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METHOD AND APPARATUS FOR
ASSOCIATIVE MEMORY

This invention was made with Government support pro-
vided by the Defense Advanced Rescarch Projects Agency,
ARPA Order 6429, through Contract DAAHOD1-88-C-0887,
issued by the US, Army Missile Command. The Govern-
ment has certain rights in the invention.

BACKGROUND OF THE INVENTION

The invention pertains to clectronic artificial peural
networks, in which many simple electronic units are heavily
intereomnected such that they are capable of massively
parallel computation. As is customary in the discussion of
artificial neural networls, functional parts are given names
suggested by neurobiology, and the adjective “artificial” is
suppressed; henee we will speak here simply of “neurons”,
“synapses”, and “dendrites”.

With this understanding, a ncural net may be described as
a collection of functional units, called neurons, which are
interconpected via junctions, called synapses, and input lines
called dendriles. Each dendrite collects synaptic oulputs into
a sum, called activation, which is presented to a neuron for
processing according to an output function, thereby produc-
ing a signal. In electronic neural nets, the signals are usually
voltages, the activations are elecine currents, and the neu-
rons are operational amplifiers which have an activation
current as input, and a signal voltage as output. The cutput
function is usually of sigmoidal type, such as the hyperbolic
tangent. The dendrite of the neuron is a conductor that
collects the output currents of certain synapses. The synaptic
inputs are signals from certain neurons.

Neural networks can be structured in such a manner that
the net functions as an associative memaory, i.e., a device that
is capable of associative recall, in which an input vector x
produces as output the stored vector that 15 closest to x.
Undesirable consequences of correlations between siored
vectors can be eliminated by encoding the stored veclors as
orthogonal bipolar vectors, i.e., orthogonal vectors with
components 1 and -1, Such vectors are called Hadamard
vectors. Encoding the stored vectors g, a=1 to [, as
Hadamard vectors means that o every stored vector g, 18
assigned a Hadamard vector h,,. These assignments may be
expressed in an ouler products matrix

= Z g
ELd

where T denotes transposition.
The encoding is used in the following manner. From an
input vector x one forms the vecior

w= iy = Z fﬂ,{{ij},;r K
o

this is just a lincar combination of Hadamard vectors h,,
with coefficienis c_=q_x", the scalar products of x with the
vectors . The operation Bx” is performed by a device
called Bidirectional Lincar Transformer (BLT). The bidirec-
tional feature will become clear presently. The BLT is
followed by a device that selects, from the linear combina-
lion
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the Hadamard wvector that goes with the largest of the
coeflicients ¢, if unique. Hence, if ¢y>c, for all a=f, then
the Hadamard vector hy is sclected. The device has been
named Dominant Label Selector {DLS), because the code
vectors h, serve as labels for the stored vectors q,,. The
output hH of the DLS s returned to the BLT for a backstroke,
in which the BLT produces the vecior

¢ =hofi= Za't,q hids = Ngg,
[=3

where N is the dimension of the Hadamard vectors. The
result holds because the Hadamard vectors are orthogonal
and have the Euclidean norm vIN, Division by N or, in case
of a bipolar x, thresholding with a sigmoidal function that
ranges from =1 to 1, gives X'=q,. But fi is the index for which
¢, is maximum. Since ¢, =q,x', the vector qp 1s the stored
vector which has the largest scalar product with the inpul
vector x. Therefore, if the DLS indeed selects from u=Bx”
the dominant Hadamard vector, then the device consisting of
the BLT and the DLS has perfect associative recall of up to
M stored vectors. The device has been called Selective
Reflexive Memory (SRM) [1-4]. Its front end, the BLT, may
be seen as g Bidirectional Associative Memory (BAM)
[5=7], with the rear thresholding removed, and the front
thresholding optional. The DLS in the rear may be seen as
g distribuied winner-take-all oet; instead of selecting from
an analog vector the maximium component, the net selects
the largest term in the Hadamard expansion ol the vector.
Distributing the winner-take-all process improves fault
lolerance, since there are then no grandmother cells.

Since the DLS outpul is the Hadamard veclor that is
closest o the vector u, the DLS may itsell be seen as an
associalive memaory with a complete sei of Hadamard vec-
lors as stored states. Therefore, this DLS is called a Had-
amard memory.

A Hadamard memory cannot be constructed with the
customary linear activation. Instead. one may consider a net
with quadratic activation, so that the total current in the
dendrite of neuron i is

J-| u Z Sl.*."'fj'i 1
A

i1

where y, 18 the signal from neuron i, determined from the
activation v, of the neuron by the output function s(.),

¥yl (2

The function s(.) is restricted to be sigmoidal and
antisymmetric, and to have the range [-1,1]. Hence, fully
developed neuron signals are bipolar. All indices range from
1 to N, restricted to be a power of 2. In the simplest
continuum maodel, the equations of motion are

V= ry, (3}
where dot denotes differentiation with respect to time, and
the term r, expresses a threshold or an external coupling. The
first two terms in (3) have unit coefficients, but that does not
conshituie a physical restriction, since this form can always
be obtained by scaling of the time and activation, together
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with 4 related adjustment of the neuron output function s(.).
In view of the quadratic form of the dendrite current (1), one
has here a case of higher-order neurons [8,9]. A Hadamard
memory is oblained by choosing the connection tensor as

Sy =1L/ mz,h,,;.,, e i
ar

where h_, is the ith component of the Hadamard vector h,,.
It has been shown [8] that a neural net with nonlinear
activation is stable if the connection lensor is symmetrie, and
if all iensor components for which two or more indices are
equal vanish, The connection tensor given by (4} is indeed
symmetric, In order to satisfy the second condition, subtrac-
tions have lo be applied, 1o give the tensor

S = {3

1y .w}: haihia it — N6yber — NEabi — N ;r + 2NG810
o

where O, is the Kronecker delia, The subtractions are correct
for a choice of Hadamard vectors such that their first
component is +1, and the vector h, has all components +1.
The conneclion tensor (5) is referred to as sublracted. [t can
be shown that all nonzero connection lensor components
have the same value, which is positive; this is true for (4) as
well as for (5). Henee, in & Hadamard memory, all synapses
are excitatory, and they all have the same strength. Up to
couplings, the structure of the memory is entirely deler-
mined by the conneclions.

