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PEIRCE AS SCIENTIST, MATHEMATICIAN, 

HISTORIAN, LOGICIAN, A N D PHILOSOPHER* 

MAX H. FISCH 

At a bicentennial international congress devoted to Peirce and held in 
Europe, we may well begin by remarking that Peirce himself was in Europe in 
the centennial year 1876. He was then on the second, the longest, and the most 
productive of his five European sojourns in the service of the Coast and 
Geodetic Survey, at that time the chief scientific agency of the United States 
Government. Peirce was in the first place a scientist, and his career was in the 
service of that agency. The years of Peirce's five European sojourns were: (1) 
1870-1871; (2) 1875-1876; (3) 1877; (4) 1880; and (5) 1883.The five sojourns 
together added up to nearly three of those thirteen years.1 

I. THE SCIENTIST 

The occasion for Peirce's first European sojourn, that of 1870-1871, was 
an eclipse of the sun on December 22, 1870, whose path of totality was to pass 
through the Mediterranean. The last previous eclipse had been in the United 
States in the preceding year, and Peirce had been one of the observers there. 
The observations of the sun's corona and of its protuberances had prompted 
new theories as to the composition of the sun, but there was some scepticism 
about these theories among European astronomers. The eclipse of 1870 
would provide an opportunity for an early test of them. There would not be 
another so favorable in the nineteenth century, and Germany, France, Great 
Britain, Italy, and Spain planned expeditions. The United States Congress 
appropriated funds for an expedition under the Coast Survey, and Peirce was 

* This essay is reprinted, with permission, from Proceedings of the C. S. Peirce Bicentennial Interna­
tional Congress, edited by K. L. Ketner et al. (Graduate Studies, Texas Tech University, No. 23. 
Lubbock: Texas Tech Press, 1981) 
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sent over six months in advance to visit possible sites for observation parties 
and to make recommendations and begin arrangements. From London, 
shortly after the Vatican Council had declared the conditions of papal infalli­
bility, and just as the Franco-Prussian War began, Peirce journeyed eastward 
by way of Rotterdam, Berlin, Dresden, Prague, Vienna, Pest, the Danube, 
and the Black Sea, to Constantinople. Then he began moving westward along 
the path of totality in search of eligible sites. He recommended sites in Sicily 
and southern Spain, and became himself a member of one of the Sicilian 
teams. 

On the whole, the American observations and inferences of the preced­
ing year were vindicated. This was Peirce's first experience of large-scale in­
ternational scientific cooperation. He had already committed himself to the 
social theory of logic, but this experience and that of his four later European 
sojourns confirmed him in that commitment. 

Between 1871 and 1875, the Coast Survey made Peirce responsible for 
two fields of research: photometric studies of the stars of a region of our 
galaxy, with a view to a more accurate determination of the shape of the 
galaxy; and pendulum-swinging determinations of absolute and relative gravi­
ty at stations in Europe and in the United States, with a view to a more accu­
rate determination of the figure of the earth.2 

By 1875, the greater part of the photometric researches was completed, 
but he had still to make a more thorough study of earlier star catalogues. Dur­
ing his second sojourn in Europe (1875-1876), he examined medieval and re­
naissance manuscripts of Ptolemy's star catalogue in several libraries. He also 
made inquiries as to the methods used in the preparation of the most recent 
star catalogue, the Durchmusterung of Argelander and Schönfeld at the Bonn 
Observatory. Peirce's book, Photometric Researches (1878), included his own 
edition of Ptolemy's catalogue, as well as a long letter from Schönfeld con­
cerning the methods of the Durchmusterung. 

The chief purpose of his second sojourn, however, was to accept delivery 
from Repsold and Sons in Hamburg of a reversible pendulum apparatus suita­
ble for absolute determinations of gravity, and to make such determinations 
at so-called "initial stations" in Europe; namely, those at Berlin, Geneva, 
Paris, and Kew. In April 1875 at the new Cavendish laboratory in Cambridge, 
England, he consulted Maxwell about the theory of the pendulum. At Ham­
burg in late May and early June, he took possession of the Repsold pendulum 
and made preliminary tests of it. He then conferred in Berlin with General 
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Baeyer, founder and president of the Royal Prussian Geodetic Institute, who 
questioned the stability of the Repsold stand. Peirce went next to Geneva. By 
arrangement with Professor Plantamour, Director of the Observatory, he 
swung his new pendulum there, and detected and measured the flexure of the 
stand that General Baeyer had suspected. 

The first international scientific association was geodetic. Its founding 
conference was at Berlin in 1864. In the French form of its name, it was called 
international from the beginning. In the German form, it was called at first 
middle-European, then European, and only in 1886 did it begin to be called 
international. Conferences were held every third year, but there was a "Per­
manent Commission" or standing comittee that met annually. There was also 
a Special Committee on the Pendulum. In September 1875, the Permanent 
Commission met for ten days in Paris. On one of those days there was also a 
meeting of the Special Committee on the Pendulum, at which Peirce reported 
his Geneva findings. The Special Committee reported to the Permanent 
Commission. Peirce took part in the discussion of its report. He thus became 
the first invited American participant in the committee meetings of an inter­
national scientific assocation. 

Later in 1875 and in 1876, Peirce swung his new pendulum for extended 
periods in Paris, in Berlin, and at Kew; and, after his return to the United 
States, at Stevens Institute in Hoboken. The Coast Survey's Report for the 
year 1876 contained 145 pages by Peirce on "Measurements of Gravity at Ini­
tial Stations in America and Europe," on the second page of which he said: 
"The value of gravity-determinations depends upon their being bound to­
gether, each with all the others which have been made anywhere upon the 
earth. ...Geodesy is the one science the successful prosecution of which abso­
lutely depends upon international solidarity." 

The next general conference of the International Geodetic Association 
was held at Stuttgart in late September and early October of 1877. By invita­
tion, Peirce had sent well in advance a memoir in French on the effect of flex­
ure of the Repsold stand on the oscillations of the reversible pendulum. This 
memoir and others by Plantamour and his colleague Cellérier confirming 
Peirce's findings were published as appendices to the proceedings of the con­
ference. Peirce attended the conference as accredited representative of the 
United States Coast and Geodetic Survey. That was the first formal represen­
tation of an American scientific agency in the sessions of an international sci­
entific association. During the discussions, Hervé Faye, president of the 
Bureau of Longitudes in Paris, suggested that swaying of the stand could be 
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prevented by swinging from the same stand two pendulums with equal 
amplitudes but in opposite phases. Peirce later made an analytic mechanical 
investigation of Faye's proposal, concluding that it was as sound as it was bril­
liant. Copies of this investigation were distributed at the 1879 meeting of the 
Permanent Commission. 

Peirce was active in still other fields that called for international coopera­
tion. One of these was metrology. Until the establishment of the National 
Bureau of Standards in 1901, the United States Office of Weights and Mea­
sures was a department of the Coast Survey. The American Metrological So­
ciety had been founded in 1873, and two years later, Peirce had become a 
member of its Committee on Units of Force and Energy. When he was elected 
to the National Academy of Sciences in April 1877, he was immediately made 
a member of the Academy's Committee on Weights, Measures, and Coinage. 

There were close connections between gravitational and metrological re­
searches. Accurate determinations of gravity depended on accurate measure­
ments of the lengths of pendulums. Peirce swung yard and meter pendulums 
for a fresh determination of the relation between the yard and the meter. At a 
meeting of the Permanent Commission during the Stuttgart Conference of 
1877 he proposed the use of a wavelength of light to measure the standard 
yards and meters and to detect and measure changes in their length. This pro­
ject, which involved the use of diffraction gratings, came to be called that of 
"the spectrum meter." Peirce made rapid progress on it during the next three 
years. He returned to Europe early in May 1880, authorized to remain 
through December if necessary. He was expected to attend the sixth general 
Conference of the Association at Munich in September, and to report there 
both on his latest gravity researches and on "the spectrum meter"; but he was 
called home in July by his father's final illness. He did, however, address the 
French Academy of Sciences on 14 June on the value of gravity at Paris, cor­
recting an error in the then accepted value. The discussion of his paper was re­
sumed a week later, with Peirce again present. 

Peirce's fifth and last European sojourn was from May to September 
1883. One of his many tasks was to obtain from Breguet's in Paris an instru­
ment for determining the flexure of the pendulum stand. Another was to ob­
tain from Gautier's in Paris two pendulums designed by Peirce himself to 
eliminate a cause of flexure inherent in the structure of previous pendulums. 
Still another was to compare the Coast Survey's Standard Yard No. 57 with 
the Imperial Yard No. 1, and also with the Iron Yard No. 58, at the British 
Standards Office in London. 
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More than a month after Peirce had returned from this final sojourn, the 
Seventh Conference of the International Geodetic Association was held at 
Rome in mid-October 1883. At that Conference, Professor von Oppolzer of 
the Austrian Survey made a comprehensive and critical report on different 
forms of apparatus for the determination of gravity. He reviewed the problem 
of flexure of the Repsold stand and stated that the solution proposed by Faye 
and shown by Peirce to be theoretically sound — namely, to swing two pen­
dulums from the same stand with equal amplitudes but in opposite phases — 
was a solution in the right direction, but was not practicable. 

Impracticable it was generally taken to be, for reasons chiefly of 
economy, for the next thirty years. But during the gravity survey of Holland in 
the years 1913-1921, because the mobility of the soil rendered the pendulum 
supports more unstable there than elsewhere, Vening Meinesz finally 
adopted the Faye-Peirce method and found that it solved the problem. Meet­
ing as we are in Holland, it is fitting that we should take note of the fact that 
this first of several posthumous vindications of Peirce's scientific work took 
place here. 

Meanwhile the United States Coast and Geodetic Survey had entered a 
long decline, mainly because of pressure from Congress to make drastic cuts 
in expenditures for instruments, for field work, and for travel. Shorter and 
more easily portable pendulums were adopted, but Peirce was unwilling to 
use them because the results would no longer be comparable in precision with 
those of the best European researches. His last trip to Europe had been in 
1883; his last field work at home was in 1886. On 25 November 1889, Annibale 
Ferrero of the Italian Survey, who had coached Peirce in Italian, wrote him 
from Florence that, under such discouraging circumstances, the best place for 
him would be in the central office of the International Geodetic Association in 
Berlin. But Ferrero's efforts to that end were fruitless; Peirce's Survey ap­
pointment was terminated at the end of 1891, after thirty-one and a half years 
of service. In the remaining twenty-three years of his life he had no regular 
salaried employment. 

Peirce now set up in private practice as a chemical engineer, thereby re­
turning to the profession to which he had committed himself before he en­
tered the service of the Coast Survey, and from which his career in the Survey 
had been a diversion. This brings me to the question how Peirce came to be a 
scientist, and more particularly a chemist, and how his diversion from chemis­
try to astronomy and geodesy, and thence to metrology and other sciences, 
came about. 
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He grew up in the scientific circle in Cambridge, Massachusetts, in the 
1840's and 1850's. His father, Benjamin Peirce, was professor of astronomy 
and mathematics in Harvard College, and was one of the moving spirits behind 
the establishment there of the Lawrence Scientific School in 1847. Eben 
Norton Horsford had then recently returned from two years at Giessen studying 
chemistry under Liebig, who combined laboratory instruction with demonstration 
experiments during lectures. To Liebig more than to anybody 
else it was due that the experimental method of teaching was more highly de­
veloped in chemistry than in any other science, so that the study of chemistry 
offered at that time the best entry into experimental science in general. 
Horsford was now made professor of chemistry in the Lawrence Scientific 
School, where he developed, on the Liebig model, the first laboratory in 
America for analytical chemistry. Peirce's uncle, Charles Henry Peirce, until 
then a practising physician in Salem, became Horsford's assistant. Horsford 
encouraged him to translate Stöckhardt's Principles of Chemistry, Illustrated 
by Simple Experiments for textbook use. Peirce's aunt, Charlotte Elizabeth 
Peirce, whose German was excellent, did most of the actual work of transla­
tion. During the years in which the chemical laboratory was being established 
and the translation was in progress, Peirce's uncle and aunt helped him set up 
a private laboratory at home and work his way through Liebig's hundred bottles 
of qualitative analysis (MS 619.6). In 1850, when the translation appeared, 
Peirce, then eleven, wrote "A History of Chemistry" (MS 1634.5). In that 
year, his uncle became federal inspector of drugs for the port of Boston. Two 
years later, in 1852, he published Examinations of Drugs, Medicines, Chemicals, 
Uc., as to their Purity and Adulterations, giving some of the results of his 
official labors. Not long before Peirce entered Harvard College in 1855, his 
uncle died, and Peirce inherited his chemical and medical library. His college 
teacher of chemistry was Josiah P. Cooke, who had founded the under­
graduate departments of chemistry and mineralogy just five years earlier. The 
textbook used in chemistry was Stöckhardt's, as translated by Peirce's aunt 
and uncle. 

In his freshman year at college, Peirce began intensive private study of 
philosophy with Schiller's Aesthetic Letters (MS 1634.6). From that he 
moved on to Kant's Critic of the Pure Reason. In his later college years, while 
continuing with Kant, he added modern British philosophy. But all the while, 
as he later said, he "retained...a decided preference for chemistry" (MS 
1606.11), and it was well understood in the family that he was headed for a 
career in chemistry. He suffered so from ill health during his senior year, how-



PEIRCE AS SCIENTIST xiii 

ever, that an interval of outdoor employment seemed desirable before he 
proceeded further. His father was Consulting Geometer to the Coast Survey 
and a personal friend of its Superintendent, Alexander Dallas Bache. Bache 
offered Peirce a place in his own field party in Maine in the fall of 1859, and in 
another field party around the delta of the Mississippi in the winter and spring 
of 1860. In early August 1859, before joining Bache's party, Peirce spent a 
week at Springfield reporting sessions of the American Association for the Advancement 
of Science for six issues of the Boston Daily Evening Traveler. 

During Peirce's absence in Maine and Louisiana, Darwin's Origin of 
Species appeared (CP 5.64; NEM 3:155), and also a separate edition of Agassiz's 
Essay on Classification. Chemistry was an experimental, but also a classificatory 
science. Biology was the chief other classificatory science. The differences 
between these two sciences were being brought into focus by the 
controversy between supporters of Darwin and supporters of Agassiz. In the 
latter half of 1860, while serving as proctor and tutor at Harvard College, 
Peirce was for six months a private student of Agassiz's, to learn his method of 
classification (MS 1634.6; SS 114; NEM 4:64).3 

In the spring term of 1861, Peirce at last entered the Lawrence Scientific 
School. Two and one half years later he became its first summa cum laude 
Bachelor of Science in Chemistry. But during his first term the Civil War had 
begun, and his father had lost, by resignation, the computing aide who as­
sisted him in his chief service to the Coast Survey, that of determining the lon­
gitudes of American in relation to European stations from occultations of the 
Pleiades by the moon. Peirce asked his father to obtain that appointment for 
him. His father wrote Superintendent Bache that he had at first urged his son 
to "keep to his profession and wait till he could get money by his chemistry — 
to which he replied that he wants to get the means to buy books and apparatus 
and devote himself longer to the study of his profession."4 Bache authorized 
Peirce's appointment as aide beginning 1 July 1861, and he was launched on 
the career that occupied his next thirty and one-half years and took him from 
chemistry into astronomy, geodesy, metrology, spectroscopy, and other sci­
ences. To the indications already given of his eminence in some of them, I may 
add that his father proposed him for the chair of physics at The Johns Hopkins 
University to which Henry Augustus Rowland was appointed, and that he was 
the first modern experimental psychologist on the American continent. 

Throughout those thirty and one-half years and on beyond them, how­
ever, when he had occasion to state his profession, or even his occupation, he 
continued to call himself a chemist. His first professional publication in 1863 
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at the age of 23, was on "The Chemical Theory of Interpenetration." In later 
years, he found in Mendeleev's work on the periodic law and table of the ele­
ments the compietesi illustration of the methods of inductive science (MS 
315.24). And he took satisfaction in having, in June 1869, when he was not yet 
thirty, published a table of the elements that went far in Mendeleev's direc­
tion, before Mendeleev's announcement of the law, a little earlier in that same 
year, became known in western Europe and America (MS 1042.1). At that 
year's meeting of the American Association for the Advancement of Science 
it was remarked that Peirce "had greatly added to the illustration of the fact of 
pairing by representing in a diagram the elements in positions determined by 
ordinates representing the atomic numbers."5 

I now conclude this brief sketch of Peirce as scientist by remarking that 
the words "scientist" and "physicist" — two of the ugliest in English — were 
both coined by William Whewell and were put forward together, in the year 
after Peirce's birth, in The Philosophy of the Inductive Sciences. Peirce later 
came to admire that work, but he was never quite comfortable with "physi­
cist," and was far less so with "scientist." "Physicist" was at least all Greek, but 
"scientist" was an ill conceived Latin-Greek hybrid. He much preferred the 
older phrases "scientific man" and "man of science." It must have pleased him 
that in 1906 his friend and former student, the psychologist James McKeen 
Cattell, gave the title American Men of Science to the biographical directory in 
which Peirce was starred and the full range of his work was most succinctly and 
accurately stated. But we ourselves, living in a time when male chauvinism is 
under continual attack, and in which recent editions of that directory bear the 
title American Men and Women of Science, may find a virtue in Whewell's 
coinage which he did not claim for it. 

II. THE MATHEMATICIAN 

All the time that Peirce was a scientist, he was also a mathematician. Only 
an expert mathematical physicist could have had the scientific career we have 
been sketching. We knew from the Collected Papers that at the very least he 
published original contributions of some importance to linear algebra and 
matrix theory. But now the four-volumes-in-five of The New Elements of 
Mathematics by Charles S. Peirce, edited by Carolyn Eisele and published 
here in Holland in this bicentennial year, bring us well over two thousand 
pages of previously unpublished writings that show technical competence, 
originality of comprehesion, and pedagogical skill, in the whole range of pure 
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mathematics. 
His father, Benjamin Peirce, was Professor of Astronomy and Mathema­

tics at Harvard University, and was the leading American mathematician of 
his day. Charles's older brother, James Mills Peirce, succeeded to their father's 
chair but not to his leadership. Charles was so well trained in mathematics that 
as early as 1869, at the age of thirty, before his major undertakings for the Coast 
Survey began, he was willing to be considered, and thought himself qualified, 
for the chair of mathematics and astronomy at Washington University in St. 
Louis, which William Chauvenet had resigned because of failing health. And 
when, early in 1892, just after his career in the Survey had ended, it was ru­
mored that a chair of mathematics was about to be vacated at Columbia Uni­
versity, he wished to be considered for that. 

Midway between those fruitless episodes, he was part-time Lecturer in 
Logic for five years (1879-1884) at The Johns Hopkins University, while con­
tinuing his work for the Survey.6 Before receiving the appointment in logic, 
Peirce had been proposed for the chair of physics to which Henry Augustus 
Rowland was appointed. The Johns Hopkins, which opened in our centen­
nial year, 1876, was the first real university in the United States, and Peirce's 
courses in logic were our first graduate offerings in that field. Most of the 
philosophy students, including John Dewey, scarcely knew what to make of 
them. Peirce's best students came to him from mathematics. The head of the 
mathematics department was James Joseph Sylvester from England, a friend 
of Peirce's father. He founded the American Journal of Mathematics, and 
Charles had contributed to the first number in 1878 a review of his Italian 
friend Ferrero's treatise on the method of least squares. To the next three vol­
umes he contributed four articles of his own and a new edition of his father's 
Linear Associative Algebra, with notes by himself throughout and with two 
addenda. 

Peirce was a member both of the Mathematical Society and of the Scien­
tific Association at The Johns Hopkins. He presented papers at both, and 
took part in the discussion of papers by others. Abstracts of some of his papers 
were published in The Johns Hopkins University Circulars. On 28 March 
1881, Sylvester wrote to President Gilman: "We now form a corps of no less 
than eight working mathematicians — actual producers and investigators — 
real working men: Story, Craig, Sylvester, Franklin, Mitchell, Ladd, Row­
land, Peirce; which I think all the world must admit to be a strong team." Of 
these, Franklin, Mitchell and Ladd had already studied with Peirce, and Story 
did so later. 
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Sylvester's leadership had already given an international character to 
the department, and this was strengthened when Arthur Cayley spent the first 
half of 1882 there. At the earliest meeting of the Mathematical Society after 
his arrival, that of 18 January 1882, papers were presented by Cayley, Sylves­
ter, and Peirce. Peirce's was "On the Relative Forms of Quaternions." 

Peirce had been elected a member of the London Mathematical Society 
in March 1880. In November 1891, he was elected a member of the New York 
Mathematical Society, which became the American Mathematical Society in 
1894. He presented mathematical papers to the National Academy of Sciences, 
reviewed mathematical books for The Nation, and had extensive correspondence 
with mathematicians. He wrote the definitions of mathematical 
terms for the Century Dictionary (1889-1891), as well as those in logic, 
metaphysics, mechanics, astronomy, weights and measures, names of colors, 
many psychological terms, and all terms relating to universities. In the Dictio­
nary's concluding "List of Writers Quoted and Authorities Cited," Peirce ap­
peared (after his grandfather and father) as "American mathematician and 
logician." 

Thomas Fiske was soliciting contributions by Peirce to the Bulletin of the 
New York Mathematical Society in 1894 (NEM 1 : xviii-xix). H. . Fine and E. 
H. Moore in 1901 were urging him to write up his demonstration of abnumeral 
multitudes and his critique of Cantor for the Bulletin or the Transactions of the 
American Mathematical Society or for the American Journal of Mathematics 
(NEM 3:xviii-xix). On 19 October 1902, Frank Morley, editor of the Ameri­
can Journal, sent Peirce a copy of the issue containing Whitehead's "On Car­
dinal Numbers," in the hope that that memoir would call forth one by Peirce 
on his own theory of multitude (MS L 302). 

But until this bicentennial year most of his mathematical writings re­
mained unpublished and so difficult of access that only one of the books on 
Peirce, that by Murray Murphey, has made any serious attempt to deal with 
them. With The New Elements of Mathematics now in our hands, we can pro­
ceed to try out answers to numerous such questions as the five following. 

1. What were Peirce's contributions to pure mathematics, particularly in 
the way of demonstrations? 

2. What were his contributions to the logic, the pedagogy, and the 
philosophy of mathematics? 

3. From boyhood on, against views then prevalent, he argued that we 
can reason mathematically about infinity, and therefore about continuity. In 
later years, he labored at a mathematical theory of what he called true con-
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tinuity, as contrasted with the pseudo-continuity of the calculus. Did he suc­
ceed in constructing a mathematical theory of "true continuity," and, if so, 
what was his best formulation of it? 

4. Was he a foundationist in mathematics? Surely not in the sense of 
founding mathematics on logic. As early as 1869 he argued strenuously with 
his father against the view later embraced by Dedekind (NEM 3:526). He had 
no sympathy with the lines taken in Russell's Principles of Mathematics or in 
the Principia Mathematica of Whitehead and Russell. Yet he began a memoir 
on "Foundations of Mathematics," and in 1906 he placed "Foundations" first 
among the fields of his ongoing research. What foundations, then, did he contemplate? 

5. What Peirce called topology, topical geometry, or topics, was something 
very different from what topology became. Is there reason for returning 
to the parting of the ways and trying with Peirce the road not taken, as 
nonstandard analysis has returned from the doctrine of limits to that of infinitesimals? 

These are but a few of the many questions for answers to which, in the decades 
ahead, we shall be searching The New Elements of Mathematics and the 
still unpublished mathematical manuscripts. 

III. THE HISTORIAN 

All the time that Peirce was a scientist and a mathematician, he was also a 
historian. In his classification of the sciences of discovery, mathematics and 
philosophy were followed by the special sciences in two branches, the physical 
and the psychical. The psychical sciences he cultivated most continuously and 
intensively were history and linguistics. Among the others were experimental 
psychology and mathematical economics. That he meant from the beginning 
to do original work in both the physical and the psychical sciences appears 
from the fact that his first professional publication, in 1863, was on the chemi­
cal theory of interpenetration; his second, in 1864, on the pronunciation of 
Shakespearian English. 

He was a lifelong student of comparative and historical linguistics. He 
valued his first European sojourn, in 1870-1871, not only for the experience it 
gave him of field work and international cooperation in astronomy, but also 
for the opportunity to study the languages spoken in the countries he visited. 
On 16 November 1870, five weeks before the eclipse, he wrote home that he 
had heard eighteen distinct languages spoken, seventeen of them (including 
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Basque) in places where they were the languages of everyday speech (MS L 
341). In Constantinople and later in Cambridge, England, he studied Arabic 
with Edward H. Palmer. 

Modern experimental psychology was founded in Germany, in Peirce's 
youth, by men like Weber, Fechner, Wundt, and Helmholtz. The works that 
most impressed him at the time were Fechner's Elemente der Psychophysik 
(1860) and Wundt's Vorlesungen über die Menschen- und Thierseele (1863). 
One thing that struck him in the latter was its "showing that every train of 
thought is essentially inferential in its character, and is, therefore, regulated 
by the principles of inference" (N 1:37). That was akin to, and may have been 
one of the sources of, the doctrine that "all thought is in signs" which Peirce 
developed in three articles in the Journal of Speculative Philosophy in 1868-
1869. He sent Wundt copies of those articles in 1869 and obtained Wundt's 
permission to prepare and publish a translation of the Vorlesungen (MS L 
478). Peirce did not carry out that plan, but he soon became himself the first 
modern experimental psychologist in the Americas.7 

Thanks to the labors of Carolyn Eisele, Peirce is now recognized as one of 
the precursors in mathematical economics, and we shall be hearing from 
Nicholas Rescher of Peirce's work on "the economy of research." Passing 
over his contributions to those fields, I come now to the psychical science at 
which he worked longest, most continuously, and most intensively. This was 
history, and more particularly the history of science. 

Peirce tells us that in 1850, at the age of eleven, he wrote "A History of 
Chemistry" (MS 1634.5) and later, in his twenties, a history of scientific 
methods (MS 958.48); but neither of these has so far been found. 

On 12 November 1863, at the age of twenty-four, at a reunion of the Cam­
bridge High School Association, he delivered an oration on "The Place of Our 
Age in the History of Civilization," and extensive extracts from it were pub­
lished nine days later. By "our age" he meant the seventeenth, eighteenth, 
and nineteenth centuries. 

Six years after that, in 1869-1870, he gave a series of fifteen Harvard Uni­
versity Lectures on the history of logic in the British Isles from the earliest 
times to his own day. The opening lecture was on "Early Nominalism and 
Realism" (MS 584;CP 1.28-34). 

In the first half-year of his Lectureship in Logic at The Johns Hopkins 
University, he gave a course in Medieval Logic. The only Ph.D. thesis known 
to have been written under his direction was by Allan Marquand on "The 
Logic of the Epicureans," an introduction to and translation of the Her-
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culaneum papyrus of Philodemus on inductive signs and inferences. 
The planning of The Century Dictionary began in 1882. As I have already 

remarked, Peirce was made responsible for logic and metaphysics, mathema­
tics, mechanics, astronomy, weights and measures, names of colors, many 
psychological terms, and all terms relating to universities. His chief qualifica­
tion was that he had not only current but also historical competence in all these 
fields. As further preparation, in his last year at The Johns Hopkins (1883-84), 
he added two new courses, one in comparative biography called "The 
Psychology of Great Men," the other in "Philosophical Terminology." In the 
latter, his chief resource, and that of his students Dewey and Jastrow, was the 
Berlin Academy edition of Aristotle, with its Greek texts, Latin translations, 
and Bonitz's monumental index. 

I have already spoken of his historical researches during his second and 
longest European sojourn. During his fifth and last, in 1883, he transcribed 
the manuscript of Petrus Peregrinus in the Bibliothèque Nationale, and a de­
cade later, he circulated a handsomely printed prospectus of an edition that 
was to contain the Latin text and an English version with notes, preceded by 
an "Introductory History of Experimental Science in the Middle Ages." The 
Prospectus began: 

The brief treatise on the lodestone by Petrus Peregrinus, dated 1269, oc­
cupies a unique position in the history of the human mind, being without exception 
the earliest work of experimental science that has come down to us. 
Nor can we learn that anything of this sort had been written earlier. 

But the subscribers were too few, the book was never printed, and no complete 
manuscript for it has so far been found. 

Soon thereafter he was inviting subscriptions to a twelve-volume work 
called The Principles of Philosophy: or, Logic, Physics, and Psychics, considered 
as a unity, in the Light of the Nineteenth Century. The eleventh was to consist 
of Studies in Comparative Biography. But this project also failed because 
the subscribers were too few. 

Meanwhile, in 1892-1893. Peirce had given in Boston a pathbreaking 
series of twelve Lowell Institute Lectures on "The History of Science." 

In 1893, in response to criticisms of his theory of scientific method by the 
editor of The Monist, he wrote: "For the last thirty years, the study which has 
constantly been before my mind has been upon the nature, strength, and his­
tory of methods of scientific thought" (CP 6.604, my italics). 

In 1896, in The American Historical Review, he reviewed Andrew 
Dickson White's History of the Warfare of Science with Theology in Christen­
dom. 
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When Lutoslawski's Origin and Growth of Plato's Logic came out in 
1897, Peirce worked out his own improvements on Lutoslawski's methods for 
determining the chronological order of the dialogues, and on that basis he 
later made a study of the development of Plato's ethics (MS 434). 

In 1898, he contracted with G. P. Putnam's Sons to write a history of sci­
ence for their Science Series, edited by James McKeen Cattell. In a draft of a 
chapter called "The Principal Lessons of the History of Science," he wrote 
that 

science...does not consist so much in knowing, nor even in "organized knowledge," 
as it does in diligent inquiry into truth for truth's sake, without any 
sort of axe to grind, nor for the sake of the delight of contemplating it, but 
from an impulse to penetrate into the reason of things. This is the sense in 
which this book is entitled a History of Science. (CP 1.44) 

That work too remained unfinished, but, with The New Elements of Mathema­
tics now behind her, Carolyn Eisele will return to an earlier project, that of 
making the nearest approach to the intended book that can be pieced together 
from Peirce's surviving manuscripts. 

At the beginning of the twentieth century there were many reviews of the 
nineteenth. Perhaps the best of these was that which filled two sections of the 
New York Evening Post on 12 January 1901, and later appeared in book form. 
In previous advertising, the Post had promised thirty-eight essays by leading 
authorities in as many fields. The sixteenth was to be by Charles S. Peirce on 
"The Century's Great Men in Science. " But when the essays were in hand, the 
Post moved Peirce's to first place, and leaned heavily upon it in an editorial, 
deciding that "the chief characteristic and the crowning glory of the century" 
had been such a "kindling and quickening of the scientific spirit" as to carry 
with it a change in the very meaning of the word "science." Peirce himself hac 
written: 

The glory of the nineteenth century has been its science. ...It was my inestimable 
privilege to have felt as a boy the warmth of the steadily burning enthusiasm 
of the scientific generation of Darwin, most of the leaders of which 
at home I knew intimately, and some very well in almost every country of 
Europe. ...The word science was one often in those men's mouths, and I am 
quite sure they did not mean by it "systematized knowledge," as former ages 
had defined it, nor anything set down in a book, but, on the contrary, a mode 
of life; not knowledge, but the devoted, well-considered life-pursuit of knowledge; 
devotion to Truth — not "devotion to truth as one sees it," for that is 
no devotion to truth at all, but only to party — no, far from that, devotion to 
the truth that the man is not yet able to see but is striving to obtain. The word 
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was thus, from the etymological point of view, already a misnomer. And so it 
remains with the scientists of today. What they meant, and still mean, by "sci­
ence" ought, etymologically, to be called philosophy. 

It was at least in part because travel, communication, organization and publi­
cation had become international if not worldwide, that the scientists of the lat­
ter half of the nineteenth century had come to think of science in this way. It 
was Peirce's European sojourns that had first brought him to this new vision of 
science. It was his work as historian that enabled him to see how new it was. 
And one function of our present international Peirce congress is to recognize 
in him the leading voice of this new conception of science. 

IV. THE LOGICIAN 

All the time that Peirce was a scientist, a mathematician, and a historian, 
he was also a logician; and he was a logician for whom his work as scientist, 
mathematician, and historian was in some sense subsidiary to his work as logi­
cian. What that sense is we may begin to gather from his oft repeated account of 
his first introduction to logic, within a week or two of his twelfth birthday, in 
1851. His older brother Jem (James Mills Peirce) was about to enter upon his 
junior year at Harvard College and had bought his textbooks for the year. 
Among them was Whately's Elements of Logic. Charles dropped into Jem's 
room, picked up the Whately, asked what logic was, got a simple answer, 
stretched himself on the carpet with the book open before him, and, over a 
period of several days, absorbed its contents. As he often said late in life, it 
had never since that time been possible for him to think of anything other than 
logic — including even chemistry — except as an exercise in logic. And, so 
far as he knew, he was the only man since the middle ages who had com­
pletely devoted his life to logic (MS 632.2:2). 

No comprehensive account or assessment of Peirce's work in logic exists or 
is likely soon to exist, because every logician approaches him with a conception 
of logic narrower than his, and ignores or fails to comprehend the relevance of 
what transcends that narrower conception. I shall attempt here only the 
briefest sketch of Peirce's development as a logician, under six heads: (1) from 
logic within semeiotic to logic as semeiotic, (2) from nominalism to realism, 
(3) from classification of arguments to stages of inquiry, (4) from analytic 
through critic to methodeutic, (5) from Boolean algebra to existential graphs, 
and (6) from logic as non-normative to logic as normative. The most conspicu­
ous constant through all the changes was his "unpsychological view of logic" 
(MS 126). 



xxii MAX H. FISCH 

From logic within semeiotic to logic as semeiotic 

It was from Whately that Peirce first took the premiss that all thought is in 
signs. If there be, then, a general theory of signs, called semeiotic, the ques­
tion arises how logic is related to it. In the last chapter of his Essay, Locke 
identified the two. Peirce objected at first that, of the three most general kinds 
of signs, logic concerns itself only with symbols, and with symbols not in them­
selves, and not in relation to their interpretants, but only in relation to their 
objects, and only in respect of their truth or falsity. Logic is therefore at most 
but a third part of a third part — that is, a ninth part — of semeiotic. He de­
fined it as objective symbolistic, "the science of the relations of symbols in 
general to their objects"(MS 726.14). 

But he later came to see that logic cannot do business without icons and in­
dexes, and cannot wait upon Speculative Grammar to define and classify its 
signs in relation to their nonlogical interpretants . He passed through a stage in 
which he distinguished a narrow sense of logic in which it was the mid-
member of the semeiotic trivium, and a broad sense in which it included the 
first and third members as well and was thus coextensive with semeiotic. Fi­
nally, he abandoned the narrow sense altogether, and the semeiotic trivium 
became for him the logical trivium: Speculative Grammar, Speculative Critic, 
and Speculative Rhetoric; or, more simply, Analytic, Critic, and Methodeutic 
(NEM 3:207). I shall use the latter three terms in what follows. 

From nominalism to realism 

Peirce's gradual progress from the minimal realism of Duns Scotus, 
which "was separated from nominalism only by the division of a hair" (CP 
8.11), to the full-fledged realism of his later years, is now a familiar story. Two 
essential parts of the story, however, are still far from familiar. (i) This prog­
ress not only paralleled that from logic-within-semeiotic to logic-as-semeiotic, 
but was closely bound up with it in ways still to be shown. (ii) The starting 
point was apparently not a minimal realism but a nominalism as avowed and 
explicit as Whately's. During his Harvard University Lectures of 1865, "On 
the Logic of Science," Peirce proj ected a book to be entitled An Unpsycholog-
ical View of Logic, drew up lists of chapters, and drafted several of them. The 
following quotations are from two drafts of Chapter I, "Definition of Logic": 

Qualities are fictions; for though it is true that roses are red, yet redness is no­
thing but a fiction framed for the purpose of philosophizing; yet harmless so 
long as we remember that the scholastic realism it implies is false. (MS 726.9) 
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Such words as blueness, hardness, loudness...were framed at a time when all 
men were realists in the scholastic sense .... To use them, now, then, (and no 
philosophical doctrine is possible without their use,) is to make use of a fic­
tion, but one which is corrected by a steady avoidance of all realistic infer­
ence. (MS 726.201) 

But these are matters for another occasion.8 

From classification of arguments to stages of inquiry 

The chief focus of Peirce's early work in logic was on classifying argu­
ments and determining the relative strengths of the several kinds. He started 
from Kant's distinction between two kinds of judgments: those that are 
analystic or explicative and those that are synthetic or ampliative. He first 
turned that distinction into one between two kinds of arguments: those called 
deductive and those commonly called, in a loose sense, inductive. He thus ar­
rived at the then common distinction between the logic of mathematics (that 
is, of deduction) and the logic of the inductive sciences, or, for short, the logic 
of science. His first original contribution was to subdivide arguments loosely 
called inductive into two kinds: inductions more strictly speaking, and what he 
at first called hypotheses, later abductions, finally retroductions. He thus ar­
rived at three kinds of inference: deduction, induction, and hypothesis. 

He found support for this tripartite classification of arguments from two 
sources: his own "New List of Categories" and a discovery that he made in the 
course of examining Kant's essay on "The Mistaken Subtlety of the Four Syl­
logistic Figures." What he discovered was that 

no syllogism of the second or third figure can be reduced to the first, without 
taking for granted an inference which can only be expressed syllogistically in 
that figure from which it has been reduced....Hence, it is proved that every 
figure involves the principle of the first figure, but the second and third 
figures contain other principles, besides. (CP 2.807; cf. CP 2.499) 

His logic of relatives soon emancipated him from bondage to the syl­
logism, and he no longer needed the syllogistic figures as foundation for the 
distinction of the three main forms of inference. And he became even more 
assured of the forms of inference than he was of his categories (MS 312.43f). 

So long as his focus was on the classification of arguments, Peirce set the 
logic of mathematics (that is, of deduction) over against the logic of science 
(that is, of hypothesis and induction). But in his later years, his focus shifted 
from the classification of the forms of inference to the functioning of infer­
ences of the several forms in successive stages of inquiry. The order of the 
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forms then became: hypothesis (abduction or retroduction), deduction, and 
induction (CP 6.468-473; 7.218). From one point of view, the logic of 
mathematics was thus no longer set over against but absorbed into the logic of 
science. From another, it was assimilated to the logic of science, because even 
the pure mathematician goes through the same three stages of inquiry as the 
scientist; the difference is that his experiments are performed upon diagrams 
of his own construction. 

Peirce wrote to James McKeen Cattell in 1910 that the system of logic 
considered as semeiotic on which he was working was to be "a theory of in­
quiry, intended to show the real nature of any inquiry's validity, and the de­
gree thereof, and to consider how to build up a solid structure of science."9 

Twenty-eight years later, when Dewey published his Logic: The Theory of In­
quiry, he thought of Peirce as his only predecessor in the general view taken. 

From Analytic through Critic to Methodeutic 

It will be apparent that the shift from classifying arguments, and deter­
mining the relative strengths of arguments of the several kinds, to considering 
how they function in successive stages of inquiry, is at the same time a shift 
from analytic through critic to methodeutic. For Peirce, critic presupposed 
analytic, and methodeutic presupposed critic. Analytic was for the sake of critic, 
and critic for the sake of methodeutic. In a letter of 1911, Peirce wrote that 
"the greater part" of his life had been devoted to methodeutic, "which shows 
how to conduct an inquiry," and "of course in order to study methodeutic it is 
necessary to make researches in as great a variety of sciences as possible" 
(NEM 3:207). In what appears to have been a draft fragment of the same let­
ter, he wrote: "In my own feeling, whatever I did in any other science than 
logic was only an exercise in methodeutic and as soon as I had the method of 
investigation thoroughly shown, my interest dropped off" (MS L 231.81 [= 
MS L 482.75]). 

But why was it necessary to be a historian of science? Because history is itself 
one of the sciences, with its own methodology (CP 7.162-255); but more 
particularly because "each chief step in science has been a lesson in logic" (CP 
5.363), more exactly in Methodeutic, and because "the professional logi­
cians" have slept through the lessons (CP 5.390). Peirce wrote to William 
James in 1909: "I have done a lot of work in Methodeutic that is valuable and 
very little of it is printed. This will be the most widely useful part of my Big 
Book" (NEM 3:874) — that is, of A System of Logic, considered as Semeiotic. 

Among Peirce's contributions to Methodeutic that were printed, the best 
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known were his "Note on the Theory of the Economy of Research" (CP 
7.139-157) and his pragmatism. The latter was presented in 1878 as the lesson 
in logic taught by Darwin's application to biology of the statistical method, 
which had been used first in political economy and then in thermodynamics 
(CP 5.364). At this bicentennial congress, it is worth remarking that the 
"Note" appeared in the Coast Survey Report for 1876; that the "Illustrations 
of the Logic of Science" were invited by the publisher, Appleton, on board the 
ship that took Peirce to his second European sojourn in 1875; that "How to 
Make Our Ideas Clear" was written in French on board the ship that took him 
to Europe for his third sojourn in 1877; and that the "Illustrations" began ap­
pearing in November of that year. 

As we remarked earlier, Peirce gradually gave up conceiving science as a 
mode of apprehension by a single knower, or as systematized knowledge, and 
came to conceive it as a mode of life common to a community of investigators, 
and to conceive a particular science as a social group pursuing the same or 
closely related inquiries. Science is what scientists do, and a particular science 
is what scientists of a particular group do. This too was another form of the 
movement from analytic through critic to methodeutic. 

From Boolean Algebra to Existential Graphs 

One of the tasks of methodeutic is the devising and improving of systems 
of notation. This was a lifelong concern of Peirce's. His first published paper 
in logic, in 1867, was "On an Improvement in Boole's Calculus of Logic." 
Three years later, in 1870, came his "Description of a Notation for the Logic of 
Relatives, Resulting from an Amplification of the Conceptions of Boole's 
Calculus of Logic." Ten years later, in 1880, came "On the Algebra of Logic," 
and five years after that, in 1885, "On the Algebra of Logic: A Contribution to 
the Philosophy of Notation." His Century Dictionary article, "notation — 2," 
in 1890, was probably the most extensive, detailed, and thorough ever written 
on that term for a general dictionary. One of his more interesting unpublished 
papers, of about 1904, is on "A Proposed Logical Notation" (MS 530). There 
and in a passage of his Minute Logic omitted by the editors of the Collected-
Papers (CP 4.261), he introduces two notations for the sixteen binary connec­
tives of the two-valued propositional calculus. One of these may be called his 
box-X, the other his cursive notation.10 

But at least as early as 1882, Peirce began taking steps toward a more 
graphical representation of logical relations and operations. In 1896, he in­
vented two graphical systems to which he soon thereafter gave the names of 
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entitative and existential graphs. He continued to work at the latter of these 
for at least another ten years, and in 1906, he projected "A Comparative and 
Critical Outline of the Useful Systems of Logical Representation," both 
algebraic and graphical (MS 283.345-361). 

Peirce frequently contrasts the mathematical and the logical interest in 
notations. The mathematician's aim is to facilitate calculation, inference, and 
demonstration; the logician's, to facilitate the analysis of reasoning into its 
minimal steps. 

Neither Peirce's notation for the logic of relatives nor his existential 
graphs has had much success as a calculus, and he never completed the adap­
tation of the graphs to modal logic; but both systems retain their value as in­
struments of logical analysis, and the graphs are unsurpassed for the teaching 
of beginners in logic.11 

From logic as non-normative to logic as normative 

In Peirce's later classifications of the sciences, the principal divisions are 
Theoretical and Practical, and the Theoretical Sciences are divided into Sci­
ences of Discovery and Sciences of Review. The Sciences of Discovery are di­
vided into Mathematics, Philosophy, and the Special Sciences, Physical and 
Psychical. In his earlier classifications, Philosophy included only logic and 
metaphysics. (He did not say whether it also included so much of formal or 
general semeiotic as lay beyond the narrow scope of logic as he at first con­
ceived it.) Logic was not a normative science, and ethics and aesthetics were 
down among the Practical Sciences. The question of there being any heuretic 
normative sciences at all was not yet broached. 

