Bois-Reymond emphasizes, battle several
attackers differently than they do a single dog. And ‘Even ducks
count their young’, as Hankel points out.”' One sees that these
distinguished mathematicians are here involved in a major confu-
sion between the representation of a determinate group of physical
individuals and the representation of their number. It is only
astonishing that Brix is faithful to them in this respect.

Colligating, Enumerating and Distinguishing

Much more scientific and plausible than all of the theories re-
garding the origination of the concepts of multiplicity and number
that have been criticized up to this point is the theory to whose
development we now wish to turn. But in order to make
completely clear whether or not it does what it promises to do, I
shall endeavor to give it as consistent a development as is at all
possible, and toward that end I shall decline to tie my exposition
and critique directly onto any one of the forms in which this
theory has actually been represented by this or that outstanding

1 bid., p. 672.
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author. The following line of argument should appear to have
much to recommend it:

A multiplicity can be spoken of only where objects which differ
<49> from each other are present. Were all of the objects
identical, then we would in fact have no multiplicity of objects,
but just one object alone. But these differences must also be
noticed. Otherwise the different objects would form for our
apprehension only one unanalyzed whole, and we would again
find no possible way of arriving at the representation of a multi-
plicity. Hence, representations of differences enter essentially into
the representation of any totality. In that we, further, distinguish
each single object within the totality from the others, along with
the representation of difference there also is necessarily given the
representation of the identity of each object with itself. In the
representation of a concrete multiplicity, therefore, each single
object is thought of both as an object which is different from all of
the others and as an object which is identical with itself.

Given this, the origination of the general concept of multiplicity
also, it seems, is evident. What common element could still
be present in all cases where we speak of multiplicity other than
these representations of difference and identity, since it is well
known that in the abstraction of the concept multiplicity absolutely
nothing depends upon the peculiarities of the individual contents?
Thus, setting out from any one concrete multiplicity, we get the
general concept of multiplicity by relating each content to each
other one as different — but this completely in abstraction from
the peculiar character of the concretely given contents — and by
considering each content merely as something identical with itself.
In this way there originates the concept of multiplicity as, to a
certain extent, the empty form of difference.

But along with the concept of multiplicity that of unity is now
also immediately given, and its content is easily developed from
the foregoing considerations. By enumerating in the strict sense of
the word — i.e., therefore carrying out number abstraction — we
bring each thing to be enumerated under the concept unit, we
consider it merely as one. That means just this: We consider each
thing merely as something which is identical with itself and differ-
ent from everything else. As distinguishing and identifying are
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reciprocally determining functions which are inseparable from
each other, so <50> the general concepts of multiplicity and unity,
which are formed through reflexion upon those functions, are also
correlative concepts, mutually interdependent.

Out of the concept of the empty form of difference there arise,
through the manifold determinations it allows, the number con-
cepts. Thus they are nothing but the general forms of difference
segregated in such a way as to provide a classificatory system.

We especially find ideas of these and similar kinds at work
in the logical writings of Jevons, Sigwart, and Schuppe.”> Thus
Schuppe explains “that the essence of number is indefinable be-
cause it flows directly from the principle of identity. In this
principle the one thing and another is immediately posited in that
the one is distinguished from the other. Therein, then, the plurali-
ty or multiplicity is given ....” “Red is not green and not blue, a
is neither b nor ¢, and b is neither a nor ¢, and c is neither a nor b.
These judgments of the simplest type form the presupposition of
the predication of number; and one can, to express precisely the
same sense, assert the number instead of the mere differentiation.
Red, green and blue are not, perhaps, one, but are three. One
can also more fully say ‘three distinct things’, or ‘three different
colors’. But that would be a superfluous clarity.... ‘Are three
colors’ says the same thing as ‘three different colors’. What I
cannot distinguish, I cannot count. It is one.”” — Number,
or the statement of plurality by means of a determinate or
indeterminate number term, “only asserts difference without nam-
ing the distinction involved.”*

Jevons seems, in part, to stand even closer to the theory
developed above: “Number is but another name for diversity.

32 Among mathematicians, P. du Bois-Reymond may be mentioned here. In his Alige-
meinen Functionentheorie, Part I, Tubingen 1882, p. 16, he comments that “Number is as it
were what is left over in our soul when all that distinguished the things has evaporated and
there is retained only the representation that the things were separate.” To be sure, being
distinct in the sense of being separate is used here, which is no necessary element in a
distinction theory of number. Moreover, du Bois-Reymond does not clearly hold to this
idea of separateness; and he also seems to restrict himself to spatial objects.

33 Erkenntnistheoretische Logik, Bonn 1878, p. 405.
34 Ibid., p. 410.
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Exact identity is unity, and with difference arises plurality.”
“Plurality arises when and only when we detect difference.”’
Here, as <51> one sees, “number” is taken in the broader sense as
synonymous with “plurality.”

With respect to the kind of abstraction which is here present,
this same author remarks: “There will now be little difficulty in
forming a clear notion of the nature of numerical abstraction. It
consists in abstracting the character of the difference from which
plurality arises, retaining merely the fact . ... Abstract number,
then, is the empty form of difference; the abstract number three
asserts the existence of marks without specifying their kind.”
“Three sounds differ from three colours, or three riders from three
horses; but they agree in respect of the variety of marks by which
they can be discriminated. The symbols 1 + 1 + 1 are thus the
empty marks asserting the existence of discrimination.”®

However, there is absent in Jevons any deeper psychological
foundation, which we — chiefly by a free utilization of indications
from Sigwart — have sought to give above.

At first glance it seems that this type of theory is built upon
indubitably secure foundations, so that any critique would primari-
ly question only the indeterminacy of the results. That multiplici-
ty or number, in the broader and more indeterminate sense, is
nothing other than “the empty form of difference” is something
one could comfortably grant. But this generality does not yet
suffice in order to rigorously characterize the content of the sharp-
ly distinct number concepts, two, three, four, etc., in relation to
one another. They, indeed, are all “empty forms of difference.”
What differentiates three from two, four from three, and so on?
Are we perhaps to give the dubious answer: With two we notice
one relation of difference, with three, two, and with four, three
such relations, and so on?

The information which the last of the passages quoted gives
us is obviously very meager. That phrase, “variety of marks,”
either signifies the same thing again as ‘“number,” or it signifies
the same as “form of difference.” But what characterizes these

33 The Principles of Science, 2nd Edition, London 1883, p. 156.
36 Ibid., pp. 158 and 159.
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“forms” psychologically in contrast to each other, so that they can
be grasped through their peculiar determinations, clearly distin-
guished from each other and, accordingly, also designated by
different names? <52> Here lies an essential defect of the theory.
Let us see whether it can be eliminated.

For the sake of simplicity we will consider only a totality of
three objects A, B, C. Into the representation of this totality there
must enter, according to the view in question, these relations of
difference: o

AB, BC, CD

(where the ties indicate the relations). They are given together in
our consciousness, and they effect the unification of the objects
into the collective whole. However one may now replace A, B,
and C with contents of any type, these differences constantly
remain present as somehow determinate. They thus constitute the
“form” of difference which is characteristic of the number three.
However, certain objections to this present themselves: If these
relations of difference are together in our representation, then, if
the basic viewpoint of the theory is correct, each of the differences
represented must also be in turn perceived as identical with itself
and as different from any other. = For were AB and BC for
example, not recognized as different, then they would just blend
together as undifferentiated; and then, as one immediately sees,
their terms [Fundamente] also could not show up in the repre-
sentation of the totality as distinct from each other. So the sum
total of the differences of differences would also have to be in our

representation. That is:
/N N N

AB BC; BC CA; CA AB

But the same would also be true with respect to them. And so on.

Hence, in order to get hold of the “form of difference” we
would fall into a lovely regressus in infinitum.

But there is still a way of avoiding this consequence. One could
reply that if we pass in our distinguishing from A to B, and from
there to C, then a new distinction of C from A is no longer
required. That is to say, in relating the two differences AB and
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BC (which are connected by the one term B) to one another in a
higher act of differentiation, the possibility of C and A blending
into one is eo ipso excluded. So the true schematization would be:
<53>

A

ABC

Then, whatever A, B and C may signify, this schematic figure
refers us to a process which is everywhere the same. If we
therefore abstract from the peculiarities of the particular contents,
retaining each only as somehow determinate, then we have here
the desired form which is common to all multiplicities with three
contents, and in virtue of which we also ascribe the number three
to such multiplicities.

In this way one could set up all of the forms of difference which
are to forrg\ the basis of the numerical denominations. Thus, for
example, AB would be the schema of the simplest number, two. It
would express the fact that in all cases where there is a duo one
object is there, and in addition an object different from it. If we
assign to a concrete totality the number two, that means: we direct
our attention merely toward the fact that one content, and still one
other content, is present. Our attention would not focus upon the
specific nature of the difference, but rather upon the mere fact of
1t.

The schematic form for the number four would be:

And one now easily grasps how the forms are further complicated.
In all cases, the distinctions are ones which border on one another
(i.e., have a term in common), thus making it possible for all of
them ultimately to be grasped together in a single act, by means of
higher-order acts of distinguishing.

These schemata would have to be regarded as diagrams of those
mental processes as they occur in the representation of any totality
of, respectively, two, three, four, etc., contents. And in reflexion
upon those mental processes, whose well-characterized difference
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would have to be given to inner perception, the number concepts
would arise.

So it turns out that the defects which we criticized above can be
completely eliminated. Yet more, in fact. The more refined
elaboration that the theory has now undergone seems to imply, as
a direct consequence, the solution to many pressing questions
regarding the number concepts. <54> So, for example, the ex-
tremely rapid expansion in those forms would make it intelligible
why we attain authentic [eigentlich] representations only of the
smaller numbers, while of the larger ones we are able to think only
symbolically — indirectly, as it were.

The independence of the number from the order of the enumer-
ated objects would be immediately brought to Evidence by a
glance at the schematic form. Obviously the form remains un-
changed regardless of how the A, B, C, . . ., may be rearranged.

In the same way, yet many other points could be cited that are
favorable to the theory. But linguistic usage appears to offer an
especially significant confirmation of it. With the same sense we
say that A and B are different things and that they are two things.
Red, green and blue are three. That means they are not perhaps
one, but rather three different colors. But this “is superfluous
clarification and emphasis. That there are three colors says the
same as that there are three different colors.” Thus Schuppe — for
it is his example — also understands linguistic usage as harmoniz-
ing completely with the “difference” interpretation of the number
concept.

After all this it seems we have here a well-founded and con-
sistently elaborated theory that lays claim to our acceptance.
Nevertheless, a thorough investigation reveals the theory to be
untenable. Even if a plausible objection can no longer be brought
against the consistency of its structure, its psychological founda-
tion still does not withstand a rigorous critique.

It is correct that we can speak of a totality only where there are
contents present that are different from each other. But the
assertion annexed to this truth is incorrect: That these differences
must be represented as such, because otherwise there would be in
our representation only an undifferentiated unity, and no multi-
plicity. It is important to keep distinct: “to notice two different
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contents,” and “to notice two contents as different from one
another.” In the former case we have — presupposing the simul-
taneous, unitary grasping of the contents — a representation of a
totality; in the latter case there is a representation of a difference.
Wherever a totality <55> is given, our apprehension primarily lays
hold of absolute contents alone (namely, those which compose the
totality). By contrast, wherever a representation of a difference
is given (or a complex of such representations), our apprehension
lays hold of relations between contents. This much alone is
correct: Where a plurality of objects is perceived, we are always
Jjustified, on the basis of the individual contents, in making Evident
judgments to the effect that every one of the contents is different
from each other one. But it is not true that we must make these
judgments.

With regard to the concepts distinguishing and distinction vari-
ous obscurities generally prevail. These have arisen from certain
equivocations and have substantially contributed to the errors that
I here touch upon.

(1) “Distinction” or “difference” signifies the result of a com-
parison. A comparison can yield either of two results: that the
contents considered are the same, or that they are different, i.e.,
not the same. Thus, difference here signifies something negative,
the mere absence of a sameness. In this sense one speaks of
comparing and distinguishing as correlative, intimately connected
activities. Indeed, in any case where we have an arbitrary act
of comparison, both sorts of results may occur: affirmative judg-
ments which acknowledge samenesses are made, or, on the other
hand, negative judgments which reject them. To this affirming of
samenesses, then, the term “comparing” refers, while the term
“distinguishing” refers to the denial of samenesses, whenever we
use the combination “comparing and distinguishing.”

In the case where comparison of contents in a certain respect
leads to the result non-sameness, it can, nonetheless, happen that
at least a similarity, or “gradation,” etc., is noted. These are
well-characterized classes of relations, in the case of which, quite
as in the case of sameness, the representation of the relation
Represents [reprisentiert] a real [reellen], positive content of the
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representation. Now these relations, too, are called relations of
difference; and, in particular, the names “distinction” or “dif-
ference” are customary for intervals in continua. We speak in
this sense of distinctions of place, distinctions of time, <56>
distinctions of intensity and quality (between two colors, tones,
odors, etc.).”” But, then, this narrower signification of those terms
led again, conversely, to cases of mere non-sameness (since such
cases, too, were called distinctions) being thought of as if they
were primary relations (cf. pp. 71-72) — i.e., as if in their case
too the relation could lie in the content of the representation —
whereas, in fact, nothing further is given than an Evident negative
judgment which denies the presence of such a relation (viz., the
relation of sameness).

From the practical point of view, it may still be useful to
classify all of the results to which comparison can lead under the
two headings, “sameness” and “difference.” It must not, however,
be overlooked that classes of relations are then grouped together
under the latter heading which, as to their phenomenal character,
are foreign to each other, while, moreover, a sub-group of them is
closely related to the sameness relations that have been brought
under the other main heading. From the psychological point of
view, the relations of similarity, sameness, metaphysical combi-
nation, etc. — in short, all relations that have the character of
representation phenomena in the narrower sense (hence, primary
contents but not represented psychical acts) — belong in one
class.®® But difference in the broadest sense does not belong in
that class; for it is not a representation content that is immediately
observable at the same time as the terms are. Rather, it is a
negative judgment made, or represented as made, upon the basis
of those terms.

37 This also is probably connected with the fact that from time to time, especially in the
case of physical contents, one uses “being distinct” as synonymous with “being separate”
(in intuition), expressions which do not always coincide, as is to be seen from the relation
of whole and part. We therefore do not take this to be an essentially new kind of equivo-
cation.

38 . . . . o ..

We will call them “primary relations.” The further details on the division here indicated,
which will prove to be important for purposes of a characterization of the collective
combination, are given in Chapter III.
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(2) But the term “distinguishing” is used in yet another signif-
ication, which is connected with analysis. According to this
signification the “distinguished” is that which has been thrown
into relief and especially noticed through analysis; and “to distin-
guish” means the same as “fo segregate,” “to analyze.”

By investigating the conditions which favor analysis, it is found
that a plurality of partial contents <57> is all the more easily and
surely segregated the greater, in number and degree (or interval),
are their distinctions amongst themselves and over against the
environs. Such reflections, which consisted of comparisons and
distinctions dealing with contents that were already analyzed,
frequently misled people into believing that the process of
distinguishing (in the sense of analyzing) is also such a judgmental
activity of distinguishing (in the sense of distinguishing compared
contents). Then one reasoned: To be able to retain several
contents in consciousness as segregated — i.e., as analyzed and
separately and specifically noticed — they must be thought
of as distinguished from each other, i.e., as compared and specifi-
cally characterized in terms of their distinctions. But this is false.
In fact, it is obviously absurd. The judgmental activity of distin-
guishing Evidently presupposes contents that are already segregat-
ed and separately and specifically noticed. Hence, these contents
cannot have first become noticeable through their being distin-
guished from one another [in judgment].

Now it is this error which the theory we are contesting commits
by arguing: “The differences between objects of a multiplicity
must have been noticed as such. Otherwise, in our representation
we would never get beyond an unanalyzed unity, and there would
be no talk of any multiplicity. Hence, the representations of
difference must be explicitly contained in the representation of the
multiplicity.”

What is true is that, if the contents were not different from each
other, then there would be no multiplicity. Further, it is true that
the distinctions, if they were intervals, would have had to exceed
a certain measure. Otherwise just no analysis at all would occur.
But the supposition is not true that every content first becomes
a distinct content, i.e., one which is separately and specifically
noticed, by means of the apprehension of its distinctions from
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other contents; whereas it is surely Evident that every representa-
tion of such a distinction presupposes, as its terms, contents which
are already separately and specifically noticed and which, in that
sense, are distinguished.