The BLT output must be coupled to the Hadamard
memory. This may be done in several ways. In initial value
coupling, the BLT ouwtput v is used as an initial value of the
activation v, after multiplving with a properly chosen cou-
pling constant. The term r. in the equation of motion (3) is
then taken as conslant, usually zero. Lo the extemnal coupling
the activation is starled oul at zero, and the BLT ouiput u, is
applied tw the term r; of (3), after multiplication with a
coupling constant. Combined coupling involves a combina-
tion of these schemes.

Computer simulations have shown the Hadamard
memory to have perfect associative recall, for N=8 and 16,
for each of these couplings, lor a range of coupling
conslants, and for unsubtracted as well us subtracted con-
nection tensors, (4) and (5).

In practice, Hadamard memories become particularly
important for large dimension N. For N a power of 2, and
with well-chosen Hadamard vectors, the number of product
synapses is N(N-1)/2 and (N-1}N-2)/2 respectively for
unsubtracted and subtracted connection lensors; these num-
bers of connections are aboutl the same as lor a fully
connected Hopfield memery [10]. 1t s difficult (o construct
st many conoections in electronic implementations for large
dimension N, For instance, for N=1024, ane would need
522753 connections in the subtracted case. Furthermore,
each synapse must compute the product of its two inputs,
and that requires a four-gquadrant multiplier, with at least 9
transistors [ 11]. For the example mentioned above, that
comes to 4.7 million transistors for the synapses alone! It is
an object of the present invention o overcome the problem
of the large number of connections and synapse transistors,
for Hadamard memories of large dimension N,

With the Madamard memory used as the rear stage of an
SEM, many applications require the BLT 1o be adaptive. The
connection matrix
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of the BLI has outer-products structure, and it can therefore
be modified by Hebb learning [ 12]. This requires that a new
Hadamard vector be presented to the back of the BLT,
whenever a new vector g, is to be stored. An extension to
the Hadamard memory is needed, that causes the memory to
provide such vectors in a simple manner, when leamning is
required, It is the further object of the present invention to
furnish such an extension.

SUMMARY

It is the object of the present invention to provide a
method and means for constructing Hadamard memories of
large dimension, in such a manner that 1) the connections
can be implemented in VLSI or wafer-scale integration, 2)
the synapses are such that they can be mmplemented by
simple passive circuits, and 3) the Hadamard memory sup-
plies heretofore unused Hadamard vectors for the purpose of
Hebb learning.

Object 1) is met as follows,

In the course of computer experiments we discovered
that, as the dimension N s increased, the fracton of con-
nections that needs 1o be implemented in order (o obtam
good associative recall diminishes dramatically, to a degree
that was completely unexpected. This sets the stage [or
massive pruning ol the connections implied by (4) or (3),
essentially without loss of performance.

The set of selected connections needs 1o be shifl mvariant,
in order that the dendrites can be implemented in a compact
fashion on a chip or wafer, There is also a slope limitation
on the segments of the dendrites, which is chosen o avoid
overcrowding of he dendrites.

Finally, the selected connections must be chosen from the
components i, j, k, for which the connection tensor (4) or (5)
is nonzero. For large N, the calculation of these index
combinations (i.j.k), based on the Hadamard vectors, is very
lengthy, We give a shortcut for this calculation, based on
group properties, shift invariance, and the window property.
From the resulting set of index combinations (1,3.k), a small
subsct of connections o be implemented is selected by using
the slope limitation condition. An example result is shown in
FIGS. 1 and 2, for dimension N=1024,

Object 2) is met as follows.

The quadratic dendrite current (1) requires use of product
synapses, which, for signal inputs y, and v, produce an
output current proportional to vy, Although the product
operation is simple in computer simulation, implementation
in bardware is cumbersome, requiring at least 9 {ransistors,
Considering the very large number of synapses that need o
be placed on a chip or wafer for large dimension N, it is
important 0 simplify the synapse circuitry, which means
giving up the product function. We have found a synapse
circuil that is comprised of & resistors and 4 diodes, and that
provides, for fully developed neuron signals, the same
output current as a product synapse; however, this circuit
requires & doubling of the neuron signal lines, such that one
line carries the signal voltage, and the other line carries (he
opposite voltage. For underdeveloped neuron signals, ic.,
signals with magnitude below unity, the synapse output
current deviates from the product function. However, com-
puter simulations of associative recall for N=1024 and
N=2048 have shown that these “RD" synapses are
satisfaciory, if the connections are chosen in the manner
discussed,
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Object 3) is met as follows.
Hebb learning amounts 1o adding to the synaptic matrix of
the BLT a matrix

BB=h "x, (i
where b, is the Hadamard veetor that we want X to be labeled
with. The Hebb addition (6) to the BLT matrix should be
made only il the input vector ¥ is much dilTerent from all the
vectors that have been stored so tar. That condition can be
easily checked by computing the correlation between the
input vector and output vector of the Hadamard memory. For
large N, it is cumbersome to find the new Hadamard vector
h., that must be presented to the back of the BLT for the Hebb
learning (6). We have found a method of acquiring h.,
simply by letting the Hadamard memory determine this
vector by associative recall, using as inpul veclor a bipolar
counter word of bil length m=log.N, concatenated with
zeros. Incrementing the counter, everytime that learning is
required as evidenced by a “weak” correlation, and present-
ing the counter word (o the Hadamard memory, then resulis
in a new Hadamard vector for the Hebb learning, The
method relies on the so-called window property of Had-
amard vectors that have been constructed from maximal-
length shift-register sequences [13].

DESCRIFTION OF THE DEAWINGS

FIG. 1 depicts the layout of dendrites in 4 single plane in
VLSI or wafer-scale integration.

FIG. 2 shows the arrangement of input lines, their ties,
and the hookup of the operational amplifiers that implement
the neurons.

FIG. 3 shows the schematic for a synapse that employs
passive circuitry.