Yet Peirce, along with a classmate and close friend, had made an inten­
sive study of Schiller's Aesthetic Letters during his freshman year in college, in 
1855-1856. In notes for a prospectus of his lectures on logic for 1883-1884 at 
The John Hopkins University, under Lecture III, on "The Fixation of Belief" 
and "How To Make Our Ideas Clear," we read: "Close connection between 
Logic and Ethics" (MS 745). By that time, Peirce had begun work for the Cen­
tury Dictionary. His assignment included philosophical as well as mathemati­
cal words and a wide range of scientific terms. Under philosophical terms 
were included those of aesthetics and ethics, as well as those terms them­
selves. But neither in the first edition of 1889-1891 nor in the Supplementary 
Volumes of 1909 was there any recognition of aesthetics, ethics, and logic as 
normative sciences or as constituting a triad of sciences of any kind. In the 
classification of sciences under the term "science," ethics appears as a branch 
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of sociology, and aesthetics is nowhere. 
The need for a basis for the "ethics of terminology" (CP 2.219ff) and of 

notation (MS 530) probably had something to do with Peirce's growing in­
terest in ethics. And almost certainly his increasing attention to methodeutic 
had more; for it is in methodeutic rather than in analytic or critic that the de­
pendence of logic upon ethics becomes most evident. 

The decisive event, however, was the appearance in 1897 of Luto-
slawski's The Origin and Growth of Plato's Logic, with its chronological order­
ing of the dialogues on stylometric grounds. Peirce applied to Lutoslawski's 
data "all the refinements of the theory of probabilities" and then applied the 
results to a study of what, if published, we are tempted to say he might have 
called The Origin and Growth of Plato's Ethics—more exactly, of his views on 
"the single point of what is ultimately good" (MS 434.34). 

But by 1902 Peirce was ready to assign that problem to aesthetics, and to 
recognize three normative sciences — aesthetics, ethics, and logic — with 
ethics depending "essentially" on aesthetics, and logic on ethics (NEM 4.19). 
Having reached that position, he found an adumbration of it in the last four 
paragraphs of his 1869 paper on the "Grounds of Validity of the Laws of 
Logic"(CP 5.354ff). 

By that time, logic-within-semeiotic had become logic-as-semeiotic, and 
the latter now became "normative semeiotic" (CP 2.111). 

The most inspiring and suggestive passage in this sixth phase of Peirce's 
own development as logician is the following: 

As to Plato, unless we are content to treat the only complete collection of the 
works of any Greek philosopher that we possess as a mere repertory of gems 
of thought, as most readers are content to do; but wish to view them as they 
are so superlatively worthy of being viewed as the record of the entire de­
velopment of thought of a great thinker, then everything depends upon the 
chronology of the dialogues. (MS 434.33f) 

T H E PHILOSOPHER 

All the time that Peirce was a scientist, a mathematician, a historian, and 
a logician, he was also a philosopher in a sense in which philosophy included 
from the beginning not only logic but at least metaphysics besides, and (pre­
sumably) so much of formal or general semeiotic as lay beyond the narrow 
scope of logic as he at first conceived it. 

The relation between logic and metaphysics was always intimate. 
Metaphysics presupposed logic. The categories of metaphysics were those of 
logic in another application. Metaphysics was applied logic. 
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Peirce said his work in the sciences and in mathematics was for the sake of 
his work in logic. It would be equally true to say that his work in logic was for 
the sake of mathematics, of metaphysics, and, both directly and through 
metaphysics, of the special sciences, both physical and psychical. Both state­
ments apply more particularly to methodeutic than to analytic or critic, but 
neither is limited to methodeutic. 

At least from the summer of 1859 onward, one of Peirce's main 
metaphysical concerns was to establish that, contrary to what some 
metaphysicians were saying, we can reason mathematically and logically 
about infinity and therefore about continuity. On that assumption, synechism 
became a regulative principle first of logic and then of metaphysics (CP 
6.171ff). 

Two interrelated aims of Peirce's metaphysics were mathematical exac­
titude (NEM 4:x) and testability (CP 7.516). 

But his work in metaphysics was far from being as continuous as his work 
in logic. He had only two periods of intensive writing in metaphysics, one in 
the early 1860s and the other in the early 1890s; only the latter reached publi­
cation, in a series of papers in The Monist (1891-1893); and that series re­
mained unfinished. Furthermore, he thought his best work was not in that 
series, or in metaphysics at all, but in logic (NEM 3:872f). 

Around the turn of the century he began recognizing philosophical sci­
ences other than logic and metaphysics. In the late 1890's, there are several references 
to something he calls "high philosophy" (CP 7.526f), whose chief 
function seems to be to supply a list of categories for the guidance first of logic 
and thereby of metaphysics. When logic became normative semeiotic, and 
aesthetics and ethics were promoted to being normative philosophical sciences 
antecedent to logic, "high philosophy" became phenomenology, 
phaneroscopy, phenoscopy, or "phanerochémy, — the chemistry of appearances" 
(MS 1338.22). The philosophical sciences, preceded only by mathematics, 
then became phanerochemy, the normative sciences (aesthetics, ethics, 
and logic), and metaphysics. 

If we think of social philosophy as an integral philosophic science, it may 
strike us first that Peirce nowhere so recognizes it, and second that his writ­
ings, from early to late, contain numerous and often lengthy incidental pas­
sages, rich in insights, which, if assembled and organized, would constitute a 
major contribution to that science. For some of his students, this is his richest 
vein. 

If now we try briefly to describe and assess Peirce as philosopher, we may 
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say that he was a philosopher who was a wide-ranging scientist, mathemati­
cian, and historian, whose contributions to phenomenology, to normative 
semeiotic, and to metaphysics are eminently worthy of that developmental 
study which he himself, following Lutoslawski, applied to Plato. But the de­
velopmental study of Peirce's philosophy very much needs the full context of 
his work as mathematician, scientist, and historian of science. 

CONCLUSION 

In the latter half of our centennial year, Peirce completed his second, 
longest, and most fruitful European sojourn. He was already an international 
figure in science. We may associate with that year one of his major scientific 
papers and his two best-known published contributions to logical methodeu-
tic, though they did not appear until from one to three years later. 

In our bicentennial year, Peirce is again an international figure: already 
so in semeiotic, increasingly so in "logic considered as semeiotic" (and 
thereby in what we have come to call the philosophy of science), and about to 
become so in mathematics and in philosophy in general. With this year we 
may come to associate not only this Congress but also the new editions of his 
writings that are now in progress or about to begin. 

Last year there appeared the first of four volumes of an edition of his contributions 
to The Nation, published by Texas Tech Press in Lubbock, Texas. 

The four-volumes-in-five of Carolyn Eisele's edition of The New Elements 
of Mathematics, published by Mouton at The Hague here in Holland, 
are now appearing in our bicentennial year itself; and I like to think of our 
Congress as a celebration of that event. 

A microfiche edition of the writings Peirce himself published, accom­
panied by a letterpress bibliography both of those writings and of the secon­
dary literature on Peirce to date, will appear next year, edited by Kenneth L. 
Ketner and other members of the Institute for Studies in Pragmaticism at 
Texas Tech University, all of them participants in our present Congress. 

An anthology of Peirce's writings on the theory of signs is being compiled 
with great care by Douglas Greenlee. 

Carolyn Eisele will now resume work on her edition of Peirce's writings 
on the history of science. 

And finally, work will begin next month in Indianapolis, Indiana, on a 
new and much more comprehensive letterpress edition of Peirce's writings, 
both of those he published and of those he did not, in a single chronological 
order, in about twenty volumes, which may fairly be expected to improve and 
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enlarge our understanding of Peirce as scientist, mathematician, historian, 
logician, and philosopher, and facilitate the study of his development in those 
capacities. As a prerequisite to this new edition, there will be a complete 
chronological reordering of the known manuscripts by Peirce. A new 
catalogue of them, in that new order, will be separately published. There will 
also be a separate two-volume biography. 

I wish now to conclude by appealing for international cooperation in the 
preparation of the new letterpress edition, the biography, and the catalogue 
of manuscripts. In every country represented at our Congress, and in many 
countries not represented, relevant and valuable materials may be found. 
Here are a few indications of the kinds of materials, the places in which to look 
for them, the reasons for expecting to find them, and the values they may 
have. 

Peirce's scientific publications were abstracted in the Beiblätter of the 
Annalen der Physik und Chemie', he was in personal communication with 
many of the European scientists I have named and with others I have not 
named; he visited some of them; wrote letters to others; sent or handed to 
some inscribed and annotated offprints of his publications, and, more rarely, 
drafts or copies of unpublished manuscripts. An annotated offprint may become 
the sole source for an essential correction in the text of an important 
paper. A manuscript may chance to be the sole surviving copy. A letter from 
Peirce, or a letter mentioning him, may fix the date of a manuscript, or supply 
a revealing biographical detail, or be the sole explicit evidence of an important 
influence in his intellectual development. 

The archives of the instrument makers, Repsold und Söhne, preserved in 
Hamburg, contain valuable records of their correspondence with Peirce and 
the Coast Survey, and of their progress in preparing the pendulum apparatus 
that had been ordered for Peirce's use. Are there similar archives of the Paris 
instrument makers I have named? 

On 29 October 1877, Edward L. Youmans, editor of the Popular Science 
Monthly, in whose November issue "The Fixation of Belief" was about to ap­
pear, wrote home from London to his sister in the United States that W.K. 
Clifford called Peirce "the greatest living logician, and the second man since 
Aristotle who has added to the subject something material."12 What other 
judgments of Peirce remain to be discovered in private correspondence? 

Finding traces of Peirce's father and brothers in Europe may be an indi­
rect way of finding traces of Peirce himself. His younger brother, Herbert 
Henry Davis Peirce, was Secretary of Legation at our Embassy in St. 
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Petersburg. Herbert wrote him on 30 March 1899 that he had visited the Central 
Bureau of Weights and Measures, of which Mendeleev was director, and 
that "It was gratifying to find your name and work well known & highly regarded 
there." He had also visited the Observatory at Pulkhovo near St. 
Petersburg and found that "Peirce's criterion" — their father Benjamin's rule 
for preventing observations from being rejected without sufficient reason — 
was standard there (MS L 338). 

In 1905, Herbert, then Third Assistant Secretary of State, was assigned 
by President Theodore Roosevelt to serve as host at the Portsmouth Confer­
ence at which the treaty between Russia and Japan was drawn up. Herbert 
was later our minister to Norway. 

Peirce's older brother, the mathematician James Mills Peirce, spent 
many of his summers here in Europe, had many friends on this side of the At­
lantic, and was an ally of John Addington Symonds. 

And finally, the identity of Peirce's European second wife, Juliette An­
nette Pourtalai (de Pourtalès? née Froissy? mother's family name Eyem?), is 
still not known. There are numerous bits of evidence leading chiefly to 
France, but also to Germany, Austria, Poland, Russia, Egypt, Italy, Spain, 
and Norway. That is the chief single unsolved problem of the biography. 

It would be a great service to Peircean scholarship if our colleagues in 
other countries would visit the research libraries and archives of all kinds that 
are within their easy reach, in search of letters, offprints, manuscripts, news­
papers items, and other relevant materials; and if they would urge their 
friends in other places to join the search. Even negative reports will be useful. 

So among the many reasons for welcoming this International Congress is 
the opportunity it gives those of us from Peirce's native land to say to those of 
other lands: We need your help! 

NOTES 

1) Adequate references for the following address would run to nearly the length of the address itself. 
The principal sources for Part 1 are the annual reports of the Coast Survey, the proceedings of 
the International Geodetic Association and of its Permanent Commission, the Comtes Rendus of 
the French Academy of Sciences, the Coast Survey files in National Archives, and Peirce's official 
and private correspondence. See also the History of Science Society symposium on Peirce in Trans­
actions of the Charles S. Peirce Society, vol. 11, no. 3 (Summer 1975): 145-194: the other papers by 
Victor F. Lenzen listed on pp. 225f of the same issue; Carolyn Eisele, "Charles S. Peirce, 
Nineteenth Century Man of Science," Scripta Mathematica, 24 (1959): 305-324; and her article on 
him in the Dictionary of Scientific Biography (14 vols., ed. Charles C. Gillespie [New York; Charles 
Scribner's Sons, 1970]). The same Dictionary has articles on most of the other scientists named in 
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the address. [Postscript 1980: The two articles by Carolyn Eisele, along with other relevant papers, 
are now collected in her Studies in the Scientific and Mathematical Philosophy of Charles S. Peirce, 
ed. R. M. Martin (The Hague: Mouton, 1979.)] 

2) Prior to these assignments, his chief duties in the Survey had been assisting in field work on 
the coasts of Maine and of Louisiana, aiding his father in determining the longitude of American 
stations with respect to European from observations of occultations of the Pleiades by the moon, 
and serving as assistant in the Harvard College Observatory. 

3) Those in-text citations beginning with SS are to the pages of Semiotic and Significs: The Correspondence 
between Charles S. Peirce and Victoria Lady Welby, edited by Charles S. Hardwick 
(Bloomington: Indiana University Press, 1977). 

4) Bache Papers 7. 1803, Library of Congress Manuscript Division (Peirce to Bache, 11 June 
1861). 

5) Scientific American, 21 (11 September 1869): 162. 

6) For details see Fisch and Cope, "Peirce at The Johns Hopkins University," pp. 277-311, 355-
360, 363-374, in Studies in the Philosophy of Charles Sanders Peirce, edited by Philip P. Wiener and 
Frederic H. Young (Cambridge: Harvard University Press, 1952). 

7) See the article by Thomas C. Cadwallader in the History of Science symposium on Peirce 
cited in note 1. above. 

8) Max H. Fisch, "Peirce's Progress from Nominalism Toward Realism," The Monist, 51 (1967): 
159-178; "Peirce's Arisbe," Transactions of the Charles S. Peirce Society, 7 (1971): 187-210, at 188; 
"Peirce and Leibniz," Journal of the History of Ideas, 33 (1972): 485-496, at 491 and 496; "Peirce's 
General Theory of Signs," pp. 60-63, in Sight, Sound, and Sense, edited by Thomas A. Sebeok 
(Bloomington, Indiana University Press, 1978). 

9) Cf. MS 634.3: "From the point of view of Logic, considered as the theory of inquiry, there is 
no good ground for limiting [reasoning] to that part of the process of inquiry in which muscular action 
does not participate." 

10) Shea Zellweger, taking a very similar approach but developing further some unexpected 
advantages of Peirce's efforts, is about to publish a new notation for the same connectives, which he 
calls "the logic alphabet." See my "Peirce's General Theory of Signs" (n. 8 above), pp. 46f and n. 
23. 

11) See Don D. Roberts, The Existential Graphs of Charles S. Peirce (The Hague: Mouton, 
1973). 

12) Max H. Fisch, "A Chronicle of Pragmaticism, 1865-1879," The Monist, 48 (1964): 441-466, 
at 461. 



THE HISTORY OF SEMIOTICS A N D CHARLES S. PEIRCE 

It will appear that individualism and fal­
sity are one and the same. Meantime, we 
know that man is not whole as long as he 
is single, that he is essentially a possible 
member of society. Especially, one 
man's experience is nothing if it stands 
alone. (...) It is not 'my' experience but 
'our' experience that has to be thought 
of; and this 'us' has indefinite pos­
sibilities. 

Peirce, 1893. 

I 

My decision to begin the new series Foundations of Semiotics with Studies 
in Logic edited by Charles S. Peirce may well seem an obvious one. Nonethe­
less I should like to elaborate on my motivation for this decision in these intro­
ductory remarks, while at the same time highlighting some of the crucial as­
pects of the programmatic scope of Foundations of Semiotics. 

Certainly one of the principal arguments for my decision is the obvious 
desirability of making important, long out of print texts generally and easily 
available again. (There seems to be, for example, only one copy of Studies in 
Logic in West German libraries.) The weakness of such an argument is that it 
might be made for countless books from every branch of science. If we also 
disregard the fact that Charles S. Peirce is the only author in modern semiotic 
discussion to be quoted both constantly and affirmatively by schools of all 
orientations, we have to look a little further to justify granting Studies in Logic 
the place of honour. Doubtless Peirce's rich work would be sufficient to serve 
as a mine of ideas for all reworkings of this theme. But ultimately there are 
three mutually related aspects of Peirce's thought which deserve to be particu-
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larly emphasised and which serve as the decisive criteria for the placing of 
Studies in Logic at the beginning. These three aspects are (1) the community 
structure of science as propagated and practised by Peirce, (2) his considera­
tion of the fundamental relationship between logic and semiotics and (3) his 
emphatic plea for a historisation of science and, hence, of semiotics. 

II 

At first glance, it may seem rather paradoxical and ironic to appoint a 
man like Charles S. Peirce principal witness for an approach the research logi­
cal credo of which is based upon the community structure of science, and, in 
particular, the permanent critical discussion and exchange in the community 
of investigators. Admittedly, Charles S. Peirce was able to lecture only for a 
short time at the Johns Hopkins University and hence spent most of his scien­
tific life — apart from his sporadic lectures — more or less in seclusion. Simi­
larly, it is indisputable that most of his works were not printed during his 
lifetime and thus could not have had an effect. Furthermore, if his works were 
reviewed at all, there were odd distortions and incomplete presentations such 
as that of William James, so that Peirce was compelled to abandon his term 
'pragmatism' and invent a new term,pragmaticism, which he considered to be 
so ugly that nobody would ever want to steal it. To what extent, then, can one 
claim that Peirce was the one to determine the community structure of science 
as the ultimate and decisive influence on the research process? 

In answering this question, one is quickly led to the centre of Peirce's 
reasoning — and it should be emphasized that there is no simple answer — 
which means that Peirce's views on the formation of scientific theories and the 
development of habits must be briefly reconstructed. 

Peirce claimed repeatedly that his pragmatic maxim necessarily implies a 
philosophical attitude which he termed critical common-sensism. For Peirce, 
this philosophical attitude is marked by six distinctive characteristics: 1) "Critical 
Common-sensism admits that there not only are indubitable propositions 
but also that there are indubitable inferences" (C.P., 5.440). 2) Indubitable 
propositions change. These changes are insignificant in the course of generations; 
not so insignificant, however, that they cannot be perceived (cf. .., 
5.444). 3) It is necessary to fix the limits of indubitability of original beliefs (cf. 
.., 5.445). 4) One of the most striking features of the critical common-sensist" 
lies in his insistence that the acritically indubitable is invariably vague" 
(.., 5.446). 5) The starting point of an investigation is a justifiable doubt; in 
a carefully planned study the critical common-sensist examines this doubt 



THE HISTORY OF SEMIOTICS AND PEIRCE XXXV 

until he attains, for the present, an indubitable belief. "Even then it may be 
that some of his indubitable beliefs may be proved false" (C.P., 5.451). 6) 
"Critical common-sensism may fairly lay claim to this title for two sorts of 
reasons; namely, that on the one hand it subjects four opinions to rigid criti­
cism: its own; that of the Scotch school; that of those who would base logic or 
metaphysics on psychology or any other special science (...); and that of Kant ; 
while on the other hand it has besides some claim to be called Critical from the 
fact that it is but a modification of Kantism" (C.P., 5.452). It now has to be 
pointed out to what extent the critical common-sensism, which has been de­
rived from the pragmatic maxim, implies the programme of Peirce's research 
logic in nuce, and also to what extent the concept of the community structure 
of science holds a key-position in this process. 

The starting point of any scientific investigation is the nascent doubt 
about a proposition previously undoubted. Real doubt exists when someone 
doubts a proposition p to such a degree that he is consequently unable to act 
on it. This unexpected condition, which is not willingly introduced — could 
not indeed be so since this would imply the person's ability to foresee his or her 
future experiences — is experienced as being unpleasant and unsatisfactory. 
This is the situation that causes the research process to begin and be pushed 
forward with the intention of removing the doubt and of gaining new, stable 
beliefs. Not only must the investigation always start there where hitherto in­
dubitable beliefs have become questionable, but also it cannot ignore the fact 
that man as a creature dependent on signs is likewise subject to signs "for the 
questioning, correction, and qualification of other signs" (Gallie, 1975: 92), 
since otherwise he could neither imagine the proposition p under discussion, 
nor could he doubt it on the basis of any new circumstances. 

If, then, the research process is described as a process of the interpretation 
of given signs by means of other signs, it follows that the entire intention 
of a research process consists of determining the specific character of the interpretation 
by using second signs to illuminate the first. A sign also evokes an 
external physical effect beyond its scope when it determines its own interpretation 
within another sign, just like the proposition P, having been indubitable 
before, determined certain dispositions to act (cf. C.P., 8. 191). Elsewhere 
Peirce described this process as a continuous succession of ever more highly 
determined interpretants which can claim a growing degree of concrete 
reasonableness in the perpetual succession of habits, habit change, and the establishment 
of new habits. Consequently, the continuous process from belief 
to doubt and to a new stable belief is not overshadowed by some irrational 
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power which man would be at the mercy of, but is, on the contrary, steered by 
the real human hope for continuous progress and improvement towards a 
final goal, as described by Peirce with the term 'final logical interpretant'. 
While Peirce considered the history of science to be marked by the two features 
of continuity and evolution, his optimism as a researcher was prompted 
by the continuous and inevitable occurrence of sign interpretation, which — 
in the long run — would potentially end the research process with a stable, indubitable 
belief. 

The question must now be raised: to what extent is this highly speculative 
teleological principle inconsistent with Peirce's entire approach, or, even 
worse, undermines it? Where is the guarantee that the research process ulti­
mately and centripetally leads to stable results? Would it not be just as plausi­
ble to expect a centrifugally increasing divergence in research results, the 
longer the process lasts? Are there not enough macrocosmic and microcosmic 
data which suggest precisely the latter assumption? And finally, to what ex­
tent is the admission of such a final belief justifiable , one that is conceivable 
only as externally pre-established, and is expected to pilot and conclude the 
research process? 

Although one could bring forward some serious arguments against 
Peirce's conception of the dynamics of research processes, the questions and 
arguments raised here may be absolutely rejected as conventional arguments 
not even touching the centre of Peirce's approach, since they are not at all concerned 

with decisive parts of it. I consider the fourth feature of critical commonsensism 
to be a basically new thought capable of breaking open the fossilized 

way of thinking of historical metaphysics, as it brings in its wake the development 
of a logic of vagueness, which Peirce, for good reasons, was proud 
of. Peirce thought it appropriate to distinguish carefully between the 'determinate' 
and the 'definite'. He states, "a subject is determinate in respect to any 
character which inheres in it or is (universally and affirmatively) predicated of 
it" (C.P., 5.447). For further specification of the term 'definite' he resorts to 
the process of sign constitution and sign interpretation: 

"A sign (under which designation I place every kind of thought and not alone 
external signs), that is in any respect objectively indeterminate (i.e. whose 
object is undetermined by the sign itself) is objectively general in so far as it 
extends to the interpreter the privilege of carrying its determination further. 
(...) A sign that is objectively indeterminate in any respect is objectively 
vague in so far as it reserves further determination to be made in some other 
conceivable sign, or at least does not appoint the interpreter as its deputy in 
this office" (C.P., 5.447). 
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Although these remarks suggest some clarification of the question concerning 
the telos of research process, it is still necessary to elucidate the interrelation 
between both the logic of vagueness as intended by Peirce and the principle of 
continuity (cf. especially Nadin, 1980 and 1981). 

In the section "Fallibilism, Continuity, and Evolution" (., 1.141-1. 
175), we find the most important determination of Synechism as "the doctrine 
that all that exists is continuous" (C.P., 1.172). Elsewhere, Peirce expressly 
points out that "continuity and generality are the same thing" (C P., 4.172). It 
follows from both conditions that vagueness is a feature inherent in all sign 
processes. At the same time we can learn that continuous semiosis is propelled 
by the rationally indispensable ideal of absolute determination, yet can never 
catch up with this ideal qua ideal. The continuous process of interpretation is 
not to be understood however as an oscillation between a never achieved ideal 
and an actually achieved but deficient interpretation, but rather as a continu­
ous approach to the idea of the final logical interpretant in accordance with 
the quantity of information available at that time. 

In order to substantiate this view, one should refer to the Lowell Lectures 
of 1903, in which Peirce differentiated between three modes of inductive 
reasoning: crude (or rudimentary) induction, qualitative induction, and 
quantitative (or statistical) induction (cf. .., 7.110-7.130). Crude induction 
as the weakest form of inductive reasoning "proceeds from the premiss that 
the reasoner has no evidence of the existence of any fact of a given description 
and concludes that there never was, is not, and never will be any such thing. 
The justification of this is that it goes by such light as we have, and that truth is 
bound eventually to come to light" (C.P., 7.111). 

One could describe qualitative induction as the hypothetic-deductive 
method, insofar as it is based on the mutual relation of setting up hypotheses 
and proving them (in Peirce's terms, the mutual relation of abduction and retroduction). 
The third method of induction, quantitative induction, "differs 
entirely from the other two in that it assigns a definite value to a quantity. It 
draws a sample of a class, finds a numerical expression for a predesignate 
character of that sample and extends this evaluation, under proper qualification, 
to the entire class, by the doctrine of chances" (C.P.,7.120). All three inductive 
methods have in common that they lead to probable inferences (cf. 
. ., 2.693). Probable inferences have to be understood with reference to the 
inductive method in terms of the frequency theory of probability. If the inductive 
method is followed long enough in terms of probable inferences and the 
instances are sufficiently numerous, this procedure will necessarily approach 
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a limit. Considered from this angle, possibly the most important result of the 
pragmatic maxim is constituted as an answer to the question which governs 
each research process, namely "how to make our ideas clear". 

The debate up to this point has necessarily been so general as to be ac­
ceptable; yet the question as to its consequences must still be raised. Again 
and again, Peirceian scholars have endeavoured in vain to find the logic of 
vagueness in Peirce's enormous literary legacy, but it has always escaped their 
notice that the categorical determining features of the vague are identical to 
those of the sign. It seems to me that Nadin (1980:355) is completely right 
when he writes: "Semiotics itself (...) is the logic of vagueness", to which it 
could perhaps be added that this formulation should not be taken in the sense 
of a proposition of identity, since semiotics comprises a number of further 
constituent determining factors apart from the logic of vagueness. Putting 
these general statements into concrete terms, we enter the immediate 
semiosis of everyday practice. 

We have obtained first results from the question initially raised as to the 
community structure of science underlying all research processes. Now we 
must project the results onto the initial question. First of all, we can draw the 
conclusion from the principle of synechism that scientific research cannot be 
restricted to the process occuring between a belief to be questioned and the es­
tablishment of a new belief. The continuous motion in the direction of the 
final logical interpretant must be systematically considered as an essential 
criterion of scientific research. Although this implies renouncing all kinds of 
dogmatism, it does not end in subjectivism or lethargy, since the acknow­
ledgement of a continuous research process is a necessary condition for any 
real hope of success (cf. Almeder, 1980: 76). 

If we analyse the research process both semiotically and in terms of the 
logic of vagueness we become aware not only of a number of important results 
not pertinent to the present discussion, but also of the necessity to define a 
new concept of truth. In my opinion, the whole question of whether Peirce 
held a convergent or correspondent theory of truth — or any other such 
theory — is irrelevant in that it has no connection to some basic aspects of 
Peirce's thought. Let us recall some of his most important arguments. Peirce 
derives from the principle of continuous sign interpretation as embodied in 
human nature that (1) an end to interpretation can only occur with the end of 
man; (2) the regulative idea of the final logical interpretant is nothing other 
than the necessary condensation of the process of interpretation in terms of 
the logic of research; (3) to the same degree that everyday interpretation can 
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lay claim to a certain extent of plausibility, so also the final logical interpretant; 
(4) although we must take into account the potential incompleteness, determined 
by its vagueness, of the process of interpretation, we are, due to our 
finite and limited minds, in great fear of chaos and infinity; we are therefore 
inclined to try to create a rude order, and likewise to forcibly accept conclu­
sions. 

On trying to relate these four items to each other, we soon find that we 
cannot classify them under any of the traditional theories of truth. Instead, we 
are vividly reminded of that pragmatic maxim which, for me, contains Peirce's 
theory of truth: 

"Consider what effects that might conceivably have practical bearings you 
conceive the objects of your conceptions to have. Then, your conception of 
those effects is the whole of your conception of the object" (C.P., 5.438; my 
italics - A.E.). 

All this may seem only peripheral to the question of the community struc­
ture of science; not so, however, to the question of scientific progress and the 
development of scientific thinking. From the principle of continuous sign in­
terpretations we have deduced that scientific progress is not due to any radical 
new ideas, intuitive inspirations or the like, but to systematic criticism of facts 
already known. It was John Dewey who once aptly remarked that no man is an 
island. Dewey, himself, was fundamentally dependent on the already familiar 
— he probably did little more than develop one of the views presented by his 
one time teacher Peirce — and thus we return to the second constituent princi­
ple of scientific progress: the community structure of science. Peirce wrote: 

"Science does not advance by revolutions, warfare, and cataclysms, but by 
coöperation, by each researcher's taking advantage of his predecessor's 
achievements, and by joining his own continuous piece to that already done" 
(., 2.157). 

It is significant that Thomas S. Kuhn (to mention only one of the main 
representatives of a whole movement) has ignored Peirce's reflections on this 
point, which are diametrically opposed to his own — as set out in The Structure 
of Scientific Revolutions and in his essays in the volume Die Entstehung des 
Neuen. Kuhn has also asserted the support of Ludwik Fleck, who is supposed 
to have anticipated many of his own deliberations in his monograph Ent­
stehung und Entwicklung einer wissenschaftlichen Tatsache. Actually Fleck is 
minutely endeavouring to prove the opposite. If we wish to contradict Peirce 
at all in this point, it can only be done by referring to the peculiar phenomenon 
that discoveries are made from time to time, by means of ignoring, scientifi-
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cally or unscientifically, the achievements of a predecessor. What is discovered 
in this way, however, may not entail scientific progress at all. 

Summing up Peirce's reflections on the community structure of science 
and relating the result to the concept of truth discussed above, we can say with 
regard to the final conceptual clarification that research leads us to, that the 
final logical interpretant is the ultimate and irrefutable belief the discourse of 
the community of investigators has brought us to. Because of its own structure, 
the community of investigators will hold as true the final logical interpretant. 
Morris R. Cohen formulated this with particular precision: 

As no multitude of individuals can exhaust the meaning of a continuum, 
which includes also organizing relations of order, the full meaning of a concept 
cannot be in any individual reaction, but is rather to be sought in the 
manner in which all such reactions contribute to the development of the concrete 
reasonableness of the whole evolutionary process" (Cohen, 1923: 
XVIII). 

I should like to close this section with some comments on the optimism of 
Peirce's approach to research. This has often been criticised as going too far, 
and Robert Almeder writes, for example: "If research goes on forever then 
we shall ultimately get the answer — if the question can be answered" (Almeder, 
1980: 66). Ignoring the fact that Almeder obviously does not take the 
modal character of Peirce's statements seriously, we should deal here with the 
more important and provocative question: whether science today should still 
value a sustained belief in progress as was a matter of course in the 19th century. 
Though scientific and technical progress have rendered possible answers 
to questions which could not even have been put fifty years ago, it is in no way 
certain that all these answers are solicited or even desirable. It has become increasingly 
|evident in the last few decades that there is a pressing need in scientific 
research not only for an ethics of terminology, but above all, for an ethics 
of science itself. 

We cannot, however, impute to Peirce a typically 19th century, blind belief 
in research, without ignoring his epoch-making achievements in the field 
of the economy of research. Similarly, one should not overlook those passages 
in which Peirce presents anything but an optimistic attitude towards research: 

"If we think that some questions are never going to get settled, we ought to 
admit that our conception of nature as absolutely real is only partially correct. 
Still, we have to be governed by it practically; because there is nothing 
to distinguish the unanswerable questions from the answerable ones" (C P., 
8.43). 
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I should like to end this section with a quotation drawn from the review of 
Josiah Royce's book on The Religious Aspect of Philosophy by Peirce, circa 
1855. This quotation appears at first sight to suggest an extreme version of the 
preceding remarks, and yet its implications are so amazingly and alarmingly 
topical: 

"We may take it as certain that the human race will ultimately be extirpated; 
because there is a certain chance of it every year, and in an indefinitely long 
time the chance of survival compounds itself nearer and nearer zero {ibid.). 

III 

The origin of the term, logic, is to be found in a Stoic expression for the 
same doctrine which Plato called dialectics and Aristotle analytics. Logic, according 
to the doctrine of logos, is concerned with reasoning, disciplined discourse 
and deduction. More strictly, logic deals with the conditions necessary 
for formal correctness of thinking, whereby the order, structure, and form of 
the thinking matter are considered. Subdividing the various basic forms of 
logic as they occur in the history of philosophy, one would at least have to refer 
to classical logic as originated by Aristotle, to Kant's transcendental logic, to 
Hegel's dialectic logic, and to algebraic logic, as closely associated with Frege, 
Peirce, Russell and Whitehead. Depending on the position and the self-assessment 
of the logician, the various kinds of logic represent equally important 
branches of the philosophical tradition, as ancilla philosophiae, or as 
propaedeutics for any philosophy. 

On examining books on logic as to whether or not semiotic questions are 
discussed in connection with the development of logical methods, one will 
very soon notice a certain affinity between logical and semiotic problems. If 
we were to classify the relationship between the two complexes under consid­
eration a new, we might arrive at the following titles: "Semiotics as Logic", 
"Semiotics and Logic", and "Logic as Semiotics". 

Philodemus' book Peri Semeion (cf. Philodemus, 1978) and the contem­
plations of the Stoic logicians (cf. Sextus Empiricus, 1967: vol. II) can doubt­
less be reckoned among the earliest expressions of the view regarding semio­
tics as logic. In his treatise on signs, Philodemus expresses the Epicurean opin­
ion "that sign relationships are discovered empirically" (Philodemus, 1978: 
156). From this basic assumption, he deduces that the relationship between 
the sign and the thing signified is essential if empirical inquiry is to be carried 
through correctly. The "Old Stoa" considered the semeion to be an axiom (cf. 
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Pohlenz, 1978: vol. I,49), whereas in the Academy of Athens, the differentiation 
between the 'hypomnestic' sign as solely taken from experience and the 
'endeictic' sign as used in syllogism was established (cf. ibid., vol. II, 127). 
Since the Stoics believed that an essential relationship between sign and thing 
signified could not be confirmed empirically, they considered a conclusion 
from signs reliable only if it met the test of contraposition. Despite the many 
disagreements between the Stoics and the Epicureans, it is appropriate at this 
point to emphasize their common views on the function of semiotics within 
logic. Even if it may be exaggerated to refer to an Epicurean or Stoic semiotics 
sensu strictu, Brochard's formulation seems to be fully justified: "La logique 
stoicienne est essentiellement une séméiologie" (Brochard, 1926: 231), for 
the Stoics not only established logic as an autonomous scientific discipline, but 
also defined its matter in explicit semiotic terms, most importantly: 'thing signified' 
and 'thing expressible'. The Stoics' break with the Aristotelian concept 
of logic is not entirely logically motivated, but is also partly based on 
metaphysical thought, insofar as answers are sought to questions concerning 
the identifying features of the human being and the special relationship between 
man and his environment. Especially in the eighth book of his Adversus 
Mathematicos, Sextus Empiricus develops the Stoic conception of semiotic 
activity in respect to the conscious life of man: what distinguishes man from 
everything else in his environment and from all other creatures is his facultas 
signatrix, his ability to form representations, with the help of which he is able, 
from one phenomenon conceived as a sign, to arrive at another phenomenon. 
In his second book, Against the Logicians, Sextus Empiricus gives an account 
of the Stoic sign concept: 

"The term 'sign', then, has two senses, the general and the particular. In the 
general sense it is that which seems to make something evident — in which 
sense we are accustomed to call that a sign which serves to effect the renewal 
of the object observed in conjunction with it, — and in the particular sense it 
means that which is indicative of a non-evident object" (Sextus Empiricus, 
1967:313). 

Generalising, we could say that the sign takes on the function of a syl­
logistic way of thinking. 

It seems permissible to subsume the Stoics' remarks on sign theory under 
the title "Semiotics as Logic", since they dispensed with the development of 
an autonomous discipline 'semiotics' (for a contradictory view, cf. Morris, 
1946: Appendix I). Their reason for doing so was their consideration that the 
place for the systematic treatment of deduction was not beyond logic, but 
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within syllogistics. 
The Middle Ages in their system of education continued to divide 

philosophy, as in the days of the Academy and the Stoa, into three parts: logic, 
ethics and physics. Naturally philosophy faced important problems resulting 
from the dominant role of theology. In a number of very important works of a 
more recent date, it has become ever clearer that the characteristic logic of the 
Middle Ages originated and was developed from deliberations in the Faculty 
of Arts of the University of Paris. This logic, owing to its treatment of gram­
mar, is called the 'logic of language'. Even though the Middle Ages revealed a 
number of common views with regard to theoretical approaches, it is surely 
wrong to suggest monotony and unimaginativeness, as older surveys as that of 
Prantl often do. Especially between the 14th and mid 15th centuries, a con­
cept of logic was established which became known as 'logica modernorum', 
and which arrived at some original views particularly in its treatises on the so-
called modi significandi and the suppositiones. 

In our discussion of the characteristic features of the terministic logic of 
Scholasticism it has been acknowledged that the determination of logical form 
within Scholasticism can be described in terms of the neo-positivist semiotics 
of Morris as a metalingually established logic of language. To my mind, how­
ever, the accepted classification under the terms 'syntactics', 'semantics', and 
'pragmatics', 'metalanguage' etc. misses the genuine character of terministic 
logic completely because it does not adequately render an account of the re­
lationship between semiotics and logic, and it imposes a terminology on the 
medieval concept of logic which is incompatible with its system. The sugges­
tion has already been made above, in connection with the logic of the Stoics, 
to determine the relationship between logic and semiotics as "Semiotics as 
Logic". With regard to terministic logic, I suggest determining this relation­
ship additively, since, in my opinion, the Modistae present to us linguistic 
theory developed on the basis of the Greek/Latin grammar which, in the first 
place, undergoes a transformation in terms of logic, or is logicised, and is only 
then open to semiotic interpretation. In order to support this position, I quote 
the beginning of Johannes Dacus' Summa Gramatica: 

"Primo enim intendimus principia gramatice rationatiue inquirere, secundo 
principia gramatice ad faciliorem instructionem in summa artificialiter recolligere, 
tertio ex principiis et summatim recollectis passiones gramaticales, 
cuiusmodi sunt congruitas et perfectio etc., causaliter proponimus inuestigare, 
quarto recolligendo passiones ex principiis inuestigatas et docendo sufficientiam 
constructionum et omnium scilicet differentiarum constructionis 
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et que principia quarum constructionum cause sint, ad omnes passiones 
gramaticales vniuersaliter et quasi in capitulo principia volumus applicare" 
(Johannes Dacus, 1955: 47). 

An important intimation of the Modistae's conception of themselves can 
also be found in Simon Dacus: 

"Gramatica tanquam fundamento, dyalectica tanquam superedificio, retorica 
tanquam tecto" (Simon Dacus, 1963: 3). 

With Siger de Cortraco's ars priorum one could prove that the two authors 
quoted do not hold contradictory views; similarly, we might quote one 
of the most famous Modistae, Boethius de Dacia, who begins his treatise on 
the modi significandi like this: 

"... ideo volens tractatum de grammatica facere, per quem contingit scire 
eas, quae in grammatica quaeruntur, difficultates, oportet primo docere 
primo principia grammaticae, ex quibus contingit posteriora secundum cer-
titudinem concludere" (Boethius de Dacia, 1969: 3). 

In my opinion, we can derive an inference from their programmatic com­
ments which correspond to the intentions of the Scholastics, but which also 
have to undergo some revisions as far as the concept of a logic of language is 
concerned. Scholasticism took it for granted to distinguish terms according to 
whether they expressed a first or second intention. Terms of the first intention 
are those signs signifying things in colloquial speech, and terms of the second 
intention are signs denoting the signs of the first intention. Whereas the treat­
ment of the terms of the first intention belongs to the field of grammar, logic 
has to deal with the terms of the second intention. I hold that due to this func­
tional distinction, we cannot assert that semiotics as logic serves a logic of lan­
guage. On the contrary, we find that semiotics becomes an additional aspect 
alongside the classical disciplines of grammar and logic, without, however, 
being of any practical use in the form of a substantiation of grammar or of 
logic, for example. 

Considering the functional scope of that logic which deals with signs of 
second intention, we discover the following aspects: on the one hand, logic investigates 
the features of terms including significano, suppositio, copulatio, 
and appellation; on the other hand one can find the doctrine of syllogisms, the 
doctrine of consequences etc. One could easily get the wrong impression of 
the relationship between logic and semiotics from this. However, here too, we 
find an additive relationship. This is evident from the fact that logic does not 
inquire into the constitution of signs, but is restricted to the functional analysis 
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of signs which already exist, or, put another way, that investigations into the 
particular meaning of terms in the field of logic are supplemented by inquiries 
into their possible combinations. It seems to me that we can define the relationship 
between logic and semiotics in the Middle Ages as additive, since in 
Scholastic logic there are no consequences for grammar and logic resulting 
from their reflections on sign theory, but problems of sign theory appear in a 
particular parallelism to grammar and logic. 

In the course of the history of logic and semiotics, no one has really 
doubted a certain relationship between logical and semiotic questions, even 
though the determination of the relationship has often differed greatly. On 
the basis of a number of reflections on the history of science and systems of science, 
and others inherent to logic, Charles S. Peirce came to the conclusion 
that the Stoic determination should be reversed, and that logic should be regarded 
as semiotics. In some passages of the Collected Papers, Peirce defines 
his usage of the term 'logic': 

"The term 'logic' is unscientifically by me employed in two distinct senses. In 
its narrower sense, it is the science of the necessary conditions of the attainment 
of truth. In its broader sense, it is the science of the necessary laws of 
thought, or, still better (though always taking place by means of signs), it is 
general semeiotic, treating not merely of truth, but also of the general conditions 
of signs being signs (which Duns Scotus called grammatica speculativa), 
also of the laws of the evolution of thought, which since it coincides with the 
study of the necessary conditions of the transmission of meaning by signs 
from mind to mind, and from one state of mind to another, ought, for the 
sake of taking advantage of an old association of terms, be called rhetorica 
speculativa, but which I content myself with inaccurately calling objective 
logic, because that conveys the correct idea that it is like Hegel's logic" (C. P., 
1.444; cf. ibid., 1.191). 

In a letter to Lady Welby, written at the end of December 1908, we find 
the following important passage: 

"I have often thought that if it were not that it would sound too German (and 
I have an utter contempt for German Logic) I would entitle my logic-book 
(which is now coming on) "Logic considered as Semeiotic" (or probably 
Semeotic without the i); but everybody would think I was translating als 
Semeiotik betrachtet, which I couldn't stand" (C.P., 8.377). 

About the year 1897, Peirce arrived at a formulation which I should also 
like to quote fully owing to some important implications: 

"Logic, in its general sense, is, as I believe I have shown, only another name 
for semeiotic (semeiotiké), the quasi-necessary, or formal, doctrine of signs. 
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By describing the doctrine as quasi-necessary, or formal, I mean that we observe 
the characters of such signs as we know, and from such an observation, 
by a process which I will not object to naming Abstraction, we are led to statements, 
eminently fallible, and therefore in one sense by no means necessary, 
as to what must be the characters of all signs used by a "scientific" intelli­
gence, that is to say, by an intelligence capable of learning by experience" 
(., 2.227). 

Peirce was of course not satisfied with merely asserting that there was a 
relationship between logic and semiotics; rather, he occupied himself with the 
substantiation of their relationship throughout his life, approaching the prob­
lem with various arguments and from various points of view. As early as 1868 
in his famous series of essays, he arrived at the conviction, prompted by the 
topic, "how to make our ideas clear", that one of the first useful steps towards 
a science of semeiotic had to lie in the logical analysis of the concepts of sci­
ence. Within the logical analysis of the concepts of science, the question arises 
whether or not the conclusion reached by applying one maxim or another cor­
relates with the facts. The question concerning the relationship between the 
conclusion arrived at, and the facts is nothing other than the question as to the 
"essential nature and fundamental varieties of possible semiosis" (C.P., 
5.488). We know that sign processes are to be described as a triadic relation. 
Instead-of dealing with semiotic-logical analysis in the manner of a childish 
typologising of signs, the origin of which nobody has to render account, Peirce 
endeavoured to develop a logic of relations in his most famous works. Thus, if 
we conceive logic to be the theory of self-controlled or deliberate thouht, as 
was suggested by Peirce in his treatment of normative science (cf. . ., 1.191) 
and if all thought is carried out in terms of signs, and if all signs consist of the 
triadic relation between an interpretant, its object or correlate and something 
Peirce sometimes calls ground, and if the logic of relatives is the adequate instrument 
for the analysis of the relations under discussion, then it is clear why 
Peirce conceives logic as semiotics. 