In order for a concrete representation of a totality to originate,
all that is necessary is that each of the contents involved therein
should be a content which is noticed separately and specifically,
a segregated one. However, there is no absolute necessity that
the distinctions of the contents be attended to, although this will
happen often enough. <58>

What has been explained of the representation of [mere] distinc-
tion also holds true quite analogously of the representation of
identity. Both are concepts that issue out of reflexion on certain
judgmental activities: judgmental activities that have far-reaching
importance in practical life, and that also may proceed in parallel
with the representing of a plurality. But that they always and
necessarily do this, that they in general Represent [reprdsentieren]
“ever-present activities, which repeat themselves in each act of
thought,” activities in which the “self-consciousness, being one
and the same in all acts . . . is actualized”;” and above all that
the concepts of unity, multiplicity, and determinate number are
obtained with reference to them: — All of this we cannot regard as
established by the lines of argument presented to us. Here
as elsewhere, in the analysis of an elemental concept one has all
too readily succumbed to the temptation to regard the results of
subsequent reflections on its content as something originally
contained within it or as a necessary Moment of the concept’s
development.

If, now, the line of argument — so evident at first sight — which
seemed to force us with inescapable necessity to accept the
distinction theory also proves to be untenable, that still does not
settle the question of whether, in spite of all this, representations
of differences constitute essential elements in the number con-
cepts. To this point all that has been refuted is the view that the
representation of a plurality in concreto cannot come about unless
the particular objects are first held in separation from each other

3% Chr. Sigwart, Logik, Vol. 11, p. 37.
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by activities judging them to be distinct. From this it follows only
that there is on no account a, so to speak, apriori necessity to
appeal to representations of differences in the development of the
number concepts, and, in consequence of that, to identify precisely
these concepts with those acts of distinguishing of higher order
stacked on top of each other in the manner of a pyramid. It would
still be conceivable, in spite of all, that the direction of interest in
the formation of number is turned, rather, upon the distinctions
between the objects to be enumerated.

But the reference to inner experience is decisive. It shows
with total clarity that neither the representation of a <59> concrete
multiplicity nor that of the corresponding number necessarily
includes explicit representations of the distinctions between the
particular contents enumerated. Distinctions in the sense of inter-
vals would not come into consideration here, in any case, since
totally disparate contents can be collected and enumerated, while
between disparate contents interval relationships certainly cannot
subsist. There remains, accordingly, only those representations
of distinction that originate from comparisons and presuppose
reflexion upon negative judgments. But of such judgmental activ-
ities, through which the particular contents are supposed to be
grasped as distinct from each other when we enumerate them,
inner experience discloses nothing. Much less then does it show a
trace of those layered, higher order acts of distinguishing, ground-
ed one on another, which had to be assumed for the consistent
elaboration of the distinction theory. Certainly it is true that we
at any moment can make the particular contents into substrates
for acts of distinguishing. But it is no less certain that the latter
are not what is meant in enumerating. Distinguishing, on the
one hand, and collecting and enumerating on the other, are totally
different mental activities. Only this one thing and no more
is required: that the contents to be enumerated be segregated
(i.e., separately and specifically noticed), but not in any sense
distinguished from each other. Friends of unconscious psychical
activities may always transport the distinguishing acts, which we
here reject, into the nebulous region of the unconscious. Then the
“forms of difference” described would also have their place there.
But this much is clear, I think: that those unconscious psychical
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mechanisms neither could have contributed anything to the con-
tent of our conscious representation of number, nor would they be
capable of explaining the least thing about the origination of such
representations.

It only remains to unravel the last argument, which seemed to
give an especially favorable impulse toward the distinction theory:
namely, the corroborating reference to certain equivalences in lin-
guistic usage. ‘“Red, green and blue are three colors” says the
same thing as “They are three different colors.” In fact, Schuppe®’
thinks, the latter form of assertion involves a superfluous clarifi-
cation and emphasis. He surely is not quite <60> right about this.
Just consider the special emphasis placed on the number words,
which is indispensable for the sense of the two assertions to be-
come genuinely the same. “Red, green and blue are three colors”
already expresses a quite different sense. In order to prevent an
impending confusion of several contents we can lay emphasis
precisely upon their number, for without difference there is no
number. That is a transposed function of this concept of number,
adapted to a quite special purpose. If we say that red and green
are two contrasting colors, then number no longer has this special
function. Difference is still involved in a certain manner, but to
express it is not the specific intention. And the same thing is
shown by other examples, as many as you wish. “Saturn has eight
moons and three rings.” “This rod has a length of ten meters,” etc.
It is just not right to say “that the number only asserts difference,
without mentioning it.” Besides, the [German] language possesses
particular forms of number words where this purpose forms an
essential part of the signification: the so-called “genus” number
terms, “one kind” [einerlei], “two kinds” [zweierlei], etc. It is
obvious that one cannot substitute them everywhere for the basic
number terms, “one,” “two,” etc.

Critical Supplement. Above we mentioned Sigwart also, along
with Jevons and Schuppe, among the main Representatives [Re-
prisentanten] of the distinction theory. And in fact the basic
conceptualizations in this theory have been repeatedly defended

40 .
Cp. the quotation above.
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by him. But that is not to assert that his view on the content of the
number concepts fully agrees with the developments given above.
When he says that “all of the number concepts are, consequently,
only developments — realized in ever higher syntheses — of the
formal functions that we exercise in every act of thought in
general by positing a unity and distinguishing,”*' then one would
want, in any case, to be reminded of the forms of difference
previously deduced. The same holds true for another passage:
“For what is posited as identical and distinguished from another is
precisely thereby — just as is that other — posited as one. And by
raising these correlative functions to consciousness in relation to
each other <61> there originates with the concept of one also that
of two, and therewith the foundation of all number concepts.”*
Other passages, however, speak of a “distinguishing and collecting
of the individual acts of progression from one object to another,”*
of a consciousness of the “transitions of consciousness.”* And
enumerating itself is designated as “the general form of conscious
progression from one unity to another.”” Thus in Sigwart yet
other elements besides acts of identification and distinguishing,
elements not taken into consideration by us above, come into play
in the number concepts. It seems that for him those syntheses
or ‘combinings’ do not consist merely in differentiating acts of
higher level, as we presupposed in our consistently worked out
structure of the forms of difference. Nevertheless, in many
passages from his Logic he advocates precisely the essential
conceptualizations of the distinction theory. Distinguishing and
positing as identical, according to him, must be activities that we
carry out in each representation of objects. They are “simple,
interconnected acts” . . . “through which alone the ‘many’ and the
‘distinct’ first gain access to our consciousness.”*® The same
opinion is expressed no less clearly in another passage: “With the

1 Logik, Vol. 11, pp. 38f.
2 Logik, Vol. 11, p. 37.
* Ibid., p. 38.

* Ibid., p. 41.

* Ibid., p. 43.

* Ibid., p. 36.
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fact that several different objects are in our consciousness,
distinguishing is certainly presupposed. But first only the result of
this function comes to consciousness, consisting in several objects
being ‘together’, each being also retained in its own right.”*’ Here
we find entirely the same view we have just refuted. It is
impossible for distinguishing and positing as identical to have the
function Sigwart ascribes to them. Where the terms of the relation
are not already separate, where no ‘many’ and ‘different’ are
already present, there no kind of relating activity — and
consequently also not that of distinguishing and comparison — has
any possibility of taking hold. Distinguishing and positing as
identical are judgmental activities the practical point of which in
the context <62> of our thinking seems to me to lie in a wholly
different direction. That A is identical to itself means that A is not
B,C, D, ..., but precisely A. Such a reflection is directed toward
preventing confusion of A with other contents, a goal that is
attained by seeking out and displaying the “distinctions” of A
from B, C, D, . . . (that is, the characterizing properties that belong
to it and not to the others). But while this process is developing,
A, B, C, D, . .. are already present to consciousness as contents
separate from each other; and it is absolutely not the task of that
process first to separate what originally is an identical ‘one’, and
through the segregation of the units to make the multiplicity
possible for the first time. The equivocation residing in the terms
“distinguishing” and “distinction,” which links together two
concepts that must be clearly separated (those of analyzing and of
distinguishing in judgment), is precisely what has misled Sigwart
into his way of thinking. This may be sufficiently clear from the
passages cited.

It surely is strange enough that Sigwart himself incidentally
takes note of the proper relationship, in that he charges Ulrici with
almost the same error.*® In the light of this, one will be inclined to

*7 Logik, Vol. 1, p. 36

48 Ibid., p. 279n. “The opinion that it is first through distinguishing that a representation
becomes determinate forgets that the distinguishing itself is only possible between different
representations already present, and that the distinction therefore does not produce the
different contents.” Here Sigwart is referring to H. Ulrici, Compendium der Logik, 2nd
Edition, Leipzig 1872, p. 60.
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assume that Sigwart, in speaking of distinguishing, does not in
the final analysis have a judging activity in mind, but rather the
activity we have contrasted to distinguishing in judgment as the
analytical mode of segregation. But I do not find it possible to
sustain this interpretation of him. Distinguishing is repeatedly
associated with comparison by Sigwart, as psychical activities in
reflexion upon which the concepts of sameness and distinction
would be obtained. So it is said, for example, precisely in the
continuation of the last passage cited on p. 63: “The representation
of distinction . . . first develops when distinguishing is consciously
carried out and that activity is reflected upon.” 1t is inconceivable
that psychical activities are meant here other than the acts of
judgment in which we grasp differences or samenesses. Certainly
analyzing would not come into consideration, <63> for it is after
all no psychical activity in the true sense of the word, i.e., one
which would fall within the domain of reflexion. One distinguish-
es between a psychical event and a psychical act. Representing,
affirming, denying, loving, hating, willing, and so forth, are
psychical acts, which are intimated to us by inner perception
(Locke’s “reflection”). It is totally otherwise with analyzing. No
one can inwardly perceive an analyzing activity. We can have an
experience where a content unanalyzed at first then becomes an
analyzed one, and where earlier there was one content, now a
multiplicity is observed. But nothing more than this can be
substantiated post hoc from within. Of a psychical activity
through which the multiplicity first arises out of the unanalyzed
unity, inner perception teaches nothing.” But we become cogni-
zant of the fact of analysis having occurred by comparing the
memory representation of the unanalyzed whole with the present
representation of the analyzed one. Such acts of comparing and
distinguishing do occur, which, however, presuppose that analysis
has been carried out. If all of this is right, then a view that would
derive the concepts of distinction, plurality and number through
reflexion upon activities of distinguishing — in the sense of analyz-
ing — is deprived of any basis. Consequently, this also is no way

49 Very appropriately, therefore, in his Tonpsychologie (Vol. 1, p. 96) Stumpf defines
analysis as the noting of a plurality.
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to establish Sigwart’s statements by giving them a reinterpretation,
and to construct, in place of the one developed above, a new and
more defensible distinction theory of number.*

20 Errors with regard to the function of distinguishing in the representation of several
objects are so easy to fall into that we are not surprised to find them already present in older
writers. Cf. J. Locke, An Essay, Book II, ch. XI, sect. 1, and Book IV, ch. ], sect. 4, and ch.
VII, sect. 4, and elsewhere. Further, James Mill, Analysis of the Phenomena of the Human
Mind, ed. by J. St. Mill, Vol. 1I, London 1879, p. 15: “As having a sensation, and a
sensation, and knowing them, that is, distinguishing them, are the same thing; . . . .” He
also repeats this assertion many times elsewhere.
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Chapter III

THE PSYCHOLOGICAL' NATURE OF
THE COLLECTIVE COMBINATION

Review

Let us now review our deliberations up to this point and their
results.

We undertook to bring to light the origin of the concepts
multiplicity and number. To that end it was necessary to obtain
a precise view of the concrete phenomena from which they are
abstracted. These phenomena lay clearly before us as concrete
multiplicities or totalities. However, special difficulties seemed to
obstruct the transition from them to the general concepts. It was
clear to begin with that the specific nature of the particular objects
which are gathered in the form of a multiplicity could contribute
nothing to the content of the respective general concept. The only
thing that could come into consideration in the formation of these
concepts was the combination of the objects in the unitary rep-
resentation of their totality. It was then a question of a more
precise characterization of this mode of combination. But that was
exactly what seemed to be no easy task. In fact, we examined
a sequence of theories concerning the origin and content of the
concepts multiplicity and number, which all ran aground on mis-
understandings with respect to the syntheses here present. The
first of them characterized the collective combination as merely a

! Because of the obvious suggestion of this terminology to the contrary, it is necessary
to point out immediately that Husserl's position is rot that the collective combination is
psychological or “mental” in any usual sense of the word. Rather, it is ‘psychological’ only
in the sense that it is a member of a unique class of relations the defining features of which
are paradigmatically exemplified by intentionality, which Brentano had used to characterize
the psychological or psychical over against the physical. {DW}
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matter of belonging to one consciousness. It was obviously inade-
quate, but it did call our attention to an important psychological
precondition: each of the contents colligated must be one that is
separately and specifically noticed. It was also previously sug-
gested to us that the unification of the contents is to be regarded as
mediated by special acts of consciousness. We were repeatedly
confirmed on these points by means of the critique of the three
subsequent theories. <65> These presumed to be able to find the
basis for our concepts in the “forms of intuition,” of time and of
space. Here we came to see time as a psychological precondition
of number. The last theory we considered — and the only one that
approaches genuine scientific status — was the distinction theory.
It set out directly from certain psychical acts. But they were
acts of distinguishing, which a more deeply penetrating critique
could not acknowledge to be the synthetic acts that are relevant for
collectivity and number.

The Collection as a Special Type of Combination

What, then, are the possibilities that still remain? We have not
yet investigated all classes of relations. Is collective combination
to find its place among those yet remaining? For obvious reasons,
however, we are exempted from a detailed examination of all
the particular species of relations. Since we know that the most
heterogeneous of contents can be united in the collective manner,
all relations with a range of applicability restricted by the nature of
specific contents fall aside without examination; in other words,
relations like similarity, gradation, continuous combination, etc.
In fact, it appears that none whatsoever of the familiar sorts of
relations can satisfy the required conditions, once temporal rela-
tions and relations of distinction are excluded. At most one could
still think of relations of identity in this connection; for, however
much two contents may deviate from each other, it will always be
possible to indicate a respect in which they are identical to one
another. In fact it is often enough thought (indeed, most investi-
gators hold this view) that with regard to the origination of the
number concepts we must have recourse to relations of identity.
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We must take this up later on. (Cf. Chapter VIII.) But here it
suffices to note briefly that the identities which we might at any
time discover between colligated contents certainly cannot form
the ‘glue’ that achieves the synthesis of objects held together in
the representation of the totality. For the collecting presupposes
no kind of comparison at all. <66> In thinking the totality of
clock, ink and pen, for example, we need not first compare these
contents. To the contrary, in order to compare them we must
already have colligated them.

So there seems nothing left to do but claim for the collective
combination a novel class of relations, well-distinguished from
all others. Inner experience also speaks in favor of this. When
we think particular contents “together” in the manner of a totality,
this “together” does not permit itself to be resolved into any other
relations, so as to be defined by means of them.

That would seem to find its confirmation in the following
reflections, which seek to characterize the collective combination
yet more precisely in its peculiar nature over against other rela-
tions.

On The Theory of Relations

Since I am not in a position to rely upon a firmly established
and generally acknowledged theory of relations, I find myself
forced to insert here a few general observations concerning this
very dark chapter of descriptive psychology.

First, it will be useful to come to agreement on the term “rela-
tion.” What is the element common to all cases where we speak
of a “relation,” in virtue of which precisely that name is used? To
this question J. St. Mill gives us — in a note to his father’s work
on psychology — an intelligible and essentially adequate answer:
“Any objects, whether physical or mental, are related, or are in
relation, to one another, in virtue of any complex state of con-
sciousness into which they both enter; even if it be a no more
complex state of consciousness than that of merely thinking of
them together. And they are related to each other in as many
different ways, or in other words, they stand in as many distinct
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relations to one another, as there are specifically distinct states of
consciousness of which they both form parts.”* <67>

Let us add a few supplementary observations. The expression
“state of consciousness” (“state of mind”) is not to be understood
here as “psychical act,” but must instead be taken in the widest of
senses, in such a way that the range of its signification coincides
precisely with that of “phenomenon.” — Upon close examination
Mill, in the above sentences, has really only defined the concept
“standing-in-relation.” But what, then, is to be understood by
“relation”? That this is no idle question already follows from the
fact that Mill himself vacillates in his terminology. He repeatedly
designates that complex state of consciousness mentioned above
as the “term [Fundament] of the relation,” while by “relation” pure
and simple he understands the relative attributes to be formed by
reflexion on the term.> But it also happens that he explains that
“term” itself as constituting the relation. In this way the name
“relation” certainly becomes equivocal.4 In order, now, to stabi-
lize our usage we stipulate that by “relation” is to be understood
that complex phenomenon which forms the basis for the formation
of the relative attributes, and that by “term of the relation” (in
agreement with the usage now generally prevalent) we mean any
one of the related contents.

I further note that only in one respect is the definition a little too
narrow, inasmuch as it speaks of relations between only two terms.
For there also are relations between several terms, and indeed even
simple relations — as we will show in what immediately follows.