FIG. 4 shows a context in which & Hadamard memory can
be used, and also illustrates 4 method for providing new
Hadamard vectors for the purpose of Hebb learning,

DETAILED DESCRIPTION

The first object of the invention is to have a Hadamard
memory with relatively few connections; the second object
is 10 modify the product synapses such thai they can be
implemented electronically by simple circuits. The discus-
sion of how 1o meet these objects is begun by generalizing
the total dendrite current (1) to the expression

r,:ZS,;,,L_Ir’[}-f-._I.-U. (T
ik

where Ky .v,) product in (1). This step prepares for synapse
functions other than a product of the two incoming neuron
signals. The tensor S in (7) is the connection tensor. This
tensor specifies how the neural net is hooked up; neurons j
and k are connected (o a synapse on the dendrite of neuron
i, Il and only if (he tensor component S, is not zero. The
dendrite current (7) implies that the synapses are uniform,
since they all have the same output function f(.,.). Unifor-
mily of the synapses further reguires that all nonvanishing
components of the tensor S have the same value; the Tatter
is taken as unity, without loss of generality. We also want the
synapses (o be symmetric, which reguires that the function
f{.,.) is such that

fnzi=fiz ),

lor all neuron signals v and 2, and moreover that the
connection tensor S, satisfies the condition
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Sy=Sur “

for all indices 1. j. and k that belong to the index set Q,, that
ranges from 1 to N. Al this point we also wanl 1o satisfy the
restrictions that imply stability of nets with higher-order
neurons [&],

50 =55=5 (10T
amd
5=, (11}

valid for all 1), and k belonging 1o the index set L2,. The
conditions (9) and (10} imply that there exist triads of
indices, (i,j,k), for which the order of indices is irrelevant,
and which determine the connections by the condition that
the outputs of neurons j and k are connecled to a synapse on
dendrite i if and only if the indices i, j, and k form a triad.
We choose to express the fact that peurons j and K are
connected 1o a synapse on dendrite 1 symbolically as j*k=i.
We thus have that a triad (i.k) implies that j*k=1, 1*j=k,
k*i=j, and further that the operation * is commutative. In
order to extend the range of calculations, the operation * is
endowed with associativity, so that i*(j*k)=(i*j)*k, and the
brackets may be omitted. Suppose that triads (1,3.k) can be
defined for all indices 1 and j of the set €, such that kef2,,.
Then, for given 1 there exists a triad (1,1,¢). That implies that
¢*i=i. For kei there is & triad (i,j,k), implying that i*j=k.
Writing, in the last equation, 1 as ¢*i gives c*i*j=k, with the
result that c*k=k. Since k was uncqual to 1, but otherwise
arhitrary in £, it follows that c*k=k for all keQ2,.. Hence,
the index ¢ acts as an identity in the composition *. The last
equation and (10) imply that k"k=c; hence, under the
composition *, each index is its own inverse. Hence, (k.k.c)
is a triad, for all kef2,,. Now, all the conditions for a group
are satisfied; hence, if triads (i,j.k) exist for all i and j that
belong to €2, such that ke€2y, then the triads define over the
index set £, a commutative group with composition *. We
call the group a triad group. The index ¢ that acts as the
identity may be assigned as unity, without loss of generality.
[t can be shown that a triad group exists for all N that are
powers of 2. For other N a triad group does nol exist, The
triads (i.i,1) are called trivial triads; the remaining triads are
nontrivial, Condition (11) is satisfied by omilting connec-
lions with trivial iriads. Because peuron #1 is then not
connected to anvthing, it can be omitted. However, we still
need a #1 cutput line for the DLS, if the DLS output 1s ta be
processed by the BLT in the backsiroke. The #1 output line
must then be permanently clamped 10 +1,

yy=1. (12}

The indices 2 to N can be permuted in such a manner that
the triads become shift invariant. This means that, if (1,).k)
is a nontrivial triad, so is (i+1.j+1k+1). If a sum exceeds N,
a wrapping is applied, by changing the sum s to {s-2)mod
(N-1)+2, The wrapping is somewhat complicated because
of the identity role played by the unit integer, and physically,
becanse newron #1 1s not implemented.

The shifi<invariant iriad group over the index set €, for
N=2"_ 1=m=21, can be constructed by the following pro-
cedure, The trivial triads are of course (1,1,1), with ie€2,.. The
nontrivial triads (i,j.k) have indices in £2',,, the set of indices
from 2 to N. We will discuss how to recursively consiruct
m-dimensional bipolar vectors g, iefd',, starting out with g..,
which is chosen to have all components equal 1o =1, The
compenents of g, are here denoted as g, ., ce=1 10 m. For m
any of the special values 2, 3, 4,5, 6, 7, 9, 10, 11, 15, 17,
18, 20, and 21, the recursion formulas are
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Eir1.0=8ae for =1 to m-1, '|:|-1.:I
~':-:'r| |.m"'ga.:g:.:: pmt {1-‘-_]
where n s given 1n Table L
TABLE 1

m n

2 1

3 1

4 1

5 2

fi 1

7 1

g 4

10 3

11 2

15 1

17 3

18 7

20 ]

21 2

For the remaining values of m: 8, 12, 13, 14, 16, and 19, Ly.
(13) is used, but Eq. (14) is replaced by the formula given
in Table II,

TABLE 11

m Bitm™

3 Bl sl T
12 BB sBie
i3 BLE BB s
14 R R
it Bl B
19 818,280k

For given m=21, starting with g. as the all-negative
bipolar vector, the hipolar vectors g, o, . . ., g, may be
calculated with the recursion formulas given. [ turns out that
the sequence g., o4, . . ., g, containg all bipelar vectors of
dimension m, except for the all-positive veetor. From this
sequence, the nontrivial triads (2,4.K) are found, for every j=3
o N, by finding an index k such that

=g (15
such an index jeld', always exisis. Onee all the nonirivial
triads (2,,K) are knowan, shifl invariance determines the rest
of the nontrivial triads.

It remains o choose a subset B of the shifi-invariant
nontrivial triads group such that the conneclions made
according 1o the subset can be implemented in VLSI or
waler-scale integration. The object is here to choose the
subset B such that the dendrites do not get too crowded in
the dendrite plane, ie., the plane in which the dendrites are
lecated. The description of this condition is given here in
terms of the codiagonal, defined as the straight line which
contains the points for which j+k=N, where the indices j and
k serve as Cartesian coordinates in the dendrite plane. If ¥,
0=y=90° is the angle between the codiagonal and a
straight-hine segment of the dendrite, then the slope of the
dendrite segment is defined as tan y. Overcrowding of the
shift-invariant set of dendrites is avoided by limiting the
slopes of the dendrite segments to a value equal to 3 or so.