As I see it, there is a consensus in Peircian research that "the discovery of 
the calculus of relations was one of the most important events in Peirce's 
philosophic career" (Murphy, 1961: 152). Nevertheless, in his book on 
Peirce's logic of relations, Richard M. Martin sees, in spite of the immense 
Peircian literature, cause for complaint that Peirce's work on the logic of rela­
tions has not yet been studied with adequate systematic thoroughness, and he 
holds "that, if Peirce's contributions to formal logic were more widely known 
and understood, they too would be seen to be of major importance" (Martin, 
1979: 9). Martin believes that, despite some shortcomings and restrictions to 
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dyadic relations, the Studies in Logic "must surely be ranked as 'one of the 
most solid treatises ever written up to its time on the logic of relations — a 
work that goes toward the evelation of man'" (Martin, 1979: 61). It is doubtless 
Peirce, in his studies on the logic of relations, anticipated much of what 
was to be greatly refined in the Principia Mathematica. It is also true that 
Peirce's thoughts were a development of those of Boole and De Morgan. To 
what extent, however, is Peirce's claim, repeatedly and plainly put, to having 
established the logic of relations in its true sense, legitimate? I consider it 
proven that Protagoras, Plato, and Aristotle had already dealt with the following 

five central problems of the theory of relations as specified by Cavarnos:" 
1) the general notion of relation; 2) the analysis of the relational situation; 
3) the classification of relations; 4) the ontological status of relations; 5) 
the cognition of relations" (Cavanos, 1975: 103). That the doctrine of relations 
(or order, or relationships) was taken up anew in the Middle Ages may 
be proved by the debate carried out in the works of St. Thomas Aquinas, John 
Duns Scotus, William of Ockham and John of St. Thomas. Without going 
further into the investigations of relational theory of the following centuries, I 
would like simply to point out here that in the 19th century not only Boole and 
DeMorgan were working on problems of the logic of relations earlier than 
Peirce, but also Alexander Macfarlane, J.J. Murphy or A.J. Ellis. If a researcher 
like Peirce, who entered intensively into the study of the history of 
science, still maintained he was the true founder of the logic of relations, one 
would like to assume that he had good reasons for doing so. I must admit I was 
not able to bring these reasons to light, indeed there are only a few rather 
weak arguments to mention. It might be supposed, for example, that the re­
spective texts were not accessible to him. This, however, could not really hold 
for the majority of the authors quoted, since Peirce referred to them 
elsewhere. It might be that he knew most of the texts mentioned, but consid­
ered them merely to be studies on relational theory which neither created fun­
damental conditions for the study of relational theory nor contributed to a cal­
culus of relations. Possibly there are one or more works in the unpublished 
texts of his literary legacy not accessible to me which might give an answer to 
these questions. Perhaps there were still other decisive considerations — to 
which Philip P. Wiener seems to refer: 

"The two chief ideas of the nineteenth century were for Peirce the idea of 
continuity and the idea of evolutionary progress. He tried in his philosophy to 
combine the two ideas by means of his logic of relations and probability, his 
notion of thought as 'the melody that runs through our sensations', and the 
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evolution of laws in a universe striving for reasonableness" (Wiener, 1966: 
261). 

I shall be dealing with this view in the following section, and shall en­
deavour to discuss and develop the considerations on the community struc­
ture of science, begun above, from a new perspective. 

IV 

Again and again, we find in research on Peirce clear references to his 
lively interest in the history of science, and that he "was so thoroughly a master 
of exact science and so well versed in the history of scientific and 
philosophic thought" (Wiener, 1966: XII) that it is almost superfluous to men­
tion once again this well known fact. However, the question is still to be 
answered as to the role played by his examination of the history of science in 
the leading principles of his philosophy. 

In his Lessons of the History of Science (Peirce, 1966: 227-325) Peirce, 
following Francis Bacon, makes a distinction between two views of science: 
the first sees science as an organized body of knowledge while the second views 
it as a method of discovery. Referring to the second perspective, Peirce says: 

"It is in this sense of the search after knowledge for its own sake that this book 
endeavours to sketch the history of science" (Peirce, 1966: 228). 

Insofar as the history of science is "animated by the love of truth's sake" 
(ibid.) it is not restricted to the natural sciences, but has to deal equally with 
the arts and with mathematics, logic, and metaphysics. Accepting such a 
broad conception of the history of science, suspicions might easily be aroused 
that the intention is to fabricate, in a mechanical way, a foundation of science 
from obscure and ambiguous ideas. However, in a comment on Lessons of the 
History of Science, Wiener is quick to point out that Peirce was well aware of 
the "genetic fallacy of confusing origins with validity" (Wiener, 1966: 232), 
even though he had been an adherent of the historical and evolutionary ap­
proach to all natural and social phenomena, which was widespread in the 19th 
century. 

We might again insight into the function and purpose of the history of sci­
ence if we try to comprehend Peirce's understanding of the movement and of 
its development. Again we must realize, however, that various answers can be 
put forward. According to Rescher we must lay stress on the asymptotic 
character of the history of science: 
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"To be sure, scientific progress will not ever quite reach a completed, final, 
static, and unchanging state, because the reach of potential discovery is never 
completely mapped. Rather, it moves toward this position by way of asymp­
totic approximation to a finally adequate picture of the world" (Rescher, 
1978: 27; cf. also C.P., 5.565). 

It goes without saying that Rescher, with reference to Peirce, is abso­
lutely right to stress the asymptotic character of scientific development; even 
so, I do not think Peirce's conception of scientific development is fully 
explained by this, for Peirce says elsewhere: 

"We have found as I have suggested at the outset that there are three ways by 
which human thought grows, by the formation of habits, by the violent breaking 
up of habits, and by the action of innumerable fortuitous variations of 
ideas combined with differences in the fecundity of different variations" 
(Peirce, 1966:257). 

If need be, we could decide between the alternatives mentioned whilst 
taking the development of Peirce's philosophy into account. Instead of bur­
dening the philologist with the resolving of this problem, I consider it more ef­
fective to make this decision dependent on an analysis of the maxims which 
are, in Peirce's view, at the root of the scientific progress. 

In this context, I find it necessary to emphasize the hypothetical character 
of universal propositions which are achieved by scientific inquiry. We have already 
pointed out that the concept of an object cannot mean anything but the 
number of habits which it entails. Accordingly, when studying an object, we 
concentrate on determining these habits. As early as 1868, Peirce had pointed 
out the analogy between a habit and a law when he described each change of 
consciousness as the conclusion to a process of deduction, and from this result 
derived the consequence that habit then "means a law or conditional relating 
antecedent conditions to consequent experience" (Murphy, 1961:157). If it is 
correct that we have to describe habits as rules gained via processes of induction, 
it follows that habits are universal. Thus if we try to determine the object 
of our inquiry from the analysis of the habits involved, we must at the same 
time take into consideration the result elaborated by symbolic logic, namely 
that the universality of habits is reflected in universal propositions necessarily 
hypothetical in character. We cannot, however, deduce particulars from uni­
versal propositions, since no amount of hypotheses could establish a scientific 
fact while disregarding given data. This chain of reasoning, which is really no­
thing other than the confirmation of a leitmotif of the Kantian Critique of 
Reasoning, requires two essential qualifications to our question concerning 
the status of historical statements to be made: 
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1) historical Statements, according to Peirce, are but examples for the use 
of hypotheses in abductive reasoning (cf. Peirce, 1966: 232); 2) for hypothetical 
judgments there is no problem in establishing a fundamentum in re, since 
hypotheses, or abductive reasoning, are closely related to perceptual judgments, 

which, according to Peirce, are exceptional cases of abductive reasoning. 

With a view to Peirce's concept of the history of science, the universality 
of habits generates further highly important consequences. If we accept the 
thesis that the only mode by which we can perceive things is the mode of universality, 
we must equate the universality of habits with the doctrine of continuity. 
In order to exemplify this conclusion, Almeder suggests that it would 
be impossible for us to recognize the triumphs and progress of science with­
out, at the same time, taking into account the general tendency of inquiry to 
converge in a definite opinion (cf. Almeder, 1980: 61 f.). For Cohen (1923: 
XVII), the doctrine of continuity is a regulative principle of logic, "seeking 
the thread of identity in diverse cases and avoiding hypotheses that this or that 
is ultimate and, therefore, inexplicable". Moreover, if we remember that 
Peirce had started about the year 1875 to describe the category of thirdness as 
a mediating representation or interpretant which brings things into relation, 
and remembering Peirce to have described the doctrine of continuity as "the 
direct instrument of the finest generalisations" (C.P., 2.646), it becomes obvious 
why universality qua thirdness represents continuity almost to perfection. 
Up to here, we have learned that the doctrine of continuity as an infinitesimal 
tendency results from the universality of habits. These, in turn, are reactions 
to the analysis of our concepts which themselves stem from the objects of our 
inquiry. 

However, the universality of habits does lead us not only to the doctrine 
of continuity. For Peirce, it was of equal concern to stress the evolutionary 
character of the research process. Risking oversimplification, one might say 
that the doctrine of continuity sprang mainly from reflections in the 
humanities and the evolutionary principle mainly from the natural sciences. It 
was the scientist Peirce who learned from personal experience that the old 
ideal of the exactness and repeatableness of experiments stemmed from a 
myth, the leading ideas of which were the concept of causality and the belief in 
the possibility of mechanical deduction. The increasing precision of experimental 
instruments and the growing exactness of experimental organization 
did not lead only to more complex results but resulted in a revision of the entire 
set-up of research. Once the dogma of the invariability of natural laws was 
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violated, which had obstructed fresh research processes, the claim for a new 
conception of science appeared more or less automatically. Nonetheless, the 
aim of research is to determine regularities in the objects of inquiry, whereby 
the regularities are not to be considered as pre-established quantities, but, ac­
cording to the doctrine of entropy, as factors in continuous growth. If, how­
ever, the modern logic of research, of which Peirce was one of the pioneers, 
tends to the assumption that nature is in continuous motion from a disor­
ganized, chaotic state towards one of order and uniformity, which, then, 
would be its termination, we must admit that statistical chance and disorder 
precede the law of nature. Peirce deduced his doctrine of evaluation from his 
insight into the primacy of chance. Morris R. Cohen describes this as follows: 

"The principal law of mind is that ideas literally spread themselves continu­
ously and become more and more general or inclusive, so that people who 
form communities of any sort develop general ideas in common. When this 
continuous reaching-out of feeling becomes nuturing love, such, e.g., which 
parents have for their offspring or thinkers for their ideas, we have creative 
evolution" (Cohen, 1923: XIII). 

After having identified continuity and evolution as the guiding principles 
of the history of science, the question remains: what are the consequences for 
the history of semiotics? In my opinion, we have to point out at least three 
points which bear on the history of semiotics and which automatically emerge 
from the foregoing principles: 

1) in the light of the untenability of a deductive concept of science, it fol­
lows that the predominant methods of semiotics should be the theory of 
hypotheses and the logic of relations. This enables us on the one hand to envi­
sion the evolutionary character, i.e. the formation of something new, and, on 
the other, to gain control of a means of explaining the process of mediation, 
i.e. the establishment of relationships between the objects of inquiry. 

2) In the light of the untenability of a dogmatic concept of science one 
must demand the fundamental historisation of science and, hence, semiotics, 
i.e. the systematic consideration of the momentariness and incompleteness of 
interpretation, which subsequently provokes a change of perspective since 
'my' point of view cannot be the guiding principle of research, but only the establishment 
of a stable belief which will be obtained in the long run. 

3) In the light of the untenability of an individualist concept of science, 
we claim, well aware that even a large number of individuals cannot fully 
grasp the entire meaning of continuity, that comprehension of the entire 
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meaning is the privilege of continuous discussion in the community of investigators, 
which at the same time guarantees that the evolutionary process 
leads to an increase of concrete reasonableness. 

* * * 

My final task is the pleasant one of thanking all those who have rendered 
the new series Foundations of Semiotics possible by both good advice and ac­
tive support. I owe special thanks to the members of the editorial board, Irwin 
C. Lieb, and — first and foremost — Max H. Fisch. I am deeply grately to Mr. 
and Mrs. Benjamins for their very competent editing and friendly coopera­
tion. 

Achim Eschbach 
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PEIRCE'S MARKED AND CUT COPY OF THE 

STUDIES IN LOGIC 

The following annotations are derived from photocopies of those pages of 
Peirce's original text where notes had been made by him. The copies of the 
pages in questions were made available for the present volume through the 
kind cooperation of Irwin C. Lieb and Max H. Fisch. 
All corrections and inserts are italicised. 

p. IV: Referring to Venn, who is mentioned in the second line, Peirce 
remarked in the top margin: But see Venn. Symbolic Logic, 2 
ed., 1894. 

p. 17: Next to the first paragraph, Peirce noted: Venni 
p. 57: Next to the premises in item 7., Peirce noted: 

x + z + v (wy + wy) 
V + X + W + yz + yz 
x + vy + zw + zw 
x(v + y) + zw + zw. 

p. 58: In line 11/12, Peirce noted: In Schröder, Vol. I, p. 524, n. 
p. 98: ? 
p. 126: Instead of using Roman numerals for the arrangement of the 

chapters, Peirce subdivides his essay into paragraphs. Chapter 
I becomes: § 1. Probable deduction and Probability in general. 

p. 128: "proposition" reads "proportion", 
p. 132: Chapter II becomes: § 2. Statistical Deduction. 
p. 136: Next to the first box (t = 0.0 to 1.0) there are the figures that 

have been crossed out again: 112, 111, 106, 99, 92, 84, 74, 64, 55, 
46. 
Next to the second box (t = 1.0 to 2.0) there are, at the same level 
with 1.2 and 1.4, the figures 24 and 14. The last paragraph is 
entitled: § 3. Induction. "These" has been crossed out in the first 
line of the last paragraph, 
p. 138: Chapter IV becomes: § 4. Hypothetic Inference. 

p. 142: Chapter V becomes: § 5. General characters of Deduction, 
Induction, and Hypothesis. 
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p. 146: Chapter VI becomes: § 6. Induction and Hypothesis, indirect 
Statistical Inferences. General Rule for their Validity. 

p. 148: Note 1: "apagoge" has been crossed out; it is replaced by the 
Greek letters 

p. 152: Chapter VII becomes: § 7. First Special Rulew for Synthetic 
Inference. Sampling must be fair. Analogy. 

p. 161: Chapter VIII becomes: § 8. Second Special Rule for Synthetic 
Inference, that of Predesignation. 

p. 165: ? 
p. 169: Chapter IX becomes: § 9. Uniformities. 
p. 171: Chapter X becomes: § 10. Constitution of the Universe. 
p. 174: Note 1: p. 370 has been added. 
p. 178: Chapter XI becomes: § 11. Further Problems. 
p. 192: At the bottom of the page, Peirce noted : Sometimes important 1 

p. 193: At the bottom of the page it says "2". 
p. 194: At the bottom of the Page, Peirce noted: 

p. 196: Next to the fifth premiss, Peirce wrote: I gave the same; see letter 
to G.M. 

p. 199: In line 17: 
is crossed out. 

p. 200: In the top margin, Peirce remarked: To be reinvestigated. 
Next to formula 1 it reads: = Of (f + g) fO 
Next to formula 2 it reads: (Ofg + f) ∞ = 2. ( + f) ∞ ( + ğ + ) 

At the same level with formula 6 to 7, it reads: see letter to G.M. 
p. 201 : At the bottom of the page, next to the last formula, Peirce wrote: 

The formula. 
p. 202: Peirce changes the first premiss into: There is somebody who 

accuses -everybody to everybody, unless the latter is loved by 
some person that is servant of all not accused to him. 
At the bottom of the page, Peirce noted: Another conclusion is 
given on the leafes. 

p. 203: The eighth line from the bottom: "lederlich" is changed into 
"liederlich". 
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On the page following p. 203, Peirce noted: 
∑iφi ∑jφj = ∑i∑jφi φj 

∑iφi πjΨj= ∑iπjφi Ψ 
= πj ∑iφi Ψj 

The complete conclusion from the premises-on 

There are two persons A and  such that everybody whom A 
does not excuse to his lover and to whom  does not address an 
accusation against his benefactor is excused by A and has an 
accusation addressed to him from . 

Dear Perry, 
If you are going to read any of my papers — which seems inconceivable — I 
hope you will try note  in the bound book. You will see that the 3rd and 4th 
formulae on p.190 are the effective ones. They are equivalent to the last on 
p.201. In the second formula of p.200 for the second f read t. On p.202 in the 
statement of the first premise the person receiving the accusation & the per­
son accused are transposed and you will yourself see that from those two pre­
mises, besides the conlusion drawn, we can infer that there are two persons A 
and  (or they may be identical) such that everybody whom A does not excuse 
to his lover and to whom  does not address an accusation against his benefac­
tor is excused by A and has an accusation addressed to him by B. 
In your book, you undertake to explain the causes of the difference in taste be­
tween one age and another, and those causes you generally find in politics & 
the writer in the Nation does so still more distinctly. I should like to see the 
question discussed by itself 1st whether it is possible to assign the causes of 
such changes or whether they do not depend on undiscovered principles and 
2nd whether politics does have such a controlling influence. Moved in part by: 
your book I got Steadman's Victorian Poets expecting to learn something of the 
poets of our day; but found to my vexation that he only mentioned those of a 
past age. For I suppose that a new age in taste has come in the last fifteen years. 
What is the cause of this 

CSP-T.S.Perry p. 2. 
change? Why did Edmond Essmann Chatrain, Gustave Broz flourish under 
the Empire and Zola under the Republic? 
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Now are you quite sure that style in general isn't rather a substitute for matter, 
and literature for philosophy? 

C.S.P. 
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PRF. 

THESE papers, the work of my students, have 
been so instructive to me, that I have asked 
and obtained permission to publish them in one 
volume. 

Two of them, the contributions of Miss Ladd 
(now Mrs. Fabian Franklin) and of Mr. Mitchell, 
present new developments of the logical algebra 
of Boole. Miss Ladd's article may serve, for 
those who are unacquainted with Boole's "Laws 
of Thought," as an introduction to the most wonderful 
and fecund discovery of modern logic. 
The followers of Boole have altered their mas­
ter's notation mainly in three respects. 

1. A series of writers, — Jevons, in 1864 ; 
Peirce, in 1867; Grassman, in 1872; Schröder, 
in 1877 ; and McColl in 1877, — successively and 
independently declared in favor of using the sign 
of addition to unite different terms into one aggre­
gate, whether they be mutually exclusive or not. 
Thus, we now write 

European + Republican, 

to stand for all Europeans and Republicans taken 
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together, without intending to count twice over 
the European Republicans. Boole and Venn (his 
sole living defender) would insist upon our writing 

European + Non-European Republican, 
or 

Non-Republican European + Republican. 

The two new authors both side with the majority 
in this respect. 

2. Mr. McColl and I find it to be absolutely 
necessary to add some new sign to express existence ; 
for Boole's notation is only capable of 
representing that some description of thing does 
not exist, and cannot say that anything does exist. 
Besides that, the sign of equality, used by Boole 
in the desire to assimilate the algebra of logic to 
that of number, really expresses, as De Morgan 
showed forty years ago, a complex relation. To 
say that 

African = Negro 

implies two things, that every African is a Negro, 
and that every Negro is an African. For these 
reasons, Mr. McColl and I make use of signs of 
inclusion and of non-inclusion. Thus, I write 

Griffin - < breathing fire 

to mean that every griffin (if there be such a 
creature) breathes fire ; that is, no griffin not 
breathing fire exists; and I write 

Animal - < Aquatic, 

to mean that some animals are not aquatic, or 
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that a non-aquatic animal does exist. Mr. McColl's 
notation is not essentially different. 

Miss Ladd and Mr. Mitchell also use two signs 
expressive of simple relations involving existence 
and non-existence ; but in their choice of these 
relations they diverge both from McColl and me, 
and from one another. In fact, of the eight sim­
ple relations of terms signalized by De Morgan, 
Mr. McColl and I have chosen two, Miss Ladd 
two others, Mr. Mitchell a fifth and sixth. The 
logical world is thus in a situation to weigh the 
advantages and disadvantages of the different 
systems. 

3. The third important modification of Boole's 
original notation consists in the introduction of 
new signs, so as to adapt it to the expression of 
relative terms. This branch of logic which has 
been studied by Leslie Ellis, De Morgan, Jo­
seph John Murphy, Alexander MacFarlane, and 
myself, presents a rich and new field for investi­
gation. A part of Mr. Mitchell's paper touches 
this subject in an exceedingly interesting way. 

The method of using the Boolian calculus — 
already greatly simplified by Schroder and by 
McColl — receives still further improvements at 
the hands both of Miss Ladd and Mr. Mitchell, 
and it is surprising to see with what facility their 
methods yield solutions of problems more intri­
cate and difficult than any that have hitherto been 
proposed. 
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The volume contains two other papers relating 
to deductive logic. In one of these Mr. Gilman 
develops those rules for the combination of rela­
tive numbers of which the general principles of 
probabilities are special cases. In the other, Dr. 
Marquand shows how a counting machine, on a 
binary system of numeration, will exhibit De 
Morgan's eight modes of universal syllogism. 

There are, besides, two papers upon inductive 
logic. In the first, Dr. Marquand explains the 
deeply interesting views of the Epicureans, known 
to us mainly through the work of Philodemus, 

which exists in a 
fragmentary state in a Herculaneum papyrus. 

The other paper is one which, at the desire of 
my students, I have contributed to the collection. 
It contains a statement of what appears to me to 
be the true theory of the inductive process, and 
the correct maxims for the performance of it. 
I hope that the thoughts that a long study has 
suggested to me may be found not altogether 
useless to those who occupy themselves with the 
application of this kind of reasoning. 

I have to thank the Trustees of the Johns 
Hopkins University, for a very liberal contribu­
tion toward the expenses of this publication. 

 S. PEIECE. 
BALTIMORE, Dec. 12, 1882. 
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THE LOGIC OP THE EPICUREANS. 

B Y ALLAN MARQUAND. 

WHEN we think of the Epicureans we picture a friendly 
brotherhood in a garden, soothing each other's fears, and 
seeking to realize a life of undisturbed peace and happi­
ness. It was easy, and to their opponents it became 
natural, to suppose that the Epicureans did not concern 
themselves with logic ; and if we expect to find in their 
writings a highly developed formal logic, as that of the 
Stoics, our search will be in vain. But if we examine 
the letters of Epicurus, the poem of Lucretius, and the 
treatise of Philodemus1 with a view to discovering the 
Epicurean mode of thought, we find a logic which out­
weighs in value that of their Stoic rivals. This logic is 
interesting to us, not only because it is the key to that 
school of Greek Philosophy which outlasted every other, 
but because a similar logic controls a powerful school 
of English thought. 

The logic of Epicurus, like that of J. S. Mill, in opposition 
to conceptualism, attempts to place philosophy 
upon an empirical basis. Words with Epicurus are signs 
of things, and not, as with the Stoics, of our ideas of 

1 Gomperz: Herkulanische Studien I. Leipzig:, 1865. Bahnsch: Des 
Epicureers Philodemus Schrift Eine Darleg-
ung ihres Gedankengehalts. Lyck, 1879. 

1 
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things.1 There are, therefore, two methods of inquiry : 
One seeks for the meanings of words ; the other, for a 
knowledge of things. The former is regarded as a pre­
liminary process ; the latter, the only true and necessary 
way of reaching a philosophy of the universe. 

All our knowledge is to be brought to the test of 
sensation, pre-notion, and feeling.2 By these we do not 
understand three ultimate sources of knowledge. Democritus3 

held to only one source, viz., Feeling ; and Epi­
curus, who inherited his system, implicitly does the same. 
But each of these modes of feeling has its distinguishing 
characteristic, and may be used to test the validity of our 
knowledge. It is the peculiarity of sensation to reveal to 
us the external world. Sensation4 reasons not, remembers 
not ; it adds nothing, it subtracts nothing. What 
it gives is a simple, self-evident, and true account of 
the external world. Its testimony is beyond criticism. 
Error arises after the data of sensation become involved 
in the operations of intellect. If we should compare this 
first test of truth with Hume's "impressions," the second 
test, pre-notion, would correspond with Hume's "ideas." 
Pre-notions5 were copies of sensations in a generalized or 
typical form, arising from a repetition of similar sensa­
tions. Thus the belief in the gods6 was referred to the 
clear pre-notions of them. Single effluxes from such re­
fined beings could have no effect upon the senses, but 
repeated effluxes from deities sufficiently similar produce 
in our minds the general notion of a god.7 In the same 

1 The hypothesis of Xa, or of immaterial notions, was a conceptualistic 
inconsistency on the part of the Stoics. The Epicureans and the 
more consistent empiricists among the Stoics rejected them. Sextus 
Empiricus, Math. viii. 258. 

2 Diogenes Laertius, x. 31. 8 Sextus: Math., vii. 140. 
4 D. L., x. 31. 5 D. L., x. 33. 6 D . L., x. 123, 124. 
7 Cicero: De Kat. Deor., i. 49; D. L,. x. 139. 



THE LOGIC OF THE EPICUREANS. 3 

manner, but through the senses, the continued observation 
of horses or oxen produce in us general notions, to 
which we may refer a doubt concerning the nature of the 
animal that moves before us. 

The third criterion, Feeling (in the limited sense), was 
the ultimate test for ethical maxims. The elementary 
forms are the feeling of pleasure and the feeling of pain. 
A fourth criterion was added, viz., The Imaginative rep­
resentations of the intellect. Its use is by no means 
clear. 

Upon this foundation rises the structure of Epicurean 
logic. When we leave the clear evidence of sense we 
pass into the region of opinion, away from the stronghold 
of truth to the region where error is ever struggling for 
the mastery of our minds. A true opinion1 is character­
ized as one for which there is evidence in favor or none 
against ; a false opinion, one for which there is no evi­
dence in favor or some against. The processes by which 
we pass to the more general and complex forms of know­
ledge are four : Observation, Analogy, Eesemblance, Syn­
thesis.2 By Observation, we come into contact with the 
data of the senses ; by Analogy, we may not only enlarge 
and diminish our perceptions, as we do in conceiving a 
Cyclops or a Pygmy, but also extend to the unperceived 
the attributes of our perceptions, as we do in assigning 
properties to atoms, the soul, and the gods ; by Resem­
blance, we know the appearance of Socrates from having 
seen his statue ; by Synthesis, we combine sensations, as 
when we conceive of a Centaur. 

As a matter of fact, Epicurus regards only two proces­
ses,— Observation and Analogy. Our knowledge, then, 

1 D. L., x. 34, 51. Sextus: Math., vii. 211. 
2 D. L., x. 32. The Stoics held a similar view; see D. L., vii. 52. 
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consists of two parts:1 (1) The observed, or phenomena 
clear and distinct to consciousness; and (2) The unob­
served,2 consisting of phenomena which are yet to be ob­
served, and of hidden causes which lie forever beyond 
our observation. The function of logic3 consists in in­
ference from the observed to the unobserved. This was 
called a sign-inference. According to Epicurus there are 
two methods4 of making such an inference; one resulting 
in a single explanation, the other in many explanations. 
The former may be illustrated by the argument,—Motion 
is a sign of a void. Here the void is regarded as the 
only explanation to be given of motion. In other cases 
many explanations are found equally in harmony with 
our experience. All celestial phenomena belong to this 
class. That explanation which alone represents the true 
cause of such a phenomenon being unknown, we must 
be content to admit many explanations as equally prob­
able. Thus thunder5 is explained by supposing either 
that winds are whirling in the cavities of the clouds, or 
that some great fire is crackling as it is fanned by the 
winds, or that the clouds are being torn asunder or are 
rubbing against each other as they become crystallized. 
In thus connecting celestial and terrestrial phenomena, 
Epicurus aimed only to exclude supernaturalistic expla­
nations. This done, he was satisfied. 

In the garden at Athens this logic took root and grew; 
and by the time that Cicero visited Greece and sat at the 
feet of Zeno,6 he may have listened to that great repre-

1 Philodemus: Rhet., lib. iv., i. col. xix. 
2 That is, D. L., x. 38. 
3 D. L., x. 32. 

4 Ibid., x. 86, 87. 
6 Ibid., x. 100. Cf. Lucretius, lib. vi. 95-158. 
6 See Zeiler's Stoics, Epicureans, and Sceptics. London, 1880, p. 412, 

n. 3. 
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sentative of the Epicurean School discussing such ques­
tions1 as, — How may we pass from the known to the 
unknown? Must we examine every instance before 
we make an induction? Must the phenomenon taken 
as a sign be identical with the thing signified ? Or, if 
differences be admitted, upon what grounds may an in­
ductive inference be made ? And, Are we not always 
liable to be thwarted by the existence of exceptional 
cases ? — But such questions had no interest for Cicero. 
He was too much an orator and rhetorician to recognize 
the force of the Epicurean opposition to dialectic. The 
Epicurean logic2 to him was barren and empty. It made 
little of definition ; it said nothing of division ; it erected 
no syllogistic forms ; it did not direct us how to solve 
fallacies and detect ambiguities. And how many have 
been the historians of philosophy who have assigned 
almost a blank page to Epicurean logic! 

With a supreme confidence in the truth of sensation 
and the validity of induction the Epicureans stood in con­
flict with the other schools of Greek philosophy. The 
Stoics, treating all affirmation from the standpoint of the 
hypothetical proposition, acknowledged the validity of 
such inductions only as could be submitted to the modus 
tollens. The Sceptics denied the validity of induction 
altogether. Induction was treated as a sign-inference, 
and a controversy appears to have arisen concerning 
the nature of signs, as well as concerning the mode 
and validity of the inference. The Stoics divided signs 
into suggestive and indicative.3 By means of a sug­
gestive sign we recall some previously associated fact : 
as from smoke we infer fire. By indicative signs we 
infer something otherwise unknown: thus motions of 

1 Philodemus col. xix.-xx. 2 Cicero: De Fin., i. 7, 22. 
3 See Prandtl's Ges. d. Log., i. 458. 
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the body are signs of the soul. Objectively a sign was 
viewed as the antecedent of a valid conditional propo­
sition, implying a consequent. Subjectively, it was a 
thought, mediating in some way between things on the 
one hand, and names and propositions on the other. 
The Epicureans looked upon a sign as a phenomenon, 
from whose characters we might infer the characters of 
other phenomena under conditions of existence suf­
ficiently similar. The sign was to them an object of 
sense. In considering the variety of signs, the Epicureans 
appear to have admitted three kinds ; but only two are 
defined in the treatise of Philodemus.1 A general sign is 
described as a phenomenon which can exist whether the 
thing signified exists or not, or has a particular character 
or not. A particular sign is a phenomenon which can 
exist only on the condition that the thing signified act­
ually exists. The relation between sign and thing sig­
nified in the former case is resemblance ; in the latter, it 
is invariable sequence or causality. The Stoics, in devel­
oping the sign-inference, inquired, How may we pass from 
the antecedent to the consequent of a conditional prop­
osition? They replied, A true sign exists only when 
both antecedent and consequent are true.2 As a test, 
we should be able to contrapose the proposition, and see 
that from the negative of the consequent the negative of 
the antecedent followed. Only those propositions which 
admitted of contraposition were allowed to be treated as 
hypothetical.3 

On this propositional ground, therefore, the Epicurean 
must meet his opponent. This he does by observing 
that general propositions are obtained neither by contra­
position nor by syllogism, nor in any other way than 

1 Philod., loc. cit., col. xiv. 2 Sextus : Math., viii. 256. 
3 Cicero: De Fato, , 12; 8, 15. 
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by induction.1 The contraposed forms, being general 
propositions, rest also on induction. Hence, if the in­
ductive mode of reasoning be uncertain, the same degree 
of uncertainty attaches to propositions in the contra-
posed form.2 The Stoics, therefore, in neglecting in­
duction, were accused of surrendering the vouchers by 
which alone their generalizations could be established.3 

In like manner they were accused of hasty generalization, 
of inaccurate reasoning, of adopting myths, of being rhet­
oricians rather than investigators of Nature. Into the 
truth of these accusations we need not inquire. It is 
enough that they cleared the way for the Epicureans to 
set up a theory of induction. 

The first question which Zeno sought to answer was, 
"Is it necessary that we should examine every case of 
a phenomenon, or only a certain number of cases ?" 4 

Stoics and Sceptics answered, The former is impossi­
ble, and the latter leaves induction insecure. But Zeno 
replied : "It is neither necessary to take into considera­
tion every phenomenon in our experience, nor a few cases 
at random ; but taking many and various phenomena of 
the same general kind, and having obtained, both from 
our observation and that of others, the properties that are 
common to each individual, from these cases may we 
pass to the rest." 5 Instances taken from a class and 
exhibiting some invariable properties are made the basis 
of the inductive inference. A certain amount of variation 
in the properties is not excluded. Thus from the fact that 
the men in our region of country are short-lived, we may 
not infer that the inhabitants of Mt. Athos are short-
lived also ; for " men in our experience are seen to vary 
considerably in respect to length or brevity of life."6 

1 Philod., loc. cit., col. xvii. 2 Ibid., col. ix. 
3 Ibid., col. xxix. 4 Ibid., col. xix. 13-15. 
5 Ibid., col. xx. 30-col. xxi. 3. 6 Ibid., col. xvii. 18-22. 
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Within limits, then, we may allow for variation due to the 
influence of climate, food, and other physical conditions ; 
but our inference should not greatly exceed the limits of 
our experience. But, in spite of variations, there are 
properties which in our experience are universal. Men 
are found to be liable to disease and old age and death ; 
they die when their heads are cut off, or their hearts 
extracted; they cannot pass through solid bodies. By 
induction we infer that these characteristics belong to 
men wherever they may be found, and it is absurd to 
speak of men under similar conditions as not susceptible 
to disease or death, or as having the ability to pass through 
iron as we pass through the air.1 

The Epicurean looks out upon Nature as already di­
vided and subdivided into classes, each class being closely 
related to other classes. The inductive inference proceeds 
from class to class, not in a hap-hazard way, but from one 
class to that which resembles it most closely.2 In case the 
classes are identical, there is no distinction of known and 
unknown ; and hence, properly speaking, no inductive in­
ference.3 In case the classes are widely different, the 
inference is insecure. But within a certain range of re­
semblance we may rely as confidently upon an inductive 
inference as we do upon the evidence of sense.4 

In speaking of the common or essential characters, the 
basis of induction, it was usual to connect them with the 
subject of discourse by the words These 
words may be taken in four senses : 5 (1) The properties 
may be regarded as necessary consequences ; so we may 
say of a man that he is necessarily corporeal and liable 
to disease and death. (2) Or as essential to the concep­
tion or definition of the subject. This is what is con-

1 Philod., loc. cit., col. xxi. 
2 Ibid., col. xviii. 20 ; col. xxviii. 25-29. 3 Ibid., col. vi. 8-10. 
4 Ibid., Frag. 2, 5-6. 5 Ibid., col. xxxiii. 33-col. xxxiv. 34. 
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yeyed in the expression, " Body as body has weight and 
resistance ; man as man is a rational animal." (3) That 
certain properties are always concomitant. (4) The 
fourth sense, lost in the lacunae, appears from the fol­
lowing examples to involve degree or proportion : " The 
sword cuts as it has been sharpened ; atoms are im­
perishable in so far as they are perfect ; bodies gravitate 
in proportion to their weight." 

Zeno's theory of induction may be formulated in the 
following Canons : — 

CANON I. — Tf we examine many and various instances 
of a phenomenon, and find some character common to 
them all, and no instance appears to the contrary, this 
character may be transferred to other unexamined in­
dividuals of the same class, and even to other closely 
related classes. 

CANON II. — If in our experience a given character is 
found to vary, a corresponding amount of variation may 
be inferred to exist beyond our experience. 

The most important objection made to this theory was, 
that phenomena exist in our experience exhibiting pecu­
liar and exceptional characters, and that other exceptions 
might exist beyond our experience to vitiate any induc­
tion we may make. The following examples are given :1 

The loadstone has the peculiar property of attracting iron ; 
amber, of attracting bran ; the square number 4 x 4, of 
having its perimeter equal to its area. Exceptional char­
acters are found in the Alexandrian anvil-headed dwarf, 
the Epidaurian hermaphrodite, the Cretan giant, the 
pygmies in Achoris. The sun and moon also are unique ; 
so are time and the soul. Admitting such exceptional 
phenomena, the Epicurean replies, that the belief that a 
similar state of things exists beyond our experience can 

1 Philod., loc. cit., col. i., ii. 
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be justified only inductively.1 And exceptional phenom­
ena must be viewed not as closely resembling, but as 
being widely different from, other phenomena. Induc­
tions concerning loadstones must be confined to load­
stones, and not extended to other kinds of stones. Each 
class of exceptional phenomena offered a new field for 
induction, and hence could be said to strengthen and not 
to weaken the inductive argument.2 

The correctness of all inductions could be tested by 
the rule of Epicurus for the truth of opinion in general. 
An induction is true, when all known instances are in its 
favor, or none against ; it is false, when no instances are 
in its favor, or some against. When the instances are 
partly one way and partly another, we cannot reach 
universal conclusions, but only such as are probable.3 

This theory of induction was completed by a considera­
tion of fallacies, summarized in a work called the " Deme-
triac."4 These consisted in — 

1. Failing to see in what cases contraposition is ap­
plicable. 

2. Failing to see that we should make inductions not 
in a hap-hazard way, but from properties which resemble 
each other very closely. 

3. Failing to see that exceptional phenomena are in 
no way at variance with the inductive inference, but on 
the other hand add to its force. 

4. Failing to observe that we infer from the known to 
the unknown, only when all the evidence is in favor and 
no shadow of evidence appears to the contrary. 

5. The failure to perceive that general propositions 
are derived not by contraposition, but by induction. 

When we compare the work of Zeno with that of 
1 Philod., loc. cit., col. xxv. 2 Ibid., col. xxiv. 10-col. xxv. 2. 
3 Ibid., col. xxv. 31-34. 4 Ibid., col. xxviii. 13-col. xxix. 24. 
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Epicurus, an important logical difference is brought to 
view. Both are occupied with the sign-inference, and 
look upon inference as proceeding from the known to the 
unknown. Epicurus, however, sought only by means of 
hypothesis to explain special phenomena of Nature. Zeno 
investigated generalizations from experience, with a view 
to discovering the validity of extending them beyond our 
experience. This resulted in a theory of induction, which, 
so far as we know, Epicurus did not possess. In the 
system of Aristotle, induction was viewed through the 
forms of syllogism, and its empirical foundation was not 
held in view. The Epicureans, therefore, were as much 
opposed to the Aristotelian induction, as they were to the 
Aristotelian syllogism. It was Zeno the Epicurean who 
made the first attempt to justify the validity of induction. 
The record of this attempt will give the treatise of Philodemus 
a permanent value in the history of inductive 
logic. 

It is refreshing to see the formalistic and rhetorical 
atmosphere which had surrounded the subject of logic 
breaking away, and an honest attempt being made to 
justify the premises of syllogism. As yet, this had not 
been done by all the moods of the philosophers. 

It is also interesting to find in the ancient world a 
theory of induction which rests upon observation, sug­
gests experiment, assumes the uniformity of Nature, and 
allows for the variation of characters. 



A MACHINE FOR PRODUCING SYLLOGISTIC 
VARIATIONS. 

BY ALLAN MARQUAND. 

FROM any syllogism a number of logical variations 
may be derived. One operation by which this may be 
accomplished is contraposition. This operation consists 
in effecting a change in the order of the terms of a 
proposition, the state of things which the proposition is 
designed to express being supposed to remain unchanged. 
Thus the state of things expressed by the proposition 
" every A is   " may be expressed also by " every 
non-B is a non-A," or by the form, " there is a B for 
every A." 

We proceed now to apply this principle to the syllo­
gism. For our notation let us take letters , , , 
etc. for general terms, and express their negatives by 
writing dashes over them, A, B, C, etc. Let a short 
curved mark over a letter indicate that its logical quan­
tity has been changed ; thus, A, B, C, etc. A general 
term will be thus made particular, and a term already 
particular will be made general. Let us use the sign 
-< for the copula.1 We may then express the syllo­
gism Barbara in the form 

A - <  
B - <  

:. A - <  
1 This notation is that used by Mr. C. S. Peirce, "On the Logic of 

Relatives." Memoirs Am. Acad, of Arts and Sciences, vol. ix, 1870. 
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Prom this as a starting-point we may produce formal 
variations by various modes of contraposition. The ex­
hibition of two such forms will suffice. 

(1) We may regard the logical quality of the terms 
and contrapose. The form A - <  then becomes 
 -< A, or, " every non-B is a non-A." 

(2) We may regard the logical quantity of the terms 
and contrapose. The form A -<  then becomes 
 - < A. The latter form we may take to mean, " there 
is   for every A," or " the B's include all the A's." 

Applying these two kinds of contraposition to Barbara, 
we obtain the following variations : — 

These may be classed as two figures according as the 
conclusion has the fundamental or contraposed form ; or 
they may be classed as four figures according as one or 
other, or both, or neither premise has been contraposed ; 
or as eight figures, if we regard merely the relative posi­
tion of the terms. The number of such variations may 
be indefinitely increased by admitting other modes of 
contraposition, or by starting from other syllogistic 
forms. All these variations may be easily produced 
by a mechanical contrivance. In order to secure this 
I have constructed a machine (Fig. 1) which pre­
sents to view three flaps in which are inserted cards 
containing the premises and conclusion of the syllogism 
which is to undergo transformation. Each flap, on 
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making a half-revolution, presents its proposition in a 
contraposed form. The flaps terminate on one side of 

FIG. 1. 

Scale 1/3 in. 

the machine in one-inch brass friction wheels. These 
are marked a, b, and  in Fig. 2. The wheels d, e, 
and ƒ are, respectively, one, two, and four inches in 
diameter. Upon each of these wheels is fitted the sec­
tor of a wheel of like dimensions. Wheel d has on its 
outer side a sector of 180° ; wheel e, on its inner side, 
one of 90° ; wheel ƒ, on its outer side, one of 45°. The 
friction of these sectors against the wheels a, 5, and  
causes the half-revolutions of the three flaps. By turn-
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JIG. 2. 

ing a crank attached to wheel d, the proposition A -<  
is contraposed at the end of every turn,  - <  at every 
alternate turn, and A -<  at the end of every fourth 
turn. Eight turns of 
the crank will exhibit 
seven variations, and 
restore the fundamen­
tal syllogism to view. 

This mechanism 
could be readily ex­
tended so as to pro­
duce variations in a 
Sorites. A Sorites of 
n propositions would 
require, to contrapose  
its conclusion, a wheel 
of 2 n - 1 inches in di­
ameter. We should 
secure, as in the syl­
logism, 2n—1 varia­
tions for each kind 
of contraposition. 

Scale 1/3 in. 
NOTE. — The Syllogistic Variation Machine will unfold to view 

the combinations of three logical terms and their negatives ; or if we 
take the letters  — , A — U, D — T, we obtain the words 

B C B C B C B C 
A A U U A A U U 
D D D D T T T T 



NOTE ON AN EIGHT-TERM LOGICAL MACHINE. 

I HAYE completed the design of an 8-term Logical 
Machine, of which a 4-term model is now nearly fin­
ished. If the premises be reduced to the form of the 
combinations to be excluded, as suggested by Boole and 
carried out by Venn, the operation of excluding these 
combinations may be performed mechanically by this 
machine. I have followed Jevons in making use of keys, 
but require for the 8-term machine only eight positive 
and eight negative letter keys and two operation keys. 
The excluded combinations are exhibited by indicators, 
which fall in the squares of one of my logical diagrams 
(Phil. Mag. ON. '81) from the perpendicular to a hori­
zontal position. The non-excluded combinations, which 
constitute the conclusion, are exhibited by the indicators 
which are left standing. 



ON THE ALGEBRA OF LOGIC. 

BY CHRISTINE LADD. 

THERE are in existence five algebras of logic, — those 
of Boole, Jevons, Schröder, McColl, and Peirce, — of 
which the later ones are all modifications, more or less 
slight, of that of Boole. I propose to add one more to 
the number. It will bear more resemblance to that of 
Schröder than to any of the others ; but it will differ 
from that in making use of a copula, and also in the 
form of expressing the conclusion.1 

ON IDENTICAL PROPOSITIONS. 