For the purpose of a classification of relations, one might at first
use as a guideline the characteristics of the contents which they
interrelate (thus, that of the “terms”). However, such a classifi-
cation would remain superficial. In the most diverse of domains
we find relations that have one and the same character. Thus,
identities, similarities, etc., occur both in the domain of primary

2 James Mill, Analysis of the Phenomena of the Human Mind, ed. J. St. Mill, London 1897,
Vol. II, pp. 7ff. {DW}

3 Op., cit., p. 9n. Cp. further J. St. Mill, Logic, Book 1, ch. 3, § 10.
4 Logic, Book I,ch. 2,§ 7.
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contents (“physical phenomena”) and in that of psychical acts
(“psychical phenomena”) as well.” <68>

But one can also classify relations in terms of their peculiar
phenomenal character. This is the more penetrating principle of
division, and from this perspective several ways of dividing up
relations result — among others one which divides them into the
following two main classes:

1. Relations which possess the character of primary contents (of
“physical phenomena”, in the sense defined by Fr. Brentano).

Every relation rests upon “terms.” It is a complex phenomenon
which comprises — in a certain way which cannot be more closely
described — partial phenomena. But in nowise does every relation
comprise its terms intentionally,’ i.e., in that specifically deter-
minate manner in which a “psychical phenomenon” (an act of
noticing, of willing, etc.) comprises its content (what is noticed,
willed, etc.). Compare, for example, the way in which the repre-
sentation called the “similarity” of two contents includes these
contents themselves, with any case of “intentional inexistence,”
and it will have to be acknowledged that we have here two wholly
different kinds of inclusion. It is precisely for this reason that
similarity must not be subsumed under the concept of “psychical
phenomena.” In this regard it belongs, rather, among the primary
contents. The same is true of other relations as well, e.g., identity,
gradation, continuous combination (the combination of the parts
of a continuum), “metaphysical” combination (the combination of
properties, as in the case of color and spatial extension), logical
inclusion (as color is included in red), and so on. Each of these
relations Represents a particular type of “primary content” (in the
signification of this term here assumed); and in that respect each
belongs in the same main class.

I would, in addition, expressly point out that it makes no differ-
ence at all here whether the terms are themselves primary contents

> In regard to the signification of the terms “physical” phenomena and “psychical” phe-
nomena, and the fundamental distinction underlying them, which is indispensable for the
following reflections, cp. Franz Brentano, Psychology from an Empirical Standpoint, Vol.
I, Book 2, ch. 1, (translated by A. C. Rancurello, D. B. Terrell and Linda L. McAlister,
New York: Humanities Press, 1973 {DW}).

S Ibid., pp. 88IF.
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or are some type of psychical phenomena (represented psychical
states). Such identities, similarities, etc., as we perceive to hold
between psychical acts or states (judgments, acts of will, and
so on) also have in the respect under consideration <69> the
character of primary contents. But they are occasioned by those
psychical phenomena and are grounded in them.

As belonging among the primary contents, relations of this
class could, not inappropriately, be simply designated by the name
“primary relations.” But one would have to guard against the
misunderstanding that thereby we always have to do with relations
between primary contents, whereas, as was just emphasized, it is
not a matter of that at all.

2. On the other hand there is a second main class of relations,
characterized by the fact that here the relational phenomenon is a
“psychical one.” If a unitary psychical act is directed upon several
contents, then, with regard to it, the contents are combined or are
related to each other.

Were we to carry out such an act, then we would of course seek
in vain among the contents of the representation which it encom-
passes for a relation or combination (unless in addition there were
also a primary relation in it). The contents are, in this case,
unified precisely by the act alone; and the unification, therefore,
can only be noticed by means of a special reflexion upon the act.

As an example, any arbitrary act of representation, judgment, or
emotion and will that is directed upon a plurality of contents will
do. Of any of these psychical acts we can say, in agreement with
Mill’s definition, that it sets the contents into relation with each
other. Especially relevant here, e.g., is the relation of “distinct-
ness” in that widest of senses discussed earlier, in which case two
contents are brought into relation by means of an Evident negative
judgment.

The characteristic difference between the two classes of rela-
tions can also be marked by saying that primary relations belong
in a certain sense among the representational contents of the same
level as their terms [Fundamente], which cannot, however, be
said of the psychical relations. In the first case, the relation is
immediately given along with representing the terms, as a Moment
of the same representational content. But in the second case, that
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of the psychical relation, in order to represent the relation there
is first required a reflexive act of representing bearing upon the
relating act. The immediate content of this latter is the act
instituting the relation, and only through that does the represen-
tation bear upon the terms. <70> The related contents and the
relation thus form, as it were, contents of distinct levels.’

Another division of relations that comes into consideration for
us is the familiar one between simple and composite relations.
Often an erroneous principle of differentiation is taken to govern
these cases, namely that relations between two terms were sup-
posed to be simple, while those between more than two terms are
composite.® However, mere number alone surely grounds no dis-
tinction in essence. Rather it can at most only indirectly refer us
to such a distinction, which here would have to be precisely the
distinction between the simplicity and compositeness of relations,
in the genuine sense of those terms. Actually, the deeper reason
for citing number as the criterion for the distinction resides in
the opinion, taken to be self-evident, that just as every composite
relation, as a relational complex, necessarily includes more than
two terms, so also, conversely, every relation with more than two
terms would necessarily be a complex of relations — and indeed of
relations which hold between any two of the terms.

I cannot see any of this to be correct. On the one hand there are
cases of composite relations between two terms. Simply consider
the relation between the two terminal members of a sequence. On
the other hand there are simple relations involving more than two
terms. And precisely to this latter group we will later have to as-
sign the collective combination among arbitrarily many elements.

! In the foregoing discussions I have avoided the expression “physical phenomenon,”
which in Brentano is paired with “psychical phenomenon,” because it is somewhat awk-
ward to designate a similarity, gradation, and the like, as a “physical phenomenon.” Also,
Brentano himself had in mind with that phrase only the non-relational [absoluten] primary
contents — and, indeed, individual phenomena, not abstract Moments in an intuition. How-
ever, it is clear from the above expositions that the property of intentional inexistence
— which in Brentano functions as the first and most penetrating mark distinguishing
psychical from physical phenomena — also leads to an essential division in the classification
of relations.

¥ Cp. for example, M. W. Drobisch, Neue Darstellung der Logik, 4th edition, Leipzig 1875,
p. 34.
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Furthermore, the case of sensuous identity can also serve to
make Evident at least the possibility of relations of the latter kind.
Under favorable and frequently realized circumstances we can
grasp in one glance an identity amongst more than two sense
perceptible objects without taking the least notice of the vast <71>
manifold of simple relations that can be established between any
two of the objects.” Already in the case of small groups (still
authentically representable), the number of such relations would
no longer be manageable within a uniting act. With six objects
there are fifteen of these relations, with seven twenty-one, and so
onward. To be sure, this does not yet rule out the possibility that
such an identity is, nevertheless, a composite relation. Even if it
is not composite in the manner of a relational complex in which
the elemental relations are contained as separate and specifically
noticed constituents, it still could be composite in the manner of
a “fusion” of relations,'® in the unanalyzed unity of which the
elemental relations would at first be present as unnoticed factors.
But this is not self-evident. That the relation (of identity) at first
appears as a simple one sufficiently proves, in any case, the possi-
bility of simple relations with more than two terms. At the same
time one also sees that the view according to which any relation
can directly link only two terms, and no more, is not justified.

The most appropriate definitions here might be the following:
Relations that are themselves in turn composed of relations are
composite. Relations of which this is not true are simple.

Psychological Characterization of
the Collective Combination

After this digression into the theory of relations we turn back
now, once again, to those specific relations the characterization
of which is our goal. And we first raise the question: Are the
relations that unify the objects in the totality, and which we have
named “collective combinations,” primary relations in the sense

9
Cp. also C. Stumpf, Tonpsychologie, Vol. 11, p. 310.
10 . . .
Concerning the concept of the fusion of relations see Chapter XI below.
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made precise above — as, for example, metaphysical and continu-
ous combinations are? Or must we perhaps assign them to the
class of psychical relations? More precisely stated: Are the “col-
lective” combinations intuitively contained in, and to be separately
noticed among, the contents of the representation of the totality as
partial phenomena — as are, say, metaphysical <72> combinations
in the metaphysical whole? Or can nothing of a combination be
noticed in the representation contents themselves, but rather only
in the psychical act which encompasses the parts in a unifying
manner?

To resolve this question let us first compare the totality with
any arbitrary primary representational whole.

In order to observe the combining relations in such a whole,
analysis is necessary. If, for example, we are dealing with the
representational whole which we call “a rose,” we arrive at its
various parts successively by means of analysis: the leaves, the
stem, etc. (the physical parts); then the color, its intensity, the
scent, etc. (the properties). Each part is picked out by a distinct
act of noticing, and is held together with those parts already
segregated. As the immediate consequence of the analysis there
results, as we see, a totality: namely, the totality of the separately
and specifically noticed parts of the whole. But with regard to
the unification of the parts in the intuitive whole, there are still
to be added the combining relations — as distinct and specifically
determinate primary contents that are relational. In our example
we have the continuous combinations within the leaves; or the
combinations of the properties such as redness and spatial ex-
tension, combinations characterized in a wholly different way
again from the continuous. Thus these combining relations pres-
ent themselves as, so to speak, a certain “more,” in contrast to the
mere totality, which appears merely to hold its parts together, but
not (really) to combine them. What, then, distinguishes the case
of these primary combinations from that of the collective combi-
nations? Obviously it is this: that in the first case a unification is
intuitively noticeable among the representational contents, while
this is not so in the latter case.

The same thing is also shown by a comparison of the collective
combination with the relations of identity, similarity, gradation,
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etc. (which within the class of primary relations constitute, like the
relations of combination, a group of relations that are psycho-
logically well-characterized). Although they do not “combine” the
contents upon which, as terms, they are based, they still constitute
primary contents; and in contrast to them, once again, the col-
lective combination appears almost as a case of unrelatedness, so
to speak. And so one also speaks of “disjoined” or “unrelated”
contents when it is a matter <73> of emphasizing the absence of
any primary content relation whatsoever, or of any upon which the
current governing interest is directly focused. In such cases the
contents are just simply thought “together,” i.e., as a totality. But
in no wise are they truly disjoined or unrelated. To the contrary,
they are joined by means of the psychical act holding them to-
gether. It is only that within the content of that act all perceptible
unification is lacking."

The following circumstance also shows that between the collec-
tive combination and all of the primary content relations there is
an essential distinction, which can only find its explanation in the
fact that the former absolutely is not to be counted among the
primary relations. Every relation rests upon terms and, in a certain
manner, is dependent upon them. But while with all content
relations there is a limit on the range of variability of terms that is
admissible without altering the species of the relation, with the
collective combination any term can be varied completely without
restriction and arbitrarily and the relation still remains. The same
also holds true of the relation of distinctness in the broadest sense.
Not every content can be conceived of as similar, continuously
joined, etc., to every other. But they can always be conceived of
as different, or as collectively united. Precisely in these two cases

= Therefore Mill is quite right in strongly emphasizing that objects already stand in rela-
tion to each other even if we only think of them together. Precisely with respect to the
psychical act which thinks them together they form parts of a psychical whole; and by
means of reflexion upon that act they also can at any time be recognized as combined. That
constitutes their “relation.” And only if one were to restrict this term to what we have
called “primary relations” could there, of course, be no more talk of relation in the case of
a psychical combination. On the one hand this certainly is a terminological matter. But, on
the other hand, there is de facto so much in common between the primary relation and the
psychical relation, as to their essential Moment, that I fail to see why a common term would
not be justified here.
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the relation does not reside immediately in the phenomena them-
selves, but is, so to speak, external to them.

So testimony from many sources — and, above all, from inner
experience itself — tells us that we must decide in favor of the
second view mentioned, according to which collective unification
is not intuitively given in the representation content, but instead
has its subsistence only in certain psychical acts that embrace
the contents in a unifying manner. This is a result which also
repeatedly pressed itself upon us <74> in the critical discussions
of the previous chapter.

And obviously these acts can only be those elemental acts that
are capable of taking in any and all contents, however unlike they
may be. So, then, a careful examination of the phenomena teaches
the following:

A totality originates in that a unitary interest — and, simultane-
ously with and in it, a unitary noticing — distinctly picks out and
encompasses various contents. Hence, the collective combination
also can only be grasped by means of reflexion upon the psychical
act through which the totality comes about.

Again, the fullest possible confirmation of our view is offered
by inner experience. If we inquire what the combination consists
in when we, for example, think a plurality of such disparate things
as redness, the moon and Napoleon, we obtain the answer that it
consists merely in the fact that we think these contents together,
that 1s, think them in one act.

Let the following serve as a further characterization of the
collective combination. For the apprehension of each one of the
colligated contents there is required a distinct psychical act.
Grasping them together then requires a new act, which obviously
includes those distinct acts, and thus forms a psychical act of
second order. If a multiplicity is represented in terms of sub-
groups, as when we represent a multiplicity of six objects in the
form of 3 + 3 or 2 + 2 + 2, then the formation of each one of
the sub-groups requires a psychical act of second order. Conse-
quently, the collective unity that embraces all the sub-groups must
be established by a psychical act of third order. How it comes
about that we frequently prefer representations of this type, in
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spite of such a complication of acts directed upon one another,
shall occupy us in the course of Chapter XI.

Since the collective combination presents us with a distinctive
type of relation, it is obvious that at least the two-member collec-
tions have the character of simple relations. But how do matters
stand in the case of collections with several members? Are they,
perhaps, complexes or networks made up of collective combina-
tions <75> between any two of its members? I think not. The
colligating act encompasses all members without collectively link-
ing them one by one; and, where we think we observe such
an individual linking, closer consideration always shows that what
is involved are other types of linkages that compete with the
collecting act. So it is, for example, when we successively
undertake the separate apprehensions whereby individual elements
are sequentially linked. We must abstract from this temporal
linkage if we wish to attain purely to the collective combination.
— One also will not be able here to defend the view that the unity
of the collection as a whole presents us with a fusion in which the
elemental collections at first form indistinct Moments. For even in
subsequent analysis we do not find such elemental collections
present, unless we then actualize them anew. Therefore we look
upon the collective combination of an arbitrary number of terms as
likewise a simple relation.

Collective combination plays a highly significant role in our
mental life as a whole. Every complex phenomenon which pre-
supposes parts that are separately and specifically noticed, every
higher mental and emotional activity, requires, in order to be
able to arise at all, collective combinations of partial phenomena.
There could never even be a representation of one of the more
simple relations (e.g., identity, similarity, etc.) if a unitary interest
and, simultaneously with it, an act of noticing did not pick out
the terms of the relation and hold them together as unified. This
‘psychical’ relation is, thus, an indispensable psychological pre-
condition of every relation and combination whatsoever.

Given the elemental character of the collective combination it
is natural that it also must have found its imprint in ordinary
language. In this regard the little syncategorematic word “and”
satisfied all practical requirements. In and of itself it is without
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signification. But where it links two or more names, it indicates
the collective combination of the contents named. That ordinary
language possesses no categorematic [selbstindigen] name for the
concept of collective combination is nothing to be wondered at.
5 That concept is only of an occasional, scientific interest. The
usual aims of thinking and speaking require only the <76>
linguistic formulation of the circumstance that given contents are
combined in the collective manner, and this is accomplished in

our language in a perfectly adequate manner by the conjunction
10 “and.”’?

12 Locke describes the activity of colligating in Essay, Book II, ch. XI, sect. 6, under the
heading “Compounding.” He also observes that it links the units in a number. Never-
theless, he has not recognized the role which this activity plays in the abstraction of the
concept of number.
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Chapter IV

ANALYSIS OF THE CONCEPT OF NUMBER
IN TERMS OF ITS ORIGIN AND CONTENT

Completion of the Analysis of the Concept of Multiplicity

Now that we have established the ‘psychological’ nature of the
collective combination, we can bring to completion our task of
exhibiting the origin and content of the concepts multiplicity and
cardinal number, and those of the individual numbers as well.

Already at the outset of our investigations we have laid the
essential basis for an understanding of the origination of the con-
cept of multiplicity (Chapter 1, pp. 18-22). By means of reflexion
upon the psychical act that effects the unification of the contents
combined to form the totality, we obtain the abstract represen-
tation of the collective combination. And by means of this latter
we form the concept of multiplicity as that of a whole which com-
bines parts solely in the collective manner.

Since the expressions “whole” and “part” are commonly used
with a narrower extension than is here the case, and could easily
lead to the thought of some more intimate combination lying with-
in the primary contents themselves — which is here absolutely not
intended — we would like to express our result in yet another way.
A representation falls under the concept of the multiplicity, we
may say, provided it combines any separately and specifically
noticed contents whatsoever in the collective manner. Since we
have now sought out the source from which the collective combi-
nation originates, and have identified it with certain psychical acts,
there can hardly remain any obscurity concerning our concept.