The subset B of triads must itself be shift invariant, in
order to assure that the dendrites form a shift-invariant set.
The dendrite #1 musi connect the synapscs with outpuis (o
peuron 1; let these svnapses be chosen according to the
subset B, of B. B, consists of the triads (i.k)of B [or which
the first index has the value i. The dendrite for neuron #2
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must connect the synapses according to the sei Ba, and there
is & question of the order in which these connections are o
be made. The ordering protocol requires that the conneclion
sequence ol synapses according to the set B, of triads (2, k)
be such that -k changes monotonically along the dendrite,
An example of a dendrite that satisfies the ordering protocol
as well as the slope limitation condition for the dimension
MN=1(124 is depicted in FIG. 1, where the dendrite #2 is
denoted as 1. The dendrite runs roughly along the codiago-
nal. In this case the slopes of the dendrite segments are all
smaller than 2.5. The complete set of dendrites is found by
parallel displacement of dendrite #2, with displacement
vectors that are multiples of the vector with Aj=1 and Ak=1.
In FIG. 1 only a small fraction of the dendrites are shown,
lest the dendrite area appears completely black. The den-
drites shown have a spacing of 64, Dendrite #66 is marked
as 2, and dendrite #1024 is marked as 3.

The question remains how o organize the input lines o
the dendrites in VLSI or wafer-scale integration. The orga-
mization is shown in FIG. 2, which depicts a preferred
embodiment for the dimension N=1024. As before, the
integer indices §j and K in a triad (2.).K) serve as Carlesian
coordinales, the coordinaie svsiem being marked as 1.
Implementation of the triad (2,j,k) involves a synapse with
inpul lines j and k, and an output 1o dendrite #2, denoted as
2 in the Figure. The synapses on dendrite #2 are shown in
FIG. 2 as small squares, located on the kinks in the dendrite
#2. Tor inslance, the synapse thal implements the (riad
2,431,563) is denoted as 3. A reverse wrapping has been
applied 1f it improves the simplicity and compaciness of the
chip; for instance, k=563 was actually plotted as k=—460),

From the dendrite #2, the other dendrites are found by
parallel displacement, using displacement vectors that are
multiples of the vector (AjAk)=(1.1), as discussed above. In
FIG. 2, only two dendrites are shown: #2, denoted as 2, and
#1024, denoted as 12, In between these first and last
dendriles, the dendrite plane contains 1021 other dendrites,
a small fraction of which are shown in FIG. 1. In accord with
the use of the indices j and k in a Cartesian coordinale
syslem, the signal inpul lines to the synapses are arranged in
two plancs that are paralle] and close to the dendrite plang;
in each of the two planes the lines are parallel, and the lines
in one plane are perpendicular o the lines in the other plane.
The § plane contains “verlical” lines of fixed j value; the
vertical line =2 is denoted in the FIGS, 2 as 4. The k-plane
contains “horizontal™ input lines; the horizontal line k=258
is dencied in the Figure as 5. The mput lines in the two
planes are connected with ties al the poinis that are indicated
with circles in the Figure. The lies are short conductors that
run perpendicular to the planes. The ties connect lines that
have the same index. Therefore, they are placed at the points
in the coordinate system where j=k. These pomts lie on a
“diagonal”, and they are near one border of the chip or
waler; this border may be called the “lower border™, with the
understanding that it runs under a 45° angle in the Figure.
The tie at j=k=258 is denoted in the Figure as 6. The
wrapping, defined above, requires identification of certain
lines with differemt indices. For instance, the vertical line
with j=1025 is also labelled as j=2, as suggested by the
coordinates shown in the Figure at the point denoted as 7.
The wrapping requires that ties are also placed along a
diagonal near the “upper border™ of the chip or waler. An
example for such a tie is denoted as 8. The Figure shows
input lines at spacings of 64. The actual spacing is unity, bui
lines with that spacing canool be shown on the scale of the
Figure, since the lines would completely [l the chip area an
male it appear black.
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The synapse circuit to be chosen requires a doubling of
the input lines, so that every j line doubles into a j, and a j_
line, and every k line doubles into a k, line and a k_ line, The
+ lines and the — lines carry opposite voltages, The inpul line
doubling allows a simple passive circuit for the synpses. in
a manner to be discussed. For clarity, the doubling is not
shown in FIG. 2. Ties are made only between lines of the
same lype.

At cach synapsc location (j,k) connections are made from
the synapse input ports called a, and a_ respectively to the
1. line and the j_ ling, and connections are made from the
remaining synapse inpui ports b, and b_ respectively to the
k. linc and the k_ line. These connections can be made very
short, because of the placement of the synapse. The synapse
outpul port is connected to the dendrite that mns essentially
through the point (j,k), and thus this connection can be made
very short also. The synapse can be implemented entirely in
silicon, with the circuit components located conveniently in
a compact cluster centered at or near the point (j.K), at
convenient depths, reckoned from the dendrite plane. The j_,
ik, and k_ lines, and the dendrites, are implemented on the
chip or wafer by aluminum sirips or other electrical con-
ductors.

The dendrites collect the synapse oulpul currents, and
connect to the inputs of the amplifiers that implement the
neurons, The upper imsert in FIG. 2 shows how these
connections are made, by depicting neuron #2, marked as 9,
with input provided by dendrite #2, marked as 10, and with
the output connected o the horizontal line with k=2, marked
here as 11. Again the doubling of the neuron signal lines 1s
not shown, really, amplifier 9 has two outputs, say, ¢, and c_,
and the voltages on these outputs have opposite values,

The amplifiers that serve the role of neurons can be
implemented as operational amplifiers for which the inveri-
ing input 15 used as input port, while the noninverting input
is grounded. A sigmoidal output function is obtained either
as a consequence of the saturation near the power supply
voltages, or by the use of silicon diodes or zener dindes in
the feedback circuil, in & manner that is known to those
skilled in the art. The amplifiers need lo have two oulpul
ports, ¢, and ¢_, with opposite output voltages. This can be
achieved in a manner that is known to those skilled in the art.
Power supply vollages may be chosen as £2.5V.

The layout depicted in FIG, 2 features shorl connections
and a compact design for VLSI or waler-scale integration.