The propositions which logic considers are of two 
kinds, — those which affirm the identity of subject and 
predicate, and those which do not. Algebras of logic 
may be classified according to the way in which they 
express propositions that are not identities. Identical 
propositions have the same expression in all. Of the 
logical theorems which are identities, I shall give those 
which are essential to the subject, and for the most part 
without proof. 

(1) The sign = is the sign of equality. a = b, a 
equals b, means that in any logical expression a can 

1 The substance of this paper was read at a meeting of the Metaphysical 
Club of the Johns Hopkins University, held in January, 1881. 
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be substituted for b, or b for a, without change of value. 
It is equivalent to the two propositions, " there is no a 
which is not 5," and, " there is no b which is not a." 

(2) The negative of a term or a proposition or a 
symbol is indicated by a line drawn over it. ã = what 
is not a. 

(3') a X b = what is both a 
and b. As a class, it is what 
is common to the classes a and 
b. As a quality, it is the 
combination of all the quali­
ties of a with all the qualities 
of b. When relative terms 
( X X I ) 1 are excluded from 
consideration, ab may be writ­
ten for a X b. 

(3°) a + b = what is either 
a or b. As a class, it takes in 
the whole of a together with 
the whole of b, what is com­
mon to both being counted 
once only. I t has the quality 
of either a or b, and hence 
the quality of the entire class 
is the quality common to a 
and b. The only qualities pos­
sessed by every member of the 

class " lawyers and bankers " are the qualities which lawyers 
and bankers have in common. 

When arithmetical multiplication and addition are to 
be considered at the same time, logical multiplication 
and addition may be indicated by enclosing + and X in 
circles. The addition of logic has small connection 
with the addition of mathematics, and the multiplication 
has no connection at all with the process whose name it 
has taken. The object in borrowing the words and the 
signs is to utilize the familiarity which one has already 
acquired with processes which obey somewhat similar 
laws. There would not be the slightest difficulty in 
inverting the operations, and expressing logical multi­
plication in terms of addition, and logical addition in 
terms of multiplication. The essential processes of sym­
bolic logic are either addition or multiplication (for 
greater convenience, both are used), and negation. The 

1 References in Roman numerals are to the titles at the end. 
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latter process renders any inverse processes which might 
correspond to subtraction and division quite unneces­
sary, and it is only on account of a supposed resemb­
lance between the logical and the mathematical processes 
that an attempt to introduce them has been made. 

(4') aaa = a. 
(5') abc = bca = cba. 
(6') a (b + ) = ab + , 

(4°)  +  + . . . = . 
(5o) ++=b+c+=c+b+. 
(6°) a + bc=(a + b)(a + ). 

The symbol GO represents the universe of discourse. 
(Wundt, Peirce.) I t may be the universe of conceivable 
things, or of actual things, or any limited portion of 
either. It may include non-Euclidian n-dimensional 
space, or it may be limited to the surface of the earth, 
or to the field of a microscope. I t may exclude things 
and be restricted to qualities, or it may be made co­
extensive with fictions of any kind. In any proposition 
of formal logic, ∞ represents what is logically possible ; 
in a material proposition it represents what exists. 
(Peirce.) The symbol 0 is the negative of the symbol 
∞ ; it denotes either what is logically impossible, or 
what is non-existent in an actual universe of any degree 
of limitation. 
(7') aã = 0. 
(8') a — a ∞ = a(b+b)(c+c)... 
(9') ∞ = a + ∞=a+(b+b)+... 
(10') ab + ab+ãb + ab 

= (a + a) (b + b) = ∞. 

(7°) a + ä = ∞. 
(8°) =a+0=++c+... 
(9°) 0 =  0 = bbc . . . 
(10°) (a+b)(a+)(a+)(a+) 

= aa +  = 0. 
The first member of this equa-
tion is called the complete development of two terms. The 
complete development of n terms, (a+a) (b+b) (c+c)..., 
consists of the sum of 2n combinations of n terms each. 
(11') a + ab + abc + ... = a | (11°) a(a+b)(a+b+c). . . = a . 
This is called by Schröder the law of absorption. 
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The only process which presents any difficulty in this 
calculus is the process of getting the negative of a com­
plex expression ; and that difficulty is very slight if the 
right method is selected. There are three different 
methods, of which the last is of most frequent use. 
The first proceeds from the consideration that ab + al + 
ab + ab is a complete universe (10 /), and that what is 
not one portion of a universe must be some other portion, 
if it exists at all. It follows that 

ab =  + ab + ab, 

(12) ab + ab = ab + ab, 

ab + ab + ab = ab, 

and the process is the same for the complete develop­
ment of any number of terms. This is the only rule 
made use of by Boole and by Mr. Jevons for obtaining a 
negative. If certain combinations of ten terms are 
given as excluded, to get those which are not excluded 
it is necessary, by this method, to examine 1,024 combi­
nations of ten terms each. 

The second method is contained in the following 
formulas : — 
(130 ab = a + b. 

ab = ã + b. 
(13°) a + b = ab. 

a + b = ab. 
That is, the negative of a product is the sum of the 
negatives of the terms, and the negative of a sum is the 
product of the negatives of the terms.1 For example, 

1 Professor Wundt (XVIII., p. 257, note) makes the singular mistake 
of supposing that because x (y + z) = xy + az, the parentheses must be 
removed before performing any general operation upon an expression. 
The negative of a product of the form (a +  + ) m, he says, is not 
abc+m, but (ã+m) (b+m) (c + m); and in working his problems he 
actually expresses it in this way, performs the indicated multiplication, 
obtaining abc + ( a + b + c ) m + m, and then reduces this expression by 
the absorption law (11') to abc+ m. 
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a + be + def = ã(b + c) (d + c + ƒ) . 
This rule was first given by De Morgan (" On the 
Syllogism," No. III., 1858). I t may be proved in the 
following way : — 

by (12), a + b = a (b + b) + (a + a) b 
ab = ab + ab + ab + ab = ab + ab + ab 

= ã (b + ) + ( + a) b =ab, 
= a+b. |(12). 

It appears that with the use of the negative sign the 
sum and the product are not both essential to complete 
expression. A sum can be expressed as the negative of 
a product, or a product can be expressed as the negative 
of a sum. The dualism which has been pointed out by 
Schröder, and which he indicates by printing his theo­
rems in parallel columns, is, then, not an essential quality 
of things, but merely an accident of language. We prefer 
to say " what is either black or blue," to saying " what 
is not at the same time both not black and not blue ; " but 
one is as easy to express symbolically as the other. I t 
would not be difficult to develop the whole subject in terms 
of multiplication alone, or of addition alone ; but the gain 
in simplicity is not equal to the loss in naturalness. 

The third method of obtaining the negative of an ex­
pression is by means of the following equation : — 

(14) pab + qab + rab + sab = pab + qab + rab + sab. 
That is, consider any number of the letters as the 

elements of a complete development (10'), and take the 
negative of their coefficients. The reason is the same 
as for (12), — the two expressions together make up a 
complete universe, since 

pab +pab = ab, etc. 
It is necessary to observe that if any part of the develop-
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ment is wanting, its coefficient is 0, and the negative of 
its coefficient is ∞. For instance, 

The entire number of combinations excluded by the 
first member is 7.25 + 26 + 25, and that included by 
the second member is 25 + 3.26 + 7.25 + 28, and together 
they make up 1024. This rule is given by Schröder only 
(XIV., p. 19). I t is much easier of application than 
(12) or (13), except when the given expression bears no 
resemblance to a complete development. 

(15) An expression may be said to be in its simplest 
form when it is represented by the smallest possible 
number of letters. It does not follow that it is then in 
its least redundant form. For instance, in 

a + b, = a + āb, =  + b, 
a +  is simpler than either of the other expressions, 
but it is redundant. It is 

a (b +b ) + (a + ā) b, 
which contains the combination ab twice ; while 

a + āb, = a (b + ) + āb, 
contains each combination once only. The reduction 
of an expression to its simplest form may usually be 
accomplished by inspection. Take, for example, the 
expression 

a+'bc + abd + ācd. 
We have _ 

a+ ā(b + c)d = a + bcd, 
and _ 

bc + bed = bc + d. 
Hence the whole expression is 

a + bc + d. 
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If the reduction is not evident, it may be facilitated by 
taking the negative of the expression, reducing it, and 
then restoring it to the positive form (XVI., vol. x. 
p. 18). 

ON THE COPULA. 

I shall adopt the convention by which particular pro­
positions are taken as implying the existence of their 
subjects, and universal propositions as not implying the 
existence of their subjects. Mr. Jevons would infer that 
the two propositions 

The sea-serpent is not found in the water, 
The sea-serpent is not found out of the water, 

are contradictory ; but Mr. McColl, Mr. Venn, and Mr. 
Peirce would infer that the sea-serpent does not exist. 
With this convention, contradiction can never exist 
between universal propositions nor between particular 
propositions taken by themselves. A universal propo­
sition can be contradicted only by a particular propo­
sition, and a particular only -by a universal. The above 
premises are inconsistent with 

The sea-serpent has (at least once) been found. 
With this convention, hypothetical and categorical pro­
positions receive the same formal treatment. If a, then 
 = all a is  = a implies 5. (Peirce.) 

Algebras of Logic may be divided into two classes, ac­
cording as they assign the expression of the " quantity " 
of propositions to the copula or to the subject. Algebras 
of the latter class have been developed with one copula 
only, — the sign of equality ; for an algebra of the 
former class two copulas are necessary,1 — one universal 

1 Every algebra of logic requires two copulas, one to express propo­
sitions of non-existence, the other to express propositions of existence. 
This necessarily follows from Kant's discussion of the nature of the affir­
mation of existence in the " Critik der reinen Vernunft." — . S. Peirce. 
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and one particular. The following are the propositional 
forms which have been used by the principal recent 
writers on the algebra of logic :1 — 

Traditional. 
Boole 
and 

Schröder. 

Jevons 
and 

Grassmana 
Grassmann. McColl. Peirce. 

Uni­
versal. 

All a is b 
No a is b 

a=vb 
a=vb 

a = ab 
a = ab 

a +b=b 
a +b=b 

a : b 
a : 5 a-<l\ 

Partic­
ular. 

Some a is b 
Some a is not b 

va = vb 
va=vb 

ca = cab 
ca=cab 

ca+b = b 
ca+b=b 

a-b  
a-b 

a-<b 
a-<b 

v is a special symbol, used to denote an arbitrary, 
indefinite class. It is immediately eliminated from the 
universal propositions, which then appear in the forms 
ab = 0, ab = 0, respectively. In particular propositions 
" v is not quite arbitrary, and therefore must not be eli­
minated" (III., p. 124). Jevons makes no distinction 
between an indefinite class symbol, c, and any other 
class symbol. With Mr. McColl, every letter denotes a 
statement. By a : b is meant that the statement that 
any object is a implies the statement that it is also b ; 
but this does not affect the working of the algebra. 
The negative copula, -, is the denial of the affirmative 
copula, :, and a - b, or, as he also writes it, (a : b')', is 
read " a does not imply non-5." Mr. Peirce's symbol for 
the same copula is a modification of ≤. a ≤ b is the 
denial of a -< 5, and is read, " a is not wholly contained 
under 5." a and b may be either terms or propositions. 
The copula -< has an advantage over : in that it ex­
presses an unsymmetrical relation by an unsymmetrical 

1 Mr. Venn has collected some two dozen ways in which "a is 6" has 
been put into logical form. 
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symbol. -< may be written  >- a and read, "  
contains a." 

This quantified copula ( -< or :) is positive for uni­
versal propositions, and negative for particular proposi­
tions. Another kind of quantified copula is possible,— 
namely, one which is particular when positive, and uni­
versal when negative. Instead of writing 

A -<B 1 and A is-not-wholly  
A is-wholly  ) or A is-partly-not B, 

we might write 

A V B and A V B 
A is-wholly-not  (A is-partly B, 

and it will appear that this latter plan has certain advan­
tages. It comes perhaps a little nearer to common use. 
The sense "wholly" is usually attached to both is and 
is-not, but somewhat more strongly to the latter than to 
the former. We say, for instance, " flowers are fra­
grant," meaning that flowers are nearly always fra­
grant; but " leaves are not blue" means that leaves 
are absolutely never blue. " Knives are sharp " would 
be taken as true ; " knives are not blunt " would excite 
opposition in the mind of the hearer. 

The sign V is a wedge, sign of exclusion. A V  is to 
be read " A is-not B," or " A is excluded from B." The 
sign V is an incompleted wedge, sign of incomplete ex­
clusion. A V  is to be read " A is in part B," or 
" A is not-wholly excluded from B." V is made into V 
by the addition of the negative sign; what is not not 
wholly excluded from anything is wholly excluded from 
it. A V B and Aw  are contradictory propositions ; 
each simply denies the other. 

The eight propositions of De Morgan are then,— 
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A V  I A is-not B; no A is B. 
 V  A is in part  ; some A is B. 
AV B A is-not not-B ; all A is B. 
A V  A is partly not-B ; some A is not B. 
A V B What is not A is-not B ; A includes all B. 
A V B What is not A is in part B; A does not include all B. 
2 V B What is not A is-not not-B; there is nothing be­

sides A and B. 
A V B What is not A is in part not-B; there is something 

besides A and B, — 

where V connects terms that exist, while V connects 
terms which may be non-existent. Only six of these 
propositions are distinct, since there is no difference of 
form between Av B and A V B, nor between AM  
and Ã V B. 

Propositions expressed with the copula : or -< are 
called inclusions ; propositions expressed with the cop­
ula V may be called exclusions. Exclusions with an 
even number of negative signs are positive (affirmative) 
propositions ; those with an odd number are negative 
propositions (De Morgan, " Syllabus of a Proposed Sys­
tem of Logic," p. 22). But the distinction, as Professor 
Wundt and others have pointed out, is unimportant. The 
only division of propositions which is of consequence is 
the division into universal and particular. The copulas 
V and V are intransitive copulas, — a kind of copula of 
which De Morgan proposed to investigate the characters 
(" Syllabus," p. 31). They are symmetrical copulas, and 
the propositions AM B, AM B, may be read either for­
ward or backward. It is from the fact that there is no 
formal difference between subject and predicate that the 
advantages of this algebra follow. There is, however, a 
slight difference in meaning between A V B and   A; 
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the subject of the proposition is more evidently the subject 
of discourse. The propositions, " no men are mortal," 
and " there are no mortal men," convey the same infor­
mation ; but the first offers it by way of information 
about men, and the second by way of a description of 
the universe. Information may be given about a pre­
dicate by the use of a different kind of copula; as in 
" no lack of hospitality is found among Baltimoreans." 

An inclusion is changed into the equivalent exclusion 
by changing the sign of the predicate. When an exclusion 
is to be made into an inclusion, it is a matter of indiffer­
ence which of its terms is regarded as predicate ; every 
exclusion contains within itself two inclusions, of which 
each is the converse by contraposition of the other. 
That is to say, 

A V B = A-<B = B-<A,, 
A V B = A-<B = B-<A. 

With this copula, therefore, the consideration of the con­
version of propositions is rendered unnecessary. So also 
is the consideration of the quantification of the predicate. 
With the copula -< the subject and predicate have un­
like quantity, or, more exactly, the quantity of the 
subject is universal and that of the predicate is indeter­
minate ; -< means either equal to or less than. But 
with the copula V the quantity of both subject and pre­
dicate is universal, and with its denial V both subject 
and predicate are taken in part only. 

The copula -< must be taken in an inverted sense 
according as subject and predicate are taken in exten­
sion or in intension ; but the copula V possesses the same 
meaning, whatever interpretation one gives to the terms 
which it separates. The proposition men are animals 
means that all the individuals, man, are contained among 
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the individuals, animal ; but that the qualities which dis­
tinguish an animal are contaiued among the qualities 
which distinguish a man. The proposition no stones are 
plants means that the objects denoted and the qualities 
connoted by the term stone are inconsistent with the 
objects denoted and the qualities connoted by the term 
plant. It is to be remembered that every term is at 
once a sum of objects and a product of qualities. If 
the term a denotes the objects al, a2, 3 . . . and con­
notes the qualities a1, a2, a3 . . . , then 

a = (a
1 + a

2 + • • • ) a
1
a
2
a
3• • • 

and the full content of the proposition no a is b is 

(a1+a2+...) a1a2a3 . . . V (b1+b2+ • • •) β1β2 • • • 
But the full content of the proposition all a is b can be 
expressed only by the two statements 

a1+a2+ • • • + ai - < b1+b2+b3+... and ß1ß2... ßj -< 23... 

where the i objects a are identical each with some one of 
the objects b and the j qualities ß are identical each with 
some one of the qualities a. 

If p denotes a premise and  a conclusion drawn from 
it, then 

p V c (m) 
states that the premise and the denial of the conclusion 
cannot go together ; and 

 V c (n) 
states that the premise is sometimes accompanied by the 
falsity of the conclusion. It is hardly necessary to men­
tion that (m) is satisfied by either the truth of the con­
clusion or the falsity of the premise, and that (n) 
implies that both the premise and the negative of the 
conclusion must, at some time, be true. 
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The word inference (or consequence) implies proceed­
ing in a definite direction in an argument, — either from 
the premise to the conclusion, or from the negative of the 
conclusion to the negative of the premise. The argu­
ment p V  may be called an inconsistency. It is a 
form of argument into which the idea of succession does 
not enter ; it simply denies the possible co-existence of 
two propositions. An inconsistency between two propositions 
is equivalent to each of two equivalent conse­
quences, and a consistency to each of two equivalent 
inconsequences; or 

p V  = p -< c =  -< p, 

p V  = -< c = c - < p. 

The copulas V and V with the symbol oo give means for 
expressing the total non-existence and the partial exist­
ence of expressions of any degree of complexity. Pro­
positions with the symbol 0 do not occur in this algebra. 

(16') x V ∞ = "x does 
not, under any circumstances, 
exist." 

A universal proposition does 
not imply the existence of its 
subject; therefore x V 0 = " x 
(if there is any x) is not 
non-existent," — a proposition 
which is true whatever x may 
be. 

(16°) x V oo = "x is at 
least sometimes existent." 

A particular proposition 
does imply the existence of its 
subject ; therefore x V 0 = " x 
exists, and at the same time 
does not exist," — a propo­
sition which is false whatever 
x may be. 

Since the symbol 0 will not appear at all in proposi­
tions expressed with these copulas, it will not be neces­
sary to write the symbol ∞. I shall therefore express 
" there is no x" simply by x V. 
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(17') a V b = abV 

abc V=a Vbc = ca V b=... 

To say that no a is b is the 
same thing as to say that the 
combination ab does not ex­
ist. 

(17°) a V b = ab V 

abc V = a V bo = caV b = . . . 

To say that some a is b is 
the same thing as to say that 
the combination ab does at 
least sometimes exist. 

The factors of a combination which is excluded or not 
excluded may be written in any order, and the copula 
may be inserted at any point, or it may be written at 
either end. The proposition abc V de may be read " abc 
is-not de" " cd is-not abe" " abe is-not dc, — that is, is 
either not d or not c," etc. Any 0,1, 2, 3, 4, or 5 of the 
letters may be made the subject and the others the predi­
cate, and the positive or the negative universal copula 
may be used ; or there are in all 2.32, = 64, different 
ways of putting the above proposition into words. 

If a is a proposition, a V states that the proposition is 
not true in the universe of discourse. For several pro­
positions, abc V means that they are not all at the same 
time true ; and the way in which they are stated to be 
not all at the same time true depends on the character 
of the universe. If it be the universe of the logically 
possible, then p1 p2  V states that 1 and p2 may be 
taken as the premises and  the conclusion of a valid 
syllogism. It is the single expression in this system for 
a proposition which in the system of inclusions appears 
in the several forms 

p1p2 -< c, c -<p1+p2 , p1 -< c + p2, cp1 -<p2; 

from the premises the conclusion follows ; if the conclu­
sion is false, one at least of the premises is false ; from 
one premise may be inferred either the conclusion or the 
contradictory of the other premise, and from one pre­
mise and the contradictory of the conclusion follows the 
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contradictory of the other premise. If the universe 
which is understood is the universe of what is possible 
in accordance with the laws of nature, then ab V denotes 
that the simultaneous truth of a and b is a contradiction 
of those laws. That x and 'If stand in the relation of 
cause and effect may be expressed by xii V. If x is a 
certain position and 'If its attendant acceleration, the 
above proposition states that the position and the ab­
sence of the acceleration are not found together; that 
from the position may be inferred the acceleration, and 
from the absence of the acceleration may be inferred the 
absence of the position. If a V "0 means that Greeks are 
brave, and (J V d means that the megatherium is not 
extinct, then 

(a y b) V (c Y d) 

affirms that the co-existence of these two propositions is 
excluded from the universe of what is actually true. In 
like manner, according to the character of the universe 
of discourse, a V b denotes either that the two proposi­
tions are logically consistent, or that they are possibly 
co-existent, or that they have actually been at some mo­
ment of time both true.! 

ALGEBRA OF THE COPULA.. 

By the definition (1), we have 

(18) (a = b) = (a y b) (iHj b). 
Since also 

(a=b)=(ayo) (ayb), 
it follows that 
(19) (a=b)=(a=b). 
In particular, 
(20) (ab = 0) = (ab = (0) = (ab y (0) j 

1 The thorough-going extension of the idea of a limited universe to the 
relations between propositions is due to Mr. Peirce. 
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for the exclusions to which each equation is equivalent 
a r e (ab V ∞) (ab V 0), 
and ab V 0 is a proposition of no content. 

The principles of contradiction and excluded middle 
are therefore completely expressed by 

(7') aa v. (7°) a + ā V. 
In any symbolic logic there are three subjects for con­

sideration,— the uniting and separating of propositions; 
the insertion or omission of terms, or immediate infer­
ence ; and elimination with the least possible loss of 
content, or syllogism. 

On uniting and separating Propositions. — Prom the 
definitions of logical sum and logical product applied 
to terms and to propositions we have the following iden­
tities : — 

(210 (a v)(b v) = (a + b V), 
for the first member of the 
equation states that a does 
not exist and that  does not 
exist; and the second mem­
ber states that neither a nor 
 exists. 

In both cases, a and  may be logical expressions of 
any degree of complexity. A combination of any num­
ber of universal propositions, or an alternation of any 
number of particular propositions, is then expressed as a 
single proposition by taking the sum of the elements of 
the separate propositions. This ¿s the only form of in­
ference (if it should be called inference at all) in which 
the conclusion is identical with the premises. The equa­
tions (21') and (21°) are not in reality two distinct 

(21°) (aV)+(b V) = (a + b V), 
for the first member of the 
equation states that either a 
exists or  exists ; and the 
second member states that 
either a or  exists. 
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equations ; they are, by (19), one and the same equa­
tion; since, by (13), the negative of ( a y ) (6 v ) i s 

(a V) + (b V), and the negative of a + b V is a + b V. 
They are each equivalent to the two inconsistencies, 

(a V) (b V) V (a + b V) 
(a V) + (b V) V (a + b V). 

There is no single expression in this algebra for a sum 
of universal propositions or a product of particular pro­
positions. 

To express that the propo­
sitions, some a is b and some  
is d, are not both at the same 
time true (or that it is true 
throughout the universe of dis­
course that either no a is b or 
else no  is d), we must write 

(a V b)(cV d)V 
And the expression for the corresponding particular 
propositions which follow from these universais is 

(a V b)+(cV d)V; 
that is, there is some time 
when either no a is b or else 
no  is d. 

To express that neither of 
the propositions, no a is b and 
no  is d, is true (or that it is 
true throughout the universe 
of discourse that both some a 
is b and some  is d), we must 
write 

(a V b) + (c V d) V. 

(a V b) (c V d) V ; 
that is, there is some time 
when both some a is b and 
some  is d. 

On inserting and dropping Terms. — The following in­
consistencies are immediate consequences of the defini­
tions of the sum and the product : — 

(22) (a + b + cV)v(a + b V), 
(23) (abc V) V(ab V). 

The first asserts that the total non-existence of several 
things is inconsistent with the existence of some of 
them; the second asserts that the total non-existence 
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of something, as ab, is inconsistent with the existence of 
some part of it, as ab which is c. They are not two dis­
tinct inconsistencies, however ; either may be derived as 
a consequence from the other. These inconsistencies, 
when put into the form of inferences, become — 

(22') If a + b + c V, 
then a + b V; 

(23') If ab V, 
then abc V. 

That is to say, given a uni­
versal exclusion, factors may 
be introduced and parts of a 
sum may be dropped, but not 
without loss of content. 

(22°) If a + b V, 
then a + b +c V; 

(23°) If abc V, 
then ab V. 

That is to say, given a par­
tial inclusion, factors may be 
dropped and parts of a sum 
may be introduced, but not 
without loss of content. 

As a particular case of both of the inconsistencies 
(22) and (23) we have 

(a V b)(c V d) V (ac V b + d).1 I. 
If into the expression which is affirmed not to exist, 
ab + cd, we introduce the factor  + a ; and if from the 
product, acb + acd + ab + cd, we drop the parts of a sum, 
ab+cd,— there remains ac (b + d), the existence of 
which is inconsistent with the non-existence of ab and 
cd. Since there is no difference between subject and 
predicate, 

(a V b) (c V d) V (a +c V bd) 

is an inconsistency of quite the same nature as I. For 
the expression of I. in words we have — 

Ia. It is not possible that what is common to several 
classes should have any quality which is excluded from 

1 In its affirmative form, " i f a is b and  is d, then ac is bd" this is 
Theorem I. of Mr. Peirce's paper on the Algebra of Logic (XXI.). As 
pointed out by Mr. Venn, it was first given by Leibnitz : "Specimen de­
monstrandi," Erdmann, p. 99. 
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one of them. If, for example, no bankers are poor and 
no lawyers are honest, it is impossible that lawyers who 
are bankers should be either poor or honest. 

In this way the theorem is put into words in terms of 
a quality which is excluded from a class. It is a pro­
perty of the negative copula that it lends itself equally 
well to the expression of propositions wholly in exten­
sion and wholly in intension, and also with the subject 
taken intensively and the predicate extensively. We 
should have in words, in these cases respectively— 

1b. If several classes are respectively excluded from 
several others, no part of what is common to them can 
be included in any of the others ; 

Ic. If several qualities are inconsistent respectively 
with several others, their combination is not consistent 
with any of the others. 

Id. It is not possible that a combination of several 
qualities should be found in any classes from each of 
which some one of those qualities is absent. If, for 
example, culture is never found in business men nor 
respectability among artists, then it is impossible that 
cultured respectability should be found among either 
business men or artists. 

The inconsistency I. is the most general form of that 
mode of reasoning in which a conclusion is drawn from 
two premises, by throwing away part of the information 
which they convey and uniting in one proposition that 
part which it is desired to retain. I t will be shown that 
it includes syllogism as a particular case. The essential 
character of the syllogism is that it effects the elimina­
tion of a middle term, and in this argument there is no 
middle term to be eliminated. 

When combinations of any number of terms are given 
as excluded, a proposition with which they are inconsis-
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tent can be formed by taking any number of terms out 
of each and uniting them as a sum and denying their 
co-existence with the product of the terms which re­
main. If 

abc V, plh V, 

affirm that no American bankers are uncharitable and 
that no Philadelphia lawyers are dishonest, then it is im­
possible that any Philadelphia bankers are either un­
charitable Americans or dishonest lawyers ; that any 
uncharitable and dishonest lawyers are either Philadel-
phians or American bankers ; that any bankers who are 
also Philadelphia lawyers are either uncharitable Ameri­
cans or dishonest, etc. Any, none, one, two, or three, 
terms from the first premise may be taken to form the 
sum with any, none, one, two, or three, terms from the 
second premise ; there are, therefore, sixteen different 
conclusions to be drawn in this way from these two 
premises, — of which abcphl V is the least, since it has 
dropped the most information, and abc+plh V is the 
greatest, since it has dropped none of the information. 

The inconsistency L may be put into an inference in 
four different ways, according as both universals, one 
universal, one universal and the particular, or the parti­
cular alone, is taken as premise and the negative of what 
remains as conclusion. There are, therefore (when I. 
contains the smallest possible number of propositions), 
four distinct forms of inference, or progressive argu­
ment, with no middle term, in each of which the con­
clusion is a diminished conclusion. The factors of L 
are, in general, one particular and any number of uni­
versais. The number of distinct forms of progressive 
argument which can be made out of an inconsistency 
between n propositions of which n — 1 are universal, by 
taking 1, 2 , . . or n - 1 of the universal propositions with 
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or without the particular proposition as premise and the 
negative of what remains as conclusion, is 2(n —1). 
Argument by way of inconsistencies, therefore, what­
ever may be thought of its naturalness, is at least 
2 ( n - l ) times more condensed than argument in the 
usual form. 

When I. is made into an inference in such a way that 
one conclusion is drawn from two premises, we have, 

if the premises are both uni­
versal, 

(24') a V b 
 V d 

:. a V  + d 
If no bankers have souls 

and no poets have bodies, then 
no banker-poets have either 
souls or bodies. 

if the premises are one uni­
versal and one particular, 

(24°) a V b 
a V b + d 

.:  V d 

If no Africans are brave 
and some African chiefs are 
either brave or deceitful, then 
some chiefs are deceitful. 

On Elimination, — In (24 /) there is no elimination, 
and in (24°) there is elimination of the whole of the 
first premise and part of the second. The most common 
object in reasoning is to eliminate a single term at a time, 
— namely, one which occurs in both premises. Each of 
these inferences gives rise to a form of argument, as a 
special case, by which that object is accomplished,— 
the premises being on the one hand both universal, and on 
the other hand one universal and the other particular. 
The inconsistency L becomes, when d is equal to 5, and 
hence  + d equal to ∞, 

(a V b) (c V b) (ac V ∞) V, 
or 

(a V b) (b V c) (c V a) V. II. 
Given any two of these propositions, the third proposi­
tion, with which it is inconsistent, is free from the term 
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common to the two given propositions ; a, b, and  are, 
of course, expressions of any degree of complexity. 
The propositions may x + y,xy V c + n, for instance, 
are inconsistent with   c + n ; any number of terms 
may be eliminated at once by combining them in such a 
way that they shall make up a complete universe. 

When any two of the inconsistent propositions in IL 
are taken as premises, the negative of the remaining one 
is the conclusion. There are, therefore, two distinct 
forms of inference with elimination of a middle term, 
special cases of (24') and (24°). If we write x for the 
middle term, we have 

(25') a V x 
by x 

.: ab V. 
The premises are 

a (b + 5) x V  
(a + a) bx V ; 

and together they affirm that 

ab (x + x) +  + ãbx V, 
or 

ab + a + abx V. 
Dropping the information con­
cerning x, there remains 

ab V. 
The information given by the 
conclusion is thus exactly one 
half of the information given 
by the premises (Jevons). 

(25°) a V x 
b V x 

.: b a v. 
The second premise is 

bx (ax +ax ) V, 

which becomes, since there is 
no ax, 

bx (ã + x) V, 
or 

bxa V. 
Dropping the information con­
cerning x, there remains 

ba V. 

This conclusion is equivalent 
to 

ba V x + x; 
but the premises permit the 
conclusion 

ba V x; 
hence the amount of informa­

tion retained is exactly one half of the (particular) infor­
mation given by the premises. 
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Elimination is therefore merely a particular case of 
dropping irrelevant information. 

When a and b are single 
terms, (25') is the doubly uni­
versal syllogism, and it is the 
single form in which that 
syllogism appears in this alge­
bra. When it is translated 
into syllogism with an affirm­
ative copula, it is necessary 
to consider the four variations 
of figure which are produced 
according as x or x is made 
subject or predicate. The 
eight moods in each figure 
correspond to the eight varia­
tions of sign which may be 
given to a, b, and x. All the 
rules for the validity of the 
doubly universal syllogism are 
contained in these : — 

(1) The middle term must 
have unlike signs in the two 
premises. 

(2) The other terms have 
the same sign in the conclu­
sion as in the premises. 

When a and  are single 
terms, (25°) is the universal-
particular syllogism, and it 
is the only form of that syllo­
gism in this algebra. I t can 
be translated into eight differ­
ent forms of syllogism with 
unsymmetrical copula, accord­
ing as x is made subject or 
predicate of either premise, 
and according as ã or b is 
made subject of the conclu­
sion. The eight moods of the 
major and minor particular 
syllogism in each figure corre­
spond to the eight variations 
of sign which may be given 
to a, b, and x. All the rules 
for the validity of the uni­
versal-particular syllogism are 
contained in these : — 

(1) The middle term must 
have the same sign in both 
premises. 

(2) The other term of the 
universal premise only has its 
sign changed in the conclu­
sion. 

Those syllogisms in which a particular conclusion is 
drawn from two universal premises become illogical 
when the universal proposition is taken as not implying 
the existence of its terms.1 

1 McColl : Symbolical Reasoning, — Mind, no. xvii. Peirce : Algebra 
of Logic, —Am. Journal of Math., vol. iii. 
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The argument of inconsistency, 

(a V ) (b V c) (c V a ) V, II. 

is therefore the single form to which all the ninety-six 
valid syllogisms (both universal and particular) may be 
reduced. It is an affirmation of inconsistency between 
three propositions in three terms, — such that one of the 
propositions is particular, and the other two are univer­
sal ; and such that the term common to the two universal 
propositions appears with unlike signs, and the other two 
terms appear with like signs. Any given syllogism is 
immediately reduced to this form by taking the contra­
dictory of the conclusion, and by seeing that universal 
propositions are expressed with a negative copula and 
particular propositions with an affirmative copula. Thus 
the syllogisms Baroko and Bokardo,1 

All P is M, Some M is not P , 
Some S is not M, All M is S, 

:. Some S is not P, .: Some S is not P , 

are equivalent respectively to the inconsistencies 

(P V M ) ( S V M) (S V P) V, 

(MV P) (M V S) (S V P) V. 

1 If there were ever any occasion to use the mnemonic verses of syllo­
gism, it might be worth while to put them into a form in which each word 
should bear the mark of its figure, as well as of its mood and its method 
of reduction. By some slight changes in the words, the first, second, 
third, and fourth figures might be indicated by the letters r, t, l, and n 
respectively : — 

(r) Barbara, Cegare, Darii, Ferioque prioris. 
(t) Cesate, Camestes, Festivo, Batoko secundæ. 
(l) Tertia, Dalipi, Disalmis, Dalisi, Felapo. 
(l) Bokalo, Feliso, habet ; quarta insuper addit, 
(n) Bamanip, Camenes, Dimanis, Fesanpo, Fesison. 
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It is then possible to give a perfectly general rule, easy 
to remember and easy of application, for testing the 
validity of any syllogism, universal or particular, which 
is given in words. It is this : — 

Rule of Syllogism. — Take the contradictory of the con­
clusion, and see that universal propositions are expressed 
with a negative copula and particular propositions with 
an affirmative copula. If two of the propositions are 
universal and the other particular, and if that term only 
which is common to the two universal propositions has 
unlike signs, then, and only then, the syllogism is valid. 

For instance, the syllogism — 

Only Greeks are brave, 
All Spartans are Greeks, 
Therefore all Spartans are brave, 

is equivalent to the inconsistency — 

Non-Greeks are-not brave, 
Spartans are-not non-Greeks, 
Some Spartans are not-brave, 

which fails to stand the test of validity in two respects,— 
the term brave appears with unlike signs and the term 
Greeks with like signs. The syllogism — 

All men are mortal, 
Some mortals are happy, 
Therefore some men are happy, 

is equivalent to the inconsistency — 
Men are-not immortal, 
Some mortals are happy, 
Men are-not happy, 

and it is not valid for the same reasons as before, — the 
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term mortal appears with unlike signs, and the term 
men with like signs. 

When a, b, and x are expressions of any degree of 
complexity, (25') and (25°) still furnish the only means 
for the elimination of x. For instance, if 

(ab + cd) x V  
and 

(ã + c)x + bf V, 
then 

(ab + cd) (a + c)+ bf V,  
or 

abc + ãcd + bf y, 

is all that can be said without reference to x. And if 

(ab + cd)x + bf V 
and 

(ã + )  V, 

then the conclusion, irrespective of x, is 

(ab + cd) ã + c + bf V, 
or 

ac(b + d) + bf V. 

If the premises consist of propositions about proposi­
tions, then any proposition which it is desired to drop 
may be eliminated in accordance with these two rules. 

Syllogisms are the inferences, with elimination, which 
are obtained by taking two of the propositions of I. as 
premises and the other as conclusion. When one propo­
sition only is taken as premise, the conclusion is an 
alternation of propositions; and, as a special case, a 
single arbitrary term (instead of two or none) may be 
introduced. We have — 
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(26') a V b, 

.: (ac V b+ d) + (c V d); 

or, in words, if no a is b, then 
either no ac is either b or d, 
or else some  is d. If no 
Africans are brave, then either 
some chiefs are deceitful, or 
else no African chiefs are 
either brave or deceitful. 
When  = x, d = 5, this be­
comes 
(270 a V b 

:. (a V x) + (b V x). 
If no Africans are brave, then 
either no Africans are Chinese 
or else some Chinese are not 
brave. 

(26°) ac V b + d; 

:. ( V ) + ( V d) ; 

or, in words, if some ac is 
either b or d, then either some 
a is b or some  is d. If some 
African chiefs are either brave 
or deceitful, then either some 
Africans are brave or some 
chiefs are deceitful. When 
b = d = x, this becomes 

(27°) ac V 
:. ( V x) + (c V x). 

If some lawyers are bankers, 
then either some lawyers are 
honest or some bankers are 
dishonest. 

Inference from Universais to Particulars. — Dimin­
ished statement and that particular form of diminished 
statement which is syllogism are the only reasoning pro­
cesses that are valid when a universe which contains 
nothing is included among possible universes, — that is, 
when it is taken as possible that both x and x may be at 
the same time non-existent. When that universe is ex­
cluded, — when the postulate " x and non-x cannot both 
be non-existent" is taken as true, — one other form of 
reasoning is possible. That postulate is expressed by 

(x V) V (x V) P. 

which is equivalent to the two inferences, " if x does not 
exist, then non-x does exist," and " if non-x does not 
exist, then x does exist ; " or, from the total non-exist­
ence of any expression whatever may be inferred the 
existence of some part at least of its negative. If 
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a(b +c) v , then a + bc V,and if ã + c V, then a (b+c) V; 

(a(b + c) v ) V (a + bc V). 

If x is a proposition, a V 5, then non-x is its denial, 
a V b; and the postulate states that a proposition cannot 
be both true and false at the same time. 

Prom the proposition 
ab V  

follows, in this way, 

ab V; that is, ã +  V. 

The complete convention in regard to the existence of 
terms is therefore : the particular proposition aV b im­
plies the existence of both a and b ; the universal propo­
sition a V b does not imply the existence of either a or 5, 
but it does imply the existence of either ã or 5. The 
necessity of the convention (if it should be called a con­
vention) is even more evident when a and b are proposi­
tions ; in that case it is equivalent to saying that two 
propositions cannot be true together unless each is at 
some time true, and that they cannot be not true to­
gether unless one or the other is at some time false. 

Mr. McColl has pointed out that from " all a is b," 
" some a is b " does not follow, because there may not 
be any a. But from 

ab V 
it does follow that 

V ; that is, ab + ab + ab V ; 

or from " all a is b " it does follow that one at least of 
the propositions " some a is 6," " some not-a is b," 
" some not-a is not b," is true. From any universal prop­
osition follows some one at least of the three particular 
propositions which it does not contradict. If a is known 
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to exist, then " some a is  " follows from " all a is b " 
by a syllogism : — _ 

ab v 
aa V 

:. ab V 

From " no sea-serpents have gills " we cannot infer that 
there are some sea-serpents which are without gills, un­
less it is known that there are some sea-serpents ; but 
we can infer that either there are some sea-serpents 
without gills, or there are some things, with or without 
gills, which are not sea-serpents, or else there is nothing 
in the universe. 

RESOLUTION OF PROBLEMS. 

Rule. — Express universal propositions with the nega­
tive copula and particular propositions with the affirma­
tive copula, remembering that a =  is equivalent to 

 + ab V, 
and that its contradictory, a is not equal to 5, is equiva­
lent to 

ab + ab V. 

From a combination of universal propositions, the con­
clusion, irrespective of any term or set of terms to be 
eliminated; x, consists of the universal exclusion of the 
product of the coefficient of x by that of the negative 
of x, added to the excluded combinations which are free 
from x as given. If the premises include an alternation 
of particular propositions, the conclusion consists of the 
partial inclusion of the total coefficient of x in the par­
ticular propositions by the negative of that of x in the 
universal propositions, added to the included combina­
tions which are free from x as given. 
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If there is any reason for expressing a universal 
conclusion with an affirmative copula or a particular 
conclusion with a negative copula, it can be done by 
taking any term or set of terms as subject and the 
negative of what remains as predicate. 

The premises may also contain an alternation of any 
number of universal propositions. If either 

(p V x) or (q V x) or (r V z), 

and if at the same time 

am V x, 
then 

am (p + q + rz) V 
is the conclusion irrespective of x. When a combina­
tion of particular propositions is included among the 
premises, the conclusion consists of a combination of 
the same number of particular propositions. From 

(p V x) (q V x) 
(a V x) (b V x), 

may be inferred the two propositions, 
(a V pq) (b V pq). 

From particular propositions by themselves no con­
clusion follows, otherwise than by simply dropping un­
necessary information. 

Particular premises may be attached to the universal 
premises by the conjunction or instead of the conjunction 
and. In that case no elimination is possible (except 
what can be done between the universal propositions by 
themselves), and a conclusion can be obtained only by 
means of the postulate, P. If either (a V b and c V d) 
or (g V h and i V j), then the conclusions are gh + ab V, 
ij + ab V, gh + cd V, ij + cd V. In general, then, the 
premises may consist of a combination or an alter-
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nation of universal propositions (two cases), or of par­
ticular propositions (two cases), or a combination or 
an alternation of universal propositions united as a sum 
or a product to a combination or an alternation of 
particular propositions (eight cases). 

It is apparent that logical notation would be improved 
by the addition of another sign, by means of which an 
alternation of universal and a combination of particular 
propositions might be expressed as a single proposition, 
— a sign such that 

(p + x) sign qy sign rz V 

should mean that some one of the expressions p + x, qy, 
rz, is totally non-existent, and its contradictory, 

(p + x) sign qy sign rz V, 

should mean that all of these are, at least in part, 
existent. 

The plan of treating a set of universal premises as a 
command to exclude certain combinations of the terms 
which enter them is due to Boole ; no adequate exten­
sion of his method so as to take in particular propo­
sitions is possible, without the use of some device which 
shall be equivalent to a particular copula. Boole's 
method of elimination between universal propositions 
is to put x first equal to 0 and then to 1 in the given 
function, and "to take the product of the results so ob­
tained. The only difference between this rule and that 
which I have given (which is Prof. Schröder's) is that 
it first introduces x into those terms which are already 
free from it, and then proceeds to eliminate it from all. 
The value of the function 

ax + bx + c, or ax + bx +  ( + x), 

for x = 0 (in this case b + c?) is the coefficient of x, and 
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its value for x = 1 (in this case a + c) is the coefficient 
of x. I have shown that the method is not an invention 
of modern times, but that it is nothing more than a rule 
for working the syllogism, 

All b is x, No a is x, .'. No a is b, 

when a, b, and x are not restricted to being simple 
terms. With the unsymmetrical copula, there are four 
different forms of pairs of universal propositions which 
make possible the elimination of x (XXI., p. 39), and 
for its elimination between a universal and a particular 
proposition it would be necessary to consider eight 
different forms, corresponding in all to the twelve dis­
tinct forms of syllogism. 

If the result which remains after elimination is of the 
form 

am + bm +  V () 

(where m is the term in regard to which information is 
sought, and where all the letters are expressions of 
any degree of complexity), and if there is any reason for 
being dissatisfied with the conclusion as it stands,— 
" no m is a, no b is not m, and there is no c," — m may 
be made subject and predicate respectively of two affirm­
ative propositions, " all b is m, and all m is ā." If it 
be desired to express the conclusion without any repe­
tition, then we must first state what is, true without 
regard to m, — in this case, 

ab + c V, 
" there is no ab nor c," — and then this information 
must be used to diminish the propositions in m. The 
identities 

a = a (ab +  + ab + ) 
(8') 

b = b (ab +  + ab + ) 
become, when there is no ab + c, 
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and hence, instead of 

it is sufficient to write 
abc V m, bac V m ; 

or, affirmatively, 
All m is  + c + ã, 
All bac is m. 