Doubts might arise on only one point, which, however, is large-
ly a matter of terminology. To what possible end, one might ask,
are the terms “multiplicity” and “collective combination” — and
thus the concepts as well — still held to be distinct? <78> Since in
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all cases where one speaks of a multiplicity there is nothing else in
common than the collective combination, surely the two concepts
are therefore identical. We will quickly come to agreement here if
we only attend to the equivocation contained in the term concept.
If we understand by “concept” the abstractum underlying the
name, then we actually do have here an identity of the respective
concepts. But this does not then demonstrate that the names
involved also share a single sense. If, namely, we understand by
the “concepts” the thought-correlates of the names, then the senses
{(of the concepts) are in fact different here, and the differentiating
terminology is justified. For wherever we use the name “multi-
plicity” the object of interest is, occasional exceptions aside, not
the collective combination as such, but rather the collective whole.
“Collective combination” Represents the abstractum that underlies
the general concept multiplicity or collective whole, and conse-
quently the “signification” of the name “multiplicity” in the sense
of logic. But this “signification” still does not constitute the total
logical content [Gehalt] of the name. The corresponding total
concept is that of a “something which possesses this abstract
Moment of collective combination.” So understood, the concept
of the collective combination forms the most essential constituent
of the concept of the multiplicity, without the two being identical.
And that is indeed how things usually stand with general names.
If we speak simply of a man, then we have the concept of a some-
thing that possesses such and such abstract properties. If we wish
to direct specific interest upon the union of those properties in
their own right, then we must say: the abstractum “man.” The
expression, “the concept man,” is equivocal. It can signify both
the general and the abstract concept. — By way of exception,
moreover, the name “multiplicity” is also, if used by itself, under-
stood in the abstract sense. Thus, outstanding psychologists such
as Lotze' and Stumpf? speak of the multiplicity as of a relation-
ship, by which, obviously, nothing other can be meant than the
collective combination. By introducing the term “collective com-
bination” we have eliminated this equivocation. <79>

! Metaphysik, Leipzig 1879, pp. 530/31
2 Tonpsychologie, Book 1, p. 96
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We can express the content of the concept of the multiplicity
in yet another way that is important for our further analyses. For
this purpose we must analyze somewhat more closely the peculiar
abstraction process that yields that concept.

No concept can be thought without foundation in a concrete
intuition. Hence, even when we represent the general concept of
the multiplicity we always have in consciousness the intuition of
some concrete multiplicity by means of which we abstract the
general concept. In what way, then, does this abstraction proceed?
As we have established, total abstraction from the peculiarities
of the individual contents colligated must be effected, retaining,
however, their combination. This appears to present a difficulty, if
not a psychological impossibility. If that abstraction is performed
in all seriousness, then of course the collective combination dis-
appears along with the individual contents, instead of remaining
behind as a conceptual distillate.

The solution is clear. To disregard or abstract from something
means merely to give it no special notice. The satisfaction of
the requirement wholly to abstract from the peculiarities of the
contents thus absolutely does not have the effect of making those
contents, and therewith their combination, disappear from our
consciousness. The grasp of the contents, and the collection of
them, is of course the precondition of the abstraction. But in that
abstraction the isolating interest is not directed upon the contents,
but rather exclusively upon their linkage in thought — and that
linkage is all that is intended.

The abstraction to be carried out can now be described in the
following manner: Determinate individual contents of some sort
are given in collective combination. In abstractively passing over,
then, to the general concept, we do not attend to them as contents
determined thus and so. Rather, the main interest is concentrated
upon their collective combination, whereas they themselves are
considered and attended to only as some contents in general, each
one as a certain something, a certain one.

We will capitalize upon this result by combining it with an
earlier observation, according to which the collective combination
can be indicated in language by the conjunction “and” in a
completely clear and intelligible <80> manner. Multiplicity in
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general — as we can now express ourselves quite simply and with-
out any circumlocution — is nothing other than: a certain some-
thing and a certain something and a certain something, etc.; or,
some one and some one and some one thing, etc.; or, more briefly,
one and one and one, etc.

The Concept ‘Something’

This makes it clear that the concept of the multiplicity also
contains that of something along with and in the concept of the
collective combination. It is therefore our task to characterize this
concept more precisely as to content and origination.

“Something” is a name which is suited to any conceivable
content. Any real or conceptual entity is a “something.” But we
can also give this name to a judgment, an act of will, a concept, an
impossibility, a contradiction, and so on. Of course the concept
something is not to be obtained by any conceivable comparison of
contents which takes in all objects, physical and psychical. Such a
comparison would simply remain without a result. The “some-
thing” is quite certainly no abstract partial content. That wherein
all objects — actual or possible, real or non-real, physical or psy-
chical, etc. — agree, is this alone: They either are contents of
representations, or are surrogated in our consciousness by means
of contents of representations. Obviously the concept something
owes its origination to reflexion upon the psychical act of repre-
senting, for which precisely any determinate object may be given
as the content. Hence, the “something” belongs to the content of
any concrete object only in that external and non-literal fashion
common to any sort of relative or negative attribute. In fact, it
itself must be designated as a relative determination. Of course
the concept something can never be thought unless some sort of
content is present, on the basis of which the reflexion mentioned is
carried out. Yet for this purpose any content is as well suited as
another: even the mere name “something.”

The crucial role of the concept something or a in the origination
of the general concept of the multiplicity consists in the fact
that each particular one from among the determinate contents
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encompassed by the concrete <81> representation of multiplicity
is thought under the mediation of the concept something, and is
attended to only insofar as it falls under that concept. In this way
there comes about that utter depletion [Entschrinkung] of content
which confers upon the concept of the multiplicity its generality.

The Cardinal Numbers and the Generic Concept of Number

The expression “one and one and one, etc.” which, according to
the elucidations given, clearly expresses the content of the concept
of multiplicity, refers by means of the “etc.” to a certain indeter-
minateness that is essential to the concept in its broad sense. Not
as if the collection of ‘ones’ which the concept of the multiplicity
Represents to us were endless. Much less, then, that the form of
multiplicity which, starting from a determinately given totality, we
attain to through the abstraction process described above would
be without closure. Rather, nothing else is meant than that no
determination is set with respect to an upper bound, or else that the
factually present limitation is to be regarded as something that
does not matter.

But if we want to do away with this indeterminateness, then
there are many possibilities; and it is clear that, corresponding
to these, the concept of multiplicity immediately splinters into a
manifold of determinate concepts that are most sharply bounded
off from each other: the numbers. There arise concepts such as:
one and one; one, one and one; one, one, one and one, and so
forth. These, by virtue of their extremely primitive character and
importance for practical life, at least within a limited range — so
far, namely, as they can be easily distinguished — have already
been formed at the lowest level of human mental development.
Accordingly the names two, three, four, etc., belong to the earliest
inventions of all languages.

It is of course not necessary to assume the general and indeter-
minate concept of multiplicity as mediator in the derivation of the
number concepts. We come by them directly, setting out from
arbitrary concrete multiplicities; for each of these falls under one,
and indeed a determinate one, of those concepts. The abstraction
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process which yields the determinate number accruing to a given
concrete multiplicity <82> is, in terms of the above analyses,
completely clear. Disregarding the specific character of the par-
ticular contents grasped together, one considers and retains each
content only insofar as it is a ‘something’ or ‘one’. And thus one
obtains, in taking account of the collective combination of them,
the general form of multiplicity appertaining to the multiplicity at
hand: one and one, . . ., and one — a form with which a definite
number term is associated.

All concepts that arise in this way are clearly akin to each other.
Their similarity rests upon the sameness of the partial represen-
tations that make them up (the ‘ones’ or units), as well as upon
the elemental similarity of the psychical acts combining those
representations. Their similarity suffices to delimit the number
concepts as a well-characterized class of concepts and to serve as
the basis for a general name. The name cardinal number [Anzahl]
performs this function. “Cardinal number” is a common name for
the concepts two, three, four, etc. Now we certainly do also
speak of a general concept and not merely of a general name,
“cardinal number.” But we cannot explain this concept otherwise
than by pointing to the similarity which all of the number concepts
have to each other. There is no cardinal number in general,
understood as a separately noticeable partial representation — in
the manner of a physical or even just a metaphysical part (e.g., the
color or shape of an external thing) — which might be isolated
within the representation of each of the cardinal number concepts.
Rather, the relationship between the logical part and logical whole
(e.g., between the (genus) color and the difference red) seems to
correspond to the one between cardinal number in general and
determinate number (two, three, etc.).

3 James Mill assigns the name “cardinal number” to that category of names which he calls
“names of names.” (Cp. Analysis, Vol. 1I, p. 4) This is a highly inappropriate manner of
expression. “Cardinal number” did not arise as a general name for the names “two,”
“three,” etc., but rather for the concepts designated by means of them, whose inherent
kinship offered the reason and the occasion for a common term.
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Relationship Between the Concepts
‘Cardinal Number’ and ‘Multiplicity’

How, then, are the concepts cardinal number and multiplici-
ty related to one another? That they coincide as to their more
essential content [Gehalte] <83> is obvious from the start. The
distinction consists only in this, that the concept of the cardinal
number already presupposes a differentiation of the abstract forms
of multiplicity from each other, but that of the multiplicity does
not. The former is to be taken as the generic concept which
originates from the comparison of the determinate multiplicity
forms or numbers, as species concepts, already differentiated from
each other. The concept of multiplicity, by contrast, arises directly
out of the comparison of concrete totalities. Certainly the abstrac-
tion procedure described does not, in being applied to different
totalities, always lead to the same multiplicity form. But at the
level of abstraction to which the concept of multiplicity belongs, a
differentiation and classification of the various multiplicity forms
either has not yet been carried out or falls outside of the governing
interest. Observation discovers only the obvious sameness of kind
in those psychical acts of reflexion which always come into play
when we rise from concrete multiplicities to the corresponding
concept, whereas the distinctions which lead to the rigorous seg-
regation of that unbounded sequence of species concepts remain
still unnoticed or are deliberately disregarded. In consequence of
this the concept of the multiplicity carries within itself precisely
that vague indeterminateness which we have characterized above.
What it lacks is that which first gives to numbers their full and
distinctive character: the sharply defined how many.

That the indeterminate multiplicity concept actually Represents
a considerably lower level of concept formation is confirmed in
experiences with children and with people who are still in a state
of childhood. It is well known with what difficulty children who
have already long been in possession of the name and concept of
the ‘many’ are to be led to a clear differentiation of the number
concepts. As to primitive people, even those of the lowest cultural
level, where terms for the determinate number concepts do not
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extend past three or five, all still possess the name and concept of
the indeterminate many.* <84>

One and Something

The relationship between the concepts one and something still
requires elucidation. In our view one essentially coincides in its
very concept with anything, any one thing, or simply a thing,
where “a” signifies the indefinite article. And all these names
have, in turn, essentially the same signification as “something.” In
counting we bring each of the concretely given things under this
concept. But then there obtains between the multiplicity as a
whole and the particular objects as its parts a relationship of
correlation; and thus also between the multiplicity in abstracto and
the unit as individual element of the multiplicity thought under the
mediation of the concept something. Now, since the name “one”
came into use exclusively in the process of enumeration, a certain
difference in signification arose between “one” and “a thing” or
“something,” because “one” preserved a correlation to multiplicity
as a connotation. This resulted from the mode of usage entirely of
itself. Thus “one” came to mean the same as “enumerated thing,”
or “one thing” in opposition to many things, whereas “one thing”
pure and simple (with the “one” unaccentuated), and the equiva-
lent “something,” remained free of this relation to the concept
of the multiplicity. In the characterization of number abstraction
I purposely said: We bring each content under the concept
something, and not: We bring each content under the concept one.
For the correlation with the concept of the multiplicity, which
alone marks out the concept of one over against that of the
something, is not a point that in any way comes into consideration
for number abstraction. In that each object of the multiplicity
is thought merely as a “something,” the “something” is already
“one.” It stands, as a “something,” in the multiplicity and thereby
possesses eo ipso that correlation to it.

4 Cp. E. B. Tylor, Primitive Culture, Vol. 1, ch. 7, “The Art of Counting,” London 1871,
p. 240, and J. Lubbock, The Origin of Civilization and the Primitive Condition of Man,
London 1870. {LE}
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We can with full justification designate the concepts something
and one, multiplicity and cardinal number — these most general of
all concepts, and most empty of content — as form concepts or
categories. What characterizes them as such is the circumstance
that they are not concepts of contents of a determinate genus, but
rather in a certain manner take in any and every content. There
are also still other relational concepts <85> of a similar character,
e.g., the concepts of difference and identity. The all-encompassing
character of these concepts finds its simple explanation in the fact
that they are concepts of attributes which originate in reflexion
upon psychical acts. And such acts can be brought to bear upon
all contents without exception.

Critical Supplement: Our analyses have led to an important result,
firmly established by both the critical and the positive routes. It is
impossible to explain the origination of the number concepts in the
same way as, say, that of the concepts color, shape, etc., which,
as positive Moments in the primary content, are isolated through
mere analysis thereof. Therefore it was not only Aristotle who
was in error, when he attributed the numbers and the one to the
diotnra Kkowva, to the objects common to all the senses’, but
also Locke, when he assigned the one to the concepts that have
their source simultaneously in the domain of sensation and in that
of reflexion.® The enumerated contents certainly can be physical
as well as psychical, but the number concepts and the one belong
exclusively to the domain of reflexion. And accordingly it is also
absurd from the outset when Locke (like so many after him)
considers the represented numbers to be “primary qualities,” as
perfect copies of original qualities, which have their subsistence in
the things themselves and independently of our mind.’

In this most general of forms our result is not new. Sigwart has

> De Anima, Book II, ch. 6, p. 418, a 16; Book III, ch. 1, p. 425, a 13; etc. (Becker edition,

Berlin 1831). Cp. Fr. Brentano, Die Psychologie des Aristoteles, Mainz 1867, p. 83.

Leibniz, among others, also followed Aristotle. See his Meditationes de cogitatione,

veritate et ideis (1684), Opera philosophica, ed. Erdmann, p. 79.

® Essay, Book 11, ch. VII, sect. 7.

7 e . .
Essay, Book II, ch. VIII, sects. 11, 17, etc. Cp. the critique of Baumann's views in

chapter two of this present work.



10

15

20

25

30

35

90 PHILOSOPHY OF ARITHMETIC

already stated it in his Logic — the first to do so, so far as I know —
and thereby has shown the correct path toward the analysis of the
number concept. However, there is lacking in Sigwart any sound-
ly worked out and sustainable theory. His expositions are success-
ful and to the point only in all those places where he critically
demonstrates the untenability of the physical abstraction theory in
the teachings of J. St. Mill and Bain.®

Let it be here stated that it was the critical study <86> of
Sigwart’s investigation that first led me to the theory developed
above.

Wundt’s expositions of the concept of number in his large work
on logic stand under the influence of Sigwart, if I am not mis-
taken. He too finds that concept to emerge from reflexion on
psychical acts — in doing which, however, he knows to distance
himself from the distinction theory. I have to admit that I have not
succeeded in arriving at a completely clear picture of his view.
What I do understand I am unable to accept in the sense of a clear
and consistent view. “The starting point for the development of
the number concept,” says Wundt, “is the unit. It appears in the
primitive activity of the function of enumerating as an abstraction
from the particular object. A common view therefore regards the
number as a replica of the particular enumerable things, in which
their distinguishing characteristics are disregarded. Now it is
clear, however, that the things can only become enumerable by
thought grasping them as units. Certainly the motivation for this
logical transaction resides in the representations of the things, in
their status as closed off and independent over against other repre-
sentations. But it would be completely unintelligible how this
motivation is to become effective if our thinking did not have the
ability to grasp the individual object as a unit. So the genuine
bearer of the concept of the unit is the individual act of thinking.
Therefore that alone is enumerable which can always be separated
into individual acts of thinking bound up with one another.””

I search in vain for the nervus probandi of this line of argument.
Could one not show, in precisely the same way, that the individual

8 . . o . .
Chr. Sigwart, Logik, First edition, Vol. II, Freiburg i. Br. 1878, p. 39 {f.
? Logik, Vol. 1, Stuttgart 1880, p. 468.
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acts of thought are “bearers” of every concept, and for example
argue: Color is an abstraction from the colored object? The grasp-
ing of the colored thing as such is a logical transaction, motivation
to which can be present in the things themselves. But it would be
unintelligible how this motivation is to be effective if our thought
did not have the ability to grasp the colored object as colored. The
genuine bearer of the concept color is therefore the individual
<87> act of thought (that grasps the colored object). — Taken in a
certain sense, no doubt, the proposition is valid here and in all
cases, but not in the quite specific sense it has as applied to the
unit. Two quite different assertions are here confused, unless I am
totally misled:

1). The concept of the unit cannot originate without an act of
thought that bears it — namely, one abstracting it. This assertion is
valid for every concept, and not merely for that of the unit. That
the above line of argument applies to this assertion alone is clear.
Precisely for this reason it has the possibility of being carried over
to every other concept. For the rest, there surely is no need to take
the trouble of demonstrating something that is completely obvi-
ous.

2). The abstract concept of the unit cannot originate without an
act of thought that bears it — namely, a certain act that belongs to
its content. This assertion certainly is not at all obvious, but it
becomes confused with the one above. The proof of the first
comes to be regarded as valid for the second assertion as well.