FIG. 3 shows the simple passive circuit for the synapses.
A single synapses is shown with input ports a_, a_, b,, and
b_, respectively marked as 1, 2, 3, and 4, and with an outpul
port marked as 5. The circuit consists of eight resistors with
resistance R, and four substantially identical diodes, hooked
up as shown. It is easy to see that, with voltages x, -x, v. and
-y applied respectively to the input ports a_,a . b, and b_,
the current from the output port 5 to ground is approximately
equal 1o

F=(1iR) elporv|=2d)gllv=y|-2d)), {18

where d is the forward diode barrier voltage, and g(.) is a
function such that g(q)=q for postive g, and g(q)=0 for
negative or zero g. For implementations in silicon, the
dindes will have a forward barrier of about 0.6V, Computer
simulations have shoswn such a barrier to be acceptable, if
the maximum neuron ouipui voliage is chosen as V=23V or
S0
The choice of the resistance R is 1o be made with the
following considerations. The resistance R is related o the
input resistance R, of the amplifiers and the feedback
resistance Ry of the amplifiers through the relation
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p=R AR,

where u is the slope of the sigmoid function s(.) {see (2)), at
the origin. Computer simulations have shown the value g=350
to give good results; the performance of the Hadamard
memaory does not depend much on the precise value of .
The choice of amplifier is influenced by the input resistance
R.. the input capacitance C,, the slew rate. the input noise
current, and the ease of VLSI implementation in silicon. The
R.C, time corresponds to the lime step At=1 in the theory
that uses normalized equation of motion (3). The R,C, time
and the slew rate need 1o be appropriate to the speed that 1s
required of the Hadamard memory; computer simulations
have shown that the Hadamard memory scitles its output
within about ¥ of the R_C, time, for g=50, and for initial
value coupling with coupling constants near unity. The value
of R also influences the magnitude of the current into the
amplifiers; this current should be compared with the inpui
noise current, It 1s emphasised that the Hadamard memory
has a large measure of noise tolerance, so that rather small
signal-to-naise ratios are allowable at the amplifier input. Of
course, the resistance R and the voltage V influence the
power dissipation on the chip or wafer. Finally, there are
practical limitations on the values of R that can be imple-
mented in a simple manner in silicon. The considerations
mentioned can be used by those skilled in the art 1o arrive at
a sensible choice of the resistance R, and the feedback
resistance Ry, logether with the amplilier parameters.

The purpose of FIG. 4 is twofold: 1) to show a context in
which the Hadamard memory can be uvsed, and 2) w
schematically depict an extension of the Hadamard memory
that causes the memory to provide a new Hadamard vector
for the purpose of Hebb learning, whenever such learning is
required. Shown is an SEM with frontstage 1 and rear stage
2. The front stage 15 a BLT as described in the background
section. The BLT transforms an input vector X into a vector
u, which is a lincar combination of Hadamard vectors, with
as coefficients the correlations between x and the stored
veclors q,,. The vector u is used as the input to the rear stage
2. The rear stage is a DLS as discussed in the background
seclion; il is a Hadamard memory, ie., an associalive
memory that has a complete set of Hadamard vectors as
stored states,

The Hadamard memory 2 returns (o the BLT 1 the vector
b, the Hadamard vector 4 that 1s dominant in the vector u.
In the backstroke 5, the BLT 1 acts on hy, and produces as
output 6 the stored vector g thal is nearest the input x,
marked as 7. Upan presentation of an input vector % that is
far from any of the stored vectors, there is need for activaling
a Hebb learning procedure, that ultimately must result in the
addition of the vector x to the set of stored vectors. The
leaming procedure requires the addition of a matrix (6) to
the comnection matrix B of the BLT. The vector h, in (6} is
a “new” Hadamard vector, i.e., a Hadamard vector that has
not yet been used as a label for a stored state. The Hebb
learning () is indicated schematically in FIG. 4 by heavy
lines with arrows. The heavy vertical line 8 depicts the
transfer of the input vector x to the BLT, for use in the outer
proctuct (6), and likewise, the heavy horizontal line 9 depicts
the transfer of the vector h, to the BLI, for use in (6). A
diseussion of the physical process used for the modification
of the BLT synapses in the manner of (6) falls outside the
present invention. The Hebb learning is discussed here
merely to provide context for the extension of the Hadamard
memory, which causes the Hadamard memaory (o provide a
new Hadamard vector h, when leamning is required. The
extension comprises a correlator 10, a bipolar counter 11,
and switches 12, The bipolar counter bhas the bil length

(17}
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m=log.N. The correlator routinely computes the scalar prod-
uct between the vector u and the vector hy, the latter vector
being the response of the Hadamard memory o its inpul u
that is provided by the BLT, When the scalar product
compuled by the correlalor [alls below a predelermined
positive number that may be considered a learning
parameter, processes are activated that are indicated by the
heavy lines 13, 14, and 18. First, a control signal along line
13 causes the counter to be incremented. Second, the bipolar
counter word is concatenated with a string of zeros, such as
to form an N-dimensional vector w, that 15 denoted as 16.
Third, the vector w is presented 1o the Hadamard memory 2
as an input. The sccond and third steps are performed
together by switches 12, which connect the first m input
terminals of the Hadamard memory with the counter output,
and which ground the remaining input terminals m+1 to N.
In response to the input vector w, the Hadamard memory 2
produces as output h., the Hadamard vector for which the
components 2 to m+1 are proportional to the bipolar counter
word. This result is obtained because of the manner in which
the memory 2 is connecled. As a resull of the peculiar
connections, the memory 2, afier being presented an inpul
vector, always settles into a stationary state that is one of a
complete set of Hadamard vectors of a kind that display shift
invariance, and that can be generated by a maximal-length
shift-register sequence [13]. Such Hadamard vectors have
the window properly [13]. As a resull, there exisls a one-
lo-one correspondence between these Hadamard vectors and
the bipolar vectors of dimension m. The latter vectors may
be seen as the counter words, The correspondence is realized
simply by letting the Hadamard memory 2 respond to the
vector w described above, the response being the Hadamard
vector nearest w.

Several commenis are i order.