Prof. Schröder expresses in terms of m such a con­
clusion as 

am + bm + c (m + m) = 0, 
by means of the formula 

The first factor of the second member of the equation is 
equivalent to the propositions, 

that is, it contains the propositions of the first member 
(the first diminished by ab +  = 0 and the second not), 
but it contains in addition the particular proposition 
" some is m," which is a legitimate inference 
from " no (a + c) is m " only if is known to exist. 
A more condensed equational form of the conclusion 
am + m +  V is 

Boole reaches the same conclusion, ((7), but he does 
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it by an extremely circuitous route. Nothing could well 
be simpler of application or more evident than this 
rule of Prof. Schröder's, and there is no reason why 
one should not place implicit confidence in it, in an 
algebra in which particular propositions are not taken 
as implying the existence of their terms. It contains 
the solution of what Mr. Jevons calls the " inverse log­
ical problem," and which he solves by a process " which 
is always tentative, and consists in inventing laws and 
trying whether their results agree with those before us " 
(XXII. , p. 252). It makes all reference to tables and 
machines quite superfluous. It seems to have been 
overlooked by the latest expositor of Boole's system, — 
Mr. Venn. He says that Boole's method of getting his 
conclusion is " a terribly long process ; a sort of ma­
chine meant to be looked at and explained, rather than 
to be put in use ; " and that if ever we do feel occasion 
to solve such a problem, it can be done most readily 
"by exercise, so to say, of our own observation and 
sagacity, instead of taking, and trusting to, a precise 
rule for the purpose of effecting i t " (XXIII. , p. 316). 

But Boole's form for the conclusion (besides being 
not quite legitimate in this algebra) is not that which 
is most natural or most frequently useful. It is, more­
over, suited only to a logic of extension, and it would 
be difficult to interpret intensively. The very simple 
device which may be substituted for it is to make use 
of the same method for getting back from excluded 
combinations to affirmative propositions which was em­
ployed in passing from the given affirmative propositions 
to the excluded combinations : if 

All  is m = b V m,  
then 

b V m = all  is . 
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In this way the conclusions are given in the form which 
has been adopted by Mr. McColl. Complicated prob­
lems are solved with far more ease by Mr. McColl than 
by Mr. Jevons ; but that is not because the method of 
excluded combinations is not, when properly treated, 
the easiest method. A method of implications, such 
as that of Mr. McColl, is without doubt more natural 
than the other when universal premises are given in 
the affirmative form, but the distinction which it pre­
serves between subject and predicate introduces a rather 
greater degree of complexity into the rules for working 
it. An advantage of writing abc V instead of abc — 0 
is that the copula can be inserted at any point in the 
excluded combination, and that elimination can be per­
formed on the premises as they are given, when they 
have been expressed negatively, without first trans­
posing all the members to one side. Without some­
thing corresponding to a contradictory copula, particular 
propositions cannot be treated adequately, and compli­
cated propositions of either kind cannot be simply 
denied. With it, the contradictory of " all a is all b," 
that is, " it is not true that all a is all b," is ab + ab V ; 
that is, " either some a is not  or some  is not a." 
And the contradictory of 

abc + abc + abc V 
is 

abc +  + abc V ; 
that is, some one at least of the given combinations is 
in existence. 

EXAMPLES. 

1. (By Mr. Venn in Mind for October, 1876.) The 
members of a board were all of them either bondhold­
ers or share-holders, but no member was bond-holder 
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and share-holder at once; and the bond-holders, as it 
happened, were all on the board. What is the relation 
between bond-holders and share-holders ? 

Put 
a = member of board, 
b = bond-holder, 
 = share-holder. 

The premises are evidently 
a V bc + , 
by ā; 

and taking the product of the coefficient of a by that of 
ā, we have 

b (bc + ) V,  
or 

bc V. 
The required relation is, therefore, 

No bond-holders are share-holders. 

2. (XXII., p. 283.) What are the precise points of 
agreement and difference between two disputants, one 
of whom asserts that (1) space (a) = three-way spread 
(J), with points as elements (c) (Henrici) ; while his 
opponent holds that (2) space = three-way spread, and 
at the same time (3) space has points as elements ? 

(a = bc) = (ab + ac + ābc V), (1) 

[a = b] = [ab + ab (c+c)V] (2) 

 V. (3) 

They both assert that 
 + a + abc V, 

and the second asserts in addition that 

ābc V; 
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that is, that a three-way spread which had not points as 
elements would be space. 

3. (XVL., vol. x. p. 21.) From the premises 

deduce a proposition containing neither x nor y. 
The term y does not occur at all ; hence ȳ can be 

eliminated only by dropping the parts which contain it. 
There remain 

and taking the product of the first members we have 

4. (XXIII, p. 310.) 
Given xy = a , find xz in terms of a and c. yz = c 

The equations are equivalent to the exclusions 

and after elimination of y there remains 

(p) 
Collecting the predicates of xz and xz, we have 

(q) 
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Prof. Schröder's formula, C, p. 49, 

If m x and then m = all y + some 

gives, in this case, 

xz = all ac + some (ac + ac) 
= all ac + some āc. 

If it were required to find xz + xz, we should have 

whence 

It is evident that (p ) cannot be inferred from (q). 
5. (Educational Times, Feb. 1, 1881, 6616. By W. B. 

Grove, . A.) The members of a scientific society are 
divided into three sections, which are denoted by a, b, c. 
Every member must join one, at least, of these sections, 
subject to the following conditions : (1) Any one who 
is a member of a but not of 5, of  but not of c, or of  
but not of a, may deliver a lecture to the members 
if he has paid his subscription, but otherwise not; 
(2) one who is a member of a but not of c, of  but not 
of a, or of b but not of a, may exhibit an experiment 
to the members if he has paid his subscription, but 
otherwise not; but (3) every member must either 
deliver a lecture or perform an experiment annually 
before the other members. Find the least addition to 
these rules which will compel every member to pay his 
subscription or forfeit his membership, and explain the 
result. 
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Put x = he must deliver a lecture, y = he must per­
form an experiment, and z = he has paid his subscrip­
tion. Then the premises are 

(a) 

(1) 
(2) 
(3) 

I t is required that z be excluded from all that part of 
the universe from which it has not already been ex­
cluded; namely, from the negative of 

which is, by the second rule for getting the negative, 

or 

Hence the desired " least addition to the rules " is 

or, " No one who has not paid his subscription can be 
a member of all three sections and deliver a lecture, 
or of a and  and perform an experiment without lec­
turing." 

6. (III., p. 237. Proposed for simpler solution by 
Mr. Grove, Educational Times, April 1, 1881.) A num­
ber of pieces of cloth striped with different colors were 
submitted to inspection, and the two following observa­
tions were made upon them : — 

(a) Every piece striped with white (w) and green (g) 
was also striped with black (b) and yellow (y) , and 
vice versa. 
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(5) Every piece striped with red (d) and orange (r) 
was also striped with blue (u) and yellow, and vice 
versa. 

It is required to eliminate yellow, and to express the 
conclusion in terms of green. 

The premises are 
wg = , dr=uy; 

and by (18') they are equivalent to the exclusions 

Collecting the coefficients of  and ȳ we have 

and taking the product of the left-hand members we 
have 

which is to be added to that part of the premises which 
does not contain  ; that is, to 

Concerning g we have 

or, with the affirmative copula, by (30), 

The first is equivalent to Boole's conclusion when that 
is reduced by = 0. For the second Boole gives only 
bdrwu g. 

To solve this problem by Mr. Jevons's method, it 
would be necessary to write out the one hundred and 
twenty-eight possible combinations of seven terms, and 
to examine them all in connection with each of the 
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premises. As Mr. Jevons himself says : "It is hardly 
possible to apply this process to problems of more than 
six terms, owing to the large number of combinations 
which would require examination" (XIII. , p. 96). 

7. (III. , p. 146). Prom the premises 

it is required, first, to eliminate v ; second, to express 
the conclusion in terms of x ; third, in terms of y ; 
fourth, to eliminate x ; fifth, to eliminate y. 

The terms which involve v are 

whence, taking the product of the left-hand members, 
we have only 

(a) 
which is to be added to that part of the premises which 
does not contain v, — namely, to 

Collecting the parts which contain x and x we have 

(b) 
(c) 

The negative of the second member of (c) is, by (14), 
zw + zwy, hence, by (18'), these two exclusions are 
equivalent to the identity 

(d) 
or 
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No part of the conclusion has been dropped in (5) 
and (c) ; hence the propositions which concern y may be 
taken from them. They are 

or 

These exclusions yield nothing upon the elimination 
of y ; hence the only relation between x, z, and w is, 
from (b) and (c), 

(f) 
These conclusions are the same as those of Mr. McColl, 

and they are equivalent to those of Boole and Schröder. 
Prof. Wundt (XVIII. , p. 356) accidentally omits (a) in 
getting the conclusions in regard to y, and they are in 
consequence altogether wrong. He remarks that Schr­der 
has treated the problem in a partly coincident 
manner. I do not find that Mr. Jevons has treated it 
at all. 

8. Six children, a, b, c, d, e, ƒ, are required to obey 
the following rules: (1) on Monday and Tuesday no 
four can go out together; (2) on Thursday, Friday, 
and Saturday, no three can stay in together; (3) on 
Tuesday, Wednesday, and Saturday, if b and  are to­
gether, then a, b, e, and ƒ must remain together ; (4) 
on Monday and Saturday b cannot go out unless either 
d, or c, e, and ƒ stay at home. b and ƒ are first to decide 
what they will do, and  makes his decision before a, 
d, or e. Find (a) when  must go out, (β ) when he 
must stay in, and (7) when he may do as he pleases. 

Let a be the statement that a goes out, and ā the 
statement that he stays in, etc. Then we have for the 
first two premises 
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(1) 

(2) 

The third premise excludes from certain days the com­
bination in which  and  are both out or both in, ex­
cept when a, b, e, and ƒ are together ; that is, 

or, finally, 

(3) 
The last premise is, for Monday, 

(4) 
On Saturday, c, e, and ƒ cannot all stay at home, by 
(2) ; therefore, this part of the premise is 

(4') 

The first thing required is the elimination of a, d, and 
e. That part of the premises which is already free from 
those letters is 

(2') 
(30 

Nothing can be eliminated between (1) and (2) , because 
MTh = 0, etc. 

For the same reason, d cannot be eliminated between 
(4) and (2) ; and therefore the premise (4) must be 
simply dropped, a and e can be eliminated at once by 
combining (3) with (1) and with (2) . From (3) and 
(1 ) , we have respectively 
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and taking the product of the right-hand members and 
the sum of the left-hand members, we have 

(5) 
From (3) and (2) we have respectively 

whence, in the same way, 

(6) 

By combining (4') with that part of (2) which does not 
contain ā, ē, or b, and does contain d, — namely, with 

we obtain 

The conclusion required is then contained in (2 ' ) , (3 ' ) , 
(5) , (6) , and (7) . But the information given in regard 
to S and T may be somewhat simplified by collecting 
their predicates. We have 

or 
( 8 ) 

and 
(9) 

which with 
(2") 

(3") 
form the entire conclusion. Collecting the subjects of 
c and c, we have 

(a) 

(b) 
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where the last proposition is already independent of c, 
and where  cannot be eliminated between (a) and (b). 
The conclusion may be expressed in words in this way : 
(V), if on Thursday or Friday  and ƒ are both at 
home, or if on Tuesday or Wednesday ƒ goes out with­
out b, or if b stays at home on Saturday, then  must 
go out; (/3), if b goes out on Tuesday, or if b goes out 
without ƒ on Wednesday, then  must stay at home ; 
(7), whether  goes out or stays in, b does not go out 
without ƒ on Saturday. 

ON THE CONSTITUTION OF THE UNIVERSE. 

The number of combinations in the complete develop­
ment of n terms is 2n. In any actual universe of things, 
any one of these combinations may be either present or 
absent ; hence the number of different ways in which a 
universe may be made up out of n things is 22n. The 
following Table gives the sixteen possible constitutions 
of the universe with respect to two terms. The sign 1 
indicates the presence of the combination at the head 
of which it stands, 0 its absence. With the aid of 
the dual notation, applied to logical algebra by Mr. 
Franklin,1 each case may be defined by a number ; it is 
only necessary to attribute powers of two as weights to 
the different combinations, and to describe each arrange­
ment by the sum of the weights of the combinations 
which are present in it. If we take the combinations of 
a and b in the order ab, āb, ab, db, then 4, or 0100, de­
notes that the combination db is present, and nothing 
else ; 9, or 1001, that āb and ab are present and db and 
āb are absent, etc. 

1 Johns Hopkins University Circular, April, 1881. 
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āb 
8 

ab 
4 

āb 
2 

ab 
1 

° 0 0 0  

0 0 0 1 1 

° 0 1 0 2 

° 0 1 1 3 

0 1 0 0 4 

° 1 0 1 5 

0 1 1 0 6 

° 1 1 1 7 

1 0 0 0 8 

1 0 0 1 9 

1 0 1 0 1O 

1 0 1 1 1 1 

1 1 0 0 12 

1 1 0 1 13 

1 1 1 0 14 

1 1 1 1 15 

If a is animal and b is black, then the 5th case is that 
of a universe made up of black animals and animals 
which are not black ; in the 12th case the things which 
are wanting are black animals and black things which 
are not animals, — that is, there are no black things in 
this universe ; the 15th case is the actual universe with 
respect to the terms animal and black ; the 0-case is a 
universe in which nothing exists. If the material uni-
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verse is the subject of discourse, and if a means matter 
and  means indestructible, then the existing state of 
things is described by 4 ; indestructible matter exists, 
and what is not indestructible matter does not exist. 
This Table is given by Jevons (XIII., p. 135) ; but he 
does not take account of non-existent terms, and hence 
all but seven of the sixteen cases (all but 6, 7, 9, 11, 
13 ,14 ,15) are considered by him to be logical absurdi­
ties. If a and  are propositions, then case 9 is a 
universe in which they are true together and false to­
gether, and in which the time during which a is true 
is identical with the time during which  is true, either 
logically or extra-logically. The 0-case is a universe in 
which no proposition is true. Two cases the sum of 
whose characteristic numbers is 15, — as 5 and 10, or 
0101 and 1010, —have been called by Prof. Clifford 
complementary cases : what exists in one is what does 
not exist in the other. 

To exactly define the constitution of any universe, it 
is necessary to state, in regard to each combination, that 
it is present or that it is absent. The simple laws which 
every two terms obey are therefore four in number, 
being partly universal propositions and partly particu­
lar ; except in the 0-case, where all the universal propo­
sitions are true, and in case 15, where all the particular 
propositions are true. The perfectly symmetrical uni­
verses are thus the universe in which there is nothing 
and that in which there is some of everything. For 
case 8, we have 

and for case 13 

When two simple or compound statements cannot be 
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converted into each other by any interchange between 
the terms which enter them (including negatives of 
terms), they are said to belong to different types. The 
universal propositions in two terms are of six different 
types. None, one, two, three, or four of them may be 
true, and it is only in the case where two are true that a 
difference of type is produced by the way in which the 
propositions are selected. Those two may be taken so 
that one letter has the same sign in both or not. Thus 
we may have either, 

that is, 

or 

that is, 

The following Table gives the six types, the proposi­
tions which define them, and the universes which belong 
to each type : — 

Type. Universal. Particular. Cases. 

I. 

II. 

III. 

IV. 

V. 

VI. VI. 
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of types III . and IV. respectively. Six is the number 
of types of a universe in two terms, when all the par­
ticular propositions which the universal propositions do 
not deny are known to be true. If one takes account of 
combinations of alternations and alternations of com­
binations of both particular and universal propositions, 
the number of types is largely increased. 

A race of beings which always completely defined its 
universe would have the above four-fold statements for 
its forms of expression. The eight propositions which 
are used by the race which exists are not complete 
definitions of a universe, but they are symmetrical; 
each has an eight-fold degree of ambiguity. "No a is b" 
denies the existence of the combination ab, but it leaves 
it doubtful whether, of the remaining combinations, none, 
any one, any two, or all three exist. " Some a is 5," 
which affirms the existence of the combination ab, restricts 
the universe to some one of the eight cases, — 1, 
3, 5, 7, 9, 11, 13, 15. If, however, propositions are 
taken in the other sense, — if positive (affirmative) 
propositions are taken as implying the existence of the 
subject and negative not,— then they do not include all 
possible states of things with symmetry. The negative 
universal and the positive particular propositions cover 
eight cases each, as before ; but of the positive universal 
a V b takes in the four cases 1, 3, 9, 11, and ā V  the 
six cases 1, 4, 5, 9, 12, 13 only, and their contradictories, 
the negative particular, have respectively a twelve-fold 
and a ten-fold degree of ambiguity. 

On the other hand, a race of beings which had the 
greatest possible variety of expression would be able to 
speak with any degree of ambiguity at pleasure. I t 
would have a distinct propositional form for restricting 
the universe to any one, one of any two, one of any 
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three, etc., of the possible cases ; or its entire number 
of propositions in two terms would be 216 or 216 — 1 , 
according as one counts or does not count the case in 
which nothing is said. All the 65,536 or 65,535 things 
which can be said without using any other terms than 
theologians and scientists, for instance, the existing 
race is able to say, without very much difficulty, by 
combinations and alternations of its Aristotelian and 
Morganic propositions. To say that either no scientists 
are theologians (0, 2, 4, 6, 8, 10, 12, 14), or some theo­
logians are not scientists (3, 7, 11, 15), or some of those 
who are not theologians are scientists and some are not 
scientists (13), or else everybody is a theologian (1) , is 
to make a statement of fourteen-fold ambiguity, — to 
limit the constitution of the universe under considera­
tion to some case exclusive of 5 and 9. The contradic­
tory of a statement of the form 

is, by (13), 

and to affirm that there are some theologians who are 
scientists, and that there are no theologians who are 
not scientists, and that either all scientists or else all 
non-scientists are theologians, and that not everybody 
is a theologian, is to affirm that either 5 or 9 furnishes 
the complete description of the universe with respect to 
the terms scientist and theologian. 

In three terms the number of combinations is 23, the 
number of possible universes is 223, = 256, and the num­
ber of possible propositions with all degrees of ambiguity 
is 2256. The types of universal propositions have been 
given by Mr. Jevons (XIII., p. 140), but the number is 
increased when single terms as well as combinations 
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are permitted to be non-existent. Prof. Clifford's 
method for obtaining types ("Essays and Lectures. — 
On the Types of Compound Statement involving Four 
Classes ") is not difficult when applied to these terms. 
It takes account of terms which do not exist, and the 
number of types which he gives for four terms, 396, 
would be different on any other hypothesis. The prob­
lem would certainly be extremely difficult if such state­
ments as Mr. Jevons calls contradictory were excluded. 
Prof. Clifford's solution takes account of combinations 
only of universal propositions. The number of types 
of alternations only, and of alternations and combina­
tions of particular propositions only, is also 396, and 
the entire number is in this way raised to 4,396 ; but 
the determination of the number for mixed universal 
and particular propositions and for mixed alternations 
and combinations of them is still in the region of un­
solved problems. 

In three terms, the number of types of combinations 
of universal propositions is twenty-six,— six four-fold, 
eight less than four-fold, and eight more than four-fold. 
The types of more than four-fold statement may be 
obtained by taking those combinations which are not 
excluded by the types of less than four-fold statement. 

LESS THAN FOUE-FOLD. 

I 0 
II. abc 
III. abc + abc 
IV. abc + abc 
V. abc + ābc 
VI. abc + abc + ābc 
VII. abc + abc + abc 
VIII. abc + abc + ābc 
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FOUR-FOLD. 

IX. abc + ābc + abc + abc 
X. abc + abc + abc + abc  

XI. abc + abc + abc + ābc 
XII. abc + abc + ābc + ābc 

XIII. abc + abc + ābc + ābc 
XIV. abc + ābc + ābc + ābc 

When condensed, these exclusions appear in the fol­
lowing form. The Arabic numbers give the correspond­
ing types in Mr. Jevons's Table. 

I. , . 0 XXII. . . 1 
II. 8 abo XXI. a+b+c  

III. 2 ab XX. . . a + b 
IV. 12 (ab + āb)  XIX. . . ab + āb +  

v. 11 abc + ābc XVIII. 3 ab + bc + cā 
VI. 7 (a + b)c XVII. ab +  

VII. 9 ab + ãbc XVI. 4 ab + āb + abc 
VIII. 13 abc + (ab + āb)c XV. 15 (a + b)  + (ab + āb)c 

I X 10 ab + bc + ca 
X. . . a 

XI. 5 ac + bc 
XII. 1 ab + āb 

XIII. 14 a (bc + bc) + ā (bc + bc) 
XIV. 6 abc + (ã + b) c 

The exclusions 

IV., XVIII., XI., XII., XIII., XIV. 
are equivalent respectively to the identities 
ac = bc, a = b = c, ac = bc, a = b, =bc + bc, ab = . 
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In these Tables, the letters may represent propositions 
as well as terms ; of the 256 ways in which three propo­
sitions may be put together they give the 22 which are 
of distinct type. Case V., for instance, is the case in 
which three propositions, p1, p2, p3, are affirmed to be not 
all at the same time true and not all at the same time 
false ; or, in other words, it is known that some one of 
them is true and some one of them is false. In case 
XVII., p1 and p2 are not true together, and p3 is not 
true at all. When the universe under discussion is the 
logical universe, the Tables serve to enumerate the 22 
possible types of argument between three propositions. 
In case IX., 1, p2, p3 are propositions so related that 
from the truth of any one the falsity of the other two 
can be inferred ; in case XI., they are such that if two 
of them are both false or both true, the third is there­
fore false ; and, conversely, if that is false, the others 
are therefore either both true or both false. The syllo­
gism 1,p2p3 V is of the type II. The argument "if 
either some animals covered with fur are black or some 
black things not covered with fur are animals, then 
some animals are black," — that is, 

(abx V) + (abx V) V(ab V), 

which is of the form (p1+p2) p V,-belongs to type 
VI. ; and the identity, 

(a V ) (c V d) = (ab +cd V), 

belongs to type XIV. In order to find actual arguments 
of all the 22 types, it would probably be necessary to go 
into some hyper-universe where the laws of thought are 
different from those under which we reason. 

(abx V) + (abx V) v (ab v), 

(a V ) (c V d) = (ab +cd v), 
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N O T E . — I n the foregoing article "combination" has been used as 
synonymous with "multiplication." In the following article, "combi­
nation " is used as including both multiplication and addition. 



ON A NEW ALGEBRA OF LOGIC. 

BY O. H. MITCHELL. 

THE algebra of logic which I wish to propose may be 
briefly characterized as follows : All propositions — cate­
gorical, hypothetical, or disjunctive — are expressed as 
logical polynomials, and the rule of inference from a set 
of premises is : Take the logical product of the premises 
and erase the terms to be eliminated. No set of terms 
can be eliminated whose erasure would destroy an aggregant 
term. So far as the ordinary universal prem­
ises are concerned, the method will be seen to be simply 
the negative of Boole's method as modified by Schröder. 
The reason is, that the terms which the propositions 
involve are virtually all on the right-hand side of the 
copula, instead of all on the left-hand side, as in Boole's 
method. 

Attention is especially called to the treatment here 
given of particular propositions (of which there is intro­
duced a variety of new kinds) which is homogeneous 
with that of universais, the process of elimination being 
precisely the same in each case. For the sake of clear­
ness it may be well to state at the outset that I use 
addition in the modified Boolian sense, — that is, x + y 
= all that is either x or y. 
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§ 1. Logic has principally to do with the relations of 
objects of thought. A proposition is a statement of such 
a relation. The objects of thought, among which rela­
tions may be conceived to exist, include not only class 
terms but also propositions. The statement of a rela­
tion among propositions is a proposition about proposi­
tions, which Boole called a secondary proposition. But 
every proposition in its ultimate analysis expresses a 
relation among class terms. The universe of class terms, 
implied by every proposition or set of propositions, may 
be limited or unlimited. Two class terms, a, ft, are 
defined as the negatives of each other by the equations 

a +  = U, 
ab = 0, 

where U is the symbol for the universe of class terms. 
Two propositional terms, a, /3, are defined as the nega­
tives or contradictories of each other by the equations 

α + β = ∞, 
αβ = 0, 

where oo is the symbol for the universe of relation, or 
for "the possible state of things." Mr. Peirce uses oo 
indifferently as a symbol for the universe of class terms, 
or for the universe of relation, but in the method of this 
paper it seems most convenient to have separate sym­
bols. We can speak of " all of " or " some of " U, but 
hardly, it seems to me, of " all of " or " some of " the 
universe of relation; that is, the state of things. For 
this reason ∞ seems an especially appropriate symbol 
for the universe of relation. 

The relation implied by a proposition may be con­
ceived as concerning " all of " or " some of " the uni­
verse of class terms. In the first case the proposition 
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is called universal ; in the second, particular. The rela­
tion may be conceived as permanent or as temporary ; 
that is, as lasting during the whole of a given quantity of 
time, limited or unlimited, — the Universe of Time, — or 
as lasting for only a (definite or indefinite) portion of it. 
A proposition may then be said to be universal or par­
ticular in time. The universe of relation is thus two-
dimensional, so to speak ; that is, a relation exists among 
the objects in the universe of class terms during the 
universe of time. 

The ordinary propositions neglect the element of time ; 
and these will first occupy our attention. 

Let F be any logical polynomial involving class 
terms and their negatives, that is, any sum of products 
(aggregants) of such terms. Then the following are 
respectively the forms of the universal and the particular 
propositions : — 

All U is F, here denoted by F1, 

Some U is F, " " Fu. 
These two forms are so related that 

F1 + Fu= ∞, 

that is, FI and Fu are negatives of each other ; that is, 
(F1) = Fu. The two propositions F1 and F1 satisfy the 
one equation _ 

and are " contraries " of each other. Whence, by taking 
the negative of both sides, we get 

Fu + Fu= ∞; 

that is, Fu and Fu are " sub-contraries " of each other. 
The line over the F in the above does not indicate the 
negative of the proposition, only the negative of the 
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predicate, F. The negative of the proposition F1 is not 
but which, according to the above, = 

The Aristotelian propositions are represented in this 
notation as FOllows : — 

(ā +b)1 = All of U is ā +b = No a is b, . . . . E. 
(ab)u = Some of U is ab = Some a is b, . . . . I. 
(ā + b)1 = All of U is ā + b = All a is b, . . . . A. 
(ab)u = Some of U is ab = Some a is not b, . . O. 

By substituting ā, b for a, b throughout we get the four 
complementary propositions of De Morgan. If these 
two forms be applied to the sixteen possible sums of ab, 
ab, āb, āb, there results the following 

TABLE OF PROPOSITIONS. 
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Opposite propositions are negatives of each other. 
The Table reduced to its simplest form becomes 

REDUCED TABLE. 

If three terms be treated in a similar way we get 
2.223, = 512, different propositions. With n terms the 
total number is 2.22n. 

The propositions (0)1 and (0)u assert that there is no 
universe of discourse, and are false in every argument, 
since a universe of class terms greater than zero is to be 
pre-supposed. Their negatives (U)u' (U)1 are there­
fore true in every argument. The eight propositions of 
De Morgan occur in lines 2, 3, 4, 5 of the Table. 
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Since the universe of class terms is supposed greater 
than zero, the dictum de omni gives 

that is, "all U is F" implies " some U is F." 
To say "no U is F" is evidently the same as to say "all 

U Is that is, F0 = . and since a proposition whose 
suffix is 0 is thus expressible in a form with the suffix 
equal to 1, each suffix used will be supposed greater than 
zero. The suffix  in Fu is taken to be a fraction or part 
of U less than the whole ; that is, "some of "U. In the 
proposition "some U is F" it is not denied that all 
U may be F, but the assertion is made of only a part 
of U. Thus  is taken as greater than zero and less 
than 1, or U. When  is written as a suffix of different 
propositions in the same argument, it is not meant that 
the same part of U is concerned in each case. F1 is writ­
ten for convenience instead of FU. Sometimes FE will 
be written as a form inclusive of both the forms F1 and 
Fu; that is, e will be considered as having either of the 
two values 1 or u. 

For inference by combination of such propositions we 
have the following simple rules : — 

The conclusion from the 
product of two premises is the 
product of the predicates of 
the premises affected by a suf­
fix equal to the product (in 
extension) of the suffices of 
the premises. Thus 

The conclusion from the 
sum of two premises is the 
sum of the predicates of the 
premises affected by a suffix 
equal to the sum (in intension) 
of the suffices of the premi­
ses. Thus 

* This is Mr. Peirce's sign for the copula of inclusion, being an abbrevia­
tion of It is read "is," " i s included under," or "implies." The 
following formulae are sometimes made use of in this paper: 

where ∞ = the universe of dis­
course. Also, 
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When both premises are the relation be­

tween the and the conclusion is equality ; 
otherwise, the relation is an implication. Thus 

These formulae are so evident as hardly to need explana­
tion. (1) means 

(U=F) (U=G)=(U=FG), 

and it follows from the definition of logical multiplica­
tion. By taking the negative of both sides, and chang­
ing to F, G, we get (1') . The law of the suffices 
in (1') is  +  = , or some + some = some. (2) means 

(U=F) (u=G) = (u = FG), 

and follows also from multiplication. The law of suf­
fices is 1  = ; that is, Uu = u. Since Gr 

follows from (1') . The law of the suffices is  + 1 = ; 
that is, "all of" or "some o f " = " some of," which is ad­
dition in an intensive sense. In formula (3) there can 
be no inference when nothing is known about the rela­
tion of the two suffices; that is, FuGu If it be 
known that  and u1 have anv common part, then for 
this common part FuGu' Thus if  = ¾ U, 
and ' = ½U, then Fu Gu, where u"=uu '=¼U. 
Since we evidently have (FG) FuGu, we get by 
contraposition the formula (3') , which means in words 
"'either all U= F, or all U = G' implies ' all U= either 
F or G.'" 

Having regard to (1) and (1'), it will be seen that 
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the most general proposition under the given conditions 
is of the form 

II (Fu+ΣG1), or Σ(F1IIGu), 
where F and G are any logical polynomials of class 
terms,  denotes a product, and Σ denotes a sum. 

If F and G be any of the sixteen polynomials involv­
ing two class terms a, b, it is interesting to notice that 
any proposition, Σ(F1IIGu), can be reduced to the sum 
of products of the eight propositions of De Morgan. 
Thus, referring to the Table on page 76, any proposition 
F1 in the first column is equivalent (1) to the product 
of one or more of the propositions 2,3, 4, 5,—that is, E, 
A, E', A' (the two universal propositions added by De 
Morgan to the classic two being represented by E' A'); 
and any proposition Gu of the second column is equiva­
lent (1') to the sum of one or more of the propositions 
I, O, I', O', the two accented letters representing the 
particular propositions added by De Morgan. Thus 
F1 = IIα, and IIGu = IIΣß = ΣIIß, where a is one of 
the four universais of De Morgan, and ß is one of the 
four particulars. Thus 

Σ (F1IIGu), = Σ (IIαΣIIß) = Σ (IIαΣIIß). 
Thus, for example, the proposition 

(a + b)u (ab + āb), + (ab)1 + (a)u (a + b)1,  

when reduced, becomes 

i. e. AA'I +'O + AA'O' + EA'E' + E'I + E'O. 
In like manner it may be shown that if F, G, etc. be 

logical functions of any number of class terms, a, b, c, 
etc., the general proposition 

Π(Fu+ΣG1), or Σ (F1ΠGu) 
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may be reduced to a function of the eight propositions 
of De Morgan of the form 

where etc. are the eight propositions. 
Propositions united by + form disjunctive propo­

sitions. A hypothetical proposition, " if a, then /3," or 
a where a and ß are themselves propositions, is 
evidently equivalent to the purely disjunctive propo­
sition ā + ß. Thus " if a is bc, then cd is e " means 

(ā + bc)1 (c + đ + e)1; 
which is the same as 

(ab + ac)u + (c + đ + e)1, 
which may be put into words in one way as follows: 
"some a is either non-b or non-c, or all d which is non-c 
is e." The preceding formulae are examples of inference, 
by combination of propositions ; that is, of inference from 
a product or from a sum of propositions. 

Inference by elimination will now be considered. It 
will only be necessary to consider the fundamental form 
F€, where e may be either 1 or u. If F' be a polynomial 
of the class terms, a, b, c, . . . x, y, z, then x, y, z may be 
eliminated from F€ by erasure, provided no aggregant 
term is thereby destroyed. That is, 

where F' is what remains of F after the erasure. Thus 
(āx + bcxy + dcz + db)€  

The reason is obvious. To say that "(all or some) U 
is āx, or bcxy, or etc.," is saying by an obvious implica­
tion that "(all or some) U is ã, or bc, or etc." F€  

means (all or some) U F, and the erasure of a fac­
tor of a monomial term of F simply increases the extent 
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of the term ; therefore the predicate F is not diminished, 
and (all or some) U F',—that is, F€ is a valid in­
ference. F' is really the sum of the coefficients of x, y, 
z in F', and is obviously a factor of F. The other factor 
of F is F + F' ; for F' (F+ F') = F, and F + F' is seen 
to contain no factor independent of x, y, z, since on 
erasing x, y, z, the result is F' + F', = U. If one of the 
aggregant terms of F contain no letters except those to 
be eliminated, then its coefficient is U, and FJ will in 
this case be a nugatory result. Thus from (a + bcd)€  

b, c, d, bc, bd, or cd can be eliminated, but not a, ab, , 
ad, abc, abd, acd, or bcd. As already stated, this alge­
bra is the negative of Boole's as modified by Schröder, 
so far as universal premises are concerned. Thus Boole 
multiplied propositions by addition, and eliminated by 
multiplying coefficients. The method here employed 
multiplies propositions by multiplication, and eliminates 
by adding coefficients. When many eliminations are 
demanded in a problem, the advantage in point of 
brevity of this method over Boole's is of course greatly 
increased. 

Before considering some illustrative examples, another 
kind of inference is to be noticed ; namely, inference by 
predication ; that is, the finding what a given proposition 
says about a given term, simple or complex. The rule 
is : Multiply P by the given term, m, or add m to F. The 
resultine/ coefficient of m in mF, or the residue of F after 
adding m and reducing, will be the predicate of m. Thus 

or 
The first means, "if U = F for all or some U, then 
m = mF for all or some U," and the result is obviously 
obtained by multiplying both sides of 17= F' by m. The 
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second relation means, " i f U = F for all or some U, 
then U = + F for all or some U," and the result is 
obtained by adding to both sides, remembering that 
U + = U. We have, of course, 

I now give the solution of the well-known problem of 
Boole, " Laws of Thought," p. 146. The premises are, 
remembering that 

Multiplying the premises together, and dropping v from 
the result, we get 

The four results asked for by the problem are 

(1) 
(2) 
(3) 
(4) 
The first gives the predicate of x in terms of y, z, w, 
being the same as x and is obtained by 
adding to F and reducing. The second is the relation 
among y, z, w, and is obtained by dropping x from F 
and reducing. The result (U)1 shows that no relation 
is implied among , z, w alone. The third gives the 
predicate of  in terms of x, z, w, and is obtained by 
adding to F and reducing. The fourth is the relation 
implied among x, z, w, and is obtained by dropping y 
from F and reducing. The relation (3) is not in its 
simplest form, since the implied relation (4) among x, z, w 
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has not yet been taken into account. Since (p. 81) 
we have , where F' is what remains 
of F after erasing y, and is that factor of F 
which contains no factor independent of y, we get 

The first factor F1' is (4) , and from 
the second factor we get as the simplest 
form of (3) , that is, 

Ordinary syllogism appears in this method as follows : 
The mood Barbara becomes 

 being eliminated by dropping it. The moods Darii, 
Datisi, Disamis, and Dimaris are all 

The premises of the mood Darapti are 

but there is no conclusion independent of the middle 
term m, since m cannot be eliminated. In inferring the 
conclusion I from these two premises logicians have 
virtually included a third premise (m)u, that is, "some 
of U is m," or "there is some m." This with the pro­
duct of the other two gives "some s is p;" that is, 

In the same way, the premises of Felapton and Fesapo 
are 

and m cannot be eliminated here. With the additional 
premise (m)u we get "some s is not p;" that is, 

The premises of Bramantip are 
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that is, the conclusion is not "some s is p," but " all p is 
s," or "all is the proposition A'. Here, again, the 
conclusion "some s is p " has been reached only by the 
virtual inclusion of a third premise, " there is some p," 
that is, (p)u. Then we have 

This is the same thing as to say that a particular con-
clusion cannot be drawn from universal premises, since 
a particular proposition implies the existence of its sub­
ject, while a universal does not.1 

As another illustration of the method, I solve the 
problem in Boole's " Laws of thought," p. 207. The 
premises are 

Their product is 

which contains everything implied in the premises. The 
results asked for are 

1 Mr. Peirce and others. 
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The relations in the first column are each obtained by 
dropping from F1 the letters not concerned in the quæsi-
turn. Each predicate in the second column is obtained 
by multiplying its opposite F' by its subject. The re­
sult 4 disagrees with that obtained by Boole. 

The two examples taken from Boole have dealt ex­
clusively with universal propositions. The following is 
of a different kind:— 

What may be inferred independent of x and y from 
the two premises, "either some a that is x is not y, or all 
d is both x and y ;" and "either some y is both b and x, 
or all x is either not y or  and not b " ? 

The premises are 

By multiplication we get 

Whence, dropping a?,  and reducing, we get 

which may be interpreted in words, "there is some 5, or 
a, or else all d is  and not b." 
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From this result we may further eliminate c. Elimi­
nating c, we get 

which means "either b or a exists, or no 
The analogy between class and propositional terms.— 

Hitherto in the consideration of F1 and Fu the polynomial 
F has been regarded as a function of class terms a, b, 
etc. Suppose a, b, etc. to be proposition al terms like 
F1 and Fu, and call the resulting polynomial no longer F, 
but . Then the suffices of 1 and  cannot be in­
terpreted any longer as referring to the universe of class 
terms, since the propositional terms F1, Fu, etc., of which 
 is a function, are supposed to have already suffices 
with this meaning. The suffices of 1 and  can only 
be interpreted then as referring to the universe of the 
time during which the complex or secondary proposition 
 is supposed to be true. Then, if V denote the uni­
verse of time, 

1 means ", during all V," or "all 
v " ", " some V," or "some 

In other words 
1 means " is always true," 

v " "  is sometimes true," 

where "always" refers to the universe of time, V. 
Owing to the similarity between class terms and propo­

sitional terms with respect to the operations of multipli­
cation and addition, it follows that all that has been 
said in regard to inference from propositions like F1, Fu 

holds equally with 1 and v. Thus 
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So in regard to elimination, any set of terms can be 
eliminated by neglect, provided no aggregant term is 
thereby destroyed. 

§ 2. Propositions of Two Dimensions. 

Let 27 stand for the universe of class terms, as before, 
and let V represent the universe of time. Let F' be a 
polynomial function of class terms, a, b, etc. Then let 
us consider the following system of six propositions : 

Fuv, meaning "some part of U, during some part of V, is F," 

Ful, " " some part of U, during every part of V, is F," 

Flv, " "every part of U, during some part of V, is F," 

Fu'l, " " the same part of U, during every part of V, is F," 

Flv,', " "every part of U, during the same part of V, is F," 

FΠ, " "every part of 27, during every part of V, is F." 

By thus introducing the element of time, three varieties 
of the proposition Fu are distinguished,—Fuv, Ful, Fu''l. 
Thus in speaking of the people of a certain village during 
a certain summer (27—village, V = summer), "some 
of the Browns were at the sea-shore during the sum­
mer" may mean either that some of them were there 
during a part of the summer, or that some of them were 
there during every part of the summer, — not necessarily 
the same persons,—or that the same persons were there 
during the whole summer. These three meanings are 
here denoted respectively by (bs)uu, (bs)ul, (bs)u'l. Three 
varieties of F1 are also distinguished,—FΠ, Flv, Flv,. 
Thus " all the Browns were ill during the year" may 
mean either that every one was ill during every part of 
the year, or that every one was ill during some part of 
the year, — not necessarily the same part, — or that every 
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one was ill during the same part of the year. These 
three meanings are denoted respectively by 

The dictum de omni gives the following relations 
among these six propositions : — 

and since same is included under some, we have 

The following pairs of propositions, 

satisfy the two equations 
α + ß= ∞, 

αß = 0, 
and the members of each pair are therefore the negatives 
or contradictories of each other. Thus if F' = + i, it is 
seen that (bī)uv and are contradictories ; that is, 
" either some of the Browns were not ill during some 
part of the year, or they were all ill during every part 
of the year," and both cannot be true. An example 
of the second pair is (bi)ul and that is, " either 
some of the Browns were ill during every part of the 
year (not necessarily the same persons during the whole 
year) or at some particular time none of them were 
ill," and both cannot be true. An example of the third 
pair is (bi)ul and " either the same Browns 
were ill during the whole year, or it was true for each 

* The natural first thought is that FΠ, Ful, Flu, Fuv form a system of 
propositions by themselves, but it is seen that Flv' and Fu'l must be added 
to the system, in order to contradict Ful and Flv. Mr. Peirce pointed out 
to me that these propositions are really triple relatives, and are therefore 
six in number. F11, for instance, means " F is a description of U during 
V." See the "Johns Hopkins University Circular, August, 1882, p. 204. 
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part of the village during some part of the year that none 
of the Browns were ill," and both cannot be true. 

Since from   we get +  = ∞ and 
so from F11 Fuv 

we get 

and 

hence F11 and are "contraries " of each other, and 

are "sub-contraries." In the same way Flv Flv 

gives 

and 
that is, Flv, and are contraries, and are sub-
contraries. The line over F affects only F, not the 
suffices. Thus the negative of F11 would be written 

not 
To say "no U is F, during V" is evidently the same 

as to say "all U is during V; " that is, 

Since every proposition with zero as one or both of the 
suffices is thus expressible in a form with no suffix equal 
to zero, each suffix used will be supposed greater than 
zero. The suffices u, v are also supposed less than U, V, 
just as  was supposed less than U in the preceding 
section. Fαß will sometimes be used to include all six 
of the fundamental propositions : that is, a will be con­
sidered as having any one of the values 1, u, or u'; ß as 
having any one of the values 1, v, or v'. 
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For inference by combination of such propositions we 
have the following simple rules, which are seen to be the 
same as in § 1 : — 

The conclusion from the 
product of two premises is the 
product of their predicates 
affected by suffices which are 
the products (in extension) of 
the suffices of the premises. 
Thus 

When all the suffices are 1. 
the relation between the pro­
duct of the premises and the 
conclusion is equality; other­
wise it is — that is, impli­
cation. Thus 

etc. 

The conclusion from the 
sum of two premises is the 
siivi of their predicates affected 
by suffices which are the sums 
(in intension) of the suffices 
of the premises. Thus 

When none of the suffices are 
1, the relation between the 
sum of the premises and the 
conclusion is equality; other­
wise it is — that is, impli­
cation. Thus 

etc. 
But, by an exception to the 
rule, do not have FulGlv (FG)uv since Glv is not of the 
form (G1)v. 

These formulae really follow at once from those in § 1, 
Thus F11 may be written (F1)1 ; hence by § 1 we have 

(F1)1(G1)1 = (F1G1)1 = ((FG)1)1 = (FG)11, 
and 

(Fu)v + (Gu)v = (Fu + Gu)v = ((F + G)u)v = (F + G)uv' 

So in general we have 

and 

90, 
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the addition of the suffices being taken in the same sense 
as in § 1 ; that is, 

1 + 1 = 1, 1 + u' = u', 
1 +  = ,  + ' = , 
 +  = , '+ u' = ', 

with like equations for v, v'. The second set of equa­
tions means 

All of + same part of = same part of, 
Some of + same part of = some part of, 
Same part of + same part of = same part of, 

and a little consideration will show that the formulae 
hold as well for the accented suffices as for the unac­
cented. 