Therefore we also cannot concede the further propositions,
which Wundt thinks follow, to be what they profess, namely,
logical consequences of the foregoing line of argument: “There-
fore everything is enumerable that can be separated into individual
acts of thought bound up with one another. Thus, not merely ob-
jects, but rather properties and events are enumerable as well . . . .
The function of enumeration, whatever it may have reference to,
always consists in a combining of individual acts of thought into
composite units . . .. It originates from the combining of acts of
thought that follow each other, when complete abstraction from
the content of those acts is effected. As the ‘one’ designates any
sort of thing that can be given as an individual act of thought, so
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any number composed of units presents us with a sequence of acts
of thought of arbitrary content . . . .”"°

Although some expressions are not wholly clear to me, I would
still have been inclined to interpret these and similar propositions
which recur in other places in the sense of the theory proven
correct in our investigations above, if so much did not follow for
Wundt that absolutely cannot be reconciled with that theory. <88>
I do not understand how, following the proposition last cited,
according to which “any number composed of units” is to present
us with “a sequence of acts of thought of arbitrary content,” we
can speak of the “development of the formations composed of
units into the persisting sequence of number concepts,” and of a
“conceptual development” which is to form “the source of all the
abundant transformations” which the number concept has under-
gone. Here is meant the origination of the negative, fractional,
irrational and imaginary numbers.!" The fractional number, for
example, is to derive from the problem of determining the number
a which originates when a number c is divided by another number
b. Now it can happen “that such a number a does not exist in
the sequence of the positive whole numbers, but rather that a
corresponds to the concept of a number positioned between two
adjacent whole numbers.”"* Certainly that problem could not be
formulated as such were we to put the above explication by Wundt
in place of “number.” If, now, one first considers the fact that
“positive whole number” here means nothing more than
“number,”" then it becomes wholly unintelligible how this a,
which does not exist in the number sequence, can correspond
to the concept of a number which is supposed to subsist between
two numbers, thus supposedly Representing something which is
not composed of n and not of n+ 1 thought acts, but “is positioned

between them.” “Since the quotient -l—(;— = a,” Wundt continues,
“can assume all possible intermediary values between two whole

1 1bid.
" op. cit., p. 469. {LE}
12 0p. cit., p. 470. {LE}

“The number as a combination of units is first of all the positive number and . . . whole
number.” Op. cit., p. 469.
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numbers, there arises from this the need to expand the number
concept in such a way that it encompasses everything which
comes from adding and subtracting in the two mutually opposed
directions. Those numbers which, in order to meet this demand,
one must interpolate between the positive and negative whole and
fractional numbers as intermediary values, are the irrational num-
bers.”™ How the concept of a sequence of acts of thought can
provide for the possibility of “expansions” or “transformations”
which would have the capability of meeting this or that demand
<89> remains just as puzzling as the ability to think — and the
concept — of the “intermediary values.”

One further comment: Wundt calls number “the most abstract
form in which the law of discursive thought, according to which
each composite thought consists of individual acts of thought,
comes to expression . . . .”"> Tt does not seem to me that number
acquires a special characterization in this way. How then do mat-
ters stand in general with this /aw of discursive thought? I am
surely correct in saying that if it is true, then it is a tautology, and
if it is no tautology, then it is not true. If we understand by a
composite thought one that consists of individual acts of thought,
then the tautology is obvious. But if we understand by a com-
posite thought any composite content in general, then the proposi-
tion is incorrect, precisely because compositeness of content by no
means ever consists of (represented) acts of thought. Only this is
right, that the originally undifferentiated unity of a composite phe-
nomenon passes over into a plurality that requires a plurality of
acts of thought to articulate it. But also for this elemental fact
of our psychical life, it is not made clear how it is supposed to
come to expression in the concept of number, since this concept
can also subsist without it. Given the collective combination, the
number concept is possible, no matter the source of that combina-
tion. <90>

' op. cit., pp. 470f. {LE}
' Op. cit., p. 468.
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THE RELATIONS “MORE” AND “LESS”

According to the analyses of the last chapter, the number con-
cepts have presented themselves as an indeterminate sequence
of concepts, apparently continuing even to infinity, whose clarity
and easy mutual distinguishability seemed to be beyond question
and to render superfluous further investigations for the purpose
of precise reciprocal delimitation. One and one is sharply distinct
from one and one and one, and this in turn from one, one, one
and one, etc. One sees, however, that the ease of differentiation
noticeably diminishes the further we advance in the sequence of
numbers. Nineteen is much less easy to distinguish from twenty
than nine is from ten, and the latter less easy than three from four.
That this circumstance does no harm, that in spite of it we consider
number determinations and number distinctions to be the most rig-
orous in the domain of our knowledge, has its basis in certain
instrumentalities [Hilfsmitteln]. Through these we are in position
— in cases where direct intuition is either totally denied or could
easily err — to attain the goal of rigorous differentiation indirectly
and to confine error to a very narrow range. The instrumentalities
are those of enumerating and calculating, i.e., certain ‘mechanical’
operations, as it were, the true basis for which lies in the elemental
relations between the numbers. The psychological analysis of
these relations of more and less is the goal which we now set
before us. <91>

The Psychological Origin of These Relations
Let us turn back once again to the sphere of concrete phenom-

ena. Imagine a given group [Menge], perhaps of balls. Add, now,
one or several balls to that group. Then we say that the new group



10

15

20

25

30

35

96 PHILOSOPHY OF ARITHMETIC

has more balls by those added. But if balls are taken away, then
we say they are less by those taken away. In this case we are
dealing with physical objects and with a physical operation upon
them. But also in cases where we collectively think contents
together — and not just external contents — such an adding to and
taking away is present. What is meant thereby certainly can only
be shown and not defined. It is an elemental fact [ Tatsache], to be
described in no other way than by reference to the phenomena,
that while certain contents are thought ‘together’ by us, still other
contents can then be added and grasped together with the ones
already present. The original act is expanded by the taking in of
new contents. But the opposite can also occur. Some of the con-
tents already brought together are omitted, while the unifying act
retains and includes only the remaining ones.

But these facts of the expanding and narrowing of totalities do
not yet just by themselves suffice to ground the relational concepts
of the ‘more’ and the ‘less.” Of course one can attach to these
facts the correct explanation that the expanded totality contains
more, by the elements newly taken in, and likewise that the
narrowed totality contains less, by the elements omitted, than the
one originally represented. One can, further, draw the correct
conclusion that more and less are correlative concepts, in that
the return from the expanded totality to the original requires a
diminishment, and the return of the diminished totality to the
original requires an augmentation. All of this is correct, but it
does after all presuppose a novel fact [Factum] of inner experience
in order to be possible. As any relation requires that the terms be
together in a single act of consciousness, so also with our relations
of more and of less. It therefore presupposes for its realization
that the original and the expanded totality be present to us simulta-
neously and in one act. <92> And even that does not yet suffice,
for the latter totality must even appear as the “sum” of two total-
ities, one of which is recognized as identical with the original
totality, while the other Represents the totality of the newly added
contents. If, for example, I expand the totality (A, B, C) to form
(A, B, C, D, E), then the judgment that the second is more by D
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and E requires the simultaneous representation of:
(A,B,C), (A,B,C,D,E)and (A, B, C; D, E),

and indeed in one act.

Consequently it is a fact that we have the capability of rep-
resenting several totalities together as unified into ome totality,
without thereby their separate unifications being lost. We repre-
sent totalities whose elements are in turn totalities. In fact, even
totalities of totalities of totalities are thinkable, etc. That the limits
of authentic representing are imposed very early on, and all the
rest consists only in inauthentic (symbolic) representing, requires
no wide-ranging discussions. It is certain, however, that authentic
representing is present at least in the first stages. For otherwise
the very idea of such composition would be absurd, and there
would be no question of a comparison of multiplicities as to more
and less.

As to the psychological foundation of these more intricate
modes of formation, one recognizes that there are here present
psychical acts of higher order, i.e., psychical acts which are di-
rected in turn upon psychical acts and bear upon primary contents
only through mediation of these latter. If in one act we represent
several totalities, there is required for the formation of each par-
ticular totality a unifying act of the type described above. And if
each of them is to be consciously held fast in its unity, and thought
as unified with the others, then a psychical act of second order
must be directed onto the acts of first order — upon which the
specific unifications of the partial totalities rest — and only through
them onto the primary contents. In the case of totalities of totali-
ties of totalities, we would arrive at psychical acts of the third
order, etc. Indeed, more closely considered, these numerical
levels are to be raised by one degree further; for already in the
simple totalities, i.e., <93> those whose elements are unitary con-
tents not further analyzed, acts of the second order are present, to
the extent, that is, that the particular contents are thrown into relief
by special acts and only then are encompassed by a common act
which unites them all. (Cp. p. 77)
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Comparison of Arbitrary Multiplicities, as well as
of Numbers, in Terms of More and Less

To this point we have merely considered totalities which pro-
ceed from one another through augmentation or diminishment.
One easily understands, however, that the comparison of wholly
arbitrary totalities in terms of more and less gives rise to no new
difficulties in the psychological respect. To be sure, such a com-
parison can occur in concreto only under one specific condition.
The totalities to be compared must consist, wholly or in part, of
contents that are the same on both sides. And this in such a way
that all of the contents of the one are represented by like contents
in the other. If for example the first is called M and the latter N,
then we can think of this latter as split into two partial totalities:
M'and N,

N=M+N,

of which M' encompasses the same elements as M and therefore is
identical with M. Now since the totality N contains more by the
elements N' than its partial totality M', and since this latter is
identical with the totality M, we also say that the totality N
contains more, by the elements N' (or by the totality N'), than the
totality M.

The presupposed condition for a possible comparison is of
course always fulfilled when the two totalities consist of contents
of one and the same genus. Two such groups therefore always
find themselves in the relationships of more and less. But if there
are totalities that consist of heterogeneous contents, or if that
condition is not fulfilled, then one can only compare their numbers
in terms of more and less. Now this happens exactly in the
manner just described. For in consequence of the complete deple-
tion of content which occurs with the abstraction of numbers
<94>, these most general of totality forms, considered extrinsical-
ly, do themselves, in turn, Represent totalities of like contents,
namely, of units. Since each concretely present content is con-
sidered and thought together with the others only insofar as it is a
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‘something’, each one becomes like the others — precisely as a
‘something’. That is why numbers can likewise be compared with
one another with respect to more and less, just like totalities of
homogeneous concrete elements. At this high and vacuous level
of abstraction all distinctions disappear precisely eo ipso.

It results from our last inquiry that we have with specific
justification utilized the expression “comparison of totalities or
numbers in terms of more and less.” Any recognition of such a
relationship includes the knowledge of an identity. If we are
dealing with concrete totalities, then the comparing act consists of
recognizing the identity of the one with a part-totality of the other,
and grasping the surplus in its own right. And it is just the same
with numbers. If we judge that five is more by two than three,
then we represent five split into the two partial numbers, two and
three. And in establishing the identity of the three represented as a
partial number with the three represented in its own right, the
surplus comes before consciousness as the partial number two.
Now since this ‘more’ (or, from the standpoint of the second
multiplicity, the ‘less’) is recognized as the ground of the distinc-
tiveness of the two multiplicities, one simply calls it their “differ-
ence.” And in the same way we speak of a difference of two
numbers in cases where a number is understood that is thought as
the surplus of one number in relation to another.

So this is the characteristic manner in which the mental activity
of comparing and distinguishing comes into play for numbers.
We will continue our examination of equality of number, in and
for itself a simple matter, in the next chapter. This is because it
has occasioned, in the Modern period, some noteworthy discus-
sions, and has even served as the point of departure for peculiar
analyses and definitions of the concept of number. <95>

The Segregation of the Number Species Conditioned
upon the Knowledge of More and Less

The multiplicity relations of equal, more and less essentially
condition the origination of the number concepts. Certainly
Herbart goes too far in saying: “The truly scientific concept of
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number” is “none other than that of the more and the less.”’ But it
is correct that the determinate numbers, two, three, etc., presup-
pose a comparison and differentiation of delimited multiplicities,
thought in abstracto, in terms of more and less. In order to be able
to rise above the concept of the “multiplicity of units” and form
the series of numbers, two, three, etc., we must classify multiplici-
ties of units. And this requires judgments of identity and non-
identity. But an exact judgment of non-identity is in this case not
possible without recognition of more or less. Two numbers are
non-identical if the one is identical with a part of the other.

Note: Since in this chapter it is above all the psychical activities
essential to the multiplicity concept that have come into consider-
ation, I have, as elsewhere in similar cases, preferred to use the
term fotality as opposed to the terms “multiplicity,” “plurality,”
etc. It expresses in an especially clear manner the way in which
colligated contents are grasped-together-in-one”. <96>

! Psychologie als Wissenschaft, Part 3, p. 163.

2 “In-eins-zusammenbegreifen.” The point, of course, does not come through in English.
“Inbegriff,” which we translate as “totality,” involves Begriff or “concept,” which in turn
involves greifen or “to grasp.” With the meaning of “in” which is common to both
languages, Husserl's point about the usage is clearer. {DW}
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THE DEFINITION OF NUMBER-EQUALITY THROUGH THE
CONCEPT OF RECIPROCAL ONE-TO-ONE CORRELATION

Ever since Euclid’s “Elements” attained the status of the model
of scientific exposition, mathematicians have followed the prin-
ciple of not regarding mathematical concepts as fully legitimized
until they are well-distinguished by means of rigorous definitions.
But this principle, undoubtedly quite useful, has not infrequently
and without justification been carried too far. In over zealousness
for a presumed rigor, attempts were also made to define concepts
that, because of their elemental character, are neither capable
of definition nor in need of it. Of this sort are the so-called
“definitions” of equality and difference with respect to number
whose refutation will now engage us. And they have indeed a
special claim on our interest precisely because they have led to a
class of definitions of the number concepts themselves. These
definitions, baseless and scientifically useless, have nevertheless,
in virtue of a certain formal character, found favor among mathe-
maticians and among the philosophers influenced by them.

Leibniz’s Definition of the General Concept of Equality

The most extreme in this respect are those investigators who,
following the lead of the brilliant Hermann Grassmann, think it
necessary to define even the general concept of equality in order
to be able to apply it to groups and to numbers. Here is the
definition by the philosophical mathematician mentioned: “Two
things are said to be equal if the one can replace the other in any
assertion.”’ In essentials <97>, Leibniz had already offered the

! H. Grassmann, Lehrbuch der Arithmetik, Berlin 1861, p. 1
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same definition: “Eadem sunt quorum unum potest substitui alteri
salva veritate,”” which Frege adopted as the basis for his construc-
tion of the concept of number.’

We are unable to convince ourselves that this definition is of
value. First, it is obvious that instead of equality it defines identi-
ty. So long as there is a trace of difference there will be judgments
in which the things concerned cannot be substituted “salva veri-
tate.”

Secondly, it is clear that the definition stands the true state of
affairs precisely on its head. Assuming we had come to believe,
with respect to two contents, that they satisfy the definition (and
even that would have its difficulties!), the quite justifiable ques-
tion still arises: What is the basis of the fact that one may substi-
tute the one content for the other in some or in all true judgments?
The only appropriate response is: The equality or else the identity
of the two contents. Every equality of property [Merkmal] founds
judgments of equal truth-value, but equal judgments do not found
equal properties. So if one were to pose the converse question,
“Why are the two contents equal to one another?” the response,
“Because they admit of substitution in true judgments,” would be
obviously wrong.

The following simple reflection shows to what absurd conse-
quences the view we are opposing leads. If the basis for the
knowledge of equality of two contents lay in the interchangeability
required above, then in every case our acknowledgment of the
equality would have to be preceded by that of the substitutability.
But the latter act itself, after all, consists in nothing other than
an (even endless!) number of acts, each one of which implies
the acknowledgment of an equality. Namely, the equality of each
particular true judgment bearing upon the first content with “the
same” judgment bearing upon the second content. But in order
to acknowledge all of these equalities there would be required,
in turn, the knowledge that with respect to each of these pairs of

2 . . .. .

“Non inelegans specimen demonstrandi in abstractis,” Opera philosophica, J. E. Erd-
mann, ed., p. 94. Substitutability in all judgments is expressly stipulated in the elucidation
adjoined.

} G. Frege, Die Grundlagen der Arithmetik, Breslau 1884, p. 76.
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judgments <98> “the same” true judgments are valid. And so
forth. We therefore fall into a genuine labyrinth of infinite
acknowledgments [Regressen).*

The Definition of Number-Equality

In other cases one is satisfied to define equality, along with
more and less, specifically for multiplicities, with respect to their
number. In particular, mathematicians currently have a preference
for the following definition, which I cite exactly in the formulation
I find for instance in Stolz: “Two multiplicities are said to be equal
to one another (or, more correctly: are said to be equally many or
equal in number), provided that each single thing in the first can
be correlated with one in the latter, and none of the latter remains
uncorrelated.” This is followed by the supplementary definition:
“The greater of two multiplicities is said to be that one in which,
after each thing in the other (the smaller) is correlated to one in it,
some things (a remainder) are left uncorrelated.®

One may indulge no illusions as to what these definitions ac-
complish either in the psychological or the logical respect. More
closely examined, it turns out that the representation of the more

4 Helmholtz too, although under the influence of Grassmann in other respects, has reject-
ed his definition of equality in his treatise, Uber Zihlen und Messen, in Philosophische
Aufsdtze z. Zellers Jubil., p. 38.