First, we report the results of extensive numerical com-
putations of associative recall of the Hadamard memory.
These numerical computations were done for data dimen-
sion N=1024; for each inputl vector, the computations
involve numerical integration of the 1023 coupled nonlinear
differential equations (3), using a dendrite current I, pro-
vided by 28 synapses for cuch value of the index i, with
connections chosen from a sct B of nonirivial synapses, B
being a subset of the triad group over the integers from 1 o
1024, The set B was determined by shilts of the 28 triads
{2,5,12), (2,502,545), (2,512,517, (2.16,1019), (2,30,1013),
(2,532,967}, (2,58,1001), (2,77.956), (2.127,905), (2,152,
BETY, (2,115,941), (2.172.870), (2,252,783), (2,257,771},
(2,343,684), (2,390,660), (2,408,638), (2,427,609), (2.477,
575), (2,479,551), (2,207,798), (2,193,852), (2,283,736},
2.187.830), (2.328,697), (2.384.679), (2.429.569), and
(2,431,563). These triads were determined by the procedure
discussed above. Applying shifts to the triads means adding,
to all intcgers of cach triad, a fixed integer p, which
succesively is taken as (), 1, . . . 1023, Wrapping is applied
when necessary. The collection of all triads formed by
applving shifts to the 28 friads shown above is the set B;
clearly B is shift-invariant. The dendrites shown in FIGS. 1
and 2 are construcied for this case. Hence, dendrie #2,
marked 1n FIG. 1 as 1, and marked i FIG. 2 as 2, connects
the synapses that correspond to the list of triads (2.3,k)
shown, As discussed above, the indices j and k are used as
Cartesian coordinates for the synapse locations in the den-
drite plane, as shown in FIGS. 1 and 2.

The set B of inads used includes only about 5.5% of all
nontrivial triads in the triad group over £,,,.

The synapses used in the numerical computations all have
the RD circuit of FIG. 3, giving an cutput current to ground
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that is substantially proportional to the function g{]x+y])-g
(Jx=y|=d) discussed above, where d=0.48, which corre-
sponds 1o the diode barrier of 0.6V of silicon diodes, after
applying a scale adjusiment from practical signal voltage
limits of £2.5V to the bipolar values *1 used in the theory.

The numerical integrations of the equations of mation (3)
were made with time steps of magnitude R, C/50, where R
and €, are respectively the inpul resistance and input
capacitance of the operational amplifiers that represent the
neurons. As aluded to abowve, in (3) we have R =1 and C =1
as a matter of normalization. The neuron owtput function
5.}, that occurs 1n (2), was chosen as a picce wise linear
function with a gain u (slope) of 50. This means that the
amplifiers start (o saturate 1o the bipolar values =1 af
activations of £0.02. Initial-value coupling was used, with a
coupling constant of unity.

In the computations of associative recall, the input vectors
u to the Hadamard memory were chosen as bipolar cor-
rupted versions of Hadamard veetors, the corruption being
applied to 400 of the 1024 bipolar components; hence, the
components at 400 places were multiplied by =1. The
Hamming distance of 400 between ioput wecior and the
nearest Hadamard vector amounts to an angle of 77°
between the two vectors. In the actual computations, the
inpul vectors always had the Hadamard vector h. as the
nearest Hadamard veetor. This restriction does not constitule
a loss ol generality, because of the invariance of the dynam-
ics under the Hadamard group [15]

The computations discussed were performed for a
pseudo-random sample of input vectors. The 26973 cases
computed so far have given perfect associative recall, with
the exception of 3 cases, for which the memory settled on the
wrong Hadamard vector,

The good associative recall, in spite of the skimpy set of
connections that include ooly 5.5% of the full set implied by
(5), is not well undersiood. It has 10 do with the exquisite
selectivity of the keys that are provided by the connections
according 1o triads; these keys match the class of Hadamard
veclors used. The operation of these kevs may be likened
somewhal lo the lranscription of DMNA,

The connections have here been defined by a subset B of
the triad group. A construction of the triad group has been
given here by means of recursion. The triad group can also
be derived in another manner which is equivalent to our first
procedure, but is much more cumbersome when N is large,
The altemate method goes back to the subtracted connection
matrix (5). As a first step, a complete set of Hadamard
vectors b, a=1 to N, is calculated in some manner. Then
one calculates all (N-1XN-2)(N-3)/3! components of the
tensor S, for which none of the indices is unity and all
indices are different, skipping components with permuted
indices. The set of triplets {ij.k} for which S0 then
define the full set of connections for the Hadamard memory.
If this procedure is followed for N a power 2, and if the
Hadamard wvectors are constructed from maximal-length
shifi-register sequences, then the triplets {i,j,k} are identical
to the nontrivial triads of the triad set over £2,, and hence,
the alternate procedure is equivalent 1o our first. The equiva-
lence s due to the fact that 1) the Hadamard vectors
constructed from maximal-length shift-register sequences
form a group under component-wise multiplication, 2) this
group is a representation of the triad group, and 3) the
Hadamard veciors so construcied have the window property
[13].

Although the construction of Hadamard vectors from
maximal-length shift-register sequences requires N to be a
power of 2, the alternate procedure can be executed for some
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| claim:

1. An apparatus for an electronic neural network that
serves as an associative memory in which the stored states
are Hadamard vectors of dimension N, the said dimension N
being a power of 2, the said apparatus comprising;

circuit means for N-1 amplifiers A, , n=2 to N, each of the

said amplifiers having an nput port and two outpul
ports denoted as oulpul port ¢, and output port c_, the
input port of amplifier A being denoted as A [(a), the
output port ¢, of amplifier A, being denoted as A, (C.)
and the ouput port c_ of amplifier A, being denoted as
A (¢ ), said circuit means being such that the said input
port is held substantially at zero potential, the voltages
at the said output port ¢, and the said output port ¢_
have substantially opposite values, and the voltage at
the said output port ¢ is s(1), where 1 is the current into
the said input porl, and s({.) 18 a sigmoidal function
which is substantially antisymmetric and ranges sub-
stantially from -V o V, V being a predetermined
positive vollage;

circuil means for K electronic unils, K being divisible by

3, each said electronic umi being called & synapse, each
said synapse having one output port and four input
porls, denoted as input port a_, input port a_, inpul port
b, and input port b_, the said circuil means being such
that, when subslantially opposile vollages are applied
to the said input port a, and the said input port a_, and
substantially opposite voltages are applied to the said
mput port b, and the said taput port b_, the current from
the said output port to ground is substantially propor-
tional to g(lx+y|-d)—g(|lx—y|-d.), where x and y are
respectively the voltages at the said input port a, and
the said input port b, and where furthermore dy and d.
are constants, and 2.} is a function such that g(g)=q il
g=0), else zero;

connections between each of the said amplifiers and a

plurality of said electronic units, & connection existing
between A (c.) and the said input port a, of a said
synapse, a conneclion existing between Afc_), and the
said input port a_ of the last said synapse, a connection
existing berween Ay(c, ) and the said input port b, of the
last said synapse, a connection existing between Ay c )
and the said input port b_ of the last said synapse, and
4 connection existing between the said outpul port of
the last said synapse and Aga), if and only it the
1ntegers i, j, and k occur together in a triad that belongs
to 2 fixed shift-invanant triad set B, the said triad set B
having a cardinality equal 1o K/3, the said triad set B
being a subset of the set of nontrivial iriads for the
shift-invariant triad group over the integers from 1 to N,
the said triad group being such thal the integer 1 serves
as the identity elemenl;