The following formula is evident : — 

For inference by elimination we have only to consider 
the general form Fαß, and the rule is precisely the same 
as the rule for elimination given in § 1, viz. : Any set of 
terms may be eliminated by erasure provided no aggregant 
term is thereby destroyed. Thus 

and the reason of the rule need not be repeated. 
The rule for inference by predication is also evidently 

the same as that previously given. Thus 

and, in general, 

If, after the multiplication has been performed, mF=mP, 
then we have 
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Since propositions of the form F11 can be multiplied 
without loss of content, and propositions of the form Fuv 

can be added without loss of content, the most general 
proposition involving the six fundamental elements is of 
the form 

or 

where F, G, etc. are logical polynomials of class terms. 
But to the six elements just considered we may add as 
elements the forms 1' v considered at the close of § 1, 
where  is of the form Pu + ΣQ1, or P1ΠQu (see page 
79) ; so that 1, v will be of the forms 

(Pu+ΣQ1)1, (P1ΠQu)v' 

It is clear that (Pu + ΣQ1)v = Puv + ΣQlv, and that 
(P1ΠQu)1 = P11ΠQul; but for the two forms of 1, v 

just given, no such reduction can be made. The suffices 
within the parentheses of 1, v refer to the universe of 
class terms, those outside to the universe of time. If 
the relative meaning of these suffices be reversed, so that 
the suffices inside the parentheses refer to the universe 
of class terms and those outside to the universe of time, 
we have two other propositional elements. Thus in 
order to distinguish the meaning of the suffices clearly, 
it will be necessary to use the capital letters U, V, and 
write the four forms just considered as 

or, in full, 

(Pu+ΣQU)V, (PUΠQu)v ' (Pu+ΣQV)U, (PVΠQu)v . 
The negative of v is which is of the form ' So the 
negative of U is which is of the form As ex­
amples of V, U, suppose the universe of class terms 
to be plane figures a, b, etc., on a blackboard, and the 
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universe of time to be an hour. Let P = ab, and 
then 

means "during every part of the hour, either some a 
is b, or no  is d," while 

means "for every part of the blackboard, it is true that 
it is either sometimes both a and b, or never both  
and d." So, as examples of and we have, re­
spectively, 

which means "at some time during the hour, all the 
blackboard is ab, and some of it is and 

which means "some part of the blackboard is always 
ab and sometimes 

Adding the four propositional elements just described 
to the six described previously, we see that the most 
general proposition is of the form 

To illustrate the method of inference from propositions 
like the foregoing, consider the solution of the following 
problem : — 

Six plane figures, a, b, c, d, e, f, on a blackboard are 
constantly changing their size, shape, and position during 
an hour under the following restrictions : — 

I. The area of  and d together is always included in 
the area of a and b together, or else, during a certain 
portion of the hour, e is equal to the part common to d 
and f. 
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II. The part of a which is not e is always included 
under the part common to d and f which is not b, or else, 
during the whole hour, it is true for some part of the 
board that all b is both  and e. 

III. Either a and d are non-existent and e always 
covers the board, or else it is always covered either by b 
or by c. 

What may be inferred (1) about the relation among 
a, c, e and f, independent of b and d ; (2) about the re-
lation among a, c, e, independent of b, d, f ? 

The premises are 

From the product of the first two we infer 

and multiplying this proposition by the third premise 
according to the preceding rules, we get as an inference 

three of the complex elements reducing to simple ones 
according to the formulae, 

Dropping  and d from the above proposition, we get 
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But in a sum, any term may be dropped which implies, 
or is included under, another term. 

(āe)11 (āe)ul and (āē + cef)lv' (āē + f)lv; 

therefore the above reduces to 

(āe)ul + (āē + ef)lv' + (a + ce)ul + (ē + cf)uv + {(ā + e)v 
+ (āc + ce + cf)U}V, 

which is the first quaesitum, and may be read in words 
" either it is always true that some e is not a ; or at a 
particular part of the hour all a is e, and all e is ƒ ; or 
during each part of the hour some  is either a or e ; 
or at some part of the hour some  is either ƒ or not e ; 
or during each part of the hour either all a is e, or the 
whole blackboard is  and all a is either e o r / . " 

Dropping ƒ from this result, we get 

(āe)ul + (ā + e)lv' + (a + ce)ul + ()uv + {(ā + e)U + (c)U}v. 

But (a + ce)ul ()uv and {(ā + e)U + (c)U}v (ā + e)lv,  
+ (c)uv, therefore we get as the second quaesitum, 

(āe)ul + (ā + e)lv' + ()uv, 
which means "either it is always true that some e is not 
a ; or during some particular part of the hour all a is e ; 
or there is sometimes some c." In like manner any 
other set of terms can be eliminated by dropping them 
from the product of the premises. 

Propositions of more than two dimensions. If the 
universe of relation be supposed to consist of three di­
mensions, U, V, W, proceeding just as before we should 
find that the number of fundamental propositions with 
three suffices, 

F111, Full, Fuvl, Fuvw, etc., 
is twenty-six. The logic of such propositions is a "hyper" 
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logic, somewhat analogous to the geometry of "hyper" 
space. In the same way the logic of a universe of rela­
tion of four or more dimensions could be considered. 
The rules of inference would be exactly similar to those 
already given. 

Allusion has already been made to the fact that the 
propositions considered in this and the preceding section 
may be regarded as relative terms. In the first section, 
the two fundamental propositions, F1 and Fu, are dual 
relatives. F1 means "F is a description of every part of 
U;" and Fu means "F is a description of some part 
of U." Thus F1 and Fu correspond to the two funda­
mental dual relatives. So in § 2, F11 is a triple relative 
term, meaning "F is a description of every part of U 
during every part of V." Thus the six fundamental 
propositions of two dimensions correspond exactly to the 
six fundamental varieties of triple relatives, and so on. 

§ 3. On Certain Other Methods. 

The propositions A and  in Mr. Peirce's notation 
are, respectively, 

Mr. McColl expresses them in a similar way, using a 
different symbol for the copula. Both Mr. McColl and 
Mr. Peirce have given algebraic methods in logic, in 
which the terms of these propositions are allowed to 
remain on both sides of the copula. 

In the method of § 1 (of which § 2 is an extension), 
the propositions A and  are expressed as follows:— 

equivalent to 
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that is, all the terms of the universal proposition are 
transposed to the right hand side of the copula, while 
those of the particular proposition are transposed to the 
left-hand side. 

If these propositions be expressed in the reverse way, 
namely,— 

the rules of inference become the exact logical negatives 
of those in § 1 , addition taking the place of multiplica­
tion, and vice versa. is equivalent to 
meaning "none of U is XY," as has already been ex­
plained. + Y may be represented by 
meaning "some of U is not or "there is some­
thing besides Thus F0 and Fq are the two 
fundamental forms of proposition in this method, and 
the rules of inference by combination are 

F0 G0=(F+ G)0 Fq + Gq = (FG)q 

F 0 G q ( F + G ) q F q+G 0 (FG)q 

FqGq F0+G0 (FG)0. 

Elimination is performed by multiplying together the 
co-efficients of the quantities to be eliminated. 

Boole's method, as simplified by Schröder, has been 
extended by Miss Ladd, in the foregoing paper, so as to 
express particular propositions without the use of Boole's 
objectionable "arbitrary" class symbol. She has ex­
pressed A and  as follows:— 

equivalent to 
" " 

Thus F0 and Fu are the two fundamental forms of propo-
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sition in her method, and the rules of inference by 
combination are 

F0G0 = (F+G)0 Fu+Gu=(F+G)u 

F0Gu Fu+G0  

FuGu ∞. F0+G0  

Elimination from F0 is performed by multiplying co­
efficients ; from Fu, by adding them. 

One more method remains to be noticed,—the negative 
of Miss Ladd's method, in which A and  are expressed 
as 

and where F1 and Fq are thus the two fundamental forms 
of proposition. The rules of inference By combination are 

F1G1=(FG), Fq+Gq = (FG)q  

and elimination from F1 is performed by addition of co­
efficients ; from Fq, by multiplication of coefficients. 

§ 4. On a special notation for De Morgan's Fight Propo­
sitions, with an extension of the same to similar propo-
sitions of three or more terms. 
It is proposed in this section so to change the notation 

previously given for De Morgan's eight propositions that 
the elimination of the middle term will be performed by 
an algebraic multiplication of the premises. Denote by 
I', F', 0', A' what I, F, 0, A become when each term 
is replaced by its negative. The propositions I, F, 0, A, 
and their complementarles I', E', 0', A' have already 
been represented (see page 76) respectively by 
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and also, since by 

Let these be now changed to 

where the negative of a term is now denoted by affecting 
it with the exponent—1, and the negative of a propo­
sition is denoted in the same way. Thus 

(ab-1) means "some a is not b," 

(ab-1)-1 " "all a is b," etc. 
With this notation there is the following simple 

RULE OF INFERENCE. Excluding products of two par­
ticulars, the conclusion from a set of premises is their 
algebraic product, with the convention that the appearance 
of a middle term in the result indicates that there is no 
conclusion. 

Thus, Barbara is 

and Darii is 

but from  and  as premises we get 

the middle term not disappearing from the product. 
Prom the nature of this notation, just as with that of 

§ 1, the order in which the two terms of a proposition are 
written is indifferent, and consequently the figure of a 
syllogism is indifferent. Thus, (rap) is the same aa 
(pm) . Thus Celarent and Cesure are 

Darii and Datisi are 
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Ferio, Festino, Ferison, and Fresison are 

(mp)-1 × (sm) (sp-1). 

Camestres and Camenes are 

(pm-1)-1 × (sm)-1 (sp)-1. 
Baroko is 

(pm-1)-1 × (sm)-1 (sp-1). 
Disamis and Dimaris are 

(mp) × (ms-1)-1 (sp). 
Bokardo is 

(mp - 1 ) × (ms-1)-1 ( sp - 1 ) . 

This rule of inference is seen to accord with the now-
recognized invalidity of the moods Darapti, Felapton, and 
Fesapo. Thus the premises of Darapti are 

(mp-1)-1 × (ms-1)-1, 
from the product of which m does not disappear, and 
there is therefore, according to the rule, no inference. 
The same is true for Felapton and Fesapo. The premi­
ses of Bramantip are 

(pm-1)-1 × (ms-1)-1, which (s-1p)-1. 

The following Table gives all the valid moods from 
De Morgan's eight propositions : — 

(pm-1)-1 (p-1m)-1 (p-1m-1)-1 (pm)-1 (pm-1) (p-1m) (-1-1) (pm) 
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There are twenty-four valid moods, but if no distinction 
be made between s and p, these reduce to the twelve in 
either half of the Table, the Table dividing itself sym­
metrically along the diagonal from left down to right. 
The unsymmetry of the Aristotelian system is seen from 
the fact that the fifteen valid moods of the Aristotelian 
system comprise only eight out of the twenty-four of the 
Table, and these eight select themselves very unsym-
metrically, being those underscored by dotted lines. 

Prom the three formulæ 

(sm-1)-1 × (pm)-1 (sp)-1, 

(sm) × (pm)-1 (sp-1), 

( s m ) - 1 × (pm) (s-1p), 

the whole twenty-four syllogisms of the Table may be 
obtained by substituting for m, s, and p their negatives 
in all possible ways, each formula yielding eight. 

Mr. Hugh McColl, in his papers on logic in the "Pro­
ceedings of the London Mathematical Society" (Vol. IX, 
et. seq.), has been using a notation for the copula identi­
cal in meaning with that of Mr. Peirce. He uses a colon 
to denote implication, instead of Mr. Peirce has 
recently told me that Mr. McColl justifies his use of the 
colon by its mathematical meaning as a sign of division. 
Thus Barbara and Celarent are 

m : p m : 

s : m s : m 

s : p s : p, 

and the analogy to division is obvious. But this analogy 
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exists only in the two universal moods of the first figure. 
Thus Cesare and Festino are 

p: p: 

s : m s ÷  

s: s÷p, 

where ÷ is the negative copula, and the analogy to 
division is wanting. In the notation of this section the 
analogy of the premises to ratios, and of the conclusion 
to their product is more nearly complete. 

Extension of the preceding. 

Let (abc) denote " a, b, c have something in common," 

and (abc)-1 " a, b, c " nothing " " 

By substituting for a, 5,  their negatives in all possible 
ways, we get sixteen propositions concerning three terms, 
thus seen to be analogous to De Morgan's eight concern­
ing two terms. In the same way we may get thirty-two 
propositions concerning four terms, and 2.2n propositions 
concerning n terms. The formulae of inference from 
propositions like the above are 

In the first, where one premise is particular, inference 
can take place independently of any number of middle 
terms, provided each term is positive in both premises, 
or negative in both. In the second formula, when both 
premises are universal, inference can take place inde­
pendently of only one middle term, and this must be of 
different quality in the two premises. By an obvious sub­
stitution these two formulae are reduced to the formulae 
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previously given involving only two terms in each pre­
mise. Thus 

(xy) (yz)-1 (xz-1), 
(xy)-1 (y-1z)-1 (xz)-1. 

That is, the premises of the first mean " that which is 
common (x) to a, b , . . . g , has something in common 
with the common part (y) of h , . . . l ; " and " the common 
part (y) of h , . . . l has nothing in common with m , . . . q." 
Whence the inference is (xy-1), or (ah . . . g ) ( m . . . q)-1. 
The premises of the second mean " whatever may be 
common (x) to a, b , . . . k, has nothing in common with 
l; " and " whatever may be common () to m , . . . q, has 
nothing in common with non-Z." Whence the inference 
is (xz)-1, or ( a b . . . k m . . . q ) - 1 . 

(abc) means (ab) () (bc),  

... (abc)-1 " (ab)-1 + ()-1 + (bc)-1 

Thus any one of these propositions is reducible to a 
function of De Morgan's eight. 

§ 5. Note on De Morgan's Twenty Propositions} 
It is proposed in this section to consider a simple 

method of deriving and writing De Morgan's Twenty 
Propositions. Let A = all of A, a = part of A, A = all 
of non-A., and ä — part of non-A, where part of is under­
stood to mean less than the whole of. Let a second term 
 be modified in the same way. Then, by affirming 
and denying identity between each modification of the 
first term and each modification of the second, we get 
thirty-two propositions, of which, however, twelve are 
duplicates. That is, the process yields twenty distinct 

1 See his "Syllabus of Logic," §§ 24-62. 
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propositions, and they are easily seen to be the twenty 
of De Morgan. Let the affirmation of identity between 
two terms be denoted by their juxtaposition, and let the 
denial of the same be denoted by a line extending over 
both terms. Then we have the following 

TABLE OF D E MORGAN'S TWENTY PROPOSITIONS. 

Thus, AB means " the whole of A is identical with the 
whole of B." It is obvious that is equivalent in 
meaning to AB. The second proposition, Ab, means 
" the whole of A is identical with a part of  " (that is, 
all A is B, and some  is not A). It is clear that 

or " a part of non-A is identical with the whole of 
non-B," is the same as Ah. To take an example from 
the other side of the Table, means " it is not true 
that the whole of A is identical with the whole of B."  
This is simply the denial of the proposition AB. 
means " it is not true that the whole of A is identical 
with a part of b," a simple denial of Ab. 

The propositions below the horizontal line of division, 
which are differentiated from those above the line by 
containing only small letters in their symbols, are De 
Morgan's eight "simple" propositions. 
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The remaining four of these eight are derived from these 
four by the negation of their terms. This notation for 
the eight propositions differs only slightly from that 
employed in previous sections. 

De Morgan derived his eight " simple " propositions 
by applying the Aristotelian forms A, E, I, O to the four 
pairs of terms X, Y; X, This process 
gives sixteen propositions, of which eight are duplicates. 
The other twelve of the twenty he called " complex," 
because they are compounded of the eight simple propo­
sitions, as follows : — 

The following Table gives the conclusions from one 
hundred out of the possible four hundred combinations 
of two premises from this system of twenty propositions : 
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By applying the sign of negation first to the S, then to 
the P, then to both the S and the P, the remaining three 
hundred are obtained. According to De Morgan, who 
postulates that every term and its negative is greater 
than zero, there are two conclusions not given in the 
Table, namely : — 

and from these are obtained six others by applying the 
sign of negation to s and p. But according to the 
definitions of Mr. Peirce and others, already alluded to, 
these are invalid conclusions ; since, being particular, 
they imply the existence of their subjects, while the 
universal premises do not. 



OPERATIONS IN RELATIVE NUMBER WITH 
APPLICATIONS TO THE THEORY OF PROBA­
BILITIES. 

BY B. I. GILMAN. 

THE purpose of this Paper is to deduce the formulae 
for the addition and multiplication of Relative Number, 
and to apply them in demonstrating the well-known 
fundamental theorems of Probabilities, according to Mr. 
Peirce's method of dealing with the subject. 

If a relation be that which we perceive when a group 
of objects are viewed together, but which we do not 
perceive when we regard each separately, then any act 
of comparison will bring to view a relation. If the 
objects compared are two in number, the relation may 
be called a dual one. 

Such a dual relation may be viewed in two lights, or 
we may say it splits into two elementary forms, accord­
ing as one or the other object is our starting-point in 
comparing the couple. The two are called the direct 
relation and its converse. Thus, what is ordinarily 
termed a relation may be said to have ends, being based 
on a comparison having a direction. One of these ends 
is called the relate, the other the correlate. 

A relative number is a number obtained in either of 
the two following ways : first, by dividing the number 
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of instances in which a given relation has a relate in a 
certain class of objects by the number of objects in the 
class ; or, second, by dividing the number of instances 
in which a given relation has a correlate in the given 
class by the number of objects in the class. Hence, for 
a given relation p' we have two such relative or aver­
age numbers,—one, the number of instances in which 
p' has a relate of the class y, divided by the number 
of y's; and the other, the average number per y of p' 
whose correlates are y's. The former might be called 
the relate-number of p', the latter its correlate-number. 
But if we extend the class y to include all the objects 
in the universe, since the number of instances in which 
the relation p' occurs having a relate which is an object-
in the universe, is equal to the total number of times 
p' occurs at all, and the same thing is true of the number 
of occurrences in which it has a correlate which is in the 
universe: it follows that for both relate and correlate 
numbers we get the average number of relations p' per 
object in the universe. That is, any relation p' has but 
one (what we shall call) general relative number. 

Denoting each object in the universe by a certain 
letter, each possible different couple of objects (con­
sidering those couples as different in which the same 
elements occur in a different order) will be symbolized 
once, and only once, in Mr. Peirce's scheme of pairs, 
as follows:— 

A : A A : B :  A : D . . . 

B : A B : B B : C  : D . . . 

 :   :  :C  :D . . . 

D: A D : B D :  D:D . . . 
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Now if in this scheme of pairs we assume the relation-
direction to be constant, say from left to right,—that 
is, that the right-hand members of the pairs are the cor­
relates,—it will follow that any single instance of any 
relation must subsist between some one, and only one, 
of the pairs. Marking in any way, as by a circum­
scribed circle, those pairs between the components of 
which subsists the relation p' ; and marking by a circum­
scribed square instances of the relation p",—we shall 
have in general some pairs surrounded by circles, some 
by squares, and some by both. 

Whence if p' and p'' denote respectively the number 
of individual relations comprised in the general relations 
p' and p'', we shall have 
p' + p'' = number of pairs surrounded by circle alone + num­

ber of pairs surrounded by square alone + twice 
the number of pairs surrounded by both circle and 
square = p', p" + p", p'+ 2 p', p" 

in which p', p'' denotes the number of pairs concerning 
each of which it can be said that it is in both the rela­
tions p and p" ; and p', p" denotes the number of pairs 
which are at once in the relation p' and not in the 
relation p". Again, 
p' + p" = number of pairs in circle, or square, or both + num­

ber in both = (p' + p") + p', p'', 

in which—according to Mr. Jevons's notation—(p' +P'') 
denotes that class of pairs concerning each member of 
which it can be said that it is either an instance of p' or 
of p'' or of both. Now, since a general relative number 
is the total number of individual instances of a relation, 
divided by the number of objects in the universe, if we 
indicate the number of objects in the universe by oo, 
p' will indicate the general relative number of the rela-
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tion p'. Symbolizing this quotient by [p'], and dividing 
both sides of the above equations by ∞, we have 

We thus have reached two formulas for the addition 
of two relative numbers. Similarly, we have for the 
addition of three relative numbers 

Similar formulae may be deduced for the addition of n 
relative numbers, as follows : — 

This latter formula gives, when the relations are 
mutually incompatible, — that is, when no two of them 
can subsist between the same pair,—a much simpler 
result : — 

all the other terms reducing to zero. 
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To obtain a formula for the multiplication of relative 
numbers we notice that 

Let x, which may be any number, signify the number 
of different existing groups of three objects, such that 
the first is to the second in the relation p' and the second 
to the third in the relation p''. Such a group may be 
called a relative sequence, and may be denoted by '''  
without the comma. Then 

In this case, therefore, the product of the relative 
numbers of the two given relations equals the relative 
number of the sequence formed from them. 

Multiplying numerator and denominator of by the 
number of objects in the universe, it becomes 
The numerator of this fraction is a number equal to the 
number of different triplets obtained by combining each 
p' with every object in the universe. Between the second 
and third members of these triplets either the relation 
p' or p'' must hold ; and no relative sequence of the form 
p'p'' or p'p'' can exist which does not appear among them. 
Hence the number p' × ∞ equals the sum of the num­
bers of p'p'' and The denominator being the square 
of the number of objects in the universe is equal to the 
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number of possible pairs, and each of these is either 

That is, the average number of sequences p'p'' per 
each p'' is the same as the average number of sequences 

per each Hence, whether the relations in which 
any given individual stands to the others in the uni­
verse are all p'', or one or more p'' and the rest will 
make no difference on the average in the number of 
relative sequences whose first member is p' of which it 
is the intermediary. The number of such sequences in 
the case of any individual being the number of the ob­
jects standing to it in the relation p' multiplied by the 
number of objects in the universe, it follows that the 
number of objects standing to any given individual in 
the relation p' is not affected by the circumstance of its 
being p'' to one or more objects. 

Similarly, from we may get whence 

that is, whether an object 
is correlate in any relations p' or not, will make no 
difference on the average in the number of p''s of which 
it is the relate. 

For instance, letting p' indicate the relation borrower 
from, and p'' the relation trustee of, this condition ex­
presses, first, the fact that a man's being a trustee makes 
no difference on the average in the number of borrowers 



OPERATIONS IN RELATIVE NUMBER. 113 

from him; and, second, that a man's being a lender or 
not makes no difference on the average in the number 
of funds which he controls as trustee. Such relations, 
from one of which nothing can be inferred regarding 
the presence of the other, are called independent re­
lations. Hence for independent relations, 

The expression p'p'' here denoting the number of 
relative sequences of that form, if we define a compound 
relation to be a combination of such relative sequences 
as have the same individual object as relate, ', and also 
the same individual object as correlate, ", we shall have 
each compound relation consisting of as many sequences 
as it has intermediary objects. Hence, in order to ex­
press the number of p'p''s in terms of compound relations 
of that form, to the total number of compound rela­
tions we shall have to add the number of those which 
have two intermediaries, since they each contribute an 
extra sequence ; and to this sum we must further add 
twice the number of compound relations having three in­
termediaries, three times those having four, etc. Hence 
we have for the number of relative sequences expressed 
in terms of compound relations, 

wherein denotes the total number of compound 
relations of the form p'p'' having whatever number of 
intermediaries; . denotes the number of such com­
pound relations having two intermediaries, etc. Whence, 
dividing through by ∞, we have 
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and the following formula results for the multiplication 
of independent relative numbers : — 

By a somewhat different and a longer process of proof, 
it can be shown that for independent relations the follow­
ing formula holds for the multiplication of n relative 
numbers : — 

Here it is to be noted that the superscribed numbers do 
not refer to the number of intermediaries, but to the de­
gree of connection, the number of ways in which relate ' 
and correlate '' are connected by chains of relation. 

The continued product of the numbers indicating the 
simultaneous intermediaries at the successive steps, it 
is easily seen, cannot be less than r nor greater than 

when the connection in the given relation is an 
r-fold one. Since permuting the multipliers does not 
change the left-hand member, the right-hand member 
remains constant in whatever order the elementary rela­
tives are compounded. 

Through the addition formula we have reached what 
we may call polynomial relative numbers, of the form 

which expresses the relative number 
of that class of pairs, each one of which is an instance 
of some one or more of the relations In the 
case of incompatible relations we have the equation 

Whence the multiplication of polynomial relative num­
bers reduces in the case of incompatible relations to that 
of monomials. 
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The involution of a monomial relative number gives 
the ordinary result of multiplication, except that all the 
elements of the resulting compound relation are the 
same. If we involve an incompatible polynomial, we 
shall get a result according to the multinomial theorem, 
consisting of monomial powers and products. 

In order to apply these results to the theory of proba­
bilities, we shall require to make a supposition in regard 
to the character of the relations we are to consider. If 
a relation is perceived whenever we compare objects, it 
follows that a relation will be noticed when we think 
of an object as existing at successive times ; for this 
involves a comparison between its aspect at one time 
and at another. 

This relation between objects which differ, so far as 
we see, only in existing at different times, we call iden­
tity. The pairs in the principal diagonal of the relative 
scheme exist in this relation only, since what we call the 
same or an identical object is both correlate and relate. 

The relative number of the relation of identity is evi­
dently unity, since it occurs once, and no more, for every 
individual in the universe. Now we can, if we please, 
agree to bring the various individual relations,—that is, 
relations subsisting between individual objects,—which 
together make up the total extension of the general re­
lation identity, into various classes according to the 
character of the objects they identify. This will create 
as many kinds of relation of identity as there are classes 
of objects in the universe, and their relative numbers will 
vary from up to unity, and will express the propor­
tion of objects of the different kinds in the universe. 

Further, we may agree to take for the divisor of our 
relative number, for our y, instead of all the objects in 
the universe, some limited portion of them, say the class 
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. This will be a return to the special relative number 
mentioned at the beginning of the paper ; but it is evi­
dent that since the relation whose relative number we 
seek is a relation of identity, every instance of it which 
has its relate in the class  will also have its correlate 
in that class, and vice versa; so that the relate and cor­
relate number of the relation will be the same, and may 
be called simply its relative number. Such a relative 
number will mean the number of identity relations of 
the form a to be found among the relations pertaining 
to the individuals of the class  divided by the number 
of those individuals ; that is, the number of a's among 
the b's, divided by the number of b's, or, in other words, 
the proportion of the genus  that is of the species a. 
If we regard events as the objects between which the 
relations we are considering subsist, an identical relative 
number will express the proportion in which a certain 
species of event exists in a genus. With this ratio will 
vary the expectation with which we shall look to see a 
case of the genus a case also of the species ; it may be 
said to measure the value of the genus as a proof of the 
species,—to measure, that is, the prove-ability, or proba­
bility, of the species from the standpoint of the genus. 

On this view of probability it has to do, not with 
individual events, but with classes of events; and not 
with one class, but with a pair of classes,—the one 
containing, the other contained. The latter being the 
one with which we are principally concerned, we speak, 
by an ellipsis, of its probability without mentioning the 
containing class ; but in reality probability is a ratio, 
and to define it we must have both correlates given. 

An identical relative number, then, when the identities 
considered are events, will be the ratio of a specific to a 
generic occurrence ; and this ratio is called the proba-
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bility of the species with respect to the genus. The 
mathematical combination of probabilities will therefore 
take place in accordance with the formulae for relative 
number already reached, with such modifications as re­
sult from their application to relations of identity. 

In establishing by these formulae the fundamental the­
orems of probabilities, let the individuals in the uni­
verse we are considering be events ; and let a denote a 
certain kind of relation of identity between them, — that 
is, a certain class of events, — and ā the remaining rela­
tions of identity, that is, all the rest of the events in the 
universe. The general relative numbers of a and ā— 
that is, the general probabilities of a and ā in the uni­
verse—will be denoted by [ā] and [ā] . 

From the addition formula we have 

The first term of the right-hand member is the relative 
number of that class of pairs, each of which exhibits 
either or both of the relations a and ã ; and the second 
term of the right-hand member is the relative number 
of that class of pairs, each of which exhibits both the 
relations a and ā. But since by definition a is a part 
and ã the rest of the existing relations of identity, no 
event exhibits them both, and [ a , ā ] = 0 ; while the num­
ber of relations a ÷ ā equals ∞, and hence = 1. 
Thus we have 

(1) 
or, the probability of the negative of an event equals 
unity minus the probability of the event. 

The relations a and ä are incompatible relations ; that 
is, they cannot subsist at once between the same pair. 

Incompatibility means, therefore, in the case of rela-
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tions of identity between events, that no one event can 
be of both species ; the species are mutually exclusive, 
— the events, as we say, cannot happen together. Such 
events may be called exclusives, and we may denote 
by the term alternatives specific events which together 
make up a genus; that is, exclusives one or other of 
which must happen if the generic event happen at all. 
The generic event consisting of the occurrence of any 
one of a number of exclusives may be called an alter­
nating event. 

The abridged form of the addition formula, when the 
relations are incompatible, gives the following as the 
probability of an alternating event:— 

That is, the probability of an alternating event is equal 
to the sum of the probabilities of the exclusives of which 
it is composed. 

The expression denotes an event which is 
at once a,b,c, not d... and not n ; and 
denotes the probability of such a compound event. If we 
have certain events of known probability, a , b ,  . . . n 
which are not exclusives, and wish to obtain the proba­
bility of the occurrence of some one, and only one, of 
them, the desired expression reduces to a sum of such 
compound probabilities. For the event in question will 
be either etc., 
or and these compounds being mutu­
ally exclusive, the event is an alternating one, and its 
probability is expressed as follows : — 

This result being in terms of the probability of compound 
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events, to make it available we must have means of cal­
culating compound probabilities from simple ones. 

The formula obtained above for multiplying relative 
numbers expresses the result of such a multiplication in 
terms of the relative numbers of compound relations. 
In the case of identical relations, these would be com­
pound relations of identity. But since no object or 
event is in the relation of identity to more than one ob­
ject or event,—that is, itself,—each compound relation 
of identity must consist of a single relative sequence ; 
accordingly all the terms after the first in the right-hand 
member of the multiplication formula disappear, the re­
maining term being the relative number of a relation 
of identity compounded of all the multiplied factors. 
But since all the objects concerned in this compound 
relation from relate ' to correlaten are one and the same, 
it is no longer a sequence of relations, but a coexistence 
of special identities, — a coexistence of characters ; and 
its relative number is the relative number of such co-
existences,—of objects or events in which coexist all 
the given special identities that belong at once to all the 
given species. The condition that the relations should 
be independent, that is, that between any two of them, 

for relations of identity becomes the condition that the 
proportion of 5's that are also a's should equal the pro­
portion of 5's that are also a's; in other words, that an 
event is b should make it neither more nor less likely 
that it is also a case of a, and vice versa. 

We thus see that the multiplication of identical rela­
tive numbers, when the relations are independent, will 
give the relative number of the events in which all the 
multiplied identities coexist. The probability of a com-
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pound event, therefore, when the components are inde­
pendent, may be found by multiplying together the prob­
abilities or all the components. Applying this principle 
to the case of the compound events 

we have for the probability of the occurrence of one, and 
only one, of n independent non-exclusive events, 

For the probability of the occurrence of some one or 
more of n independent non-exclusive events, we obtain 
by transposition from the second form of the general 
addition formula,— 

Since the probability of a compound event is the pro­
duct of the probabilities of the components (when inde­
pendent), we have the following equation : — 

that is, the probability of any event is equal to the 
probability of any compound event into which it enters, 
divided by the probability of the compound event made 
up of the remaining components. 
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We may obtain an expression for the probability of 
a compound event when the components are not inde­
pendent, by noticing that in establishing the formula 
for multiplication the independence of the relations ena­
bled us to substitute in the left-hand member of the 
equation, If the relations are not independ­
ent, this is not permissible; whence indicating by 

the equation reads 

or for identical relations 

[a,b]b [b] = [a,b], 
in which [a,b]b denotes the proportion of a,b's among 
b's, the probability that an event of the genus b will also 
be of the species a. An extension of these considera­
tions gives the general formula 

that is, the probability of a compound event, when the 
components are not independent, is equal to the general 
probability of any one of the components multiplied by 
the probability that one of the other components will 
happen when the first happens, and so on until all the 
components are exhausted. 

Let us suppose that the compound event, instead of 
being composed of n different events, is composed of 
n like events, a. If these different occurrences of a are 
independent, — that is, if the fact that a has occurred 
once, makes it neither more nor less likely that it will 
occur again, — we have 

[an] = [a]n 00 
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While the mere fact that a has occurred will not, 
contrary to the popular notion, make it any more or less 
likely to recur, it is evident that in many instances at­
tendant circumstances, as in the case of habit, may de­
stroy the independence of successive occurrences. 

If a is a compound of independent relations of identity, 
as a,b,c, . . . m, the formula becomes 

that is, the probability of the repetition of a compound 
event n times is equal to the product of the nth powers of 
the probabilities of its components. 

We have seen that a polynomial relative number ex­
presses the probability of the occurrence of some one 
or more of the separate events symbolized therein. If 
the events are exclusives, it expresses the probability of 
the occurrence of some one of them. 

Considering two exclusives, a and b, in order to ob­
tain the probability that one or other of them should 
occur n times, it is to be noticed first that this event 
itself is not a single compound event, but a compound 
alternating event, consisting of as many compound alter­
natives as there are different arrangements of a and  in 
n occurrences. Since the probability of an alternating 
event is the sum of the probabilities of the alternatives, 
the probability we seek will be the sum of the probabili­
ties of all the compound alternatives ; that is, the sum 
of all the products obtained by forming all possible 
arrangements of n simple probabilities, each of which 
must be either [a] or [5]. In other words, the opera­
tion of finding the probability of the occurrence of one or 
other of two exclusives n times, is the same as that of 
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raising the binomial [a] + [b] to the nth power. This 
is otherwise seen thus : Since a and b are exclusives, — 

Similarly, for more than two exclusives, the probability 
of one or other happening p times is equal to the sum 
of the probabilities of the exclusives raised to the pth 

power, or 

It may be observed in relation to the probabilities of 
the compound alternatives of which these sums are made 
up, that any one will be equal to all the others in which 
the elementary exclusives enter in the same proportions, 
although in different orders. The case of highest proba­
bility will evidently be that consisting entirely of that 
one of the elementary exclusives which has the highest 
probability, and the case of lowest probability will be 
that in which the elementary exclusive having the lowest 
probability alone appears. On the contrary, other con­
siderations show that the most probable proportions in 
which different alternatives will enter into a series of 
trials will be the ratios of their probabilities, while the 
most improbable proportions will be those exhibited by 
series consisting entirely of some one of the alternatives. 
The same thing is true of exclusives ; the most probable 
proportion in which they will be found in a series of 
trials being the ratios of their probabilities. But while 
with alternatives the sum of the probabilities of all 
possible orders will continue to be unity, however the 
number of trials is increased, with exclusives the sum 
of these probabilities will decrease in geometrical pro­
gression as the trials are repeated. 
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The results thus far reached, readily lead to other com­
binations of probabilities, as in the following examples : 
The probability of the occurrence of at least one of two 
events with a third is given by the equation 

in which, as in general in probabilities, the events are 
supposed to be independent. 

When a and b are exclusives, the same probability is 
equal to 

([a]+[b]) [c]. 
For any number of exclusives, and any number of 

other events, the equation becomes 

For the probability of the occurrence of one, and only 
one, of any number of non-exclusive events with any 
number of others, we have 

The probability that a will occur m times to n occur­
rences of b,—that is, that m a's will happen while n b's 
are happening,—will be the probability of the compound 
event consisting of m a's and n b's. The probability 
that m a's will be succeeded by n b's is [a]m[b]n, and the 
number of different arrangements of m + n objects, m 
of one kind and n of another, i s w h e n c e the total 
probability is 

(13) 

If a and  were alternating events, this expression 
would give the probability of the occurrence of some one 
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or other of  exclusives m times, while some one or 
other of p exclusives is happening n times. Substituting 
the values assumed in this case by [a]m and [b]n, we 
have for this probability 

In this investigation of some modes of combining 
probabilities, suggested by the consideration of Relative 
Number, we have used the Addition formulae in reaching 
(1) the probability of negative events, (2) of some one 
of n exclusives, (3) of some one, and only one, of n 
non-exclusives, and (4) of at least one of n non-exclu­
sives. From the Multiplication formulae we have ob­
tained the probability of a compound event when the 
components are either (5) independent, or (6) depend­
ent ; and by a reference to the involution of Relative 
Number have established formulae for the probability 
of the repetition of (7) simple (8) compound or (9) 
alternating events. These results have been combined 
in the more complicated cases (10-14) last considered. 



A THEORY OF PROBABLE INFERENCE. 

By C. S. PEIRCE. 

I. 
THE following is an example of the simplest kind of 

probable inference : — 
About two per cent of persons wounded in the liver recover ; 
This man has been wounded in the liver ; 
Therefore, there are two chances out of a hundred that he 

will recover. 

Compare this with the simplest of syllogisms, say the 
following : — 

Every man dies ; 
Enoch was a man ; 
Hence, Enoch must have died. 

The latter argument consists in the application of a 
general rule to a particular case. The former applies to 
a particular case a rule not absolutely universal, but sub­
ject to a known proportion of exceptions. Both may 
alike be termed deductions, because they bring informa­
tion about the uniform or usual course of things to bear 
upon the solution of special questions ; and the probable 
argument may approximate indefinitely to demonstration 
as the ratio named in the first premise approaches to 
unity or to zero. 
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Let us set forth the general formulas of the two kinds 
of inference in the manner of formal logic. 

FORM I. 
Singular Syllogism in Barbara. 

Every M is a P; 
S is an M; 
Hence, S is a P. 

FORM II. 
Simple Probable Deduction. 

The proportion p of the M's are P's ; 
S is an M; 
It follows, with probability p, that S is a P. 

It is to be observed that the ratio p need not be exactly 
specified. We may reason from the premise that not 
more than two per cent of persons wounded in the liver 
recover, or from " not less than a certain proportion of 
the M's are P's," or from "no very large nor very 
small proportion, etc." In short, p is subject to every 
kind of indeterminacy; it simply excludes some ratios 
and admits the possibility of the rest. 

The analogy between syllogism and what is here called 
probable deduction is certainly genuine and important ; 
yet how wide the differences between the two modes of 
inference are, will appear from the following considera­
tions : — 

1. The logic of probability is related to ordinary syllo­
gistic as the quantitative to the qualitative branch of the 
same science. Necessary syllogism recognizes only the 
inclusion or non-inclusion of one class under another; 
but probable inference takes account of the proportion 
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of one class which is contained under a second. It is 
like the distinction between projective geometry, which 
asks whether points coincide or not, and metric geome­
try, which determines their distances. 

2. For the existence of ordinary syllogism, all that is 
requisite is that we should be able to say, in some sense, 
that one term is contained in another, or that one object 
stands to a second in one of those relations: " 'better 
than," " equivalent to," etc., which are termed transitive 
because if A is in any such relation to B, and  is in 
the same relation to (7, then A is in that relation to C. 
The universe might be all so fluid and, variable that 
nothing should preserve its individual identity, and that 
no measurement should be conceivable ; and still one 
portion might remain inclosed within a second, itself 
inclosed within a third, so that a syllogism would be 
possible. But probable inference could not be made in 
such a universe, because no signification would attach to 
the words " quantitative ratio." For that there must be 
counting ; and consequently units must exist, preserving 
their identity and variously grouped together. 

3. A cardinal distinction between the two kinds of 
inference is, that in demonstrative reasoning the con­
clusion follows from the existence of the objective facts 
laid down in the premises ; while in probable reasoning 
these facts in themselves do not even render the con­
clusion probable, but account has to be taken of various 
subjective circumstances,—of the manner in which the 
premises have been obtained, of there being no counter­
vailing considerations, etc. ; in short, good faith and hon­
esty are essential to good logic in probable reasoning. 

When the partial rule that the proposition p of the 
M's are P's is applied to show with probability p that 
S is a P, it is requisite, not merely that S should be an 
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M, but also that it should be an instance drawn at ran-
dom from among the M's. Thus, there being four aces 
in a picquet pack of thirty-two cards, the chance is one 
eighth that a given card not looked at is an ace; but 
this is only on the supposition that the card has been 
drawn at random from the whole pack. If, for instance, 
it had been drawn from the cards discarded by the 
players at piquet or euchre, the probability would be 
quite different. The instance must be drawn at ran­
dom. Here is a maxim of conduct. The volition of 
the reasoner (using what machinery it may) has to 
choose S so that it shall be an M; but he ought to 
restrain himself from all further preference, and not 
allow his will to act in any way that might tend to 
settle what particular M is taken, but should leave that 
to the operation of chance. Willing and wishing, like 
other operations of the mind, are general and imperfectly 
determinate. I wish for a horse,—for some particular 
kind of horse perhaps, but not usually for any individual 
one. I will to act in a way of which I have a general 
conception ; but so long as my action conforms to that 
general description, how it is further determined I do 
not care. Now in choosing the instance S, the general 
intention (including the whole plan of action) should 
be to select an M, but beyond that there should be no 
preference ; and the act of choice should be such that if 
it were repeated many enough times with the same in­
tention, the result would be that among the totality of 
selections the different sorts of M's would occur with 
the same relative frequencies as in experiences in which 
volition does not intermeddle at all. In cases in which 
it is found difficult thus to restrain the will by a direct 
effort, the apparatus of games of chance,—a lottery-
wheel, a roulette, cards, or dice,—may be called to our 
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aid. Usually, however, in making a simple probable 
deduction, we take that instance in which we happen at 
the time to be interested. In such a case, it is our 
interest that fulfils the function of an apparatus for 
random selection; and no better need be desired, so 
long as we have reason to deem the premise " the pro­
portion p of the M's are P ' s " to be equally true in 
regard to that part of the M's which are alone likely 
ever to excite our interest. 

Nor is it a matter of indifference in what manner the 
other premise has been obtained. A card being drawn 
at random from a picquet pack, the chance is one-eighth 
that it is an ace, if we have no other knowledge of it. 
But after we have looked at the card, we can no longer 
reason in that way. That the conclusion must be drawn 
in advance of any other knowledge on the subject is 
a rule that, however elementary, will be found in the 
sequel to have great importance. 

4. The conclusions of the two modes of inference like­
wise differ. One is necessary ; the other only probable. 
Locke, in the "Essay concerning Human Understanding," 
hints at the correct analysis of the nature of probability. 
After remarking that the mathematician positively knows 
that the sum of the three angles of a triangle is equal to 
two right angles because he apprehends the geometrical 
proof, he then continues : " But another man who never 
took the pains to observe the demonstration, hearing a 
mathematician, a man of credit, affirm the three angles 
of a triangle to be equal to two right ones, assents to it ; 
that is, receives it for true. In which case, the founda­
tion of his assent is the probability of the thing, the proof 
being such as, for the most part, carries truth with it ; 
the man on whose testimony he receives it not being wont 
to affirm anything contrary to or besides his knowledge, 
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especially in matters of this kind." Those who know-
Locke are accustomed to look for more meaning in his 
words than appears at first glance. There is an allusion 
in this passage to the fact that a probable argument is 
always regarded as belonging to a genus of arguments. 
This is, in fact, true of any kind of argument. For the 
belief expressed by the conclusion is determined or caused 
by the belief expressed by the premises. There is, there­
fore, some general rule according to which the one suc­
ceeds the other. But, further, the reasoner is conscious 
of there being such a rule, for otherwise he would not 
know he was reasoning, and could exercise no attention 
or control ; and to such an involuntary operation the 
name reasoning is very properly not applied. In all 
cases, then, we are conscious that our inference belongs 
to a general class of logical forms, although we are not 
necessarily able to describe the general class. The dif­
ference between necessary and probable reasoning is that 
in the one case we conceive that such facts as are ex­
pressed by the premises are never, in the whole range of 
possibility, true, without another fact, related to them as 
our conclusion is to our premises, being true likewise ; 
while in the other case we merely conceive that, in rea­
soning as we do, we are following a general maxim that 
will usually lead us to the truth. 

So long as there are exceptions to the rule that all 
men wounded in the liver die, it does not necessarily 
follow that because a given man is wounded in the liver 
he cannot recover. Still, we know that if we were to 
reason in that way, we should be following a mode of 
inference which would only lead us wrong, in the long 
run, once in fifty times ; and this is what we mean when 
we say that the probability is one out of fifty that the 
man will recover. To say, then, that a proposition has 
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the probability p means that to infer it to be true would 
be to follow an argument such as would carry truth with 
it in the ratio of frequency p. 