5 0. Stolz, Vorlesungen iiber allgemeine Arithmetik, Part 1, Leipzig 1885, p. 9. Stolz's
definition would be quite misleading without the correction inserted above, especially since
he immediately before gave this definition: “By multiplicity is understood a group of
objects equal among themselves, i.e., the totality of disjoined things whose differences are
nevertheless not considered, with no regard to their order.” But then for the equality of two
multiplicities that reciprocal, one-to-one correlation without remainder would contribute
nothing. Equality with respect to the genus of the things in the totality would surely be
required over all else. In the above definition Stolz would precisely have to say, instead of
equal, equally many, or, as other mathematicians prefer, equal in number.

In agreement with the more common linguistic usage in mathematics, Stolz says “greater”
and “smaller” where we, in order to avoid a needless involvement of the concept of magni-
tude, would say “more” and “less.” — Stolz further joins to these definitions a demon-
stration which, in its essential concepts, originates in Schroder (Lehrbuch der Arithmetik
und Algebra, Leipzig 1873, p. 14), to the effect that the result of those correlation opera-
tions is independent of the manner of linkage. From this it follows that an equality or
difference which is established under one manner of linkage remains valid for every other.
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and less is already included in this definition of equality, whereas
that representation itself, as we concluded above <99>, cannot be
conceived without representations of equality. When we say that
the reciprocal correlation must leave no element uncorrelated, this
is only another way of saying that on neither side may there be one
element more or less. Thus the circularity is obvious.

One could respond that with this line of argument the futility of
the definitions is not yet proven. Perhaps one must view them as
merely explanations of terms of the sort that are of value as aids to
understanding in all cases where a term lacks a rigorous and
unequivocal signification. — However, also from this perspective
we are unable to convince ourselves that the definitions are of
value. On the one hand the expression “equality of two multi-
plicities” requires no further explanation. On the other hand, by
the above definition the obvious and intrinsically familiar is ren-
dered obscure by what is distant and strange. And in fact we have
to designate as distant and strange that reciprocal correlation’
which is invoked to explain equality. It is not true that that
definition is a mere explanation of terms, although it presents itself
as such. When Stolz says, “Two multiplicities are said to be equal
to one another (namely, with regard to their number) provided
that each thing in the first can be correlated with each one in
the latter . . .,” there is surely nothing more certain than that the
definiendum and the definiens are not conceptually equivalent. To
represent to oneself two equinumerous multiplicities, and to repre-
sent two multiplicities reciprocally correlated term-by-term, 1s not
one and the same thing. The definition states a true proposition,
but not one of identity. It may well happen that, in order to verify
in concreto the equality of two groups as to their multiplicity,
we place pairs of elements alongside one another or link them up
in some other way. But neither can we regard this operation as
necessary in every case, nor does there reside in it alone, where
this happens, the essence of the comparative act.

In order to clarify the true sense of the definition of equality
here offered to us, we will begin by making some general pre-

7 . .
Instead of “correlation” [Zuordnung] other expressions are also used, among others,
“combination,” “linkage,” “pairing,” “association.” Cp. E. Schroder, op. cit., pp. 7-9.
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liminary <100> remarks concerning the sense and purpose of
definitions of equality for special cases.

Concerning Definitions of Equality for Special Cases

What is it for two relatively simple, i.e., not further analyzed,
contents to be equal to one another neither permits of nor requires
an explanation. So let us immediately turn to composite contents.
In relation to these, linguistic usage seems at first glance to
vacillate. If contents of this type are equal, then some property
must be equally present in both of them (thus, perhaps physical
parts as well, for the possession of such parts can also serve as a
property). This is obvious. But the converse seems not to hold.
Sometimes properties are equally present on both sides, and never-
theless we do not speak of the equality of the objects. In fact, it
can even happen that the same objects at one time are called equal
by us, and at another time unequal. So for example in Geometry
two straight lines are said to be equal if they have the same length.
But sometimes such lines are said to be unequal, in that those are
understood to be equal which are equally long and moreover are
parallel and have the same “sense.” And it is similar with the
concept of the equality of figures and solids, which now covers the
content measured, and then again the position also.

This apparent vacillation in the terminology is cleared up very
simply. We say purely and simply [schlechthin], of whatever con-
tents, that they are equal to one another if there is equality with
respect to the (intrinsic or extrinsic) properties which directly form
the central focus of our interest. In metric geometry (as in Euclid)
the interest is directed precisely on the quantity of the structures
(Iength, surface, volume). In topology [Lagengeometrie] we are
also interested in the position, and the comparison is oriented
toward it. “Two structures are equal” — for the geometer this is
only a practically abbreviated expression of the fact that those
structures are equal in a determinate respect of governing interest
in the respective field of investigation.

Such abbreviated ways of speaking are of course only utilized
where misunderstandings are precluded. Otherwise <101> the
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Moments with respect to which equality obtains will either be
expressly stated — the objects are, we say, equal with respect to
size, relative position, color, etc. — or else specific concepts of
equality are designated by special names and thereby rigorously
distinguished. This is the source [Quelle] and purpose of the
“definitions of equality” for special cases. They will prove them-
selves useful and necessary in science everywhere that different
types of comparison cases stand in close proximity. And it is
natural, where these cases frequently show up alongside one an-
other, to seek to facilitate their differentiation by means of special
terminology. Thus for example, metric geometry distinguishes
concerning figures an equality pure and simple, as equality with
respect to surface areas, from congruence, as equality where the
corresponding parts of the figure have equal measure; and both of
these again from similarity, as equality with respect to the form
quantitatively determined by certain lengths or angle measures,
etc.”

Application to the Equality of Arbitrary Multiplicities

Now let us consider multiplicities in particular. If, first of all,
two groups of determinately given objects are set before us for
comparison, then equality can be noticeable in several respects.
This or that element on the one side is perhaps equal to this or that
on the other. Perhaps there is even for each element in the one
group a correspondingly equal one in the other, in which case, the
converse may or may not hold true. Which among the many
possible cases of equality is the one that causes us to claim the
two groups to be equal to one another stands out immediately in
accordance with the principle just formulated. In forming the
representation of the group, a unitary interest distributes itself uni-
formly over the particular contents encompassed. <102> Thus, we

8 It is a mark of the origin [Ursprung] of geometry in praxis that equality pure and simple
has been utilized from the beginning precisely in the sense mentioned, whereas the present
day science of geometry would be far removed from finding equality as such, or
xat’ é£oy1tv, in quantitative equality (i.e., that of the numbers used in measuring).
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will only speak of the equality of two groups where equality
in terms of all parts occurs. That is, where to any element of the
one set there always corresponds an equal one in the other, and
conversely. This requirement we would further explain in brief: If
as is customarily done we consider the act of comparison to be a
sequential process, then it must be the case that:

1) To each element from the group with which we begin, there
corresponds an equal one, and indeed step by step a new one, in
the other group.

2) In the second group there can be no element left over. For
that would mean nothing other than that it would have parts which
the first group did not possess. There would thus be no equality of
the two collective wholes in terms of all their parts.

So it is only upon the fulfillment of these conditions that two
multiplicities as such are to be called equal.

This does not mean, however, that the act of comparison in
every case actually implies such a sequence of individual com-
parisons of the elements on the two sides. In the case of groups of
a few elements (perhaps of two up to four) the recognition of the
equality of the collections as wholes may, under certain especially
favorable conditions, set in with one glance, as it were, without
there being any need of sequential comparisons of the individuals.
If, however, the number of elements is larger, or the nature of the
remaining circumstances less favorable, then, given our limited
mental powers, step-by-step operations are indispensable. Conse-
quently, the resolution of the comparison into a series of compari-
sons of elements can plainly be regarded as the typical case.

We can also express our result as follows, utilizing a not
inappropriate image: Two collective wholes are compared when
one tries to bring them element-by-element into reciprocal coinci-
dence. In fact, the procedure described is analogous to that the
geometer uses to prove the congruence or incongruence of spatial
formations. Indeed it is, one recognizes, the same in all cases
where an analyzed whole is compared with another one of the
same type. For each whole thereby appears represented in the
form of a collection, namely, that of its analyzed parts. And the
comparison process proceeds in such a way that <103>, part by
part, one sets the two sides over against one another and tries to
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bring them into coincidence.’

Comparison of Multiplicities of One Genus

We now turn to the special case — but one of singular impor-
tance in practice — where the two comparison groups consist of
things of a single genus. If we know this beforehand, then the
comparison process undergoes an essential simplification. We no
longer have to start by investigating whether to each element in
the one set there corresponds an equal one in the other. It suffices
that, in general, to each element on the one side there corresponds
one on the other, and conversely. To have two elements in the
representation, and to have two equal elements in the represen-
tation, is in this case one and the same thing. If, therefore, we
grasp any element of the first group in unison with any one from
the second, then the representation thus originating of a sequence
of pairs of elements (of the equality of which nothing further need
be thought) holds as a fully valid Representative of that otherwise
necessary act which would embrace just as many relations of
equality. Instead of comparing pair-by-pair we therefore merely
juxtapose the elements in our representation. We form a collec-
tion of the collections of each two corresponding elements.

Comparison of Multiplicities with Respect to their Number

Up to now we have considered the comparison of concrete
groups as such. How, then, do matters stand with the comparison

? The spatial superposition in geometry, the bringing-into-coincidence in the narrowest of
senses, is a procedure of the imagination, which certainly involves somewhat more than a
common case of comparison. Through a gradual depletion of the Moments which are
irrelevant to the comparison, the ones that bring about the spatial differentiation of the
formations (their differences of position) are continuously transposed into each other to the
point where they become identical. Thus there comes to Evidenz the equality with respect
to the Moments which remain unaltered during the process. We do not adopt a similar
procedure in every case because the usefulness is not so striking in all cases. As a rule we
concentrate attention upon the constituents to be compared, abstracting as far as possible
from the properties that differ.
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of given groups with respect to their number? <104>

We obtain the abstract multiplicity form belonging to a group
by diminishing each of its elements to a mere “one” and collec-
tively grasping together the units thus originating. And we obtain
the corresponding number by classifying the multiplicity form
thus constructed as a two, a three, etc. If it is, now, merely a
matter of confirming the numerical equality (or else a more or a
less) and not the number itself (the “how many” or the “how
many” more or less), then we do not first need the classification,
and the act of comparison seems to simplify itself by amounting to
no more than the comparison of the multiplicity forms correspond-
ing to the given groups. But these can be regarded as groups of
identical content. Two groups are, therefore, equal in number,
if their units can be put by thought into a reciprocal, one-to-one
correspondence.

One easily sees, however, that yet another and much simpler
manner of comparison is possible. Instead of first rising to the
general multiplicity forms, and then comparing these with one an-
other, we also can establish equality by operating directly upon the
concrete groups. Since we know from the start that each particular
thing is to come into consideration only as a “one,” we may think
of both groups as totally consisting of identical things (identical
as units). The groups will, therefore, be of equal number if the
elements themselves on the two sides can be mutually correlated
in the manner repeatedly indicated.

But for the confirmation of equality of number yet a third
method is open to us, and one which is by far the most preferred.
With the first method, upon which the second is also grounded, we
had recourse merely to the confirmation of the “equally many,”
but avoided the determination of the numbers themselves — with
the idea of economizing on mental labor. But this is a mistake.
Indeed, in virtue of the ease of the familiar symbolic process of
enumerating, determination of number is the resource most im-
mediately available to us. And it is a totally mechanical process.
We follow it without thinking the concepts themselves. But we
nonetheless are certain that the resulting number term, when we
bring its signification to consciousness, really presents the correct
number concept. What is simpler than <105> comparing the two
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multiplicities in terms of their number by counting them both
in the symbolic sense? And we obtain in this way not merely
conviction of the equality (or inequality) of the numbers, but
also these numbers themselves. That, already with groups of a
relatively small number, the mechanical process of enumerating
will proceed with incomparably greater speed and certainty than
the seemingly so simple process of reciprocal correlation surely
requires no demonstration.

The True Sense of the Equality Definition under Discussion

Our last analyses set in the clearest of lights the sense and
significance of the definition of equality in question. The possibil-
ity of the reciprocal one-to-one correlation of two multiplicities
is not the same thing as their number-equality, but rather only
guarantees it. The knowledge that the numbers are equal abso-
lutely does not require the knowledge of the possibility of their
correlation, much less, then, that the two would be the identical.
The definition contested is, therefore, far removed from providing
a nominal definition that fixes the signification of the expression,
“equality of two multiplicities with respect to number.” All that
we can grant is that it formulates a necessary and sufficient crite-
rion in the logical sense, valid for all cases, for the obtaining of
equality. Although it is not necessary to undertake the comparison
by means of one-to-one correlation, we indeed can undertake it in
all cases, and then the condition expressed in the definition must
always be satisfied. In this consists, accordingly, the only service-
able sense and the achievement of the “definition.”

As to the benefit of the criterion, we will hardly be able to see it
as amounting to very much. Only for that mental level at which
the classification of multiplicities (the differentiation and the nam-
ing of the numbers), and the mechanical enumeration procedure
founded thereon, is still in a backward condition will we have to
concede a significant value to it. For those primitive peoples who
experience insurmountable difficulty, as is reported, in counting
beyond five, the comparison of the numbers of two groups will be
greatly facilitated <106>, if not first made possible, through the
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carrying out of the reciprocal correlation — which itself may be in
turn facilitated by means of physical linkages and replaced there-
by. Where, on the other hand, there stands available a procedure
as rapid and secure as our symbolic enumerating, there, as already
observed, the simplest criterion for the equality of the number is
precisely the result, the same number, upon the enumeration of the
groups compared.

Reciprocal Correlation and Collective Combination

Above we have thought of the reciprocal one-to-one correlation
as a collective combination of pairs, combined with the under-
standing that in each pair each element belongs to the one multi-
plicity and the other element to the other. Precisely in this way the
two multiplicities attain distinctiveness from each other, which
grounds a certain contrast between them. With reference thereto
we may speak of them “being contrasted” in our representation.
— This conceptualization stands in absolute contradiction to that
of our opponents, who, with a certain justification, could invoke
here the witness of experience. When we — so they will object —
confirm the equality of two groups of physical objects through
reciprocal correlation, we then do something more than juxtapose
each thing of the one only in thought with each one from the other.
We situate them in pairs with and upon one another, perhaps we
also link them up together, etc. What in such cases brings about
the reciprocal one-to-one correlation or connection is thus not
mere collection, but rather a spatial, physical or other type of
combination. Moreover, more closely considered, any arbitrary
relation seems equally well suited to effect the correlation. If
we compare, for example, the tone multiplicities (c, d, e) and
(C, D, E), then we can also use the octave interval and correlate
c/C, d/D, ¢/E. This is a manner of correlating one-to-one, and
from its possibility results the number-equality of the two
multiplicities. Such conceptualizations we find in E. Schréder'
and Frege, both of whom define number-equality <107> in the

10 E. Schroder, Lehrbuch der Arithmetik, pp. 7-8.
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manner we reject. Thus for example, the latter, for his definition,
requires that there be an arbitrary relation ¢ which achieves the
one-to-one correlation. A stands in relation ¢ to B, and A is
correlated to B, is regarded by him as the same thing."’

It will not be difficult for us to prove the soundness of our view
in the face of these objections. We have seen that the comparison
of groups as to their number, when we do not utilize the technical
expedient of enumeration, is as it were the faint shadow of the
comparison process which we must follow in the comparison of
arbitrary concrete groups. Here, namely, the necessity falls away
of still comparing separately each pair of juxtaposed elements.
The equality with respect to being a “one” is there eo ipso. The
mere “juxtaposing” within our representation stands in for the
comparison still necessary in other contexts. One sees immedi-
ately that this “juxtaposing,” irrespective of the opposing view
mentioned, is identical with what we have called collective com-
bining. Now it is correct that in the comparison of external things
we in every case utilize yet other, e.g., physical, relations in order
to establish a correlation. But one must not therefore confuse
those relations with the correlation itself. The correlation as such
is, under all circumstances, a collective combination. Those juxta-
positions or superpositions or other types of manipulations pursue
certain concomitant goals. They are meant to facilitate the forma-
tion of the collection consisting of pairs, and chiefly to give it a
more stable configuration. When we compare a pile of apples and
a pile of walnuts in order to confirm whether equally many are
present on each side, or to which side the “more” accrues, then it
often would be hard to avoid errors in the reciprocal correlating
<108>, to not overlook individual elements, to not count others

i Die Grundlagen der Arithmetik, p. 83. Accordingly it thus seems to follow that there
would have to be just as many types of number-equality, and therefore of number concepts
also, as there are conceivable conceptually different types of the one-to-one correlational
relations. Isaid: “of number concepts also,” for, for Frege, the concept of number is above
all to be defined by means of number-equality. The unity of the number concept rests for
him only upon the indeterminacy of the relation ¢ that mediates the correlation. Once we
established determinate relations of correlation, we would obtain determinate species of
numbers, and therefore distinct twos, threes, etc. — a result which Frege certainly has not
intended. For more details on his purely logical construction of the number concept, see
Chapter VII to follow.