N-1 conductors C,,, n=2 o N;

a connection, for every n=2 10 N, between conductor C

and A, (a); and

circuil means for applying, for every n=2 to N, a current

u,, to conductor C,, the said current u,, being applied for
all n=2 (o N in a substantially simultaneous manner;
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circuil means for oulputting voltages v, n=1 w N, v,
being the said predetermined positive voltage, and y,,
n=2 to N, being the voltage on A (c,).
2. An apparatus according o ¢laim 1, further including:
circuit means for a bipolar counter, the said bipolar
counter having a bit length m=log N, the said bipolar
counter having output ports p e q=1 to m, the voltage on
P, being called the bipolar counler outpul g;

circuil means for a correlator, the said correlator having an
output port, the said circuil means being such that the
voltage al the last said output port is substantially
proportional to the scalar product of a first vector and
a second vector, the said first vector being the said input
vecior 1o the said associative memory, and the said
second vector having as components the said voltages
¥,.s n=1 10 N;

circuit means for incrementing the said bipolar counter;

circuil means for applying, in substantially simultaneous
fashion for every integer n from 2 to N, a current w,, 1o
conductor C,, the said currenl w,, for nZm+1, being
proportionsl (o the said bipolar counter ouipul g, where
g=n-1, and the said cumrent w,, for n>m+1, being
subslantially zero;

circuit means for activating the said incrementing, as a

result of the last said voltage being less than a prede-
termined value; and

circuil means lor commencing the said applying, as a

result of the said incrementing,

3. An apparatus according to claim 1, in which the said
circuil means for the said electronic unit is comprised of
connections, resistors R, b=1 1o 8, and diodes D_, c=1 to 4,
the terminals of resistor R, being denoted as R (1) and
R;(2), the terminals of diode D _ being denoted as D (1) and
D (2), such that current can be passed through the said diode
[, in the direction from D (1) 10 D (2), e=1 1© 4, the said
connections being such that the said output port of the said
synapse is connected 1o (2}, D.(1), D52}, and D, (1),
(1) is connecied 1o R (1) and R.(1), D.(2) is connected to
Ro(1) and R (1), Dy(1) is connecied 1o Ro(1) and R (1),
[3,(2) 15 connecied to Ro(1) and Rg(1), the said port &, of the
lust said synapse is connected (o R (2) and Ry (2), the said
port a_ of the last said synapse is connected o R,(2) and
Ro(2), the said port b, of the last said synapse 1s connected
o Ro(2) and R4(2), and the said port b_ ol the last said
synapse is connected 10 Ry (2) and R,(2).

4. An apparatus according to claim 2, in which the said
circuil means for the said electronic unit is comprised of
connections, resistors B, b=1 to &, and diodes D, c=1 10 4,
the terminals of resistor R, being denoted as R (1) and
R,(2), the terminals of dicde D being denoted as D (1) and
3 (2). such that current can be passed through the said diode
D. in the dircction from D(1) to D (2}, c=1 to 4, the said
connections being such that the said output port of the said
synapse is connected to D,(2), Da(1), Dy(2), and D (1),
[3,(1}) 1s connected to R (1) and R(1}, D.(2) is connected to
Ba1) and R (1), D41} is connected to Ro(1) and R (1),
D,(2) is connected 1o Ro(1) and Rg(1), the said port a,_of the
last said synapse is connceted 10 R, (2) and Ry(2), the said
port a_ of the last said synapse is connected to R(2) and
R.(2), the said port b_ of the last said synapse is connected
to Ra(2) and R.(2), and the said port b_ of the lasi said
synapse is connected to R (2) and R, (2}

5. An apparatus for an clectronic neural network that
Serves as an associative memory in which the stored stales
are Hadamard vectors of dimension N, the said dimension N
being a power of 2, comprising:
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circuit means for N=1 amplifiers A,, n=2 to N, cach of the
saidd amplifiers having an inpul port, and two output
ports denoted as owtpul porl ¢, and oulput port c_, the
input port of amplifier A being denoted as A (a), the
output port ¢, of amplifier A, being denoted as A, (c_ ).
and the output port ¢ of amplifier A, being called
A, (c_), said circuit means being such that the said input
port is held substantially at zero potential, the voltages
al the said output port ¢, and the said output port c_
have substantially opposite values, and the vollage at
the said output port ¢, is s(I}, where 1 is the current into
the =aid ioput port, and =({.) 15 a sigmoidal function
which is substantially antisymmetric and ranges sub-
stantially from -V 1o V, V being a predetermined
positive voltage;

circuil means for K electronic units, K being divisible by
3, each of the said electronic unit being called a
synapse, each said synapse having one oulput port and
four input ports, denoted as input port a_, input port a_,
input port b, and input port b_, the said circuit means
heing such that, when substantially opposite voliages
are applied to the said inpul port a, and the said input
port a_. and substantially opposite voltages are applied
to the said input port b, and the said input port b_, the
current from the sad output port o ground is substan-
tially proportional to g(|x+y]=d, )-g(|x-v|-d,), where x
and y are respectively the voltages at the said input port
a, and the said input port b, and where furthermore d |
and d, are constants, and g(.) i5 a function such that
a(g)=q if g=1), clse rero;

a conductor for every integer n=2 to N, the said conductor
being called the dendrile n;

circuit means for a switch for every integer n=2 to N, the
said switch being of SPST type, the said switch having
two terminals, the said terminals being called s, and s,,
the said switch being called the switch n;