It is plainly useful that we should have a stronger 
feeling of confidence about a sort of inference which will 
oftener lead us to the truth than about an inference that 
will less often prove right, — and such a sensation we do 
have. The celebrated law of Fechner is, that as the 
force acting upon an organ of sense increases in geo­
metrical progression, the intensity of the sensation in­
creases in arithmetical progression. In this case the 
odds (that is, the ratio of the chances in favor of a 
conclusion to the chances against it) take the place of 
the exciting cause, while the sensation itself is the feel­
ing of confidence. When two arguments tend to the 
same conclusion, our confidence in the latter is equal to 
the sum of what the two arguments separately would 
produce ; the odds are the product of the odds in favor 
of the two arguments separately. When the value of the 
odds reduces to unity, our confidence is null ; when the 
odds are less than unity, we have more or less confidence 
in the negative of the conclusion. 

II . 

The principle of probable deduction still applies when 
S, instead of being a single if, is a set of M ' s , — n 
in number. The reasoning then takes the following 
f o r m : — 

FORM III. 

Complex Probable Deduction. 
Among all sets of n M's, the proportion q consist each of 

m 's and of n — m not-P's; 



A THEORY OF PROBABLE INFERENCE. 133 

S, S', S'', etc. form a set of n objects drawn at random 
from among the M's: 

Hence, the probability is q that among S, S', S'', etc. there 
are m P's and n — m not-P 's. 

In saying that S, S', S'', etc. form a set drawn at ran­
dom, we here mean that not only are the different in­
dividuals drawn at random, but also that they are so 
drawn that the qualities which may belong to one have 
no influence upon the selection of any other. In other 
words, the individual drawings are independent, and the 
set as a whole is taken at random from among all possi­
ble sets of n M's. In strictness, this supposes that the 
same individual may be drawn several times in the same 
set, although if the number of M's is large compared 
with n, it makes no appreciable difference whether this 
is the case or not. 

The following formula expresses the proportion, among 
all sets of n M's, of those which consist of m P's and 
n — m not-P 's. The letter r denotes the proportion of 
P 's among the M's, and the sign of admiration is used 
to express the continued product of all integer numbers 
from 1 to the number after which it is placed. Thus, 
4 ! = 1 . 2 . 3 . 4 = 24, etc. The formula is 

As an example, let us assume the proportion r = ⅔  
and the number of M's in a set n = 15. Then the 
values of the probability q for different numbers, m, of 
P's, are fractions having for their common denominator 
14,348,907, and for their numerators as follows:— 
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m Numerator of q. 

8 1667360 
9 2562560 
10 3075072 
11 2795520 
12 1863680 
13 860160 
14 122880 
15 32768 

m Numerator of q. 

0 1 
1 30 
2 420 
3 3640 
4 21840 
5 96096 
6 320320 
7 823680 

A very little mathematics would suffice to show that, 
r and n being fixed, q always reaches its maximum value 
with that value of m that is next less than (n + l)r,* and 
that q is very small unless m has nearly this value. 

Upon these facts is based another form of inference to 
which I give the name of statistical deduction. Its gen­
eral formula is as follows : — 

FORM IV. 
Statistical Deduction. 

The proportion r of the M's are P's ; 
S', S'', S''', etc., are a numerous set, taken at random 

from among the M's: 
Hence, probably and approximately, the proportion r of 

the S's are P's. 

A s an example, take this : — 
A little more than half of all human births are males ; 
Hence, probably a little over half of all the births in New 

York during any one year are males. 

We have now no longer to deal with a mere probable 
inference, but with a probable approximate inference. 

* In case {n + Y)r is a whole number, q has equal values for m = 
(n + l)r and for m = (n + 1) r — 1. 
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This conception is a somewhat complicated one, meaning 
that the probability is greater according as the limits of 
approximation are wider, conformably to the mathemati­
cal expression for the values of q. 

This conclusion has no meaning at all unless there be 
more than one instance ; and it has hardly any meaning 
unless the instances are somewhat numerous. When 
this is the case, there is a more convenient way of ob­
taining (not exactly, but quite near enough for all practi­
cal purposes) either a single value of q or the sum of 
successive values from m = m1 to m = m2 inclusive. The 
rule is first to calculate two quantities which may con­
veniently be called t1 and t2 according to these form­
ulae : — 

where m2 > m1. Either or both the quantities t1 and t2 
may be negative. Next with each of these quantities 
enter the table below, and take out ½ Θt1 and ½ Θt2 and 
give each the same sign as the t from which it is derived. 
Then 
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t Θt 

0.0 0.000 
0.1 0.112 
0.2 0.223 
0.3 0.329 
0.4 0.428 
0.5 0.520 
0.6 0.604 
0.7 0.678 
0.8 0.742 
0.9 0.797 
1.0 0.843 

t et 

1.0 0.843 
1.1 0.880 
1.2 0.910 
1.3 0.934 
1.4 0.952 
1.5 0.966 
1.6 0.976 
1.7 0.984 
1.8 0.989 
1.9 0.993 
2.0 0.995 

t et 

2.0 0.99532 
2.1 0.99702 
2 2 0.99814 
2.3 0.99886 
2.4 0.99931 
2.5 0.99959 
2.6 0.99976 
2.7 0.99987 
2.8 0.99992 
2.9 0.99996 
3.0 0.99998 

t Θ 
4 
5 
6 
7 

0.999999989 
0.9999999999984 
0.999999999999999982 
0.999999999999999999999958 

In rough calculations we may take &t equal to t for t 
less than 0.7, and as equal to unity for any value above 
t = 1.4. 

The principle of statistical deduction is that these two 
proportions,—namely, that of the P's among the M's, 
and that of the P's among the S's,—are probably and 
approximately equal. If, then, this principle justifies our 
inferring the value of the second proportion from the 
known value of the first, it equally justifies our inferring 
the value of the first from that of the second, if the first 
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is unknown but the second has been observed. We 
thus obtain the following form of inference : — 

FORM V. 

Induction. 

S', S'', S''', etc., form a numerous set taken at random 
from among the M's ; 

S', S", S''', etc., are found to be—the proportion p of 
them — P's : 

Hence, probably and approximately the same proportion, p, 
of the M's are P's. 

The following are examples. From a bag of coffee a 
handful is taken out, and found to have nine tenths of 
the beans perfect ; whence it is inferred that about nine-
tenths of all the beans in the bag are probably perfect. 
The United States Census of 1870 shows that of native 
white children under one year old, there were 478,774 
males to 463,320 females ; while of colored children of 
the same age there were 75,985 males to 76,637 females. 
We infer that generally there is a larger proportion of 
female births among negroes than among whites. 

When the ratio p is unity or zero, the inference is an 
ordinary induction ; and 1 ask leave to extend the term 
induction to all such inference, whatever be the value of 
p. I t is, in fact, inferring from a sample to the whole 
lot sampled. These two forms of inference, statistical 
deduction and induction, plainly depend upon the same 
principle of equality of ratios, so that their validity is the 
same. Yet the nature of the probability in the two cases 
is very different. In the statistical deduction, we know 
that among the whole body of M's the proportion of P's 
is p ; we say, then, that the S's being random drawings 
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of M's are probably P's in about the same proportion, 
— and though this may happen not to be so, yet at any 
rate, on continuing the drawing sufficiently, our pre­
diction of the ratio will be vindicated at last. On the 
other hand, in induction we say that the proportion p of 
the sample being P's , probably there is about the same 
proportion in the whole lot ; or at least, if this happens 
not to be so, then on continuing the drawings the in­
ference will be, not vindicated as in the other case, but 
modified so as to become true. The deduction, then, 
is probable in this sense, that though its conclusion may 
in a particular case be falsified, yet similar conclusions 
(with the same ratio p) would generally prove approxi­
mately t rue; while the induction is probable in this 
sense, that though it may happen to give a false con­
clusion, yet in most cases in which the same precept of 
inference was followed, a different and approximately 
true inference (with the right value of p) would be 
drawn. 

IV. 

Before going any further with the study of Form V., 
I wish to join to it another extremely analogous form. 

We often speak of one thing being very much like 
another, and thus apply a vague quantity to resemblance. 
Even if qualities are not subject to exact numeration, 
we may conceive them to be approximately measurable. 
We may then measure resemblance by a scale of num­
bers from zero up to unity. To say that S has a 
1-likeness to a P will mean that it has every character 
of a P , and consequently is a P . To say that it has a 
0-likeness will imply total dissimilarity. We shall then 
be able to reason as follows : — 
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FORM II. (bis). 

Simple probable deduction in depth. 
Every M has the simple mark P ; 
The S'S have an r-likeness to the M's : 
Hence, the probability is r that every S is P . 

It would be difficult, perhaps impossible, to adduce an 
example of such kind of inference, for the reason that 
simple marks are not known to us. We may, however, 
illustrate the complex probable deduction in depth (the 
general form of which it is not worth while to set down) 
as follows : I forget whether, in the ritualistic churches, 
a bell is tinkled at the elevation of the Host or not. 
Knowing, however, that the services resemble somewhat 
decidedly those of the Roman Mass, I think that it is not 
unlikely that the bell is used in the ritualistic, as in the 
Roman, churches. 

We shall also have the following : — 

FORM IV. (bis). 
Statistical deduction in depth. 

Every M has, for example, the numerous marks P', P'', 
P''', etc. 

S has an r-likeness to the M's : 
Hence, probably and approximately, S has the proportion r 

of the marks P', P", P''', etc. 

For example, we know that the French and Italians 
are a good deal alike in their ideas, characters, tempera­
ments, genius, customs, institutions, etc., while they also 
differ very markedly in all these respects. Suppose, then, 
that I know a boy who is going to make a short trip 
through France and Italy ; I can safely predict that 
among the really numerous though relatively few res-
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pects in which he will be able to compare the two people, 
about the same degree of resemblance will be found. 

Both these modes of inference are clearly deductive. 
When r — 1, they reduce to Barbara.1 

Corresponding to induction, we have the following 
mode of inference:— 

FORM V. (bis). 
Hypothesis. 

M has, for example, the numerous marks P' P'', P''', etc. 
S has the proportion r of the marks P', P'', P''', etc. : 
Hence, probably and approximately, S has an r-likeness to M. 

Thus, we know, that the ancient Mound-builders of 
North America present, in all those respects in which we 
have been able to make the comparison, a limited degree 
of resemblance with the Pueblo Indians. The inference 
is, then, that in all respects there is about the same de­
gree of resemblance between these races. 

If I am permitted the extended sense which I have 
given to the word "induction," this argument is simply 
an induction respecting qualities instead of respecting 

1 When r = 0, the last form becomes 
M has all the marks P ; 
S has no mark of M : 
Hence, S has none of the marks P. 

When the universe of marks is unlimited (see a note appended to this 
paper for an explanation of this expression), the only way in which two 
terms can fail to have a common mark is by their together filling the uni­
verse of things ; and consequently this form then becomes, 

M is P; 
Every nn-S is M: 
Hence, every non-S is P. 

This is one of De Morgan's syllogisms. 
In putting r = 0 in Form II. (bis) it must be noted that, since P is 

simple in depth, to say that S is not P is to say that it has no mark of P. 
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things. In point of fact P', P'', P''', etc. constitute a 
random sample of the characters of M, and the ratio r 
of them being found to belong to S, the same ratio of all 
the characters of M are concluded to belong to S. This 
kind of argument, however, as it actually occurs, differs 
very much from induction, owing to the impossibility 
of simply counting qualities as individual things are 
counted. Characters have to be weighed rather than 
counted. Thus, antimony is bluish-gray : that is a char­
acter. Bismuth is a sort of rose-gray ; it is decidedly 
different from antimony in color, and yet not so very 
different as gold, silver, copper, and tin are. 

I call this induction of characters hypothetic inference, 
or, briefly, hypothesis. This is perhaps not a very happy 
designation, yet it is difficult to find a better. The term 
"hypothesis" has many well established and distinct 
meanings. Among these is that of a proposition believed 
in because its consequences agree with experience. This 
is the sense in which Newton used the word when he 
said, Hypotheses non fingo. He meant that he was merely 
giving a general formula for the motions of the heavenly 
bodies, but was not undertaking to mount to the causes 
of the acceleration they exhibit. The inferences of 
Kepler, on the other hand, were hypotheses in this sense; 
for he traced out the miscellaneous consequences of the 
supposition that Mars moved in an ellipse, with the sun 
at the focus, and showed that both the longitudes and the 
latitudes resulting from this theory were such as agreed 
with observation. These two components of the motion 
were observed ; the third, that of approach to or regression 
from, the earth, was supposed. Now, if in Form V. (bis) 
we put r = 1, the inference is the drawing of a hypothesis 
in this sense. I take the liberty of extending the use of 
the word by permitting r to have any value from zero to 
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unity. The term is certainly not all that could be de­
sired ; for the word hypothesis, as ordinarily used, carries 
with it a suggestion of uncertainty, and of something to 
be superseded, which does not belong at all to my use of 
it. But we must use existing language as best we may, 
balancing the reasons for and against any mode of ex­
pression, for none is perfect ; at least the term is not 
so utterly misleading as "analogy" would be, and with 
proper explanation it will, I hope, be understood. 

V. 

The following examples will illustrate the distinction 
between statistical deduction, induction, and hypothesis. 
If I wished to order a font of type expressly for the 
printing of this book, knowing, as I do, that in all Eng­
lish writing the letter e occurs oftener than any other 
letter, I should want more e's in my font than other 
letters. For what is true of all other English writing is 
no doubt true of these papers. This is a statistical de­
duction. But then the words used in logical writings are 
rather peculiar, and a good deal of use is made of single 
letters. I might, then, count the number of occurrences 
of the different letters upon a dozen or so pages of the 
manuscript, and thence conclude the relative amounts of 
the different kinds of type required in the font. That 
would be inductive inference. If now I were to order 
the font, and if, after some days, I were to receive a box 
containing a large number of little paper parcels of very 
different sizes, I should naturally infer that this was the 
font of types I had ordered ; and this would be hypothetic 
inference. Again, if a dispatch in cipher is captured, and 
it is found to be written with twenty-six characters, one 
of which occurs much more frequently than any of the 
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others, we are at once led to suppose that each charac­
ter represents a letter, and that the one occurring so fre­
quently stands fer e. This is also hypothetic inference. 

We are thus led to divide all probable reasoning into 
deductive and ampliative, and further to divide ampliative 
reasoning into induction and hypothesis. In deductive 
reasoning, though the predicted ratio may be wrong in a 
limited number of drawings, yet it will be approximately 
verified in a larger number. In ampliative reasoning the 
ratio may be wrong, because the inference is based on but 
a limited number of instances ; but on enlarging the 
sample the ratio will be changed till it becomes approxi­
mately correct. In induction, the instances drawn at 
random are numerable things ; in hypothesis they are 
characters, which are not capable of strict enumeration, 
but have to be otherwise estimated. 

This classification of probable inference is connected 
with a preference for the copula of inclusion over those 
used by Miss Ladd and by Mr. Mitchell-.1 De Morgan 
established eight forms of simple propositions ; and from 
a purely formal point of view no one of these has a right 
to be considered as more fundamental than any other. 
But formal logic must not be too purely formal ; it must 
represent a fact of psychology, or else it is in danger of 
degenerating into a mathematical recreation. The cate­
gorical proposition, "every man is mortal," is but a modifi­
cation of the hypothetical proposition, "if humanity, then 
mortality ;" and since the very first conception from which 
logic springs is that one proposition follows from another, 
I hold that "if A, then B" should be taken as the typical 
form of judgment. Time flows ; and, in time, from one 
state of belief (represented by the premises of an argu-

1 I do not here speak of Mr. Jevons, because my objection to the copula 
of identity is of a somewhat different kind. 



144 A THEORY OF PROBABLE INFERENCE. 

ment) another (represented by its conclusion) is de­
veloped. Logic arises from this circumstance, without 
which we could not learn anything nor correct any 
opinion. To say that an inference is correct is to say 
that if the premises are true the conclusion is also true ; 
or that every possible state of things in which the prem­
ises should be true would be included among the possible 
states of things in which the conclusion would be true. 
We are thus led to the copula of inclusion. But the 
main characteristic of the relation of inclusion is that it 
is transitive,—that is, that what is included in some­
thing included in anything is itself included in that 
thing ; or, that if A is  and  is C, then A is C. We 
thus get Barbara as the primitive type of inference. 
Now in Barbara we have a Rule, a Case under the Rule, 
and the inference of the Remit of that rule in that case. 
For example : — 

Rule. All men are mortal ; 
Case. Enoch was a man. 
Result. Enoch was mortal. 

The cognition of a rule is not necessarily conscious, 
but is of the nature of a habit, acquired or congenital. 
The cognition of a case is of the general nature of a 
sensation ; that is to say, it is something which comes 
up into present consciousness. The cognition of a result 
is of the nature of a decision to act in a particular way 
on a given occasion.1 In point of fact, a syllogism in 
Barbara virtually takes place when we irritate the foot 
of a decapitated frog. The connection between the af­
ferent and efferent nerve, whatever it may be, constitutes 
a nervous habit, a rule of action, which is the physio-

1 See my paper on "How to make our ideas clear." —Popular Science 
Monthly, January, 1878. 
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logical analogue of the major premise. The disturbance 
of the ganglionic equilibrium, owing to the irritation, is 
the physiological form of that which, psychologically con­
sidered, is a sensation ; and, logically considered, is the 
occurrence of a case. The explosion through the efferent 
nerve is the physiological form of that which psychologi­
cally is a volition, and logically the inference of a result. 
When we pass from the lowest to the highest forms of 
inervation, the physiological equivalents escape our ob­
servation ; but, psychologically, we still have, first, habit, 
—which in its highest form is understanding, and which 
corresponds to the major premise of Barbara; we have, 
second, feeling, or present consciousness, corresponding 
to the minor premise of Barbara; and we have, third, 
volition, corresponding to the conclusion of the same 
mode of syllogism. Although these analogies, like all 
very broad generalizations, may seem very fanciful at 
first sight, yet the more the reader reflects upon them 
the more profoundly true I am confident they will appear. 
They give a significance to the ancient system of formal 
logic which no other can at all share. 

Deduction proceeds from Rule and Case to Result ; it 
is the formula of Volition. Induction proceeds from Case 
and Result to Rule ; it is the formula of the formation of 
a habit or general conception,—a process which, psycho­
logically as well as logically, depends on the repetition of 
instances or sensations. Hypothesis proceeds from Rule 
and Result to Case ; it is the formula of the acquirement 
of secondary sensation, — a process by which a confused 
concatenation of predicates is brought into order under 
a synthetizing predicate. 

We usually conceive Nature to be perpetually making 
deductions in Barbara. This is our natural and anthro­
pomorphic metaphysics. We conceive that there are 
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Laws of Nature, which are her Rules or major premises. 
We conceive that Cases arise under these laws ; these 
cases consist in the predication, or occurrence, of causes, 
which are the middle terms of the syllogisms. And, 
finally, we conceive that the occurrence of these causes, 
by virtue of the laws of Nature, result in effects which 
are the conclusions of the syllogisms. Conceiving of 
nature in this way, we naturally conceive of science as 
having three tasks ,—(1) the discovery of Laws, which 
is accomplished by induction ; (2) the discovery of Causes, 
which is accomplished by hypothetic inference ; and (3) 
the prediction of Effects, which is accomplished by de­
duction. It appears to me to be highly useful to select 
a system of logic which shall preserve all these natural 
conceptions. 

It may be added that, generally speaking, the conclu­
sions of Hypothetic Inference cannot be arrived at in­
ductively, because their truth is not susceptible of direct 
observation in single cases. Nor can the conclusions of 
Inductions, on account of their generality, be reached by 
hypothetic inference. For instance, any historical fact, 
as that Napoleon Bonaparte once lived, is a hypothesis ; 
we believe the fact, because its effects—I mean current 
tradition, the histories, the monuments, etc. — are ob­
served. But no mere generalization of observed facts 
could ever teach us that Napoleon lived. So we induc­
tively infer that every particle of matter gravitates toward 
every other. Hypothesis might lead to this result for 
any given pair of particles, but it never could show that 
the law was universal. 

VI. 

We now come to the consideration of the Rules which 
have to be followed in order to make valid and strong 
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Inductions and Hypotheses. These rules can all be re­
duced to a single one ; namely, that the statistical deduc­
tion of which the Induction or Hypothesis is the inversion, 
must be valid and strong. 

We have seen that Inductions and Hypotheses are in­
ferences from the conclusion and one premise of a sta­
tistical syllogism to the other premise. In the case of 
hypothesis, this syllogism is called the explanation. Thus 
in one of the examples used above, we suppose the cryp­
tograph to be an English cipher, because, as we say, this 
explains the observed phenomena that there are about 
two dozen characters, that one occurs more frequently 
than the rest, especially at the ends of words, etc. The 
explanation is, — 

Simple English ciphers have certain peculiarities ; 
This is a simple English cipher : 
Hence, this necessarily has these peculiarities. 

This explanation is present to the mind of the reasoner, 
too ; so much so, that we commonly say that the hypo-
thesis is adopted for the sake of the explanation. Of 
induction we do not, in ordinary language, say that it 
explains phenomena ; still, the statistical deduction, of 
which it is the inversion, plays, in a general way, the 
same part as the explanation in hypothesis. Prom a 
barrel of apples, that I am thinking of buying, I draw 
out three or four as a sample. If I find the sample some­
what decayed, I ask myself, in ordinary language, not 
" Why is this ? " but " How is this ? " And I answer 
that it probably comes from nearly all the apples in the 
barrel being in bad condition. The distinction between 
the " Why " of hypothesis and the " How" of induction 
is not very great ; both ask for a statistical syllogism, of 
which the observed fact shall be the conclusion, the 
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known conditions of the observation one premise, and 
the inductive or hypothetic inference the other. This 
statistical syllogism may be conveniently termed the ex­
planatory syllogism. 

In order that an induction or hypothesis should have 
any validity at all, it is requisite that the explanatory 
syllogism should be a valid statistical deduction. Its 
conclusion must not merely follow from the premises, 
but follow from them upon the principle of probability. 
The inversion of ordinary syllogism does not give rise 
to an induction or hypothesis. The statistical syllogism 
of Form IV. is invertible, because it proceeds upon the 
principle of an approximate equality between the ratio 
of P ' s in the whole class and the ratio in a well-drawn 
sample, and because equality is a convertible relation. 
But ordinary syllogism is based upon the property of the 
relation of containing and contained, and that is not a 
convertible relation. There is, however, a way in which 
ordinary syllogism may be inverted ; namely, the con­
clusion and either of the premises may be interchanged 
by negativing each of them. This is the way in which 
the indirect, or apagogical,1 figures of syllogism are de­
rived from the first, and in which the modus tollens is 
derived from the modus ponens. The following schemes 
show this : — 

First Figure. 
Rule. All M is P; 
Case. S is M: 
Result. S is P. 

Second Figure. Third Figure. 
Eule. All M is P ; Denial of Result. S is not P; 
Denial of Result. S is not F : Case. S is M: 
Denial of Case. S is not M. Denial of Rule. Some M is 

not P. 
1 From apagoge, Aristotle's name for the reductio ad absurdum. 
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Modus Ponens. 

Rule. If A is true,  is true ; 
Case. In a certain case A is true : 
Result. .*. In that case  is true. 

Modus Tollens. 
Rule. If A is true,  is 

true; 
Denial of Result. In a certain 

case  is not true : 
Denial of Case. .*. In that 

case A is not true. 

Modus Innominatus. 
Case. In a certain case A is 

true; 
Denial of Result. In that case 

 is not true : 
Denial of Rule. If A is true, 

 is not necessarily true. 

Now suppose we ask ourselves what would be the re­
sult of thus apagogically inverting a statistical deduction. 
Let us take, for example, Form IV : — 

The S's are a numerous random sample of the M's ; 
The proportion r of the M's are P's : 
Hence, probably about the proportion r of the S's are P's. 

The ratio r, as we have already noticed, is not neces­
sarily perfectly definite ; it may be only known to have 
a certain maximum or minimum ; in fact, it may have 
any kind of indeterminacy. Of all possible values be­
tween 0 and 1, it admits of some and excludes others. 
The logical negative of the ratio r is, therefore, itself a 
ratio, which we may name p ; it admits of every value 
which r excludes, and excludes every value of which r 
admits. Transposing, then, the major premise and con­
clusion of our statistical deduction, and at the same time 
denying both, we obtain the following inverted form : — 





METRICAL CONVERGENCES AND DIVERGENCES 
IN EARLY GREEK POETRY AND SONG 

GREGORY NAGY 
Harvard University 

In making a distinction between "song" and "poetry," we must confront a semantic 
problem occasioned by our own cultural preconceptions. Whereas the stylized rhythms of 
poetry are known to us as "meter," we think of the stylized rhythms of song simply as 
"rhythm." This mode of nomenclature is hardly appropriate to the traditions of Greek 
lyric, where song operates on principles of "rhythm" that are clearly cognate with the 
principles of "meter" in the recitative poetry of, say, Greek epic. In fact, it is common 
practice to speak to the "rhythms" of Greek lyric in terms of "meter." 

This much said, I shall argue, on the basis of the available metrical evidence, that 
poetry can be analyzed as a differentiated derivative of song in early Greek traditions. To 
make this point, I choose as illustration two fundamental types of Greek lyric metrical 
patterns, the so-called Aeolic and dactylo-epitrite meters. I have two reasons for this 
choice, one of which will become clear only as the discussion proceeds. But it is 
important to stress, alsready at the start, the other reason: all the attested lyric poetry of 
Pindar, with only a few exceptions, is composed in one or the other of these two kinds of 
meters.1 

I have singled out Pindar as the centerpiece for illustrating the traditions of lyric 
poetry, that is, song, because the actual content of this poetry reaffirms both explicitly and 
implicitly the thematic connection between epic and lyric, which reflects on the formal 
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VII. 
Although the rule given above really contains all the 

conditions to which Inductions and Hypotheses need to 
conform, yet inasmuch as there are many delicate ques­
tions in regard to the application of it, and particularly 
since it is of that nature that a violation of it, if not 
too gross, may not absolutely destroy the virtue of the 
reasoning, a somewhat detailed study of its requirements 
in regard to each of the premises of the argument is still 
needed. 

The first premise of a scientific inference is that certain 
things (in the case of induction) or certain characters 
(in the case of hypothesis) constitute a fairly chosen 
sample of the class of things or the run of characters 
from which they have been drawn. 

The rule requires that the sample should be drawn at 
random and independently from the whole lot sampled. 
That is to say, the sample must be taken according to a 
precept or method which, being applied over and over 
again indefinitely, would in the long run result in the 
drawing of any one set of instances as often as any other 
set of the same number. 

The needfulness of this rule is obvious ; the difficulty 
is to know how we are to carry it out. The usual method 
is mentally to run over the lot of objects or characters to 
be sampled, abstracting our attention from their peculi­
arities, and arresting ourselves at this one or that one 
from motives wholly unconnected with those peculiarities. 
But this abstention from a further determination of our 
choice often demands an effort of the will that is beyond 
our strength ; and in that case a mechanical contrivance 
may be called to our aid. We may, for example, number 
all the objects of the lot, and then draw numbers by 



A THEORY OF PROBABLE INFERENCE. 153 

means of a roulette, or other such instrument. We may 
even go so far as to say that this method is the type of 
all random drawing ; for when we abstract our attention 
from the peculiarities of objects, the psychologists tell us 
that what we do is to substitute for the images of sense 
certain mental signs, and when we proceed to a random 
and arbitrary choice among these abstract objects we are 
governed by fortuitous determinations of the nervous sys­
tem, which in this case serves the purpose of a roulette. 

The drawing of objects at random is an act in which 
honesty is called for ; and it is often hard enough to be 
sure that we have dealt honestly with ourselves in the 
matter, and still more hard to be satisfied of the honesty 
of another. Accordingly, one method of sampling has 
come to be preferred in argumentation ; namely, to take 
of the class to be sampled all the objects of which we 
have a sufficient knowledge. Sampling is, however, a 
real art, well deserving an extended study by itself : to 
enlarge upon it here would lead us aside from our main 
purpose. 

Let us rather ask what will be the effect upon inductive 
inference of an imperfection in the strictly random char­
acter of the sampling. Suppose that, instead of using 
such a precept of selection that any one M would in the 
long run be chosen as often as any other, we used a 
precept which would give a preference to a certain half 
of the M's, so that they would be drawn twice as often 
as the rest. If we were to draw a numerous sample by 
such a precept, and if we were to find that the proportion 
p of the sample consisted of P's, the inference that we 
should be regularly entitled to make would be, that among 
all the M's, counting the preferred half for two each, the 
proportion p would be P 's. But this regular inductive 
inference being granted, from it we could deduce by 
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arithmetic the further conclusion that, counting the M's 
for one each, the proportion of P ' s among them must 
(p being over ⅔) lie between ¾ p + ¼ and ¾ p — ½. Hence, 
if more than two thirds of the instances drawn by the use 
of the false precept were found to be P ' s , we should be 
entitled to conclude that more than half of all the M's 
were P ' s . Thus, without allowing ourselves to be led 
away into a mathematical discussion, we can easily see 
that, in general, an imperfection of that kind in the 
random character of the sampling will only weaken the 
inductive conclusion, and render the concluded ratio less 
determinate, but will not necessarily destroy the force 
of the argument completely. In particular, when p ap­
proximates towards 1 or 0, the effect of the imperfect 
sampling will be but slight. 

Nor must we lose sight of the constant tendency of the 
inductive process to correct itself. This is of its essence. 
This is the marvel of it. The probability of its conclusion 
only consists in the fact that if the true value of the ratio 
sought has not been reached, an extension of the induc­
tive process will lead to a closer approximation. Thus, 
even though doubts may be entertained whether one se­
lection of instances is a random one, yet a different se­
lection, made by a different method, will be likely to vary 
from the normal in a different way, and if the ratios 
derived from such different selections are nearly equal, 
they may be presumed to be near the truth. This con­
sideration makes it extremely advantageous in all ampli­
ative reasoning to fortify one method of investigation by 
another.1 Still we must not allow ourselves to trust so 

1 This I conceive to be all the truth there is in the doctrine of Bacon 
and Mill regarding different Methods of Experimental Inquiry. The main 
proposition of Bacon and Mill's doctrine is, that in order to prove that all 
M's are P's, we should not only take random instances of the M's and 
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much to this virtue of induction as to relax our efforts 
towards making our drawings of instances as random 
and independent as we can. For if we infer a ratio from 
a number of different inductions, the magnitude of its 
probable error will depend very much more on the worst 
than on the best inductions used. 

We have, thus far, supposed that although the selection 
of instances is not exactly regular, yet the precept fol­
lowed is such that every unit of the lot would eventually 
get drawn. But very often it is impracticable so to draw 
our instances, for the reason that a part of the lot to be 
sampled is absolutely inaccessible to our powers of obser­
vation. If we want to know whether it will be profit­
able to open a mine, we sample the ore ; but in advance 
of our mining operations, we can obtain only what ore 
lies near the surface. Then, simple induction becomes 
worthless, and another method must be resorted to. Sup­
pose we wish to make an induction regarding a series 
of events extending from the distant past to the distant 
future ; only those events of the series which occur within 
the period of time over which available history extends 
can be taken as instances. Within this period we may 
find that the events of the class in question present some 
uniform character ; yet how do we know but this uni­
formity was suddenly established a little while before the 
history commenced, or will suddenly break up a little 
while after it terminates ? Now, whether the uniformity 

examine them to see that they are Ps, but we should also take instances 
of not-P's and examine them to see that they are not-M's. This is an 
excellent way of fortifying one induction  another, when it is applicable; 
but it is entirely inapplicable when r has any other value than 1 or 0. 
For, in general, there is no connection between the proportion of M's that 
are P's and the proportion of non-P's that are non-M's. A very small 
proportion of calves may be monstrosities, and yet a very large proportion 
of monstrosities may be calves. 
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observed consists (1) in a mere resemblance between all 
the phenomena, or (2) in their consisting of a disorderly 
mixture of two kinds in a certain constant proportion, or 
(3) in the character of the events being a mathematical 
function of the time of occurrence,—in any of these cases 
we can make use of an apagoge from the following proba­
ble deduction : — 

Within the period of time M, a certain event P occurs ; 
S is a period of time taken at random from M, and more 

than half as long : 
Hence, probably the event P will occur within the time S. 

Inverting this deduction, we have the following ampli-
ative inference : — 

S is a period of time taken at random from M, and more 
than half as long ; 

The event P does not happen in the time S : 
Hence, probably the event P does not happen in the 

period M. 

The probability of the conclusion consists in this, that 
we here follow a precept of inference, which, if it is very 
often applied, will more than half the time lead us right. 
Analogous reasoning would obviously apply to any por­
tion of an unidimensional continuum, which might be 
similar to periods of time. This is a sort of logic which 
is often applied by physicists in what is called extrapola-
tion of an empirical law. As compared with a typical 
induction, it is obviously an excessively weak kind of in­
ference. Although indispensable in almost every branch 
of science, it can lead to no solid conclusions in regard to 
what is remote from the field of direct perception, unless 
it be bolstered up in certain ways to which we shall have 
occasion to refer further on. 
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Let us now consider another class of difficulties in 
regard to the rule that the samples must be drawn at 
random and independently. In the first place, what if 
the lot to be sampled be infinite in number ? In what 
sense could a random sample be taken from a lot like 
that ? A random sample is one taken according to a 
method that would, in the long run, draw any one object 
as often as any other. In what sense can such drawing 
be made from an infinite class ? The answer is not far 
to seek. Conceive a cardboard disk revolving in its own 
plane about its centre, and pretty accurately balanced, 
so that when put into rotation it shall be about1 as likely 
to come to rest in any one position as in any other ; and 
let a fixed pointer indicate a position on the disk: the 
number of points on the circumference is infinite, and on 
rotating the disk repeatedly the pointer enables us to 
make a selection from this infinite number. This means 
merely that although the points are innumerable, yet 
there is a certain order among them that enables us to 
run them through and pick from them as from a very 
numerous collection. In such a case, and in no other, 
can an infinite lot be sampled. But it would be equally 
true to say that a finite lot can be sampled only on 
condition that it can be regarded as equivalent to an 
infinite lot. For the random sampling of a finite class 
supposes the possibility of drawing out an object, throw­
ing it back, and continuing this process indefinitely ; so 
that what is really sampled is not the finite collection of 
things, but the unlimited number of possible drawings. 

But though there is thus no insuperable difficulty in 
sampling an infinite lot, yet it must be remembered that 
the conclusion of inductive reasoning only consists in the 

1 I say about, because the doctrine of probability only deals with ap­
proximate evaluations. 
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approximate evaluation of a ratio, so that it never can 
authorize us to conclude that in an infinite lot sampled 
there exists no single exception to a rule. Although all 
the planets are found to gravitate toward one another, 
this affords not the slightest direct reason for denying 
that among the innumerable orbs of heaven there may 
be some which exert no such force. Although at no 
point of space where we have yet been have we found 
any possibility of motion in a fourth dimension, yet this 
does not tend to show (by simple induction, at least) 
that space has absolutely but three dimensions. Although 
all the bodies we have had the opportunity of examining 
appear to obey the law of inertia, this does not prove 
that atoms and atomicules are subject to the same law. 
Such conclusions must be reached, if at all, in some 
other way than by simple induction. This latter may 
show that it is unlikely that, in my lifetime or yours, 
things so extraordinary should be found, but do not war­
rant extending the prediction into the indefinite future. 
And experience shows it is not safe to predict that such 
and such a fact will never be met with. 

If the different instances of the lot sampled are to 
be drawn independently, as the rule requires, then the 
fact that an instance has been drawn once must not 
prevent its being drawn again. It is true that if the 
objects remaining unchosen are very much more numer­
ous than those selected, it makes practically no difference 
whether they have a chance of being drawn again or not, 
since that chance is in any case very small. Proba­
bility is wholly an affair of approximate, not at all of 
exact, measurement ; so that when the class sampled is 
very large, there is no need of considering whether ob­
jects can be drawn more than once or not. But in what 
is known as "reasoning from analogy," the class sam-
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pled is small, and no instance is taken twice. For ex­
ample : we know that of the major planets the Earth, 
Mars, Jupiter, and Saturn revolve on their axes, and 
we conclude that the remaining four, Mercury, Venus, 
Uranus, and Neptune, probably do the like. This is 
essentially different from an inference from what has 
been found in drawings made hitherto, to what will be 
found in indefinitely numerous drawings to be made 
hereafter. Our premises here are that the Earth, Mars, 
Jupiter, and Saturn are a random sample of a natural 
class of major planets,—a class which, though (so far 
as we know) it is very small, yet may be very extensive, 
comprising whatever there may be that revolves in a 
circular orbit around a great sun, is nearly spherical, 
shines with reflected light, is very large, etc. Now the 
examples of major planets that we can examine all ro­
tate on their axes ; whence we suppose that Mercury, 
Venus, Uranus, and Neptune, since they possess, so far 
as we know, all the properties common to the natural 
class to which the Earth, Mars, Jupiter, and Saturn be­
long, possess this property likewise. The points to be 
observed are, first, that any small class of things may be 
regarded as a mere sample of an actual or possible large 
class having the same properties and subject to the same 
conditions ; second, that while we do not know what all 
these properties and conditions are, we do know some of 
them, which some may be considered as a random sam­
ple of all; third, that a random selection without re­
placement from a small class may be regarded as a true 
random selection from that infinite class of which the 
finite class is a random selection. The formula of the 
analogical inference presents, therefore, three premises, 
thus : — 
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S', S'', S''' are a random sample of some undefined class X, 
of whose characters P', P'', P''' are samples. 

Q is P', P'', P'''. 
S', S'', S''', are R's. 
Hence, Q is an R. 

We have evidently here an induction and an hypothe­
sis followed by a deduction ; thus,— 

Every X is, for example, P', 
P'', P''', etc. 

Q is found to be P', P'', 
P''', etc. 

Hence, hypothetically, Q is 
an X. 

S', S'', S'', etc., are samples 
of the X's. 

S', S'' S''', etc., are found 
to be R's. 

Hence, inductively, every X 
is an R. 

Hence, deductively, Q is an R.* 

An argument from analogy may be strengthened by 
the addition of instance after instance to the premises, 
until it loses its ampliativo character by the exhaustion 
of the class and becomes a mere deduction of that kind 
called complete induction, in which, however, some shadow 

* That this is really a correct analysis of the reasoning can he shown by 
the theory of probabilities. For the expression 

expresses at once the probability of two events ; namely, it expresses 
first the probability that of p + q objects drawn without replacement 
from a lot consisting of p +  objects having the character R together 
with q + p not having this character, the number of those drawn having 
this character will be p; and second, the same expression denotes the 
probability that if among p +  + q + p objects drawn at random from 
an infiniti class (containing no matter what proportion of R's to non-R's), 
it happens that p +  have the character E, then among any p + q of 
them, designated at random, p will have the same character. Thus we« 
see that the chances in reference to drawing without replacement from a 
finite class are precisely the same as those in reference to a class which 
has been drawn at random from an infinite class. 
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of the inductive character remains, as this name im­
plies. 

VIII. 

Take any human being, at random,—say Queen Eliz­
abeth. Now a little more than half of all the human 
beings who have ever existed have been males ; but it 
does not follow that it is a little more likely than not 
that Queen Elizabeth was a male, since we know she was 
a woman. Nor, if we had selected Julius Cassar, would 
it be only a little more likely than not that he was a 
male. It is true that if we were to go on drawing at 
random an indefinite number of instances of human be­
ings, a slight excess over one-half would be males. But 
that which constitutes the probability of an inference is 
the proportion of true conclusions among all those which 
could be derived from the same precept. Now a precept 
of inference, being a rule which the mind is to follow, 
changes its character and becomes different when the 
case presented to the mind is essentially different. When, 
knowing that the proportion r of all M's are P's, I draw 
an instance, S, of an M, without any other knowledge of 
whether it is a P or not, and infer with probability, r, 
that it is P , the case presented to my mind is very 
different from what it is if I have such other knowledge. 
In short, I cannot make a valid probable inference with­
out taking into account whatever knowledge I have (or, 
at least, whatever occurs to my mind) that bears upon 
the question. 

The same principle may be applied to the statistical 
deduction of Form IV. If the major premise, that the 
proportion r of the M's are P 's , be laid down first, 
before the instances of Ms are drawn, we really draw our 
inference concerning those instances (that the propor-
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tion r of them will be P's) in advance of the drawing, 
and therefore before we know whether they are P ' s or 
not. But if we draw the instances of the M's first, and 
after the examination of them decide what we will select 
for the predicate of our major premise, the inference 
will generally be completely fallacious. In short, we 
have the rule that the major term P must be decided 
upon in advance of the examination of the sample ; and 
in like manner in Form IV. (bis) the minor term S must 
be decided upon in advance of the drawing. 

The same rule follows us into the logic of induction 
and hypothesis. If in sampling any class, say the M's, 
we first decide what the character P is for which we 
propose to sample that class, and also how many instan­
ces we propose to draw, our inference is really made 
before these latter are drawn, that the proportion of P ' s 
in the whole class is probably about the same as among 
the instances that are to be drawn, and the only thing 
we have to do is to draw them and observe the ratio. 
But suppose we were to draw our inferences without 
the predesignation of the character P ; then we might in 
every case find some recondite character in which those 
instances would all agree. That, by the exercise of 
sufficient ingenuity, we should be sure to be able to do 
this, even if not a single other object of the class M  
possessed that character, is a matter of demonstration. 
For in geometry a curve may be drawn through any 
given series of points, without passing through any one 
of another given series of points, and this irrespective of 
the number of dimensions. Now, all the qualities of 
objects may be conceived to result from variations of a 
number of continuous variables ; hence any lot of ob­
jects possesses some character in common, not possessed 
by any other. It is true that if the universe of quality 
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is limited, this is not altogether true ; but it remains 
true that unless we have some special premise from 
which to infer the contrary, it always may be possible 
to assign some common character of the instances S', S'',  
S''', etc., drawn at random from among the M's, which 
does not belong to the M's generally. So that if the 
character P were not predesignate, the deduction of 
which our induction is the apagogical inversion would 
not be valid ; that is to say, we could not reason that if 
the M's did not generally possess the character P , it 
would not be likely that the S's should all possess this 
character. 

I take from a biographical dictionary the first five 
names of poets, with their ages at death. They are, 

Aagard, died at 48. 
Abeille, " " 76. 
Abulola, " " 84. 
Abunowas, " " 48. 
Accords, " " 45. 

These five ages have the following characters in com­
mon:— 

1. The difference of the two digits composing the 
number, divided by three, leaves a remainder of one. 

2. The first digit raised to the power indicated by the 
second, and then divided by three, leaves a remainder of 
one. 

3. The sum of the prime factors of each age, including 
one as a prime factor, is divisible by three. 

Yet there is not the smallest reason to believe that the 
next poet's age would possess these characters. 

Here we have a conditio sine quâ non of valid induc­
tion which has been singularly overlooked by those who 
have treated of the logic of the subject, and is very fre-
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quently violated by those who draw inductions. So ac­
complished a reasoner as Dr. Lyon Playfair, for instance, 
has written a paper of which the following is an abstract. 
He first takes the specific gravities of the three allotropic 
forms of carbon, as follows : — 

Diamond, 3.48 
Graphite, 2.29 
Charcoal, 1.88 

He now seeks to find a uniformity connecting these three 
instances; and he discovers that the atomic weight of 
carbon, being 12, 

Sp. gr. diamond nearly = 3.46 = 
" " graphite " = 2.29 = 
" " charcoal " = 1.86 = 

This, he thinks, renders it probable that the specific 
gravities of the allotropic forms of other elements would, 
if we knew them, be found to equal the different roots of 
their atomic weight. But so far, the character in which 
the instances agree not having been predesignated, the 
induction can serve only to suggest a question, and ought 
not to create any belief. To test the proposed law, he 
selects the instance of silicon, which like carbon exists 
in a diamond and in a graphitoidal condition. He finds 
for the specific gravities — 

Diamond silicon, 2.47 
Graphite silicon, 2.33.* 

* The author ought to have noted that this number is open to some 
doubt, since the specific gravity of this form of silicon appears to vary-
largely. If a different value had suited the theory better, he might have 
been able to find reasons for preferring that other value. But I do not 
mean to imply that Dr. Playfair has not dealt with perfect fairness with 
his facts, except as to the fallacy which I point out. 
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Now, the atomic weight of silicon, that of carbon being 
12, can only be taken as 28. But 2.47 does not approx­
imate to any root of 28. I t is, however, nearly the 
cube root of 14, while 2.33 is nearly 
the fourth root of 28 Dr. Playfair claims 
that silicon is an instance satisfying his formula. But 
in fact this instance requires the formula to be modified ; 
and the modification not being predesignate, the instance 
cannot count. Boron also exists in a diamond and a 
graphitoidal form ; and accordingly Dr. Playfair takes 
this as his next example. Its atomic weight is 10.9, and 
its specific gravity is 2.68 ; which is the square root of 
f X 10.9. There seems to be here a further modification 
of the formula not predesignated, and therefore this in­
stance can hardly be reckoned as confirmatory. The 
next instances which would occur to the mind of any 
chemist would be phosphorus and sulphur, which exist 
in familiarly known allotropic forms. Dr. Playfair ad­
mits that the specific gravities of phosphorus have no 
relations to its atomic weight at all analogous to those 
of carbon. The different forms of sulphur have nearly 
the same specific gravity, being approximately the fifth 
root of the atomic weight 32. Selenium also has two 
allotropic forms, whose specific gravities are 4.8 and 4.3 ; 
one of these follows the law, while the other does not. 
For tellurium the law fails altogether ; but for bromine 
and iodine it holds. Thus the number of specific gravi­
ties for which the law was predesignate are 8 ; namely, 
2 for phosphorus, 1 for sulphur, 2 for selenium, 1 for 
tellurium, 1 for bromine, and 1 for iodine. The law 
holds for 4 of these, and the proper inference is that 
about half the specific gravities of metalloids are roots 
of some simple ratio of their atomic weights. 