10

15

20

25

30

35

THE DEFINITION OF NUMBER-EQUALITY 113

twice. But if we always place one apple and one walnut together,
and the pairs thus originating again in a series or in a clearly
arranged pattern, then the risk of error is enormously diminished.
The distinction between an individual element and a pair is one
that is palpable. We therefore survey in a single glance whether
only pairs are before us or not. Each pair detaches itself from the
surroundings as a unitary representation — thus saving us the
mental labor of constantly holding fast the collection of pairs as
such. The intuitive, relationally unitary representation, which we
have produced in the way stated, is precisely of such a kind that it
yields the collection intended through a very easy analysis, while
it otherwise would have to be produced by the much more labori-
ous route of successive synthesis. But it is not to be overlooked
that we, in order to obtain the representation of the “equally
many,” must also actually undertake the analysis mentioned (or, in
the case of a symbolic representation, at least strive for it)
following that process. A representation must result which con-
tains each pair segregated off to itself, and in each pair each thing
segregated off to itself. It is not that external perception, but
rather a collective representation to be formed on the basis of it,
which guarantees the equality of the numbers. — The psychical
process requisite for the formation of this collective representation
can certainly be vastly simplified. For the specific character of
the intuition which has been produced through those external
manipulations that link up the pairs paves the way to the symbolic
representing which abbreviates the process without essentially
impairing the value of the result for knowledge. The intuitive uni-
ty of the two-fold group — comprehensible in one glance, perhaps
in the form of a sequence of pairs — resolves itself, immediately
and at will, into a multiplicity each element of which (i.e., each
pair) will first be given as an unanalyzed intuitive unity. If, now,
interest is directed upon any one of them, then there immediately
originates the representation of a collection of two elements, of
which we recognize that the one had belonged to the one group,
and the other to the other group. The intuitive equality of the pairs
makes it superfluous to undertake the same deliberations on each
pair. Therefore the representation of the series, together with the
thought that these analyses <109> could be undertaken, suffices as
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the symbolic place-holder for the full-fledged representation of the
collection of collections.

In such a way, then, depending on the circumstances, at one
time this, and at another time that type of linkage can serve as the
instrument for the correlation and number comparison. But the
auxiliary status of such types of linkage is certain. If one keeps
this in mind, then it also becomes clear that not just any relation
can, as is said, be used as correlational, but rather the collective
alone, while all others can only come into consideration precisely
insofar as they are suited to stand in symbolically for the collective
relation. Assume ¢, an arbitrary but determinate relation which
sets the elements of two groups into a reciprocal, one-to-one
relation. Then I ask: What is it that this relation is supposed to
accomplish for us? It produces, one says, the desired correlation.
But what it does any other possible relation between the elements
of the two sides also does. But if the essence [das Was] of the
correlating relation does not matter, then it also cannot be essential
that a relation be there at all. The general idea that an arbitrary
relation x can be assumed is, after all, of no benefit here. The
essential thing is precisely that the corresponding elements are
linked in our thought, that they are colligated. For this is of value
to us as an absolutely sure sign of the fact that to every unit of the
one group there always corresponds a single unit of the second.
If by chance we come across a linkage of content which unifies
the elements of the two sets in pairs, it is a welcome discovery,
because it serves as a convenient guide to the linking up we enact
in thought, or even symbolically stands in for it. But from it
abstraction must again be made if the purpose of the process in
general is to be realized. To introduce a relation as a technique
only intending a one-to-one correlation means to forget and to
miss its very purpose. For this would result in the directing of
attention away from what is at issue here: namely, away from
comparison as to number.

The Independence of Number-Equality from the Type of Linkage

After these explications there also can be no doubt what our
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attitude must be toward a related proposition <110> to which
mathematicians attribute great importance. It states that the num-
ber-equality of two multiplicities is independent of the type of
linkage. Or, more precisely, it states that two multiplicities which
prove equal in number by the pairing up of each determinate
element in the one with a single determinate element of the other,
also remain equal in number when we dissolve those pairings
and combine anew each element of the first multiplicity with an
element — and indeed now a different element — of the second.
“To fully explain why we are compelled by our understanding” to
affirm this proposition, is seen by E. Schrider'” as “a task for
psychology.” And v. Helmholtz so far agrees with him on this
point as to attribute a special merit to him for recognition of this
situation.” I think that everything psychological which can come
into consideration here at all is brought to light by our analyses,
and it would be tiresome to repeat in new phraseology what has
been discussed in detail. As to the frequently reproduced proof of
the proposition, we do not wish to contest it. Obviously it is
necessary only for the case where equality with respect to number
is actually defined by means of reciprocal correlation, i.e., where
the two are regarded as meaning the same thing. But if one starts
out from the true and authentic concept of equality, then the
demand for proof implies an absurdity. We have acknowledged
that the possibility of some particular — or any arbitrary —
reciprocal, one-to-one correlation could serve as a logically neces-
sary and sufficient criterion of number-equality (in the genuine
sense of the word). The thought that variation in the type of
linkage would lead to an uncorrelated remainder is equivalent
to thinking that the two multiplicities which we are comparing
fall simultaneously under the same and under different number
concepts — which is absurd.

12 Op. cit.,, p. 14.

13 Apparently v. Helmholtz refers, in the passage here considered (Op. cit., p. 19), to
something else, namely to “the fact that the number of a group of objects is to be found
independently of the sequential order in which one enumerates them.” However (as is also
occasionally the case with Schrdder), number is here understood as the number-sign, and
the enumeration of the group regarded as the successive correlation of the number-signs, in
their natural sequence, to the elements of the group.
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DEFINITIONS OF NUMBER IN TERMS OF EQUIVALENCE

Structure of the Equivalence Theory

It is not without reason that we devoted so much attention, in
the foregoing chapter, to the elucidation of the misunderstandings
that are always linked to the definition of number-equality in
terms of reciprocal, one-to-one correlation. Those misunderstand-
ings have in fact entailed unfortunate consequences by leading to a
total misconstrual of the concept of number itself. It will perhaps
not be inappropriate if at first, without taking into consideration
theories that have actually been advanced, we consider the follow-
ing line of thought, which draws together ideas strewn here and
there into the form of a maximally coherent theory.

The definitions of the “equally many,” the “more” and the
“less,” as here set forth as our basis, are independent of the
concept of number. They only require that one correlate, element
for element, the groups to be compared with each other, and then
check back to see whether or not there are elements left over from
that process. Thus without counting the groups, indeed without
even having to know what counting is, one is nevertheless in
position to make a firm judgment on whether they are equinu-
merous or not. In this one only has to watch that the word
“equinumerous” not be understood otherwise than as the definition
specifies it. We therefore prefer to say “equivalent” instead of
“equinumerous,” since the latter way of speaking bears in its
connotation the concept of number, while the definition is inde-
pendent of that concept. If, now, we start with an arbitrary con-
crete group M, then we can place all other given or conceivable
groups into correspondence with it, and in this way single out the
entirety of the groups equivalent to the given group M. <112> In
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this sense we will speak of the class of groups K belonging to the
group M. Now we add an arbitrary new element to M and form
the corresponding class of equivalent groups. Then we once more
add a new element and form the corresponding class, and so on.
The process goes on in infinitum, as one sees, since there is no
conceivable group to which we could not add a further element.
Likewise we proceed in the opposite direction: we remove some
one element from M and form the corresponding class, then again
an element, and so on until all of the available elements in M
are removed. The classification of all conceivable groups thus
achieved is the most rigorous imaginable. One group can never
belong simultaneously to two different classes. By application of
the definition of equivalence previously given, each given group is
subsumed under one definite class, and under that one only. And
conversely, each class is totally determined by any arbitrary one of
the groups belonging to it. Any one of its groups can, thus, with
equal right be used as the basis for the construction of the class
and be regarded as Representative [Reprdsentant] of the class. It
is also obvious that out of one group the entire class originates by
running the individual elements through all conceivable qualitative
transformations (thus, no partitions).

The entirety of the classes is to this point given to us as an
unordered totality. We easily discover a principle of ordering. It
is the same one that already guided us in the successive con-
struction of the classes. We start with any class K. The group M
serves as its Representative. If we now think of some element in
M as removed, then we will call the class K', of which the group
M' thus originating is the Representative, the class next lower to
K. It is easily shown that the class K' remains always the same
whichever of the elements of the group M we may remove, so that
K' is univocally determined. Further, if from M we form a new
group M" by adding any arbitrary thing to it, then the class K"
belonging to M" would be called the next higher class relative to
K. It too is a completely determinate one.

These procedures obviously suffice to order all classes <113>
into a sequence in a univocal manner, where each one obtains a
wholly determinate position.
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And now from this point the following simple line of thought
leads to the number concepts. Each class encompasses the entirety
of conceivable groups of the same cardinal number. To different
classes correspond different numbers. That we assign one and the
same number to all groups of one class can only result from there
being a characteristic which is common to all groups in that class.
But what they all have in common, and what distinguishes them
from all remaining conceivable groups, is surely nothing other
than the circumstance that they belong precisely to the same class,
i.e., that they stand in the relationship of mutual equivalence. In
order to express this property for some given group M, a uniform
mode of designation is required that mirrors the classes in their
natural relationships, in their sequential order. A class can be
univocally Represented through any one of its groups. Although
it is a matter of total indifference which one we select for this
purpose, we still must choose a definite one in order to attain
uniform designations suited to the scientific use of language.
We select the concrete groups, 11, 111, 1111, . . . — originating
through repetitions of the mark “1,” or through repetition of the
tonal complex “one” — or (in order to prevent confusion with
certain composite signs of the decimal number system) the groups
1+1,1+1+1,1+1+1+1,...as Representatives of the classes,
and name them in sequence by 2, 3,4, .. .. These groups formed
out of marks are the natural numbers, in that as Representatives of
the class they are also Representatives of the number concepts.

A group concretely before us is counted when the natural num-
ber that is its equivalent is sought, and thereby it is also assigned
to the class to which it belongs. We often find the number corre-
sponding to the group by “modelling” each element by means of a
mark. Thus there results a group of marks equivalent to the group,
and this is the natural number. The numbers form an ordered
sequence corresponding to the sequence of classes.

This may amply suffice as a characterization of a singular
<114> attempt to derive the concept of number originally from
that of number-equality, and, by passing all psychological analy-
ses (which are always somewhat precarious), to gain insight into
the foundational concepts of arithmetic.
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Hlustrations

In order to make clear that this theory is not merely the product
of phantasy run wild, we will now quote an illustrative passage
from a mathematical work recently published, namely, Stolz’s
Allgemeinen Arithmetik, already cited above. After laying down
the definitions of “multiplicity” and of the relations of “equal,”
“greater” and “smaller” between multiplicities with which we are
now familiar, Stolz gives the following explanation of the concept
of number, or, as he puts it, of the “natural number™:

“The common property of all multiplicities that are equal to a
determinate one is expressed by the name of a cardinal number.
We compare the multiplicities with the groups originating by con-
tinuous repetition of a mark, 1 (a one, a unit): 11, 111, . . . (only
later are these signs to be introduced for the numbers eleven, one
hundred eleven, . . .). Anything capable of being repeatedly
posited is called a concrete unit (benannte Einheit), but only 1
is called the unit pure and simple. The natural number is a
multiplicity of units, i.e., of ones. Every other multiplicity is
called a concrete number. To each such multiplicity there corre-
sponds, namely, a natural number equal to it, which is to be found
by selecting from that multiplicity the units belonging to it, one
after the other, modelling each unit with the mark 1, and succes-
sively laying the units aside. To the multiplicities equal among
themselves there correspond equal numbers, to the larger multi-
plicity the larger number.” — “We can speak of equal natural
numbers only insofar as <115> such a number, like every concept,
can be thought of as posited arbitrarily often.””

At first it certainly may seem as if Stolz has defined number

! E. Schrider introduced this term. Cp. op. cit., p. 2 and pp. 5ff. It is probably supposed
to serve to mark the distinction of the cardinal numbers over against the other forms
of number which come into play in arithmetic: the rational and irrational, the positive,
negative and imaginary numbers. Moreover, the word “number” is not totally univocal,
since it has sometimes been used to designate the concepts of numbers in series. Cp. G.
Cantor, Grundlagen einer allgemeinen Mannichfaltigkeitslehre, Leipzig 1883, p. 5, and
F. Meyer, Elemente der Arithmetik und Algebra, Halle 1885, p. 3. Nevertheless, we
have thought it most suitable in this work to adhere to the older and almost universally
customary use of language.

2 Vorlesungen tiber allgemeine Arithmetik, p. 10. {LE}
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merely as a group of “I">marks. But the first sentence does state
that by a name for a cardinal number is expressed the common
property of all multiplicities equal (i.e., in our terminology “equiv-
alent”) to a determinate one. Since neither earlier nor later on do
we hear the least mention of such a property, we must assume that
the addition, “which are equal (equivalent) to a determinate one,”
expresses this property itself, which shows the agreement of the
view with the theory developed above.’

Critique: And now let us turn to the critique. The fallacies com-
mitted in this extreme relationalistic theory stand in the most
intimate of connections with the misunderstanding of the essence
of one-to-one correlation and of the role it plays in the knowledge
of the equality of two groups. The definition of equivalence is,
as we have shown, nothing more than a mere criterion for the
existence of equality of number in two groups, whereas here it is
taken to be a nominal definition of it. But it is not true that
“equivalence” and “equal in number” are concepts with the same
content. Only this much is true, that their extensions are the same.
If one identifies equivalence with equality of number <116>, then
it is of course natural to regard equivalence as also the source of
the concept of number itself, and to conclude: the entirety of the
groups equinumerous to one another (i.e., equivalent, belonging
to one ‘“class”) can surely have nothing else in common than
number-equality defined in the manner indicated. Belonging
to the class would therefore be what is essential for the number

3 Even G. Cantor himself formulates definitions in his Grundlagen einer allgemeinen
Mannichfaltigkeitslehre (1883) which have quite the same ring to them. For example, on
p. 3: “To each well-defined group . . . accrues a determinate power, the same power being
ascribed to two groups if they can be reciprocally correlated one-to-one with each other,
element by element.” Cp. also the corresponding formulation of the definition of “num-
ber,” ibid., p. 5. (“Power” [“Mdchtigkeit”] in Cantor's terminology means the same
as cardinal number, and “number” [“Anzahl”] the same as ordinal number.) Nevertheless,
this mathematical genius in no way belongs to the tendency to be criticized above, as is
apparent from all his later publications. Already in his letter to Lasswitz (dated Feb. 15,
1884, and published in the “Communications on the Theory of Transfinites,” Zeitschrift fiir
Philosophie und philosophische Kritik, Vol. 91, 1887, p. 13) the first definition appears in a
deepened version which gives it a quite different character. And in another passage from
the “Communications” (p. 55n) he very cogently says: “For the formation of the general
concept ‘five’ there is required only one group . . . to which that cardinal number accrues.”
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concept in question. To ascribe a number to a concrete group
would consequently mean nothing other than to classify it in this
sense.

Of course we cannot accept this type of reasoning. What the
equivalent groups have in common is not merely the “number-
equality” or, more clearly expressed, the equivalence, but rather
the same number in the true and authentic sense of the word.

We say: “number in the true and authentic sense of the word.”
For between that which we call numbers in agreement with the
general use of language in life and science, and that which is to be
so called according to this theory, there is, as we can easily show,
absolutely nothing in common. If numbers are defined as those
relational concepts grounded in equivalence, then surely every
numerical assertion, instead of being directed upon the concretely
present group as such, would always be directed upon its relation-
ships to other groups. To ascribe a determinate number to that
group would mean to classify it within a determinate cluster of
groups equivalent to one another. But this is absolutely not the
sense of a numerical assertion. Let us consider a specific case.
Do we call a group of nuts lying before us “four” because of the
fact that it belongs to a certain class of infinitely many groups that
can be mutually put into a univocal, one-to-one correspondence?
Very likely no one has ever thought of such a thing in this context,
and we would be hard put to find any practical occasion whatever
that would make it of interest. What does in truth interest us is the
fact that here is one nut and one nut and one nut and one nut. We
immediately give this awkward and complicated representation
(and it all the more deserves this characterization once we come to
larger groups!) a form more convenient to thinking and speaking
by thinking it under mediation of the general group form one-and-
one-and-one-and-one, which has the name “four.” <117> The
indeterminate “one” attains its determination through the species
term added to the name of the number — a determination reaching
exactly as far as our logical interest does. We are here interested
precisely in the concrete individual as “one nut,” and not in it
as this nut with such and such characteristics. In this practice,
already present in the most common employments of thought, is
grounded the interest in extracting the general form of the group,
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or the number. But those equivalence relations of the given group
to other groups, in which the theory under examination seeks the
origin and sense of the concept of number, seem to us completely
useless and uninteresting.