a conneclion, lor every n=2 lo N, between the said
terminal s, of the said switch n and the said dendrite n;

a conneclion, for every n=2 to N, between the said
terminal s, of the said switch n and A (a);

connections between each of the said amplifiers and a
plurality of said electronic units, a conneclion existing
between Aj(c.) and the said input port a, of a said
synapse, a conneclion existing between Afe_), and the
said input port a_ of the last said synapse, a connection
existing between Ay fc, ) and the said input port b, of the
last said synapse, a conneclion existing between Ay fc, )
and the said input port b_ of the last said synapse, and
a connection existing between the said output port of
the last said synapse and the dendrite i, if and only if the
inlegers i, j, and k occur togelher in a (riad that belongs
to & fixed shift-invariant triad set B, the said triad se1l B
having a cardinality equal to K/3, the said triad set B
being a subset of the set of nontrivial triads for the
shilt-invariant triad group over the integers from 1 ta N,
the said triad group being such that the inleger 1 serves
as the identity element;

conductors C,, n=2 to N;

a connection, for every n=2 to N, between conductor O,
A, (a); and

circuit means for applying, lor every n=2 to N, a current
u,, to conductor €, the current v, being applied for all

“r?

n=2 to N in a substantially simultaneous manner; and

circuil means for outputting voltages v, n=1 10 N, v,
being the said predetermined positive voltage, and v,
o=2 o N, being the voltage on A (c,).
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6. An apparatus according to claim 8, further including:
circuil means for & bipolar counter, the said bipolar
counter having a bit length m=log,N, the said bipolar
counter having output poris p_, g=1 to m, the voltage on

p, being called the bipolar counter outpul g;
circuil means for a correlator, the said correlator having an

output port, the said circuil means being such that the

voltage at the last said output port is substantially
proportional to the scalar product of a first vector and

a second vector, the said first vector being the said input

vector to the said associative memory, and the said

second vector having as components the said vollages

¥,.. =1 1o N;
circuil means for incrementing the said bipolar counter;
circuit means for opening, for each n=2 to N, the said

switch n;
cirenil means for applying, m substantially simultancous

fashion for each integer n from 2 10 N, a current w, o
conductor C,, the said current w,, for n=m+1, being

proportion:l o the said bipolar counter outpul g, where
g=n-1, and the =aid current w,, [or o=m+1 being
substantially zero;
circuit means for closing, for each n=2 to N, the said
switch n, the said circuit means being such that the said
closing, being done in substantially simultaneous fash-
ion For all b=2 10 N;

circuil means for activating the said incrementing, as a
result of last said vollage being less than a predeter-
mined value; and

circuit means for commencing the said applying, as a

result of the said incrementing.

7. An apparatus according to claim 5, in which the said
circuit means for the said electronic unit is comprised of
connections, resistors Ky, b=1 to &, and diodes D, e=110 4,
the terminals of resistor I, being denoted as R, (1) and
R(2), the terminals of diode D being denoted as D (1) and
I3 (2), such that current can be passed through the said diode
I} in the direction from D (1) to D (2), c=1 to 4, the said
connections being such that the said outpul port of the said
synapse is connecled 1o D (2), Do(1), Dy(2), and D (1).D,
(1) 15 connected 1o R, (1) and R.(1), Do(2) is connected 1o
Ro(1) and R, (1), Di(1) is connecied 1o R(1) and R (1),
12,4(2) is connected (o R(1) and Ry(1), the said port a, of the
lust said sypapse is connected o R (2) and R(2), the said
porl a_ of the last said synapse is connected to R (2) and
R<(2), the said port b, of the last said synapse 1s connected
to Ra(2) and R4(2), and the said port b_ of the last said
synapse is conoected to R (2) and Ro(2).

8. An apparatus according to claim 6, in which the said
circuil means for the said electronic unit is comprised of
connections, resistors Ry, b=1 to &, and diodes D, =110 4,
the terminals of resistor R, being denoted as R {1) and
IR,;(2), the terminals of diode D, being denoted as D (1) and
D.(2), such that current can be passcd through the said
diode, from D(1) to D2}, c=1 1o 4, the said connections
being such that the said output port of the said synapse is
connected to D,(2), Da(1) Di(2), and D, (1), D,(1) is
connected o B (1) and Ra(1), Do(2) is connected 1o Ry(1)
and R (1), D4(1) is connected 1o Re(1) and R (1), D2} 1s
connected to R{1) and R (1), the said port a, of the last said
synapse is connected to R, (2) and R(2), the said port a_ of
the last said synapse is connected to R (2) and B(2), the
said port b, of the last said synapse is connected to R,(2) and
R+(2), and the said port b_ of the last said synapse is
connected 10 R 2) and Ro(2).

9. In a neural petwork that includes synapses and neurons
A, n=2 to N, N being a power of 2, said synapses having
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two inputs and one oulput, a method for connecting neurons
o synapses, the said method comprising:
constructing the shift-invariant triad group over the inte-
vers from 1 o N, the said group being such that the
integer 1 serves as the identity element, the structure of
the group being expressed by triads, the triad with
integers i, j, and k being denoted by (i,).k);
selecting the set 5 of said iriads that do not include the
miteger 1;
selecting a proper subset B of 5, said subset B being
shift-invariant; and
connecting the output of neuron A, and the outpul of
neuron A, respectively to one mput and to the other
input of a said synapse, and connecting the output of
the Iast said synapse to the inpul of neuron A, if and
only if the wriad (ij.k) belongs o the said subset B,
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10. A method according to ¢lwim 9, further including the
sleps of

selecting a subset B. of B, the subset B, being comprised

of all triads (2,),k), the said subset B, defining the
dendrite for neuron A, the said dendrite having
straight-line segments, each of the said segments hav-
ing a slope: and

restricting the said subset B in such a manner that each of

the sard slopes of the segments of the dendrite is at most
a fixed positive number that is smaller than 4.

11. In a neural network Lhal includes neurons, the method
ol providing aclivalions thal subsiantially are sums of sig-
nals g(|x+vl=d, )-g(|x-y|-d.), where x and y are outputs of
two of the said neurons, d, and d, are constants, and g{.) is

15 4 function such that g{g)=q if g=0, else zero.

* % ® Ok ¥