Having thus determined this ratio, we proceed to 
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inquire whether an agreement half the time with the 
formula constitutes any special connection between the 
specific gravity and the atomic weight of a metalloid. 
As a test of this, let us arrange the elements in the order 
of their atomic weights, and compare the specific gravity 
of the first with the atomic weight of the last, that of 
the second with the atomic weight of the last but one, 
and so on. The atomic weights are — 

Boron, 10.9 Tellurium, 128.1 
Carbon, 12.0 Iodine, 126.9 
Silicon, 28.0 Bromine, 80.0 
Phosphorus, 31.0 Selenium, 79.1 

Sulphur, 32. 

There are three specific gravities given for carbon, and 
two each for silicon, phosphorus, and selenium. The 
question, therefore, is, whether of the fourteen specific 
gravities as many as seven are in Playfair's relation 
with the atomic weights, not of the same element, but 
of the one paired with it. Now, taking the original 
formula of Playfair we find 

Sp. gr. boron = 2.68 . 'e = 2.64 
3d Sp. gr. carbon = 1.88 = 1.84 
2d Sp. gr. carbon = 2.29 = 2.24 
1st Sp. gr. phosphorus = 1.83 " = 1.87 
2d Sp. gr. phosphorus = 2.10 = 2.07 

or five such relations without counting that of sulphur 
to itself. Next, with the modification introduced by Play-
fair, we have 

1st Sp. gr. silicon = 2.47 = 2.51 
2d Sp. gr. silicon = 2.33 = 2.33 

Sp. gr. iodine = 4.95 = 4.90 
lst Sp. gr. carbon = 3.48 = 3.48 
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It thus appears that there is no more frequent agree­
ment with Playfair's proposed law than what is due to 
chance.1 

Another example of this fallacy was " Bode's law " of 
the relative distances of the planets, which was shattered 
by the first discovery of a true planet after its enuncia­
tion. In fact, this false kind of induction is extremely 
common in science and in medicine.2 In the case of 
hypothesis, the correct rule has often been laid down ; 
namely, that a hypothesis can only be received upon the 
ground of its having been verified by successful prediction. 
The term predesignation used in this paper appears to be 
more exact, inasmuch as it is not at all requisite that the 
ratio p should be given in advance of the examination of 
the samples. Still, since p is equal to 1 in all ordinary 
hypotheses, there can be no doubt that the rule of pre­
diction, so far as it goes, coincides with that here laid 
down. 

We have now to consider an important modification of 
the rule. Suppose that, before sampling a class of objects, 
we have predesignated not a single character but n char­
acters, for which we propose to examine the samples. 
This is equivalent to making n different inductions from 
the same instances. The probable error in this case is 
that error whose probability for a simple induction is only 
(½)n, and the theory of probabilities shows that it in-

1 As the relations of the different powers of the specific gravity would 
be entirely different if any other substance than water were assumed as 
the standard, the law is antecedently in the highest degree improbable. 
This makes it likely that some fallacy was committed, but does not show 
what it was. 

2 The physicians seem to use the maxim that you cannot reason from 
post hoc to propter hoc to mean (rather obscurely) that cases must not be 
used to prove a proposition that has only been suggested by these cases 
themselves. 
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creases but slowly with n ; in fact, for n = 1000 it is only 
about five times as great as for n = 1, so that with only 
25 times as many instances the inference would be as 
secure for the former value of n as with the latter ; with 
100 times as many instances an induction in which n = 
10,000,000,000 would be equally secure. Now the whole 
universe of characters will never contain such a number 
as the last ; and the same may be said of the universe of 
objects in the case of hypothesis. So that, without any 
voluntary predesignation, the limitation of our imagina­
tion and experience amounts to a predesignation far 
within those limits ; and we thus see that if the number 
of instances be very great indeed, the failure to predes­
ignate is not an important fault. Of characters at all 
striking, or of objects at all familiar, the number will 
seldom reach 1,000 ; and of very striking characters or 
very familiar objects the number is still less. So that if 
a large number of samples of a class are found to have 
some very striking character in common, or if a large 
number of characters of one object are found to be pos­
sessed by a very familiar object, we need not hesitate to 
infer, in the first case, that the same characters belong 
to the whole class, or, in the second case, that the two 
objects are practically identical ; remembering only that 
the inference is less to be relied upon than it would be 
had a deliberate predesignation been made. This is no 
doubt the precise significance of the rule sometimes laid 
down, that a hypothesis ought to be simple,—simple 
here being taken in the sense of familiar. 

This modification of the rule shows that, even in the 
absence of voluntary predesignation, some slight weight 
is to be attached to an induction or hypothesis. And 
perhaps when the number of instances is not very small, 
it is enough to make it worth while to subject the in-
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ference to a regular test. But our natural tendency will 
be to attach too much importance to such suggestions, 
and we shall avoid waste of time in passing them by 
without notice until some stronger plausibility presents 
itself. 

IX. 

In almost every case in which we make an induction 
or a hypothesis, we have some knowledge which renders 
our conclusion antecedently likely or unlikely. The ef­
fect of such knowledge is very obvious, and needs no 
remark. But what also very often happens is that we 
have some knowledge, which, though not of itself bearing 
upon the conclusion of the scientific argument, yet serves 
to render our inference more or less probable, or even 
to alter the terms of it. Suppose, for example, that we 
antecedently know that all the M's strongly resemble 
one another in regard to characters of a certain order. 
Then, if we find that a moderate number of M's taken 
at random have a certain character, P, of that order, we 
shall attach a greater weight to the induction than we 
should do if we had not that antecedent knowledge. 
Thus, if we find that a certain sample of gold has a 
certain chemical character,—since we have very strong 
reason for thinking that all gold is alike in its chemical 
characters,—we shall have no hesitation in extending 
the proposition from the one sample to gold in general. 
Or if we know that among a certain people, — say the 
Icelanders, — an extreme uniformity prevails in regard 
to all their ideas, then, if we find that two or three in­
dividuals taken at random from among them have all 
any particular superstition, we shall be the more ready 
to infer that it belongs to the whole people from what 
we know of their uniformity. The influence of this sort 
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of uniformity upon inductive conclusions was strongly in­
sisted upon by Philodemus, and some very exact concep­
tions in regard to it may be gathered from the writings 
of Mr. Galton. Again, suppose we know of a certain 
character, P , that in whatever classes of a certain des­
cription it is found at all, to those it usually belongs as 
a universal character ; then any induction which goes 
toward showing that all the M's are P will be greatly 
strengthened. Thus it is enough to find that two or 
three individuals taken at random from a genus of ani­
mals have three toes on each foot, to prove that the same 
is true of the whole genus ; for we know that this is a 
generic character. On the other hand, we shall be slow 
to infer that all the animals of a genus have the same 
color, because color varies in almost every genus. This 
kind of uniformity seemed to J. S. Mill to have so con­
trolling an influence upon inductions, that he has taken 
it as the centre of his whole theory of the subject. 

Analogous considerations modify our hypothetic infer­
ences. The sight of two or three words will be sufficient 
to convince me that a certain manuscript was written by 
myself, because I know a certain look is peculiar to it. 
So an analytical chemist, who wishes to know whether a 
solution contains gold, will be completely satisfied if it 
gives a precipitate of the purple of cassius with chloride 
of tin ; because this proves that either gold or some hith­
erto unknown substance is present. These are examples 
of characteristic tests. Again, we may know of a certain 
person, that whatever opinions he holds he carries out 
with uncompromising rigor to their utmost logical con­
sequences ; then, if we find his views bear some of the 
marks of any ultra school of thought, we shall readily 
conclude that he fully adheres to that school. 

There are thus four different kinds of uniformity and 
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non-uniformity which may influence our ampliative in­
ferences : — 

1. The members of a class may present a greater or 
less general resemblance as regards a certain line of char­
acters. 

2. A character may have a greater or less tendency 
to be present or absent throughout the whole of whatever 
classes of certain kinds. 

3. A certain set of characters may be more or less 
intimately connected, so as to be probably either present 
or absent together in certain kinds of objects. 

4. An object may have more or less tendency to 
possess the whole of certain sets of characters when it 
possesses any of them. 

A consideration of this sort may be so strong as to 
amount to demonstration of the conclusion. In this case, 
the inference is mere deduction,—that is, the application 
of a general rule already established. In other cases, the 
consideration of uniformities will not wholly destroy the 
inductive or hypothetic character of the inference, but 
will only strengthen or weaken it by the addition of a 
new argument of a deductive kind. 

X. 

We have thus seen how, in a general way, the processes 
of inductive and hypothetic inference are able to afford 
answers to our questions, though these may relate to 
matters beyond our immediate ken. In short, a theory 
of the logic of verification has been sketched out. This 
theory will have to meet the objections of two opposing 
schools of logic. 

The first of these explains induction by what is called 
the doctrine of Inverse Probabilities, of which the follow-
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ing is an example : Suppose an ancient denizen of the 
Mediterranean coast, who had never heard of the tides, 
had wandered to the shore of the Atlantic Ocean, and 
there, on a certain number m of successive days had 
witnessed the rise of the sea. Then, says Quetelet, he 
would have been entitled to conclude that there was a 
probability equal to that the sea would rise on the 
next following day.1 Putting m = 0, it is seen that 
this view assumes that the probability of a totally un­
known event is ½; or that of all theories proposed for 
examination one half are true. In point of fact, we 
know that although theories are not proposed unless 
they present some decided plausibility, nothing like one 
half turn out to be true. But to apply correctly the 
doctrine of inverse probabilities, it is necessary to know 
the antecedent probability of the event whose proba­
bility is in question. Now, in pure hypothesis or induc­
tion, we know nothing of the conclusion antecedently 
to the inference in hand. Mere ignorance, however, 
cannot advance us toward any knowledge; therefore it 
is impossible that the theory of inverse probabilities 
should rightly give a value for the probability of a pure 
inductive or hypothetic conclusion. For it cannot do 
this without assigning an antecedent probability to this 
conclusion ; so that if this antecedent probability rep­
resents mere ignorance (which never aids us), it cannot 
do it at all. 

The principle which is usually assumed by those who 
seek to reduce inductive reasoning to a problem in in­
verse probabilities is, that if nothing whatever is known 
about the frequency of occurrence of an event, then any 
one frequency is as probable as any other. But Boole 

1 See Laplace, "Théorie Analitique des Probabilités," livre ii. chap. vi. 
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has shown that there is no reason whatever to prefer this 
assumption, to saying that any one "constitution of the 
universe " is as probable as any other. Suppose, for 
instance, there were four possible occasions upon which 
an event might occur. Then there would be 16 "con­
stitutions of the universe," or possible distributions of 
occurrences and non-occurrences. They are shown in 
the following table, where Y stands for an occurrence 
and N for a non-occurrence. 
4 occurrences. 3 occurrences. 2 occurrences. 1 occurrence. 0 occurrence. 

YYYY YYYN YYNN YNNN NNNN 
YYNY YNYN NYNN 
YNYY YNNY NNYN 
NYYY NYYN NNNY 

NYNY 
NNYY 

It will be seen that different frequencies result some 
from more and some from fewer different " constitutions 
of the universe," so that it is a very different thing to 
assume that all frequencies are equally probable from 
what it is to assume that all constitutions of the universe 
are equally probable. 

Boole says that one assumption is as good as the other. 
But I will go further, and say that the assumption that 
all constitutions of the universe are equally probable is 
far better than the assumption that all frequencies are 
equally probable. For the latter proposition, though it 
may be applied to any one unknown event, cannot be 
applied to all unknown events without inconsistency. 
Thus, suppose all frequencies of the event whose occur­
rence is represented by Y in the above table are equally 
probable. Then consider the event which consists in a 
Y following a Y or an N following an N. The possible 
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ways in which this event may occur or not are shown in 
the following table : — 

3 occurrences. 

YYYY 
2 occurrences. 

YYYN 
NNNY 

1 occurrence. 

YYNY 
NNYN 

0 occurrence. 

YNYN 
NYNY 

YYNN 
NNYY 

YNNY 
NYYN 

N Y Y Y 
YNNN 

YNYY 
NYNN 

It will be found that assuming the different frequencies 
of the first event to be equally probable, those of this new 
event are not so,—the probability of three occurrences 
being half as large again as that of two, or one. On the 
other hand, if all constitutions of the universe are equally 
probable in the one case, they are so in the other ; and 
this latter assumption, in regard to perfectly unknown 
events, never gives rise to any inconsistency. 

Suppose, then, that we adopt the assumption that any 
one constitution of the universe is as probable as any 
other ; how will the inductive inference then appear, con­
sidered as a problem in probabilities ? The answer is 
extremely easy;1 namely, the occurrences or non-occur­
rences of an event in the past in no way affect the proba­
bility of its occurrence in the future. 

Boole frequently finds a problem in probabilities to be 
indeterminate. There are those to whom the idea of an 
unknown probability seems an absurdity. Probability, 
they say, measures the state of our knowledge, and ig­
norance is denoted by the probability ½. But I appre­
hend that the expression " the probability of an event " 
is an incomplete one. A probability is a fraction whose 

1 See Boole, "Laws of Thought." 
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numerator is the frequency of a specific kind of event, 
while its denominator is the frequency of a genus embrac­
ing that species. Now the expression in question names 
the numerator of the fraction, but omits to name the de­
nominator. There is a sense in which it is true that the 
probability of a perfectly unknown event is one half ; 
namely, the assertion of its occurrence is the answer to 
a possible question answerable by " yes " or " no," and 
of all such questions just half the possible answers are 
true. But if attention be paid to the denominators of 
the fractions, it will be found that this value of ½ is one 
of which no possible use can be made in the calculation 
of probabilities. 

The theory here proposed does not assign any proba­
bility to the inductive or hypothetic conclusion, in the 
sense of undertaking to say how frequently that conclu­
sion would be found true. It does not propose to look 
through all the possible universes, and say in what pro­
portion of them a certain uniformity occurs ; such a 
proceeding, were it possible, would be quite idle. The 
theory here presented only says how frequently, in this 
universe, the special form of induction or hypothesis 
would lead us right. The probability given by this theory 
is in every way different—in meaning, numerical value, 
and form — from that of those who would apply to am-
pliative inference the doctrine of inverse chances. 

Other logicians hold that if inductive and hypothetic 
premises lead to true oftener than to false conclusions, 
it is only because the universe happens to have a certain 
constitution. Mill and his followers maintain that there 
is a general tendency toward uniformity in the universe, 
as well as special uniformities such as those which we 
have considered. The Abbé Gratry believes that the 
tendency toward the truth in induction is due to a mirac-



176 A THEORY OF PROBABLE INFERENCE. 

ulous intervention of Almighty God, whereby we are led 
to make such inductions as happen to be true, and are 
prevented from making those which are false. Others 
have supposed that there is a special adaptation of the 
mind to the universe, so that we are more apt to make 
true theories than we otherwise should be. Now, to say 
that a theory such as these is necessary to explaining the 
validity of induction and hypothesis is to say that these 
modes of inference are not in themselves valid, but that 
their conclusions are rendered probable by being probable 
deductive inferences from a suppressed (and originally 
unknown) premise. But I maintain that it has been 
shown that the modes of inference in question are neces­
sarily valid, whatever the constitution of the universe, so 
long as it admits of the premises being true. Yet I am 
willing to concede, in order to concede as much as possi­
ble, that when a man draws instances at random, all that 
he knows is that he tries to follow a certain precept ; so 
that the sampling process might be rendered generally 
fallacious by the existence of a mysterious and malign 
connection between the mind and the universe, such that 
the possession by an object of an unperceived character 
might influence the will toward choosing it or rejecting 
it. Such a circumstance would, however, be as fatal to 
deductive as to ampliative inference. Suppose, for exam­
ple, that I were to enter a great hall where people were 
playing rouge et noir at many tables ; and suppose that 
I knew that the red and black were turned up with equal 
frequency. Then, if I were to make a large number of 
mental bets with myself, at this table and at that, I might, 
by statistical deduction, expect to win about half of them, 
— precisely as I might expect, from the results of these 
samples, to infer by induction the probable ratio of fre­
quency of the turnings of red and black in the long run, 
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if I did not know it. But could some devil look at each 
card before it was turned, and then influence me mentally 
to bet upon it or to refrain therefrom, the observed ratio 
in the cases upon which I had bet might be quite different 
from the observed ratio in those cases upon which I had 
not bet. I grant, then, that even upon my theory some 
fact has to be supposed to make induction and hypothe­
sis valid processes ; namely, it is supposed that the su­
pernal powers withhold their hands and let me alone, 
and that no mysterious uniformity or adaptation inter­
feres with the action of chance. But then this negative 
fact supposed by my theory plays a totally different part 
from the facts supposed to be requisite by the logicians 
of whom I have been speaking. So far as facts like those 
they suppose can have any bearing, they serve as major 
premises from which the fact inferred by induction or 
hypothesis might be deduced ; while the negative fact 
supposed by me is merely the denial of any major premise 
from which the falsity of the inductive or hypothetic con­
clusion could in general be deduced. Nor is it necessary 
to deny altogether the existence of mysterious influences 
adverse to the validity of the inductive and hypothetic 
processes. So long as their influence were not too over­
whelming, the wonderful self-correcting nature of the 
ampliative inference would enable us, even if they did 
exist, to detect and make allowance for them. 

Although the universe need have no peculiar consti­
tution to render ampliative inference valid, yet it is worth 
while to inquire whether or not it has such a constitu­
tion ; for if it has, that circumstance must have its effect 
upon all our inferences. It cannot any longer be denied 
that the human intellect is peculiarly adapted to the 
comprehension of the laws and facts of nature, or at 
least of some of them ; and the effect of this adaptation 
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upon our reasoning will be briefly considered in the next 
section. Of any miraculous interference by the higher 
powers, we know absolutely nothing; and it seems in 
the present state of science altogether improbable. The 
effect of a knowledge of special uniformities upon ampli-
ative inferences has already been touched upon. That 
there is a general tendency toward uniformity in nature 
is not merely an unfounded, it is an absolutely absurd, 
idea in any other sense than that man is adapted to his 
surroundings. For the universe of marks is only limited 
by the limitation of human interests and powers of ob­
servation. Except for that limitation, every lot of objects 
in the universe would have (as I have elsewhere shown) 
some character in common and peculiar to it. Conse­
quently, there is but one possible arrangement of charac­
ters among objects as they exist, and there is no room 
for a greater or less degree of uniformity in nature. If 
nature seems highly uniform to us, it is only because our 
powers are adapted to our desires. 

XI. 

The questions discussed in this essay relate to but a 
small part of the Logic of Scientific Investigation. Let 
us just glance at a few of the others. 

Suppose a being from some remote part of the uni­
verse, where the conditions of existence are inconceivably 
different from ours, to be presented with a United States 
Census Report, — which is for us a mine of valuable in­
ductions, so vast as almost to give that epithet a new signi­
fication. He begins, perhaps, by comparing the ratio of 
indebtedness to deaths by consumption in counties whose 
names begin with the different letters of the alphabet. 
It is safe to say that he would find the ratio everywhere 
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the same, and thus his inquiry would lead to nothing. 
For an induction is wholly unimportant unless the pro­
portions of P's among the M's and among the non-M's 
differ ; and a hypothetic inference is unimportant unless 
it be found that S has either a greater or a less propor­
tion of the characters of M than it has of other charac-
ters. The stranger to this planet might go on for some 
time asking inductive questions that the Census would 
faithfully answer, without learning anything except that 
certain conditions were independent of others. At length, 
it might occur to him to compare the January rain-fall 
with the illiteracy. What he would find is given in the 
following table1 : — 

REGION. January Rain-fall. Illiteracy. 

Atlantic Sea-coast, Port­
land to Washington 

Inches. 

0.92 
Per cent. 

11 

Vermont, Northern and 
Western New York 

0.78 7 

Upper Mississippi Eiver . 0.52 3 

Ohio Eiver Valley . . . 

Lower Mississippi, Eed 
Eiver, and Kentucky 

0.74 

1.08 

8 

50 

Mississippi Delta and 
Northern Gulf Coast 1.09 57 

Southeastern Coast . . . 0.68 40 

1 The different regions with the January rain-fall are taken from Mr. 
Schott's work. The percentage of illiteracy is roughly estimated from the 
numbers given in the Report of the 1870 Census. 
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He would infer that in places that are drier in January 
there is, not always but generally, less illiteracy than 
in wetter places. A detailed comparison between Mr. 
Schott's map of the winter rain-fall with the map of 
illiteracy in the general census, would confirm the result 
that these two conditions have a partial connection. 
This is a very good example of an induction in which 
the proportion of P ' s among the M's is different, but 
not very different, from the proportion among the non-
M's. It is unsatisfactory ; it provokes further inquiry ; 
we desire to replace the  by some different class, so 
that the two proportions may be more widely separated. 
Now we, knowing as much as we do of the effects of 
winter rain-fall upon agriculture, upon wealth, etc., and 
of the causes of illiteracy, should come to such an inquiry 
furnished with a large number of appropriate conceptions ; 
so that we should be able to ask intelligent questions not 
unlikely to furnish the desired key to the problem. But 
the strange being we have imagined could only make his 
inquiries hap-hazard, and could hardly hope ever to find 
the induction of which he was in search. 

Nature is a far vaster and less clearly arranged reper­
tory of facts than a census report ; and if men had not 
come to it with special aptitudes for guessing right, it 
may well be doubted whether in the ten or twenty thou­
sand years that they may have existed their greatest 
mind would have attained the amount of knowledge 
which is actually possessed by the lowest idiot. But, 
in point of fact, not man merely, but all animals derive 
by inheritance (presumably by natural selection) two 
classes of ideas which adapt them to their environment. 
In the first place, they all have from birth some notions, 
however crude and concrete, of force, matter, space, and 
time ; and, in the next place, they have some notion of 
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what sort of objects their fellow-beings are, and of how 
they will act on given occasions. Our innate mechanical 
ideas were so nearly correct that they needed but slight 
correction. The fundamental principles of statics were 
made out by Archimedes. Centuries later Galileo began 
to understand the laws of dynamics, which in our times 
have been at length, perhaps, completely mastered. The 
other physical sciences are the results of inquiry based 
on guesses suggested by the ideas of mechanics. The 
moral sciences, so far as they can be called sciences, 
are equally developed out of our instinctive ideas about 
human nature. Man has thus far not attained to any 
knowledge that is not in a wide sense either mechanical 
or anthropological in its nature, and it may be reasonably 
presumed that he never will. 

Side by side, then, with the well established propo­
sition that all knowledge is based on experience, and 
that science is only advanced by the experimental verifi­
cations of theories, we have to place this other equally 
important truth, that all human knowledge, up to the 
highest flights of science, is but the development of our 
inborn animal instincts. 



N O T E A. 

BOOLE, De Morgan, and their followers, frequently 
speak of a " limited universe of discourse " in logic. An 
unlimited universe would comprise the whole realm of the 
logically possible. In such a universe, every universal 
proposition, not tautologous, is false ; every particular 
proposition, not absurd, is true. Our discourse seldom 
relates to this universe: we are either thinking of the 
physically possible, or of the historically existent, or of 
the world of some romance, or of some other limited 
universe. 

But besides its universe of objects, our discourse also 
refers to a universe of characters. Thus, we might 
naturally say that virtue and an orange have nothing 
in common. It is true that the English word for each 
is spelt with six letters, but this is not one of the marks 
of the universe of our discourse. 

A universe of things is unlimited in which every com­
bination of characters, short of the whole universe of 
characters, occurs in some object. In like manner, the 
universe of characters is unlimited in case every aggre­
gate of things short of the whole universe of things 
possesses in common one of the characters of the uni­
verse of characters. The conception of ordinary syllo­
gistic is so unclear that it would hardly be accurate to 
say that it supposes an unlimited universe of characters ; 
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but it comes nearer to that than to any other consistent 
view. The non-possession of any character is regarded 
as implying the possession of another character the nega­
tive of the first. 

In our ordinary discourse, on the other hand, not only 
are both universes limited, but, further than that, we 
have nothing to do with individual objects nor simple 
marks ; so that we have simply the two distinct universes 
of things and marks related to one another, in general, in 
a perfectly indeterminate manner. The consequence is, 
that a proposition concerning the relations of two groups 
of marks is not necessarily equivalent to any proposition 
concerning classes of things ; so that the distinction 
between propositions in extension and propositions in 
comprehension is a real one, separating two kinds of 
facts, whereas in the view of ordinary syllogistic the 
distinction only relates to two modes of considering any 
fact. To say that every object of the class S is included 
among the class of P's, of course must imply that every 
common character of the P ' s is a common character of 
the S's. But the converse implication is by no means 
necessary, except with an unlimited universe of marks. 
The reasonings in depth of which I have spoken, suppose, 
of course, the absence of any general regularity about the 
relations of marks and things. 

I may mention here another respect in which this view 
differs from that of ordinary logic, although it is a point 
which has, so far as I am aware, no bearing upon the 
theory of probable inference. It is that under this view 
there are propositions of which the subject is a class of 
things, while the predicate is a group of marks. Of such 
propositions there are twelve species, distinct from one 
another in the sense that any fact capable of being ex­
pressed by a proposition of one of these species cannot 
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be expressed by any proposition of another species. The 
following are examples of six of the twelve species : — 

1. Every object of the class S possesses every character of 
the group . 

2. Some object of the class S possesses all characters of 
the group . 

3. Every character of the group  is possessed by some 
object of the class S. 

4. Some character of the group  is possessed by all the 
objects of the class S. 

5. Every object of the class S possesses some character of 
the group . 

6. Some object of the class S possesses some character of 
the group . 

The remaining six species of propositions are like the 
above, except that they speak of objects wanting charac­
ters instead of possessing characters. 

But the varieties of proposition do not end here ; for 
we may have, for example, such a form as this : " Some 
object of the class S possesses every character not want­
ing to any object of the class P . " In short, the relative 
term " possessing as a character," or its negative, may 
enter into the proposition any number of times. We 
may term this number the order of the proposition. 

An important characteristic of this kind of logic is the 
part that immediate inference plays in it. Thus, the 
proposition numbered 3, above, follows from No. 2, and 
No. 5 from No. 4. It will be observed that in both cases 
a universal proposition (or one that states the non­
existence of something) follows from a particular propo­
sition (or one that states the existence of something). 
All the immediate inferences are essentially of that 
nature. A particular proposition is never immediately 
inferable from a universal one. (It is true that from 
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" no A exists " we can infer that " something not A 
exists ; " but this is not properly an immediate infer­
ence,—it really supposes the additional premise that 
" something exists.") There are also immediate in­
ferences raising and reducing the order of propositions. 
Thus, the proposition of the second order given in the 
last paragraph follows from " some S is a P . " On the 
other hand, the inference holds, — 

Some common character of the S's is wanting to every­
thing except J P S ; 

... Every S is a P. 

The necessary and sufficient condition of the existence 
of a syllogistic conclusion from two premises is simple 
enough. There is a conclusion if, and only if, there is 
a middle term distributed in one premise and undistribu­
ted in the other. But the conclusion is of the kind called 
spurious1 by De Morgan if, and only if, the middle term 
is affected by a " some " in both premises. For exam-
ple, let the two premises be, — 

Every object of the class S wants some character of the 
group μ. 

Every object of the class P possesses some character not of 
the group μ. 

The middle term μ is distributed in the second premise, 
but not in the first ; so that a conclusion can be drawn. 
But, though both propositions are universal, μ is under 
a " some " in both ; hence only a spurious conclusion 
can be drawn, and in point of fact we can infer both of 
the following : — 

1 On spurious propositions, see Mr. B. I. Gilman's paper in the Johns 
Hopkins University Circular for August, 1882. The number of such 
forms in any order is probably finite. 
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Every object of the class S wants a character other than 
some character common to the class P; 

Every object of the class P possesses a character other 
than some character wanting to every object of the class S. 

The order of the conclusion is always the sum of the 
orders of the premises ; but to draw up a rule to deter­
mine precisely what the conclusion is, would be difficult. 
It would at the same time be useless, because the prob­
lem is extremely simple when considered in the light of 
the logic of relatives. 



N O T E . 

A DUAL relative term, such as " lover," " benefactor," 
" servant," is a common name signifying a pair of ob­
jects. Of the two members of the pair, a determinate 
one is generally the first, and the other the second ; so 
that if the order is reversed, the pair is not considered as 
remaining the same. 

Let A, B, C, D, etc., be all the individual objects in 
the universe ; then all the individual pairs may be arrayed 
in a block, thus : — 

A : A A : B A : C A : D etc. 

B : A B : B  : B:D etc. 

 :  C : B :   : D etc. 

D : A D : B D : C D :D etc. 

etc. etc. etc. etc. etc. 

A general relative may be conceived as a logical aggre­
gate of a number of such individual relatives. Let l de­
note " lover ; " then we may write 

where (l)ü is a numerical coefficient, whose value is 1 in 
case J is a lover of J, and 0 in the opposite case, and 
where the sums are to be taken for all individuals in the 
universe. 
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Every relative term has a negative (like any other 
term) which may be represented by drawing a straight 
line over the sign for the relative itself. The negative 
of a relative includes every pair that the latter excludes, 
and vice versa. Every relative has also a converse, pro­
duced by reversing the order of the members of the pair. 
Thus, the converse of "lover" is "loved." The con­
verse may be represented by drawing a curved line over 
the sign for the relative, thus : It is defined by the 
equation 

The following formulæ are obvious, but important : — 

Relative terms can be aggregated and compounded like 
others. Using + for the sign of logical aggregation, and 
the comma for the sign of logical composition (Boole's 
multiplication, here to be called non-relative or internal 
multiplication), we have the definitions 

The first of these equations, however, is to be understood 
in a peculiar way : namely, the + in the second member 
is not strictly addition, but an operation by which 

0 + 0 = 0 0 + 1 = 1 + 0 = 1 + 1 = 1. 
Instead of we might with more accuracy 
write 
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The main formulas of aggregation and composition are 

The subsidiary formulas need not be given, being the 
same as in non-relative logic. 

We now come to the combination of relatives. Of 
these, we denote two by special symbols ; namely, we 
write 

lb for lover of a benefactor, 
and 

l + b for lover of everything but benefactors. 

The former is called a particular combination, because 
it implies the existence of something loved by its relate 
and a benefactor of its correlate. The second combina­
tion is said to be universal, because it implies the non-
existence of anything except what is either loved by its 
relate or a benefactor of its correlate. The combination 
lb is called a relative product, l + b a relative sum. The 
l and b are said to be undistributed in both, because if 

The two combinations are defined by the equations 

The sign of addition in the last formula has the same 
signification as in the equation defining non-relative 
multiplication. 
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Relative addition and multiplication are subject to the 
associative law. That is, 

l†(b†s) = (l †b)†s, 
l(bs) = (lb) s. 

Two formulae so constantly used that hardly anything 
can be done without them are 

The former asserts that whatever is lover of an object 
that is benefactor of everything but a servant, stands to 
everything but servants in the relation of lover of a 
benefactor. The latter asserts that whatever stands to 
any servant in the relation of lover of everything but its 
benefactors, is a lover of everything but benefactors of 
servants. The following formulae are obvious and triv­
ial:— 

Unobvious and important, however, are these : — 

There are a number of curious development formulae. 
Such are 

The summations and multiplications denoted by Σ and  
are to be taken non-relatively, and all relative terms are 
to be successively substituted for p. 
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The negatives of the combinations follow these rules : 

The converses of combinations are as follows : — 

Individual dual relatives are of two types, — 
A : A and A : B. 

Relatives containing no pair of an object with itself are 
called alio-relatives as opposed to self-relatives. The 
negatives of alio-relatives pair every object with itself. 
Relatives containing no pair of an object with anything 
but itself are called concurrents as opposed to opponents. 
The negatives of concurrents pair every object with every 
other. 

There is but one relative which pairs every object with 
itself and with every other. It is the aggregate of all 
pairs, and is denoted by oo. It is translated into ordi­
nary language by " coexistent with." Its negative is 0. 
There is but one relative which pairs every object with 
itself and none with any other. It is 

(A : A) + (B : B) + (C : C) + etc. ; 

is denoted by 1, and in ordinary language is "identical 
with —." Its negative, denoted by , is " other than—," 
or " not." 

No matter what relative term x may be, we have 
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Hence, obviously 
x + 0 = x x, ∞ = x 

x + ∞ = ∞ x, 0=0. 

The last formula hold for the relative operations ; thus, 
x† ∞ = ∞ x0 = 0. 

∞ † x = ∞ 0x = 0. 
The formulas 

x + 0 = x x, ∞ = x 

also hold if we substitute the relative operations, and 
also 1 for oo, and n for 0 ; thus, 

x † n = x x1 =x. 
n † x = x 1x = x. 

We have also 
l + = ∞ l, = 0. 

To these partially correspond the following pair of highly 
important formulas : — 

The logic of relatives is highly multiform ; it is char­
acterized by innumerable immediate inferences, and by 
various distinct conclusions from the same sets of premi­
ses. An example of the first character is afforded by 
Mr. Mitchell's F1v following from F1v,. As an instance 
of the second, take the premises, 

Every man is a lover of an animal ; 
and 

Every woman is a lover of a non-animal. 

From these we can equally infer that 

Every man is a lover of something which stands to each 
woman in the relation of not being the only thing loved 
by her, 
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and that 
Every woman is a lover of something which stands to 

each man in the relation of not being the only thing loved 
by him. 

The effect of these peculiarities is that this algebra can­
not be subjected to hard and fast rules like those of 
the Boolian calculus ; and all that can be done in this 
place is to give a general idea of the way of working with 
it. The student must at the outset disabuse himself of 
the notion that the chief instruments of algebra are the 
inverse operations. General algebra hardly knows any 
inverse operations. When an inverse operation is iden­
tical with a direct operation with an inverse quantity 
(as subtraction is the addition of the negative, and as 
division is multiplication by the reciprocal), it is useful ; 
otherwise it is almost always useless. In ordinary alge­
bra, we speak of the " principal value " of the logarithm, 
etc., which is a direct operation substituted for an in­
definitely ambiguous inverse operation. The elimination 
and transposition in this algebra really does depend, 
however, upon formulae quite analogous to the 

x + (— x) = 0 x X = 1, 

of arithmetical algebra. These formulae are 

For example, to eliminate s from the two propositions 

we relatively multiply them in such an order as to bring 
the two s's together, and then apply the second of the 
above formulae, thus : — 
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This example shows the use of the association formulae 
in bringing letters together. Other formulae of great 
importance for this purpose are 

The distribution formulae are also useful for this pur­
pose. 

When the letter to be eliminated has thus been re­
placed by one of the four relatives,—0, ∞, 1, n,—the 
replacing relative can often be got rid of by means of 
one of the formulae 

l + 0 = l I, ∞ = l 

l † n = n † l =l l1 = 1l = l. 

When we have only to deal with universal propositions, 
it will be found convenient so to transpose everything 
from subject to predicate as to make the subject 1. Thus, 
if we have given we may relatively add to both 
sides ; whereupon we have 

Every proposition will then be in one of the forms 

With a proposition of the form we have the 
right (1) to transpose the terms, and (2) to convert the 
terms. Thus, the following are equivalent : — 

With a proposition of the form we have only 
the right to convert the predicate giving 
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With three terms, there are four forms of universal 
propositions, namely : — 

Of these, the third is an immediate inference from the 
second. 

By way of illustration, we may work out the syllo­
gisms whose premises are the propositions of the first 
order referred to in Note A. Let a and  be class terms, 
and let ß be a group of characters. Let p be the relative 
" possessing as a character." The non-relative terms 
are to be treated as relatives,—a, for instance, being 
considered as " a coexistent with " and ã as " coexistent 
with a that is ." Then, the six forms of affirmative 
propositions of the first order are 

The various kinds of syllogism are as follows : — 

1. Premises: 

Convert one of the premises and multiply, 

The treatment would be the same if one or both of 
the premises were negative ; that is, contained p in place 
of p. 
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2. Premises: 
We have 

The same with negatives. 
3. Premises: 

The same with negatives. 
4. Premises: 

If one of the premises, say the first, were negative, we 
should obtain a similar conclusion,— 

but from this again p could be eliminated, giving 

5. Premises: 

If either premise were negative, p could be eliminated, 
giving or some a is c. 

6. Premises: 

7. Premises: 

8. Premises: 

9. Premises: 
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If one premise is negative, we have the further conclu­
sion 

10. Premises : 

11. Premises: 

We might also conclude 

but this conclusion is an immediate inference from the 
other ; for 

If one premise is negative, we have the further conclu­
sion 

12. Premises : 

If one premise is negative, we have the further inference 
13. Premises : 

14 Premises: 

If one premise is negative, we have the further spurious 
inference 

15. Premises : 

We can also infer 
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16. Premises : 

If one premise is negative, we can further infer 

17. Premises: 

If one premise is negative, we have the further spurious 
conclusion 

18. Premises: 

19. Premises: 

If one premise is negative, we further conclude 

20. Premises : 

21. Premises: 

When we have to do with particular propositions, we 
have the proposition or "something exists;" 
for every particular proposition implies this. Then every 
proposition can be put into one or other of the four 
forms 

Each of these propositions immediately follows from the 
one above it. The enveloped expressions which form the 
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predicates have the remarkable property that each is 
either 0 or ∞. This fact gives extraordinary freedom 
in the use of the formulae. In particular, since if any­
thing not zero is included under such an expression, the 
whole universe is included, it will be quite unnecessary 
to write the which begins every proposition. 

Suppose that ƒ and g are general relatives signifying 
relations of things to times. Then, Dr. Mitchell's six 
forms of two dimensional propositions appear thus : — 

F11=0†f†0 
F1v = 0†f ∞ 
Fu1 = ∞ f †0 
F1v' = (0†f) ∞ 
Fu'1 = ∞(f†0) 

It is obvious that 

If then we have 0†f†0 as one premise, and the other 
contains g, we may substitute for g the product (f, g). 

From the two premises 
∞(f†0) and 0†g ∞, 

by the application of the formulas 

we have 

These formulae give the first column of Dr. Mitchell's 
rule on page 90. 
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The following formulæ may also be applied : — 
1. (0†f†0), (0†g†0) =0†(f,g)†0. 
2. (0†f)∞ (0fğ†0) (0†f)(ğ†0). 
3. (0†f)∞ ∞(ğ†0) = (0† f ) (ğ†0)+(0† f )n (ğ†0) . 

4. (0†f)∞ (0†ğ)∞ (0†f)ğ∞. 
5. (0† f†0) (0†ğ∞) =0†(ğf,f)†0. 
6. (0†f)∞ (0†ğ∞) = ( 0 † ğ f , f , ) ∞ . 

7. (0† f)∞,(0†g∞) =(0†f,g∞)∞. 
8. (0†f∞)(0†g∞) = 0 † ( f ğ , ğ f ) ∞ . 

9. (0† f∞), (0†g∞) =0†f∞,g∞. 
10. (0†f†0)∞ğ∞ =0†(fğf,f)†0. 
11. (0†f)∞ ∞ğ∞ =(0†f)ğ∞+(0†f)nğ∞. 
12. (0†f∞) ∞ğ∞ = ( 0 † f ğ ∞ ) + ( 0 † f π ğ ∞ ) . 

13. ∞f∞ ∞ğ∞ = ∞fğ∞ + ∞fnğ∞. 

When the relative and non-relative operations occur 
together, the rules of the calculus become pretty com­
plicated. In these cases, as well as in such as involve 
plural relations (subsisting between three or more ob­
jects), it is often advantageous to recur to the numerical 
coefficients mentioned on page 187. Any proposition 
whatever is equivalent to saying that some complexus of 
aggregates1 and products of such numerical coefficients 
is greater than zero. Thus, 

ΣiΣilii > 0 
means that something is a lover of something ; and 

ΠiΣilii> 0 
means that everything is a lover of something. We 

1 The sums of page 188. 
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shall, however, naturally omit, in writing the inequali­
ties, the > 0 which terminates them all ; and the above 
two propositions will appear as 

ΣiΣilij and ΠiΣjlij. 

The following are other examples : — 
ΠiΣj(l)ij(b)ji 

means that everything is at once a lover and a benefac­
tor of something. 

means that everything is a lover of a benefactor of itself. 

ΣiΣiΠj(lij+bjk) 
means that there is something which stands to some­
thing in the relation of loving everything except bene­
factors of it. 

Let α denote the triple relative " accuser to — of —," 
and ε the triple relative " excuser to — of —. Then, 

means that an individual i can be found, such, that tak­
ing any individual whatever, j, it will always be possible 
so to select a third individual, k, that i is an accuser to 
j of k, and j an excuser to  of i. 

Let π denote " preferrer to — of—." Then, 

means that, having taken any individual i whatever, it 
is always possible so to select two, j and k, that i is an 
accuser to j of k, and also is either excused by j to  or 
is something to which/ is preferred by k. 

When we have a number of premises expressed in this 
manner, the conclusion is readily deduced by the use of 
the following simple rules. In the first place, we have 
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In the second place, we have the formulas 

In the third place, since the numerical coefficients are 
all either zero or unity, the Boolian calculus is applicable 
to them. 

The following is one of the simplest possible examples. 
Required to eliminate servant from these two premises : 

First premise. There is somebody who accuses every­
body to everybody, unless the unaccused is loved by 
some person that is servant of all to whom he is not ac­
cused. 

Second premise. There are two persons, the first of 
whom excuses everybody to everybody, unless the un-
excused be benefited by, without the person to whom he 
is unexcused being a servant of, the second. 

These premises may be written thus : 

The second yields the immediate inference, 

Combining this with the first, we have 

Finally, applying the Boolian calculus, we deduce the 
desired conclusion 

The interpretation of this is that either there is some­
body excused by a person to whom he accuses somebody, 
or somebody excuses somebody to his (the excuser's) 
lover, or somebody accuses his own benefactor. 
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The procedure may often be abbreviated by the use 
of operations intermediate between  and Σ. Thus, 
we may use Π', Π'', etc. to mean the products for all 
individuals except one, except two, etc. Thus, 

will mean that every person except one is a lover of 
everybody except its benefactors, and at most two non-
benefactors. In the same manner, Σ', Σ'', etc. will de­
note the sums of all products of two, of all products of 
three, etc. Thus, 

will mean that there are at least three things in the 
universe that are lovers of themselves. It is plain that 
if m < n, we have 

Mr. Schlötel has written to the London Mathematical Society, 
accusing me of having, in my Algebra of Logic, plagiarized from his 
writings. He has also written to me to inform me that he has read 
that Memoir with " heitere Ironie," and that Professor Drobisch, the 
Berlin Academy, and I constitute a "lederliche Kleeblatt," with 
many other things of the same sort. Up to the time of publishing 
my Memoir, I had never seen any of Mr. Schlötel's writings ; I have 
since procured his Logik, and he has been so obliging as to send me 
two cuttings from his papers, thinking, apparently, that I might be 
curious to see the passages that I had appropriated. But having ex­
amined these productions, I find no thought in them that I ever did, 
or ever should be likely to put forth as my own. 

THE END. 
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