The outlook of course becomes no more favorable for this theo-
ry by having recourse to those groups of marks, 11, 111, . . .,
which serve as standardized Representatives (as standard meas-
ures, so to speak) of the classes, and with the aid of which the
subsumption of the group to be counted under the respective class
is carried out. We cannot but find it totally absurd if these groups
of marks are designated as “natural numbers,” and the names
“two,” “three,” etc., are thought of as their names; and not less so
if the concept of unit is identified with that of a single such “1”
mark. We certainly do not ascribe the number four to a group of
nuts, and the number one to each individual instance of those nuts,
just because this group can be “modelled” by 1111, and each
individual nut by 1!

What, then, we want to ask, is the basis of the fact that we may
designate all individual contents which we count — and nothing is
conceivable that could not also be counted — by means of such a
mark? If this designation is to have a genuine basis, then it must
reside in a characteristic common to each and every one of those
contents. But there is only one all-encompassing concept: that of
the something. The mark “1” can therefore only designate of each
content that it is a something, and number is accordingly some-
thing and something and . . . so forth. It may therefore seem that
the slightest deliberation would have to lead from error to truth. It
may seem that merely to raise the above question already suffices
to put us on the right path. However, this response is just too
obvious, and rings too trivial at first glance. And so, in order to
avoid it, many fall into those remote and artificial constructions
which, with the <118> intention of building up the elemental
arithmetical concepts from their ultimate definitional properties,
distort and dismiss them to such an extent that, finally, totally
strange conceptual formations result, equally useless for praxis
and for science.

Frege’s Attempt: The cogency of the last observations are also
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strikingly illustrated by the often cited and ingenious book by
Frege, which is devoted exclusively to the analysis and definition
of the concept of number. In fact, he raises the question of why it
is we can designate all things with the name “one,” and devotes
lengthy discussions to it.* He also occasionally brushes up against
the correct answer, but then subsequently distances himself only
that much further from the truth. This is the place to discuss
Frege’s noteworthy effort, for the view which he ultimately
achieves stands, if we consider its essential points, in close
relation to the equivalence theory criticized above.

What Frege has aimed at is absolutely not a psychological
analysis of the concept of number. It is not from such an analysis
that he hopes for an illumination of the foundations of arithmetic.
“. .. [P]sychology should not imagine that it could contribute any-
thing to the grounding of arithmetic.”® And also in other passages
he is unsparing of resolute protests against the presumed incur-
sions of psychology into our domain.® One already sees the
direction Frege is taking. “However much . . . mathematics must
refuse all assistance from psychology, it just as little can deny its
relationship with logic.”” A founding of arithmetic on a sequence
of formal definitions, out of which all the theorems of that science
could be deduced purely syllogistically, is Frege’s ideal.

Surely no extensive discussion is necessary to show why I
cannot share this view, especially since all of the <119> investi-
gations which I have carried out to this point present nothing but
arguments in refutation of it. After all, one can only define what is
logically composite. As soon as we come upon the ultimate,
elemental concepts, all defining comes to an end. Concepts such
as quality, intensity, place, time, and the like, no one can define.

4

Op. cit., pp. 40ft.
S .

Op. cit.,p. vi {LE}

“One must not take the description of how a representation originates for a definition . . .”
(Ibid.) For the “number is as little a subject of psychology, or a product of psychical
processes, as is, say, the North Sea.” (Op. cit. p. 34) In one passage Frege bemoans the fact
that even in mathematical textbooks psychological phraseology occurs. “When one feels
obliged to give a definition without being able to do it, then one wants at least to describe
the route by which one arrives at the objects or concepts in question.” (Op. cit., p. viii)

" Op. cit.,p. iv. {LE}
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And the same is true of elemental relations and the concepts
grounded on them. Equality, similarity, gradation, whole and part,
multiplicity and unity, and so on, are concepts that are totally
incapable of a formal logical definition. What one can do in such
cases consists only in pointing to the concrete phenomena from or
through which the concepts are abstracted, and laying clear the
nature of the abstraction process involved. One can, where it
proves necessary, rigorously mark off the relevant concepts by
means of various paraphrases, and thus prevent the confusion of
them with related concepts. What can reasonably be required
of the presentation of such a concept in language (e.g., in the
exposition of a science that is based upon it) would accordingly be
this: It must be well-suited to place us in the correct attitude for
picking out, in inner or outer intuition, those abstract Moments
themselves which are intended, and for reproducing in ourselves
those psychical processes that are requisite for the formation of the
concept. Such a procedure certainly will be useful and necessary
only when the name designating the concept does not by itself
suffice for understanding, whether because of existing equivoca-
tions, or because of some misinterpretations occasioned by the
concept. We have precisely such a case before us in the number
concepts, and therefore we can find absolutely nothing inherently
blameworthy when mathematicians, at the apex of their system,
“describe the route by which one arrives at the number concepts”
instead of giving a logical definition of those concepts. It is only
required that those descriptions be correct, and ones which also
achieve their goal.

As for the rest, it results from our analyses, with incontestable
clarity, that the concepts of multiplicity and of unity rest directly
upon ultimate, elemental psychical data, and consequently belong
among the concepts that are indefinable in the sense indicated.
But the concept of number is so closely joined to them that also in
its case one can scarcely speak of any “defining.”® <120> The
goal Frege sets for himself must therefore be termed chimerical.
It is therefore also no wonder if his work, in spite of all ingenui-
ty, gets lost in unfruitful super-subtleties and concludes without

8 . . .
Concerning the usual definitions of number, compare Chapter VIII of this Part.
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positive results. It would take us too far from our task were we to
follow his expositions step by step. Here it will suffice to select
and examine a few of his more important definitions. In order
for them to be intelligible it must be understood beforehand that,
according to Frege, the statement of number involves an assertion
about a concept.” The number accrues neither to an individual
object nor to a group of objects, but rather to the concept under
which the objects enumerated fall. When we judge: Jupiter has
four moons, then the number four is assigned to the concept moon
of Jupiter.

The basic conceptualization in the Fregian exposition agrees
with that of the equivalence theory above inasmuch as he too
wants to obtain the concept of number by setting out from the
definition of “number-equality.” The method which he forges
is considered by him to be a special case of a general logical
method that is supposed to make it possible to obtain from a
familiar concept of equality the definition of what is to be
considered equal. “That certainly does seem to be a very unusual
type of definition, and one insufficiently attended to by logicians
as of yet. But that it is not totally unheard of, a few examples may
show. The judgment, ‘The straight line a is parallel to the straight
line b,” or in symbols:

a/lb,

can be understood as an equation. When we do this we obtain the
concept of direction and say: ‘The direction of the straight line a is
identical to the direction of the straight line b.” We thus replace
the sign ‘//> by the more general ‘=", by distributing the specific
content of the former to a and b. We split up the content in a
manner different than before and obtain thereby a new concept.”"®

And Frege gives yet a second example: “The concept of shape
[Gestalt] issues from geometrical <121> similarity in such a way
that instead of saying, for example, ‘The two triangles are similar,’
one says, ‘The two triangles are identical in shape,” or ‘The shape

9 . . . . .
Op. cit. p. 59. Compare on this the discussions in Chapter IX of this Part.
10 .
Op. cit., pp. 74-75.



10

15

20

25

30

DEFINITIONS OF NUMBERS IN TERMS OF EQUIVALENCE 127

of the one triangle is identical to the shape of the other’.”""

Parallelism and geometrical similarity supply, in these exam-
ples, “the familiar equality concepts.” Let us now look at how,
by means of them, Frege intends to obtain the definition of what
is to be considered equal, i.e., the definitions of the direction of
a straight line and of the shape of a triangle. What follows is the
result of a longer discussion:

“If the straight line a is parallel to the straight line b, then the
extension of the concept ‘straight line parallel to the straight line
a’ is equal to the extension of the concept ‘straight line parallel to
the straight line b’; and conversely, if the extensions of the
concepts referred to are equal, then a is parallel to b. So let us try
the explications:

The direction of the straight line a is the extension of the
concept ‘parallel to the straight line a’;

The shape of the triangle d is the extension of the concept
‘similar to the triangle d’.”"?

One now sees immediately how these ideas and definitions can
be utilized with the concept of cardinal number. As direction
accrues to straight lines and shape accrues to the triangle, so
number accrues to concepts. We thus have to put concepts in
place of the straight lines and triangles. Further, the place of par-
allelism and similarity is taken by the equality concept that applies
here: the “number-equality” of concepts. The concept F is said to
be equinumerous to the concept G, if there exists the possibility
of a reciprocal one-to-one correlation of the objects falling under
the one concept and those falling under the other. In this way we
obtain the definition:

“The number that accrues to the concept F is the extension
of the concept ‘equinumerous to the concept F’,”

which, together with the foregoing definition, forms the point of

" op. cit., p. 75. {LE}
12 Op. cit.,p. 79.
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departure for a long sequence of further definitions and subtle
analyses connected therewith."” <122>

I am unable to find that this method represents an enrichment of
logic. Its results are of a type that can only make us wonder how
anyone could even provisionally take them to be correct. In fact,
what this method allows us to define are not the contents of the
concepts direction, shape and number, but rather their extensions.
Thus it yields: “The direction of the straight line a is the extension
of the concept ‘parallel to the straight line a’.” By the extension
of a concept, however, we understand the totality of the objects
falling under it. The direction of the straight line a would there-
fore be the totality of the straight lines parallel to a. Similarly we
get: “The shape of the triangle d is the extension of the concept
‘similar to the triangle d’,” i.e., the totality of all the triangles
similar to d. And thus “the number that accrues to the concept F”
is then also defined as the extension of the concept “equinumerous
to the concept F.” In other words: the concept of this number
is the entirety of the concepts equinumerous to F, thus an entirety
of infinitely many “equivalent” groups. Further commentary is
surely pointless. We note, however, that all the definitions be-
come correct statements if the concepts to be defined are replaced
by their extensions. Correct, but certainly entirely obvious and
useless statements as well.'* <123>

1 {Ibid., LE} It may be enough to cite only a few of these here: “The expression ‘n is a
number’ is to be the same in meaning as the expression ‘There is a concept such that n is
the number accruing to it”.” (Op. cit., p. 85) “0 is the number that accrues to the concept
‘non-identical with itself>.” (Op. cit., p. 87)

This latter definition certainly becomes possible only in virtue of the fact that that of
number-equality is given a forced interpretation, in virtue of which it also covers the case
where no object at all falls under the concepts F and G. — The number 1 is defined as “the
number that accrues to the concept ‘equal to zero’.” (Op. cit., p. 90) Finally, Frege lays
special stress upon the definition of the expression, “n immediately succeeds m in the
sequence of natural numbers.” This he does by the sentence: “There is a concept F, and an
object x falling under it, such that the number that accrues to the concept F is n, and the
number that accrues to the concept ‘falling under F but not equal to x* is m.” (Op. cit., p.
89) To this are added proofs that upon each number 1 in the sequence of natural numbers
one and only one number immediately follows, etc. These samples surely suffice to depict
the spirit of this theory.

14 {Op. cit., pp. 79-80. LE} Frege himself seems to have sensed the questionable status of
this definition, since he says in a note to it: ““I think that simply ‘concept’ could be said in
place of ‘extension of the concept’.” (Op. cit., p. 80n.) Let us reflect on what that is sup-
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Kerry’s Attempt: Finally we want to discuss one more attempt,
essentially distinct from those dealt with thus far, to illumine the
concept of number by means of one-to-one correlation. I find the
following passage in an article by Kerry: “The statement of the
respect in which two contents are to be called equal to one another
will in general be no easy matter. Rather, it is often attainable
only through the creation of a novel concept. Imagine, for exam-
ple, comparing two multiplicities consisting of two different kinds
of objects, perhaps apples and strokes of a clock, with one another.
Before one arrives at a judgment of equality in this case, e.g.,
holding the number of the apples to be equal to the number of the
clock-strokes, one must have formed the concept of the respect
in which equality obtains, the concept of the numerable [Anzahl-
enmdssigen] — a concept which certainly can only be defined
through the following stipulation: Suppose the objects of a (finite)
multiplicity V, the ‘numerable’ aspect of which one wants to
grasp, to be capable of reciprocal one-to-one correlation to the
objects of another unvarying multiplicity V;, and further that the
objects of V are thought to undergo arbitrary variations. Then
the ‘numerable’ aspect in V is that which must remain constant
throughout all those variations, if the possibility of correlating the
objects of V and V, is to be there affer the variations have taken
place as well as before.”"’

So: I promised to present a novel attempt at the definition of
the concept of number, and I then here invoke the definition of a
certain “numerable aspect,” which in the context of my exposition
is distinguished from “number” and is designated as the newly
created concept. More closely considered, however, it is merely a

posed to mean. The phrase “number of the moons of Jupiter” would, according to that,
mean the same as “equinumerous with the concept moon of Jupiter,” or, more clearly
expressed, “equinumerous with the totality of the moons of Jupiter.” Clearly we obtain
once again concepts of equal extension, but not of equal content. The latter concept is
identical with the concept, “any group from the equivalence class determined by means of
the totality of the moons of Jupiter.” All of those groups in that equivalence class also fall
under the number four. But that different concepts are present here needs no proof. One
also recognizes that, through the modification mentioned, Frege turns into the path of the

equivalence theory refuted above, which on the whole is a more natural theory.
15 . . . . . .
“Uber Anschauung und ihre psychische Verarbeitung, Dritter Artikel,” Viertel-

jahrsschrift fiir wissenschaftliche Philosophie, 11, 1887, pp. 78 & 79n.
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matter of the novel creation of a name, whereas what is meant by
it, and alone can be meant, is identical with that which we have
understood, and which is generally understood, by “number” in
the abstract sense of the word.'® <124>

We immediately agree thus far: What this definition asserts 1s
correct. The only thing which remains unchanged in a group V
when we subject it to such variations, totally unrestricted except
for the fact that its equivalence with the unvarying group V,
remains undisturbed, really is its number. But unfortunately we
cannot concede that what this definition asserts is also of any use,
that it accomplishes the least thing for us, or that it is instructive in
any respect. What, we ask now more than ever, is number? What
is that in the given group V which remains unchanged through all
those variations? We wish to learn something about the content of
the concept of number, and we are told about its extension. The
Kerry definition is nothing but a paraphrase of the proposition:
The number of the group V is that which it has in common with all
groups equinumerous to it. Indeed, we even hold this latter expli-
cation, plain and direct as it is, to be the more preferable one by
far, since Kerry’s comes very close to the erroneous idea that
number is a partial content, an inner property. That which is
everywhere the same in kind is, as our inquiry has shown, nothing
that belongs to that content, but rather the form of psychical
synthesis.

The merit of the preceding definition could perhaps be sought

16 In Kerry the distinction between number and the numerable aspect [Anzahimdssigem)
rests on the fact that he supposes the number concepts can be defined by means of the well-
known series of propositions 1+1=2,2+1=3, ..., which concepts stand only in an indi-
rect relationship to numbers in our sense. Now the idea that the carrying out of the compar-
ison of two groups, with respect to equality, more and less, is possible without (successive)
counting of each one and comparison of the numbers that result, and that consequently
what is therein directly compared cannot be the number (in the sense of those definitions),
is what has, it seems, led Kerry to the introduction of this concept of the “numerable
aspect.” This latter is supposed to Represent precisely the immediate respect in terms of
which the comparison occurs. This line of thought is mistaken. Reciprocal correlation can
only be called a “comparison” in a wholly inauthentic sense. It only serves the comparison.
The “equivalence” of two groups is in no sense an equality of them. It is merely an
indicator of their equality with respect to number in the authentic sense of the word. The
question of what that immediate respect is in terms of which this quasi-comparison ensues,
is thus without an object.
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in the fact that it rigorously delimits the extension of the concept
of number by means of a property (namely that of equivalence)
which does not presuppose that concept. It is correct that it
does do this. However, I am not aware of any very significant
misgivings that have attached themselves to the extension of the
concept of number, that would all be taken care of by means of its
delimitation. By contrast, the content and origin of the concept
have been the source of all the great difficulties that have made it
into a cross philosophers and mathematicians have had to bear.
<125> On these two points we learn nothing through that defini-
tion, and therefore it is of no value.

Concluding Remark: As 1 conclude these reflections I hope to
have shown — partly by means of a more precise dissection of the
essence of one-to-one correlation and its true function in the
comparison of number, and partly by means of refutation of the
erroneous theories founded on it — that the concept of equivalence
does nothing and can do nothing for the definition or analysis of
the concept of number. Above all I have thought a more thorough
inquiry into the relationship between the two concepts to be re-
quired. This is mainly because at the present time there 1s a
widespread general tendency to assign to the concept of equiva-
lence an exaggerated importance in the respect indicated, and
because at every blink of an eye there appear new attempts to
clarify or even define the content of the concept of number by
means of that of equivalence.'’

17 .. . . . .

Since this chapter was written there has again appeared a series of <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>